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FLANB  TBlGONOMBTJUr  COKSIDI3BED  AHALTnCAlXt, 
A&T*  1. 

HERE  are  two  methods  which  are  adopted  bjrmathemati-' 
ttans  in  investigating  the  theory  of  Trigonometry  :  the  one 
Geometrical^  the  other  Mgebrtdcal.  tn  the  formeri  the  vari- 
ous relations  of  the  sines,  cosines,  tangents,  &c.  of  single  or 
multiple  arcs  or  angles,  and  those  of  the  sides  and  angles  of 
triangles,  are  deduced  immediately  irom  the  figures  to  which 
the  several  enquiries  are  referred;  each  individual  case  requir- 
ing its  own  particular  method,  and  resting  on  evidence  peculi- 
ar to  itself.  In  jLhe  latter,  the  nature  and  properties  of  the  line* 
ar-angular  quantities  (sines  tangents  &c*)  being  first  defined^ 
some  general  relation  of  these  quantities,  or  of  them  in  con- 
nection with  a  triangle,  is  expressed  by  one  or  more  algebra*, 
ical  equations  ;  and  then  every  other  theorem  or  precept,  of 
use  in  this  branch  of  science,  is  developed  by  the  simple  re- 
duction  and  transformation  of  the  primitive  equation.  Thus, 
the  rules  for  the  three  fundamental  Cdses  in  Plane  Trigonome- 
try, which  ai^  deduced  by  three  independent  geometrical  in- 
vestigations, in  the  first  volume  of  thib  Course  of  Mathematics 
are  obtained  algebraically,  by  forming,  between  the  three  data 
Vox..  II.  9  and 
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and  the  three  unknown  quantities,  three  equations,  and  obtain- 
m^i  In  expressions  of  known  terms-  the  value  of  each  of  the  un* 
known  quantities,  the  others  being  exterminated  by  the  usuad 
proeesses.  Each  of  these  grf  neral  methods  has  its  peculiar  ad- 
vantages The  geometrical  method  carries  conviction  at  every 
step  ;  and  by  keeping  the  objects  of  enquiry  constantly  before 
the  eye  of  the  student,  serves  admirably  to  guard  him  against 
the  admission  of  error  r  the  algebr4ical  method,  on  the  con« 
trary,  requiring  little  aid  from  first  principles,  but  merely  at 
the  commencement  of  its  career,  is  more  properly  mechanical 
than  mental,  and  requires  frequent  checks  to  prevent  any 
deviation  from*  truth  The  geometrical  method  is  direct, 
and  rapid  in  producing  the  requisite  conclusions  at  the  out- 
set of  trigonometrical  science ;  but  slow  and  circuitous  in 
arriving  at  those  results  which  the  modern  state  of  the  science 
requires  :  while  the  algebraical  method,  though  sometimes 
circuitous  in  the  developement  of  the  mere  elementary  theo- 
rems, is  very  rapid  and  fertile  in  producing  those  curious  and 
interesting  formulae,  which  are  wanted  in  the  higher  branchea 
of  pure  analysis,  and  in  mixed  mathematics,  especially  in 
Physical  Astronomy.  This  mode  of  developing  the  theory 
of  Trigonometry  is,  consequently,  well  suited  for  the  use  of 
the  more  advanced  student ;  and  is  therefore  introduced  here 
with  as  much  brevity  as  is  consistent  with  its  nature  and 
utility. 

2,  To  save  the  trouble  of  turning  irery  frequently  to  the 
1st  volume,  a  few  of  the  principal  definitions,  there  given^ 
are  here  repeated,  as  follows  > 

The  SINS  of  an  arc  is  the  perpendicular  let  fall  from  one 
of  its  extremities  upon  the  diameter  of  the  circle  which 
passes  through  the  other  extremity. 

The  cobiNE  of  an  arc,  is  the  sine  of  the  complement  of 
that  arc,  and  is  equal  to  the  part  of  the  radius  comprised  be- 
tween the  centre  of  tlie  circle  and  the  foot  of  the  sine. 

The  TANGENT  of  ^ti  src,  is  a  line  which  touches  the  circle 
in  one  extremity  of  that  arc,  and  is  continued  from  thence 
till  it  meets  a  line  drawn  from  or  through  the  centre  and 
through  the  other  extremity  of  the  arc. 

The  SECANT  of  an  arc,  is  the  radius  drawn  through  one 
of  the  extremities  of  that  arc  and  prolonged  till  it  meets  the 
tangent  drawn  from  the  other  extremity. 

The  VERSED  SINE  of  an  arc,  is  that  part  of  the  diameter 
of  the  circle  which  lies  between  the  beginning  of  the  arc  and 
the  foot  of  the  sine. 

The  t;oTANOENT,  COSECANT,  and  covbrsbd  sine  of  atx 
arc,  are  the  tangent,  secant,  and  versed  sme,  f>f  the  comple- 
ment of  sncb  arc.  3.  Since 
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3.  Since  arcs  are  proper  and  adequate  measures  of  plane 
angles,  (the  ratio  of  any  two  plane  angles  being  constantly 
equal  to  the  ratio  of  the  two  arcs  q^ny  circle  whose  centre 
is  the  angular  points  and  which  are  mtercepted  by  the  lines 
whose  incUnaiions  form  the  angle),  it  is  usual,  and  it  is  per- 
fectly safe,  to  apply  the  above  names  without  circumlocution 
as  though  they  referred  to  the  angles  themselves ;  thus,  when 
we  speak  of  the  sine,  tangent,  or  secant,  of  an  angle,  we 
inean  the  sinex  tangent,  or  secant,  of  the  arc  which  measures 
that  angle  ;  tiie  radius  of  the  circle  employed  being  known. 

4*  it  has  been  shown  in  the  1st  vol.  (pa.  382),  that  the  taiv- 
gent  is  a  fourth  proportional  to  the  cosine,  sine,  and  radius  ; 
the  secant,  a  third  proportional  to  the  cosine  and  radius ;  the 
cotangent^.a  fourth  proportional  to  the  sine,  cosine,  and  ra- 
dius ;  and  the  cosecant  a  third  proportional  to  the  sine  and 
radius.  Hence,  making  use  of  the  obvious  abbreviations^ 
and  converting  the  analogies  into  equations,  we  have 

rad.  X  sine.  rad.  X  cos.  rad^ .  rads . 

tan.  asa  ■     -jCOt  sa:  .,506.  aa ,COSeC.  ^-^-r-. 

€08.  sine  cos.  sine 

Or,  assuming  unity  for  the  rad.  of  the  circlC)  these  will  bocomo 
sin  co«.  1  1  • 

tan.  sm  —  .  . .  cot  33  — - . . .  sec.  an  —  , , .  cose9*  =a  -?-• 
COS.  sin.  COS.  sin* 

These  preliminaries  being  borne  In  niind;  the  stt^dent  may 
pursue  his  investigations. 

5.  Let  ABC  be  any  plane  triangle*  of 
which  the  side  isc  opposite  the  angle  a  is 
denoted  by  the  small  letter  a,  the  side  ac 

opposite  the  anglt?  b  by  the  small  letter  3,  

and  the  side  ab  opposite  the  angle  c  by.         ^      c      _ 
the  small  letter  r,  and  cd   perpendiculkr  to  ab  :  then  isj 
c  =za  .  cos  B  +  6  •  cos  A. 

For,  since  ac  ±s  6,  ad  is  the  cosine  of  a  to  that  radius  ; 
consequently,  supposing  radius  to  be  unity,  we  have  ^ad  =s  6, 
cos  A  In  like  manner  it  is  bd  a  a  .  cos.  b.  Therefore^ 
AD  ^  BD  ss  AB  =  r  tae  a  .  COS.  B  +  b  »  COS  A.  By  pursuing 
simihiP  reasoning  with  respect  to  the  other  two  sides  of  the 
tiiangle,  exactly  analogous  results  will  be  obtained.  Placed 
together,  they  will  be  as  below  •' 


a  ea  b  >  cos.  c  +e  .  cos 
6  SB  a  .  cos.  c  4*  ^  •  cos 
c  ssB a  .  COS.  h  +b  .  cos. 


.B.l 

.A.  I       (L 

K  A.J 


6.  Now,  if  from  these  equations  it  were  required  to  find 
expressions  for  the  angles  of  a  plane  triangle^  when  tbe  sides 

are 
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ftre  given  ;  we  have  onlf  to  multiply  the  first  of  these  equa- 
tions by  a,  the  second  by  b^  ibe  third  by  r,  aiid  to  subtract 
each  of  the  equations  thus  obtained  from  the  sum  of  the  other 
two.    For  thus  we  shall  have 

6*  .).  r  —  0*  sa  2bc  .  COS.  a,  whence  cos.  a  =  - 

a 

c*  +  c*  _  6*  «  2ac  .  cos.  B,     ...  cos.  B)  = ^      ^(I^-) 

a    +  d*  —  c*  19  2ab  .  cos.  c.    .  < 


T.  More  convenient  expressions  than  these  will  be  dedu* 
ced  hereafter  s  but  even  these  will  often  be  found  very  con- 
venient, when  the  sides  of  triangles  are  expressed  in  integers» 
V)d  tables  of  sines  and  tangents,  as  well  as  a  table  of  squares^ 
(like  that  in  our  first  vol.)  arc  at  hand.) 

Suppose,  for  example,  the  aides  of  the  triangle  are  a  ss  330» 
6  »  563,  c  OS  800,  being  the  numbers  given  in  prop.  4,  pa. 
161,  of  the  Introduction  to  the  Mathematical  Tables:  then 
■we  have 

^t4.c*— a*<»85G444 log.  as  5*9311/51 

^bc        .     .     a  899200 log.  » 5-9558080 

The  remainder  being  log.  cos.  a,  or  of  1 8^20'  =  9-9773671 

Again,  ««  +  c»  —  **  =  426556     .  .  .    log.  =  5-62'99r60 

2ac      ...      =  512000     .  .  .     log.  8«  5-7092700 

The  remainder  being  log.  cos.  b,  or  of  33^35'  «  9-9207060 
Then  180<>  —  (18^  20'+33«  35  ')  =  i28o  S'bs  c  ••  where  all 

the  three  triangles  jare  determined  in  7  lines. 

8.     If  it  were  wished  to  get  expressions  for  the  sines,  !&• 

stead  of  the  cosines,  of  the  angles ;  it  would  merely  be  ne** 

cessaty  to  introduce  mto  the  preceding  equations  ^marked  11)^ 

instead  of  cos.  A,  cos.  Bi  &c.  their  equivalents  cos.  a  »  y^  ( 1  — . 

sin*,  a),  cos^  b  »  \^  (1  •—  sin^.  b),  &c.  For  then,  after  a  little 

reducuon,  there  would  result, 

sin,  A  «  ^v'2a»^*  +  2a*c»  +  2A*c»  -(a*+A»+c*) 

sin.  B  =  S  V^fl^'l^Sa^ci  Hr2^ic«'^^^ 

sin.  c  =»  -S6V^2a*6*  +  2«*c»  4-26«c»-(a*4-d*+c*) 
Or,  resolving  the  expression  under  the  radical  into  its  four 
constituent  factors,  substituting  a  for  a  4-  6  •<{-  <,  and  reducing^ 
the  equations  will  become, 

sin< 
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sin,  A  «=  tVi^Cis— «)(i8— *)Ci^— 0 
s      

aiD.  B  «  «  v'jsCis— a)(is— A)  (4s  -c) 
t      —---— -— .———^ 

sin.  c  «  5  v^is  (is— a>  (is— 6)  (is— c) 


>    (HI.) 


These  equations  are  moderately  well  suited  for  computation 
in  their  latter  form ;  they  are  also  perfectly  symmetrical :  and 
as  Indeed  the  quantities  under  the  radical  are  identical,  and  are 
constituted  of  known  terms^  they  maybe  represented  by  the 
same  character ;  suppose  &  :  then  shall  we  have 
2k  3k  •  2ic 

sin.  A  =  -7-  .  .  .  sin.  b  a  —  ...  sin.  c  =  --  ...  (m.i 

Hence  we  may  immediately  deduce  a  very  important  tfoeo* 
rem:  for,  the  first  of  these  equations,  divided  by  the  second 

gives  ^?5l1  -5-  ?  and  the  first  divided  by  the  third    aves 
**  sin.  h  b  ^^ 

sin    A         a  

1 =  —  whence  we  have 

sin.  A  :  sin.  b  :  sin.  c  a  a :  5 :  r  .  • .  (IV«) 

•  Or,  in  words,  the  nden  qf  plant  triangUs  are  firofiortumal  tQ 
the  wtea  ofiheir  ofifionte  angiea.    (See  th.  1,  Trig.  vol.  1). 

9.  Before  the  remainder  of  the  theorems,  necessary  in  the 
solution  of  plane  triangles,  are  investigated,  the  fundamental 
proposition  in  the  theory  of  sines,  8cc.  must  be  deduced,  and 
the  method  explained  by  which  Tables  of  these  quantities^ 
confined  within  the  limits  of  the  quadrant,  are  made  to  ex- 
tend to  the  whole  circle,  or  to  any  number  of  quadrants 
'Whatever.  In  order  to  this,  expressions  must  be  first  ob- 
Udned  for  the  sines,  cosine.  Sec.  of  the  sums  and  differences 
of  any  two  arcs  or  angles  Nowf  it  has  been  found  (I)  that 
«  3s  ^  •  cos.  c  -f  r .  cos.  B.    And   the  equations  (IV)  give 

5  «  a .  •—  • . .  .  c  =«  a.  ""^^    Substituting  these  values 
•m.  A  sin.  A  ^      ^ 

of  b  and  c  for  them  in  the  preceding  equation,  and  multiplying 

the  whole  by  — - — ,  It  will  become  - 

sin.  A  =sz  sin.  b  .  cos.  c  +  sin.  c  .  cos .  b« 
But*  in  every  plane  triangle,  the  sum  of  the  three  angles  is 
two  right  angles  ;  therefore  b  and  c  are  equal  to  the  supple- 
ment of  A  :  and,  consequently,  since  an  angle  and  its  supple- 
ment have  the  same  sine  (cor.  l,pa.  378,  vol.  i),  we  have  sin. 
fn  +0)  S3  sin.  b  . cos.  c+  sin  c .  cos  •  n. 

10.  ir. 
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10  lU  in  the  last  equation,  c  become  subtractive,  then 
vould  sin.  c  manifestly  become  subtractive  :iIso,  while  the 
cosine  of  c  would  not  change  its  sign,  since  it  would  still  con» 
tinue  to  be  estimated  on  the  sanie  radius  in  the  same  direc- 
tion* Hence  the  preceding  equation  would  become, 
sih.  (b  — c)  ate  sin  b    cos.  c  —  sin.  c  .  cos  b. 

11.  Let  c' be  the  complement  of  c,  and  ^Q  be  the  quartei* 
of  the  circumference :  then  will  c'  as=I  O  — c,  sin.  c-'  3»cos.  c, 
and  cos.  c'  =  sin  c.  But  (art.  lO;,  sin.  (a  —  c')  =»►  sin.  b, 
COS.  c'-— sin.  c'  cos  B.  Thereforef  aubsiituting  for  sin.  c^, 
COS.  c%  their  values,  there  will  result  sin  (b->  c')  b  sin.  b  . 
sin.  c  —  cos  B  .  cos.  c.  Bui  because  c'  s  -iQ  —  c.  we  have 
sin.  (B-c)«i  sin.(B+c  —  50)=^sin[(?  +  c)-.io]  « 
_  sin  [iO  —  (b  +  c)"|  =  —  cos  (b  -f  c).  Substituting  this 
value  of  sin  (b  —  c^)  in  the  equation  aboYe,'it  becomes  cos. 
(B  4>  c)  =  cos  b    COS.  c.  —  sin.  b    sin  c. 

12  In  this  latter  equation,  if  c  be  made  subtractive,  sin.  c 
vill  become  —  sin  c,  while  cos.  c  will  not  change :  conse- 
quontly  the  equation  will  be  transformed  to  the  following, 
jnz.  cos.  ('b  —  c)  «a  cos-  B.  COS.  c  +  sii-  B.  sjn  c. 

If,  instead  of  the  angles  b  and  c,  the  angles  had  been  a  and 
B  ;  or,  if  A  and  b  represented  the  arc*  which  measure  those 
angles,  the  results  would  evidently  be  similar :  they  may  there-* 
fore  be  expressed  generally  by  the  two  following  equdtions, 
fbr  the  sines  and  cosines  of  the  sums  or  differences  of  any  two 
arcs  or  angles : 

sin.  (a  ±  B)  «  sin.  a  .  cos.  b  ±  sin.  b  .  cos.  a  >      ,y  ^ 

COS.  (A  ±  b)  OB  COS.  A  •  cos:  b.  zf  sin.  A  .  sin  B.  $      ^    '^ 

13.  We  are  now  in  a  state  to  trace  completely  the  muta- 
tions of  the  sines,  cosines,  8cc.  as  they  relate  to  arcs  in  the 
Tarious  parts  of  a  circle  ;  and  thence  to  perceive  that  tables 
vhich  apparently  are  included  within  a  qoAidrant,  arc,  in  fact, 
applicable  to  the  whole  circle. 

Imagine  that  the  radius  mc  of  the  circle,  in  the  marginal 
figure,  coinciding  at  first  with  ac,  turns  about  the  point  c 
(in  the  same  manner  as  a  rod  would  turn  on  a  pivot),  and  thus 
forming  successively  with  ac  all 
possible  angles :  the  point  u  at 
its  extremity  passing  over  all 
the  points  of  the  circumference 
ABA^B^Aybr  describing  the  whole 
circle*  Tracing  this  motion  at- 
tentively, it  will  appear,  that  at 
the  point  A)  where  the  arc  is 
nothing,  the  sine  is  nothing  also, 
wl^le  the  cosine  does  not  differ 
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ih)in  the  radius.  As  the  radius  mc  recedes  from  ac,  the  aine 
?M  keeps  increasing,  and  the  co^iine  cp  decreasing,  till  tho 
describing  point  m  has  passed  over  a  quadrant,  and  arrived 
atB:  in  that  case  ph  becomes  equal  to  cb  the  radius,  and 
the  cosine  cp  vanishes.  The  point  m  continuing  its  motion 
beyond  B,  the  sine  p'm' will  diminish,  while  the  cosine  cp% 
which  now  falls  on  the  ctmtrary  side  of  the  centre  c  will  in- 
crease. In  the  figure,  p'  m  '  and  cp'  are  respectively  the  sino 
and  cosme  of  the  arc  a^m'  or  the  sine  and  cosine  of  abm  ^^ 
which  is  the  supplement  of  a'm'  to  iQ,  half  the  circumfe- 
rence :  whence  it  follows  that  an  obtuce  angle  (measured  hj 
an  arc  greater  than  a  quadrant)  has  the  same  nne  and  coaine 
09  iis  au/i/Uement  ;  the  cosine  however,  being  reckoned  sub- 
tractive  or  negative,  because  it  is  situated  contrariwise  with 
regard  to  the  centre  c. 

^  When  the  describing  point  m  has  passed  over  -^  O  i  or  half 
the  circumference,  and  has  anived  at  a',  the  sine  p'm'  va- 
nishes, or  becomes  nothing,  as  at  the  point  a,  and  die  cosino 
ia  again  equal  to  the  radius  of  the  circle  Here  the  angle 
ACM  has  attained  its  maximum  limit;  but  the  radius  cu  may 
still  be  supposed  to  continue  its  motion,  and  pass  below  the 
diameter  a  a'.  The  sine,  which  will  then  be  p"m",  will  con-^ 
sequently  fall  below  the  diameter,  and  will  augment  as  k 
moves  along  the  third  quadrant,  while  on  the  contraiycp'', 
the  cosine,  will  diminish  la  this  quadrant  too,  both  sine 
and  cosine  must  be  considered  as  negative  ;  the  former  being 
on  a  contrary  side  of  the  diameter,  the  latter  a  contrary  side 
oif  the  centre,  to  what  each  was  respectively  in  the  first  quad- 
rant. At  the  point  b',  where  the  arc  is  three-fourths  of  the 
circumference,  or  jQ,  the  sine  f^'u''  becomes  equal  to  the 
radius  cb,  and  the  cosine  cp'^vanishes.  Finally,  in  the  fourth 
quadrant,  from  B'to  a,  the  sine  p'^m'",  alwavs  beiofff  aa',  di- 
minishes in  its  progress,  while  the  cosine  cp^",  which  is  then 
found  on  the  same  side  of  the  centre  as  it  was  in  the  first 
quadrant,  augnients  till  it  becomes  equal  to  the  radius  ca* 
Hence,  the  sine  in  this  quadrant  is  to  be  considered  as  nega- 
tive or  subtractive,  the  cosine  as  positive.  If  the  motion  of 
M  were  continued  through  the  circumference  again,  the  cir- 
cumstances would  be  exactly  the  same  in  the  fifth  quadrant 
as  in  the  first,  in  the  sixth  as  in  the  second,  in  the  seventh  as 
in  the  third,  in  the  eighth  as  in  the  fourth :  and  the  like 
would  be  the  case  in  any  subsequent  revolutions. 

14.  If  the  mutations  of  the  tangent  be  traced  in  like  man- 
ner. It  will  be  seen  that  its  magnitude  passes  from  nothing  to 
infinity  in  the  first  quaflrant;  becomes  negative,  and  de- 
creases from  infinity  to  nothing  in  the  second  ;  becomes  po- 
^ve  agVin,  and  mcreases  from  nothing^  to  infinity  in  the 
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third  quadrant  s  and  lastly,  becomes  negative  agaibi  and  de- 
creases from  infinity  to  nothing,  in  the  fourth  quadrant 

15.  These  conclusions  admit  of  a  ready  confirmation  ;  and 
others  may  be  deduced,  by  means  of  the  analytical  expres- 
sions in  arts.  4  and  13.  Thus,  if  a  be  supposed  equal  to  \Of 
in  equh.  v,  it  will  become. 

cos  (^O  ±  B)  Bs  COS.  {  o  cos.  B  qp  sin   ^  O  •  ^^*  ^3 
sin.  (Aq  ±  b)  ss  sin.  ^  q  •  cos.  b  ±:  sin.  b  .  cos.  ^  O* 
But  sin.  JO  —  ^^-  «  1  ;  and  cos.  i  O  =»  0 : 
so  that  the  above  equations  will  become 
cos  (i  O  ::!-  b)  as  qp  sin.  b. 

sin.  (|  O    ±  B)  a  COS.  b. 

From  which  it  is  obvious,  that  if  the  sine  and  cosine  of  an 
arc,  less  than  a  quadrunti  be  regarded  as  positive,  the  cosine 
of  an  arc  greater  than  ^O  ^^  i^^  than  \  Q  will  be  negative, 
but  its  sine  positive.  If  b  also  be  made  as  ^  O  ;  ^^^^  shall 
we  have  cos.  ^O""  —  lysin-rO^O. 

Suppose  next,  that  in  the  equa.  v,  ▲  a  ^  Q  |  then  shall  we 
obtain. 

COS.  (J  O  ±  B)  a»  —  COS.   B. 

sin.  (I  O  =t  B)  SB  ±  sin.  b  ; 
which  indicates,  thatevery  arc  comprised  between  ^Q  and 
^0>  ^^  ^^^^  terminates  in  the  third  quadrant,  will  have  its 
ame  and  its  cosine  both  negative.  In  this  case  too,  when 
B  iss^  O I  ^^  ^^^  A^c  terminates  at  the  end  of  the  third  quad- 
rant, we  shall  have  coss  J  Q  «  0,  sin.  |  O  »  —  1* 

Lastly  the  case  remains  to  be  considered  in  which  a  ea^  O 
or  in  which  the  arc  terminates  in  the  fourth  quadrant.  Here 
the  primitive  eqtiations  (V)  give 

COS.  (I  O  ^  b)  =3  ±  sin.  B 

sin.  (I  O  ±  b)  sa  ^  cos.  B  ; 
80  that  in  all  arcs  between  }  Q  and  Q)  the  cosines  are  posi- 
live  and  the  sines  negative. 

16.  The  changes  of  the  tangents,  with  regard  to  positive 
and  negative,  may  be  traced  by  the  application  of  the  pre- 
ceding results  to  the  algebraic  expression  for  the  tangent ;  viz. 

sin. 
tan.  s  -.,    For  it  is  hence  manifest,  that  when  the  sine  and 

cos 
cosine  are  either  both  positive  or  both  negative,  the  tangent 
will  be  positive  ;  which  will  be  the  case  in  the  first  and  third 
quadrants.  But  when  the  sine  and  cosine  have  different 
signs,  the  tangents  will  be  negative,  as  in  the  second  and 
fourth  quadrants.    The  algebridc  expression  for  the  cotui- 

COS. 

gentf  viz.  cot,  »  — ,  will  produce  exactly  the  same  results, 
sin. 

Tl^e 
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The  expresstoQS  for  the  secants  and  cosecants,  viz.  sec.  n 
1  1 

— ,  cosec.  =s  —  show,  that  the  signs  of  the  secants  are  the 
COS.  sin, 

same  as  those  of  the  cosines ;  and  those  of  the  cosecants  the 
same  asthose  of  the  sines. 

The  magnitude  of  the  tangent  at  the  end  of  the  first  and 
third  quadrants  will  be  infinite  }  because  in  those  places  th# 
sine  is  equal  to  radiust  the  co&ine  equal  to  zero,  and  therefore 

Sii  i=  00   linfinity).    Of  these,   however,   the  former    will 
COS.  " 

be  reckoned  possitive,  the  latter  negative. 

17.  The  magnitudes  of  the  cotangents,  secants,  find  cosO' 
cants  may  be  traced  in  like  manner  ;  and  the  results  of  the 
13th,  Uchiand  Isth  articles,  recapitulated  and  tabulated  as 
below. 

0^  90^  180*  270<>  3fiO<>^ 

Sin.         0  K  0  — R          0 

Tan.        0  ^  0  — 00         0 

Sec.        R  00  — >R  —00         R 

Cos.  R  0       — R  0  ». 

CO^         CO  0      —00      ,        0  CO 

'   Cosec.   00       R    *— 00       — R         ^^ 
The  changes  of  signs  are  these. 

sin.  COS.  tan*  ooti  sec.  eosec. 
I  St.  5th.     9th.   13th. 
2d.  6th.  10th.   14th. 
3d.  7th.   11th.  15th 
4th.  8ih.  1 2th.   16th 

We  have  been  thu%  particular  in  tracing  the  mutationsi 
both  with  regard  to  vulue  und  algebraic  signs,  of  the  princi- 
pal trigonometrical  quantities,  because  a  knowledge  of  them 
is  absolutely  necessary  in  the  application  of  trigoaoroetry  to 
the  solution  of  equations,  and  to  various  astronomical  and 
physical  problems. 

18.  We  may  now  proceed  vo  the  investigation  of  other  ex- 
pressions relating  to  the  sums,  difiPerences,  multiples,  Sec  6£ 
arcs  ;  and  in  order  that  these  expressions  may  have  the  more 
generality,  give  to  the  radius  any  value  r  instead  of  confining 
it  to  uniry.  This  indeed  may  always  be  done  in  an  exprea- 
sioni  however  complex,  by  merely  rendering  all  the  terms 
homogeneous ;  thai  i^^  ^^  miUtifiiying  rach  term  by  nuch  a 
power  of  K  as  Bhall  make  it  of  iHe  same  dimension^  as  the 
term  in  the  equation  whith  has  the  highest  dimension*  Thusy 
the  expression  for  a  triple  arc. 

Vol.  II.  e  rip: 


sin.  COS.  tan*  ooti  sec.  eosec. 
^.  )i         +    +     +    +++i 

1   1  I       —   +   —  —  +  — ) 
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sin.  3a  e  3  sin*  A— 4  sin'.  A(radias  »  I) 
becomes  when  radius  is  assumed  =:  R] 
m*  sin.  3a  «  r*  3  sin  a-  4  sin^  .a 
.      .        3r*  sn.  A  — 4  8in»    a 

or  sm.  3a«5 . 

Hence  then,  if  consistently  with  this  precept,  R  be  placed 
for  a  denominator  of  the  second  member  of  each  equation  T 
(art.  12),  and  if  a  be  suppobed  equal  to  b,  we  shall  have 
.  w        sin.  &.  <*os.  A  •+   sin.  a  cos,  a 

sm.  (a  +  a)  = J- . 

.     .              2sm.  a  .  COS.   A 
That  is,sm.  2  a«=i . 

And,  in  like  manner,  by  supposing  b  to  become  succetsiyely 
equal  to  2a,  3a,  4a,  &c.  there  will  arise 

sin.  A  .  COS.  2a+C08«  a  .  siik-  2 A. 

sm.  3a  « J 

.       .  siiv  A  .  C0».  3A4.C08.  A  .  sin.  3a  y   ,•;..-  . 

sin.  A    co9.4A-f-co«-  A  .  sin.  4a 
am.  5a  = ^ 

And,  by  similar  processes,  the  second  of  the  equationB 
just  referred  to,  namely,  that  lor  cos.  (a  +  b),  will  <;ive  auc- 
cessively, 

cos*  .  A— sm^  .  a 
cos.  2a  =S  ' n 

COS.  a  .  COS  2A'— 4in>  a  .  sin.  2a 
coa*3Aste  r- 

COS.  A  .  COS.  3a— sin.  A .  sin.3A  r     ^      '^ 
cos.  4a  m  ■ 

R 

COS.  A  .  cos.  4a  —  sin.  X  .  sin  4a 
COS.  5A  = ■*" 

19,  If,  in  the  expressions  for  the  successive  multiples  tS 
the  sines,  the  values  of  the  several  cosines  in  terms  of  the 
sines  were  substituted  for  them  ;  and  a  like  process  were 
adopted  with  regard  to  the  multiples  of  the  cosines,  other 
expressions  would  be  obtained,  in  which  the  multiple  sines 
would  be  expressed  in  terms  of  the  radius  and  sine,  and  ^q 
multiple  cosinea  in  terms  of  the  radius  and  cosines. 

As  sin.  A  sa  8 


^      1 


sin. 2a  aaB2Sv^R«    I 

sin.  3a  cs  3s-  4s* 
sin.  4a  as(4s — Ss')-/! 
sin.  5A  =  58— 2Gs»  +  16s* 
fldn.  Qa=  (6s— 32s»+32s«)  v^i 
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A  «      c  1 

U    =a      4C»     —    3C  J 

lA  »     8c*  -   8c«  +      1  > 


Cos. 

COS.    34 

COS.  3a 

COS.  4a  =     8c*  -   8c«  +      1  y     (XL) 

COS.  5a  a    16c«    -SOcS  +      5c 

COS.  6a  r=  32c<^  —48c*  +   I8ca  —   1 

Uc.fkc*: 

Other  very  convenient  expressions  for  multiple  arcs  majr 

ht  obtained  thus : 

Add  together  the  expanded  expressions  for  shi»  (b  -f  a), 

Vin  (b  —  a),  that  is, 

add  -  -  sin.  (b  -I-  a)  es  sin«  b  i  cos.  a  +  cos.  b  .  sin.  a» 
to  -  -  sin.  (b  —  a)  =:  sin.  b  •  cos.  a  —  cos.  b  .  sin.  a  ; 
there  results  sin  (b  -f-  a)  -|-sin.  (b  ^a)  =  2  cos.  a.  sin  b  : 
whence^  -    sin.  (b  -f  a)  sk  3  cos  a  .  sin.  b  —  sin(B  —  a). 

Thus  again,  by  adding  together  the  expressions  for  cos  (b-|-a) 

and  cos.  (b  —  a),  we  have 

cos.  (B  +  A)  +  COS.  (b  —  a)  SB  3  COS.  A  .  COS  B  ; 

whence,  c<is.  (b  -f.  a)  sb  3  cos.  a  .  cos.  b  —  cos.  (b— a). 
Sobstittiting  in  these  expressions   for  the  sine  and  cosine  of 
B  -f  A,  the  successive  values  a^  3a,  Sa,  &c.  instead  of b  $  the 
following  series  will  be  produced* 

sin  3a  SB  3  cos. 

sin.  3a   er  3  COS. 

sin.  4a  »  3  cos. 

sin.  nA  a.  3  cos  a  .  sin.  (»  —  1)a— sin.(n-.3)A. 

cos    -2a  es  3  cos. 

COS.  3a  as  3  cos.  «  .  ^w*..  -.„ •.  «.  V    /    •  J 

COS  4a  3s  3  cos.  A  .  cos.  3a  —  cos  3a.  t   I  ***> 

COS  nA  as  3  cos. 

Several  other  expressions  for  the  sines  and  cosines  of  mul- 
tiple arcs,  might  readily  he  found :  but  the  above  are  tjbte 
most  useful  and  commodious. 

SO  From  the  equation  sin. 3a  =  ^''^"^'"^  -,  it  will  be 

easyt  when  the  sine  of  an  arc  is  known,  to  find  that  of  its 

hatXi    For,  substituting  for  cos  a  its  value  \/(b*  <-  sin*  a)> 

.             -11      •        '     ^          3  Sin  a*/(r*— sin*  a)  — ,, . 
there  will  arise  sin  3a  as ^^ '.  This  squared 

gives  R*  sin*  3a  =a  4r*  sin»  a  —  4  sin*  a. 
Here  taking  sin  a  for  the  unknown  quantity,  we  have  a  quad- 


*Here  we  htve  omitted  the  powers  of  r  that  were  necessary  to  ren- 
der »U  ihe  terms  homologoas,  merely  that  the  expressions  mig^ht  be 
brought  m  upon  the  p;.ge  ;  but  they  may  easily  be  8Upphed,when  need- 
ed, by  tke  rale  ia  ^it.  18. 

ratic 


.  A  .  S2D«     A*  *} 

.  A  .  sin.  2a  —  sin.  a*  >  /^     I 

A  .  sin.  3a  —  sin.  3a-  C  I  **^ 

A  .  sin.  (»  —  1)a— sin.(n-.3)A.-J 
s.  A  .  cos.    A  —  cos  0  (=sl).  1 

IS.  A  .  cos.  3a  —  cos.  A*  f 

«.  A  .  cos.  3a  —  cos  3a.  I 

s.  A  .  COS  (n  —  1)  A— COS. (n— 3)a.  ) 
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ratic  equation,  which  solved  after  the  uBiial  t^^amer^  %\Wk 

sin  A  =  ±  yl  \9i^  ±  Jrv'r*  —  sin«  2a 
If  we  make   2a  =   a',  ihen  will  a  1=  \ks  and  consequently^ 
the  last  equaiioa  becomes 

«in4A'=F  ± 
or  sin  4a'  «»  ± 
by  putting  cos  a  '  for  its  Talue  v^r«  —  sin*  a'  multiplying  the 
quantities  undfT  the  radical  by  4,  and  dividing  the  whole  se- 
cond number  by  3.  Both  these  expressions  for  the  sine  of 
half  an  arc  or  aiTgle  will  be  of  use  to  us  as  we  proceed. 

21.  If  the  values  of  sin  (a  +  B)and  sine  (a—  b),  given  by 
cqua.  V,  be  added  together,  there  will  result 

sm  (A  +  b;  +  sin  (a  —  b)  3=  — i. ;  whence, 

sin  A  .  cos  B  e.  ^B  sifl  (A  +  B  )  4^  4  R  sin  (a  — B) .  (XIIL) 

AlsOi  taking  sin  (a  —  b)  from  sin  (a  +  b)  gives 

aSn  /*_!_«  -;«>  < .  ^        2  sin  B  .  COS  a        , 

sm  (A  +  B)  —  sm (a  —  b)  r= ;  whence, 

R 

sm  B  .  cos  A  ==4r  sin  (a+b  )— ^r  .  sin  (a— b)  .  .  (XIV.) 
When  A  8B  B.  both  equ«.  xm  and  xiv,  become  ^ 

COS  A    sin  A  =  |r  sin  2a  -  .  (XV.) 

22.  In  like  manner,  by  adding  logfethcr  the  primitive  ex- 
pressions for  cos  (A  4  B),  cos  (a  -  b),  there  will  arise 

cos  (a  +  B)  +  cos  ( A  ^  B)  «  l£2il:i2L?;  wheDCC, 

cos  A  COSB  =  iR  cos(a  +  b)  +  4r.cos(a~b)  (XVI.) 
And  here,  when  a  =s  b,  recollecting  that  when  the  arc  is 
nothing  the  cosine  is  equal  to  radius,  we  shall  have 

cos*  A  =  4r  .  cos  2a  +  JR*       .  (XVIl.) 

23.  Deducting  cos  (a  +  b)  irom  cos   (a  -^  b),  there  will 
remain 

cos  (a  -  B)  -  cos  (A  +  B)  «l!L"-^J±l^ .  whence, 

sin  a  .  sin  Brsr^R  .COS  (A-n)-4R  .  cos(a+b)  (XVIII.) 
When   A  cs  B.  this  formula  becomes 

sin»  A  =  4r*  —  iR  .  cos  2a  .  .    (XIX.) 

24.  Multiplying  together  the  expressions  fprsin   (a  +  b) 
and  sin  (a  —  bV  equa.  v,  and  reducing,  there  results 

sin  (a  +  b)  .  sin  (a  —  b)  =  sin«  a  —  sin^  b. 
And,  in  like  manner,  multiplying  together  the  values  of  cos 
(a  +  b)  and  cos  (a  —  b),  there  is  produced 

cos  (a  +b)  .  cos  (a  —  b)  «  cos*   A  —  cos*  B. 

Here,  since  sin-  a  —  sin*  b,  is  equal  to  (sin  a  -f  sin  b)  X 
(sin  A  w.  sin  b),  that  is,  to  the  rectangle  of  the  sum  and  dif- 
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liBTtiiqe  of  the  sines ;  it  follows,  that  the  first  of  these  equa* 
tions  converted  into  an  analogy,  becomes 
lb  (a— b)  :  Hin  a— sin  b  ; :  sin  a  +  sin  b  •  sin  (a  +  b)  (XX.) 
That  is  to  say,  the  aine  of  the  difference  of  any  two  arcs  or 
mgiee^  is  to  the  difference  qf  their  sinesy  as  the  rum  oj  thoae 
Mtnea  19  to  the  sine  0/ their  sum. 

If  A  and  B  be  to  each  other  as  n  4.  1  to  n,  then  tlie  preced- 
m^  proportion  will  be  conyerted  into  sin  a  ;  sin  (n  -f-  1 )  a  -— 
sin  TiA : :  sin  (n  +  I)  a  +  sin  wa  :  sin  (2n  +  I )  a  . .  *..  (XXl.) 

These  two  proportions  are  highly  useful  in  computing  a  ta- 
ble of  sines :  as  will  be  shown  in  the  practical  examples  at  the 
end  of  this  chapter. 

25.  i^t  us  suppose  a  +  B  =  a',  and  A  —  b  =  b'  ;  then  the 
half  sum  and  the  half  difference  of  these  equations  will  give 
respect  vcly  a  «  4(a'+b'),  and  b  »  4(a'  —  b').  Puxting  these 
values  of  A  and  b,  iu  the  expressions  of  sin  a  .  cosb,  sin  b  .  cos  A, 
cos  A  .  cos  B,  sin  a  sin  b,  obtained  in  arts.  21,  22>  23,  there 
.vouJd  arise  the  following  formulae  =  - 

sini  (a'+b')  .  cos  i',A'  -  b';  =*B(sin  a+m  b\ 
sin^  (a'-b')  .  cos  |{a'+b'}  «  jRisiu  A-sin  b'), 

COS^  (a'+b')  .  cos  |(a'  — B')  =  iKCcOS  a'+COS  b'), 

sini  Ca -I-b')  .  sin  iu'-B')  =*  iuCcps  b'-cos  a'). 
Dividing  the  second  of  ihese  formulx  by  the  first,  there  will 
be  had 
sinJCA'^B')  cosj(A  jj7_8mi(V-B0  co»i(A^+BO    slnV-aJPB' 

•injr  a'+b  )  *  cosKa —b')     C(:4(A'-B')'sin{(A'  +  B'>'"5inA -HinB' 

_        .         sin  tan         ,  cos  p     . 

But  since  —  =«    -.,  and  —    =   ^-.,  u  follows  that  the  two 

cos  H  91  n  v&n 

factors  of  the  first  member  of  this  equation,  are 

taiiJ(A'-B')        .  R 

^ ,  and  tan|(  a+bO^  respectively  5  so  that  the  equation 

p».mfc.tly  becomes  ^^.^Ot  .  "^^rT^'l . . .  (XXII.) 
tan  ^(  A  -f.  B  )         sm  A  +5m  B  ^  ' 

This,  equation  is  readily  converted  into  a  very  useful  pro- 
portion, viz.  The  sum  of  the  sines  of  two  arcs  or  angles^  is  to 
their  iijference^  as  the  tangent  of  half  the  sum  of  those  arcs 
mr  angles^  is  to  the  tangent  of  half  their  difference. 

26.  Operating  with  the  third  and  fourth  formula  of  the 
preceding  article,  as  we  have  already  done  with  the  first  and 
second,  we  shall  obtain 

tMi}(A^+BO    UnKV-B^)  ^  cos  %  -  cog  k' 

^     -.,  ^*  cos  a'  -f  COS   b' 

msL  like  manner,  we  have  by  division, 

€p»a;+cosb;  ss;?ic7'+io      *^       ^'^sb  -co.a'  "^^^^  """^  ^' 

coa 
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co»  a'  4-  <>os  b'         C0tj(A'-fO 
COS  b'  —  co»  a'        Un  f  (a  —  b')' 

Making  b  «  O9  in  one  or  other  of  these  expreBsionsi  theve 
resaltSy 

•in  A'  ^     ,    #  1  ^ 

X-^m*  K  '  coi  H  f 

1  «.  COS  A  Un  JA  f 

Ltl^-J!:;.f2l±^;«co|.  iA'-— ^— ,.> 

1  —  COS  A         l»n  JA  *  tan«  JA    7 

These  theorems  will  find  their  application  in  some  of  the 
investigations  of  spherical  trigonometiy. 

27   Once  more,  dividing  the  expression  for  sin  (a  ±  b) 

by  that  for  cos  (a  ±  b),  there  results 

sin  (A  •±,  b)        sin  a  ■  cos  b  d:  sin  b  .  cos  A 
c~8(A  ±  b)        cos  a    c<»b  b  :p  sin  a    sin  b 

then  dividing  both  nuiyerator  and  denominator  of  the  second 

fraction,  by  cos  a  .  cos  b,  and  recollecting  that  —  a  — ,  we 

Bhall  t^ua  obuin 

tan  (a  dr  b)  b  ('an  a  4:  tin  b)^ 

R  rS  qp  tan  A  .  tan  b* 

•      .      /      _i_     \  R*  (an  A  Hh  tan  b)  /vitttt  x 

•r,  lastly,  tan  (a  ±  b)  =  _^___j_-  ....  (XXIII.) 

R^ 

Also,  since  cot  zz  - — ,  we  shall  have 
urn 

,  ,      .      V  R*  R*  3:  tan  A  .  tAn  B 

eot  (a  ±  B)=a  I — r—i— %  =  — - — : > 

^  ^      Un  (a  ±  b)  Un  a  ±  tan  b     • 

which,  after  a  little  reduction,  becomes 

^  /         L      >  cot  A  .  cot  B  ^  R»  /-^VYXr  \ 

cot  (a  ±  b)   aa --_!: ....  (XXIV.) 

^  ^  cot  B  ±  cot  A  ^  '' 

98.  We  might  now  proceed  to  deduce  expressions  for  the 
tangents,  cotangents,  secants,  &c.  of  multiple  arcs*  as  well  as 
some  of  the  usual  formulae  of  verification  in  the  construction 
of  tables,  such  as 

sin(54«'+ A)  +8ir.(54^-A)-sin(18«>  + A)-sm(18O-.A)=8in(90^— a);  , 
sinA + 8in(36"-  a) +sin(72<'  +  A)«8in(36«+  a)  +  Bin(72^ -  a). 
&c   &c. 

Bttty  as  these  enquiries  would  extend  this  chapter  to  too 
great  a  length,  we  shall  pass  them  by  ;  and  merely  investi- 
gate a  few  properties  where  more  than  two  arcs  or  angles  ar^ 
concerned,  and  which  may  be  of  use  in  some  subsequent 
part  of  this  volume. 

39.  Let 
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39.  Let  ▲)  B»  c,  be  ia  any  three  arcs  or  aogles,  and  suppose 
raifius  to  be  unity  ;  then 

-:»  /«    •    -.x       8^"  A  .  sin  c+  sin  b  .  sin  (a  +  B  -f  c) 
^  '  sm{A-fB) 

FoPt  by  equa.  v,  sin  (A+e-fc)  ss  sin  a  .  cos  (e+c)  +  cos  a  . 
sin  (B  +  c);which,  (puttinq^  cos  b  cos  c— sin  b  .  sin  c  for 
cos  (s  +  €}),  is  Bs  sin  A  .  cos  b  •  cos  c— sin  k  .sin  b  .  sin  c  4- 
cos  A  .  sin  (B  +  c)  ;  and,  multiplying  by  sin  b,  and  adding^ 
ain  A  .sin  C)  there  results  sin  a  .  sin  c  -f-  sin  b  .  sin  (A-f  b+c) 
SB  sin  A  .  cos  b  .  cos  c  .  sin  b  -f  sin  a  .  sin  c  .  cos*  b  -f-  cos  a  . 
sin  B  .  sin  (B4-c}a  sin  a  •  cos  b  .  (sin  b  .  cos  c+cos  b  .  sin  c) 
-)-  cos  A  .  sin  B  .  sin  (n-f-c)  ss  (sin  a  .  cos  b  -f  cos  a  .  sin  b)  k 
ain  (B  -f-  c)  «a  sin  (a  -|»  b)  .  sin  (b  +.  c).  Consequently,  by 
dividing  by  sin  (a  -{<  b)»  we  obtain  the  expression  above 
given. 


In  a  similar  manner  it  may  be  shown,  that 

sin  A    sin  c  —  sm  B    «n(A  —  B+c)     « 
sin  (a  -  B) 


sm  (B  —  C    =a  • 


30  If  A,  B,  c,  D,  represent  four  arcs  or  angles,  then  writ- 
ing c+D  for  c  in  the  preceding  invesiigauon>  there  will 
result, 

810  (B  +  e+D)  ^''"^'  g'"(c-^Pj  +  «nB  .  9in(A+B  +  C  +  P) 

sin  (A  +  b) 
A  like  process  for  five  arcs  or  angles  will  give  ' 
3in(D  I  c  I  D  t  g)- *'^^  "^^  (c^P-f  E)  4>*^»;>ii.&m(A4-B  -fc+p+Q 

o>:    (a  -f  B)  * 

And  fer  any  number,  a,  b,  c,  &c.  to  l, 

MnrmO-cJ-      ,  ^_sinA.9in(c4-p  +...L)+S'"»'«i"(A+B  -f  c+  .a) 
Sin  ^B+c  +....!.; ■ sin(A^B) ^•- 

3L  Taking  again  the  three  a*  b,  c^  we  have 
sin  (b  —  c)  33  sin  b  •  cos  c  «sin  c  .  cos  b, 
sin  (c— a)  «a  sin  c  .  cos  a— -sin  a  .  cos  c, 
ain  (A  —  b)  sa  sin  A  .  cos  b— sin  b  .  cos  a. 
Multiplying  the  first  of  these  equations  by  sin  a,  the  second 
by  sin  b,  the  third  by  sin  c  ;  then  adding  together  the  equa-* 
tions  thus  transformed,  and  reducing  ;  there  will  result, 
sin  A  .  sin  (b  — cj+sin  b  •  sin  (c— a)  -|-  sin  c  .  sin  (a—  b)  aaO, 
fos  A  .  sin  (b  — c)+  cos  b  .  sin  (c  —  a)  +  cos  c  .  sm  (a— b;  aso. 

These  two  equations  obtuning  for  any  three  angles  what- 
eter,  apply  evidently  to  the  three  angles  of  any  triangles 

3^.  Let    the  series  of  arcs  or  angles  a^  B|  c  &•...&,  be 
osntemplated,  then  we  haye  (art.  24), 

AB 
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sit)  Ta  +  B^  .  sin  (a     h)  =  sin*  a—  sin*  b, 
sin  (b  4-  c^    sin  (b— c)  =  sin*  b—  sin*  c, 
sin  (c  +  D)  .  sin  (c  —  d)  :»»  sin'  c—  sin*  d, 
&c  &c.  8cc* 

sin(L  +  a)  .  sin  (l— a)  «  sin«  l—  sin*  a. 
If  all  these  equations  be  added  together,  the  second  member 
of  the  equation  will  vanish,  and  of  consequence  ^e  shall  have 

sin(A4-B).8in(A— B)-f  sin  (fi-f  c)    sin(B  — c)  -f&c. . . 

4.  sin  (l+ a)  +  sin(L--A)  s=0. 

Proceeding  in  a  similar  manner  with  sin  (a  — a),  cos  (a  +  b), 
sin  (b-c),  cos  (B-fc),  &c.  there  will   at  length  be  obtained 

cos  (a+b)  .  sin(A  -  b)  ^.cos  (b+c)  .  sin  (b  —  c)  +  &c  . . . 

+  cos(l+a)  .  sin  (l  — a)  =3  0. 

33.  If  the  arcs  Ai  B,  c,  8cc  .  .  .  .  l  form  an  arithmetical 
progression,  of  which  the  first  term  is  0,  the  common  differ- 
ence d\  and  the  last  term  l  any  number  n  of  circumlerences ; 
then  will  b— a=o'.  c  — b  =  d',  kc.  a  -f  b  s=s  d',  b  -f-  c  «  3d', 
Sec  :  an?  dividing  the  whole  by  sin  d',  the  preceding  equa- 
tions will  become 

sin  T>'  +  sin  3d  +  sin  5d'  +  &c; «  0,  >      fxxv  \ 

cos  D'  +  cos  3d'  +CO8  5d'  +  &C.  =a  0.  5        ^-^^^ '> 

If  z'  Were  equal  3d%  these  equations  would  become 

sin  d'  +  sin  ^d '+e')  +8in  (d^+  3a ')  +  sin  f d'+  3b'^+  &c  »  o, 

cos  d  '-f  cos  (d'+b')  +  cos  (d'+2e')  +  cos  (d'+3b')+  &c  s=  0. 

34.  The  last  equation,  however,  only  shows  the  sums  of 
sines  and  cosines  of  arcs  or  angles  in  arithmetical  progres- 
sion, when  the  common  difference  is  to  the  first  term  in  the 
ration  of  2  to  1.  To  investigate  a  jr^rlera/ expression  for  ah 
infinite  series  of  this  kind,  let 

s  +  sin  A  +  sin  (a  i-  b)  +  sin  (a  +  2b)  sin  (a  +3b)  +  &c. 
Then,  since  this  series  is  a  recurring  series,  whose  scale  of 
relation  is  2  cos  b  —  I,  it  will  arise  from  the  developement  of 
a  fraction  whose  denominator  is  1  —  2z  .  cos  b  -f*  z^i  making 

2=sl. 

--         ..    p       .          ,,,  .            siiiA-|-xr«in<A  +  B)— 2  8inA.cos»]. 
Now  this  fraction  will  be  =   ~^ —     ^    — ; — r ' 

1— ^2.008  B  +  Z* 

Therefore,  when  z  =  I,  we  have 

•m  A-f  sin  (A+B}~2viin  A  .cos  B        . ,,  .    ,  «   • 

$  3=   j^— -! ;  and  thiSjbecause  2  sm  a., 

2—2  cos  B 

Cos  B  =  sin  (a  -f   b)  +  sin  (a— b)  (art.  21),  is  equal  to 

sinA  — slr;(A— b)       L.  .  .        ,        .        ,         _  1/    I    .       *\ 

— TT- r-^.   But,  amoe  sin  a  —  sm  b  =2  cos  J(a  +  b  )i. 

2(1- cos  b)  '  \      -r     / 

sia 
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3in|{A^— sOjby  art.  2^,  it  follows^that  sin  a— sin  (A~B)ca 
3  cos  (a— JB)  nin  ^B  ;  besides  which,  we  have  1  —  cos  b  ss 
3sxn*4.B.  Consequently  the  precedinjj  expression  becomes 
«  ■=  sin  A  +  sin  (a  +  b)  +  sin  (a  +  2b)  +  sin  (a  +  3b)  -f-^c. 

ad  infimtum  —  ^^^^  *2i.  . . .  (XXVI.) 
.     "^  2  sin  ^B  ^  ^ 

35.  To  find  the  sum  of  n  +  1  terms  of  this  series,  wc  have 
simply  to  consider  that  the  sum  of  the  terms  pust  the  (n  +l)th, 
that  is,  the  sum  of  sin  [a  +  («  +  1 )  b]  +  sin  [a  4-  (n  +  2jb]  + 
sin  Ca  +  (»  +  3)  b]  +  8cc.  ad  infinitum^  is,  by  the  preceding 

theorem,  am     ^  ^     >•- — Li,  DeductiAB:  this,  therefore,  from 
2  sin  Jb  °     .    ^ 

the  former  expression,  there  will  remain,  sin  a  +  din  (a  +  b) 

+  sin  (A  +    2b)  +  sin  (A  +  3b)  4. .  .  •  .  sin  (a  +  »b)  ^bs 

co8(A-^B)~c->H[A+(n+})B]_sin(A4-i"B)»i»i("+t/B.  /  XXVII  ^ 

2  sin  iB  gin    Jb   • 

By  like  means  it  will  be  founds  that  the  sums  of  the 

cosines  of  arcs  or  angles   in  arithmetical  progrCbsion  will  be 

cos  A  +  cos  (a  +  B)  +  cos  (A  +  2b)  +  COS  (a  +  3b)  +  &c*. 

ad  infimtum  ^  ^  ^'^"  (a  ^  ^»)^  ^  ^  ;  (XXVllL) 
2  sin  ^B  ^ 

Also, 
cos  A  +  COS  (A  +  B)  -f  COS  (a  +  2b)  +  COS  (a  +  3b)  +  .  •  .  . 

(COS  A  +  ;2B)  ==  <^^-^(A-fi.B).smK^-fi;B        XXIX.) 

'  sin  ^B  ' 

36.  With  regard  to  the  tangents  of  more  than  two  arcs, 
the  following  property  (the  only  one  we  shall  here  deduce)  is 
a  very  curious  one,  which  has  not  yet  been  inserted  in  works 
of  Trigonometry,  though  it  has  been  long  known  ^o  mathe- 
maticians. Let  the  three  arcs  a,  b,  c,  together  make  up 
the  whole  circumference,   O  :  then  since  tao   (a  +    b)  «■ 

^i~^TT^(^y  equa.xxiii),we  have  ii«  xC^an  A+taiiB+ 
tan  c)  sa  R*  X  [tan  a  +  can  b-  tan  (a  +  b)]«  r*  x  (tan  a+ 

tan  B  -        ^  a"  A  -f-tan  B  ^^^  ^^  actual  multiplication  and  re* 

s  *  •—  tan  A  .  tsn  b 
duction,  to  tan  A  .  tan  B  .  tan  c,  since  tan  c  »  tan  [  O   — 

.      \T              .      r             .             R*  (tan  A  +  tWl  B) ,        .      . 
(A  +  b)]  =  —  tan  (a  -  b)  «s  —      -^  ^ — 2: ^,by  what  has 

preceded  in  this  article.  The  result  therefore  is,  that  the 
sum  0/  thetangentB  of  any  three  area  which  together  conati" 
tute  a  circle^  muitifilied  ttj  the  aguare  of  the  radiua^  ia   equal 

to  the  firodtict  of  those  tangenta (XXX.) 

Since  both  arcs  in  the  second  and  fourth  quadrants  haye 
their  tangents  coniidered  negative,  the  above  property  will 
apply  to  arcs  any  way  trisecting  a  semicircle  $  and  it  will  there- 
•  Vol.  IL  »  fctf 
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fore  apply  to  the  angles  of  a  plane  triangle,  ^hich  are,, 
together,  measured  bj  arcs  constituting  a  semicircle.  So 
that  if  radius  be  considered  as  unity,  we  shall  find  that,  the 
turn  of  tan^efitB  of  the  three  angles  of  any  plane  triangle^U 
equal  to  the  continued  firoduct  of  those  tangents.  (XXXI.) 

37.  Having  thus  given  the  chief  properties  of  the  sines^ 
tangents,  &c.  of  arcs,  their  sines,  products,  and  powers,  we 
shall  merely  subjoin  investigations  of  theorems  for  the  3d  and 
3d  cases  in  the  solutions  of  plane  triangles.  Thus,  with  re* 
apect  to  the  second  case,  where  two  sides  and  their  included 
angle  are  given  r 

By  equa.  iv,  a  :  ^  : :  sin  a  :  sin  a. 

SddSn?    «+*--*::/»inA  +  sinB:sinA-.in., 

But,  eq.  XXII,  tan  '(a  -f  b)  ;  tan  ^  (▲  —  a  } : :  sin  a  +  sin  b  : 
sin  A  •-  sin  B ;  whence,  ex  equal  a  -|-  6  :a— 6  : :  tan  ^(a  -f-a): 

tani(A  -  B) (XXXn.) 

Agreeing  with  the  result  of  the  geometrical  investigation « 
at  pa.  386,  vol.  I 

38.  If,  instead  of  having  the  two  sides  a,  6,  given,  we  know 
their  logarithms^  as  frequently  happens  in  geodesic  opera** 
lions,  tan  -^C  a  —  b)  may  be  readily  determined  without  first 
finding  the  number  corresponding  to  the  logs,  of  a  and  6. 
For  if  a  and  b  were  considered  as  the  sides  of  a  right-angled 
triangle,  in  which  ^  denotes  the  angle,  opposite  the  side  ^a^^ 


a 


then  would  tan  ^  a  -•    Now,  since  a  is  supposed  greater 

than  by  this  angle  will  be  greater  than  half  a  right  angle,  or 
k  will  be  measured  by  an  arc  greater  than  \  of  the  circumfer- 
ence, or  than  ^o  •  Then,  because  tan(4^  -})  o  *"Tq£^^^^7=S 
and  because  tan  |  O  *^  ^  ==  ^9  we  have 

And,  from  the  preceding  article, 

a^b     uni(A— B)     UnJ(A  — «^) 
^r  iSlfrT"Br"^4r-=  consequently, 
fan  i(A-B)  =  cot  ^c  .  tan  (^  — 10)  .  •  •  (XXXIII.> 
From  this  equation  we  have  the  following  practical  rule 
Subtract  the  less  from  the  greater  of  the  given  logs,  the  re« 
mainder  will  be  the  log  tan  of  an  angle :  from  this  angle 
take  45  degrees,  and  to  the  log  tan  of  the  remainder  add  the 
log  cotan  of  half  the  given  angle  ;  the  sum  will  be  the  log 
tan  of  half  the  difference  ef  the  other  twa  angles  of  the  plane 

3^.  The 
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3$.  The  remaiBing  case  is  that  in  which  the  three  sides  qT 
the  triangle  are  known »  and  for  which  indeed  we  have  al- 
ready obtained  expressions  for  the  angles  in  arts.  6  jand  8. 
But)  as  neither  of  these  is  best  suited  for  logarithmic  compu* 
tation^  (however  well  fitted  they  are  for  instruments  .of  in- 
vestigation),  another  may  be  deduced  thus  :  in  the  equation 

for  cos  A,  (given  equation  ii),  viz.  cos  a  cat  —    9a~~>  ^^^ 

substitute,  instead  of  cos  a»  its  value,  1  —  ^  nn^  ja,  change 
the  signs  of  ail  the  tertas,  transpose  the  1,  aad  divide  by  9i 

we  shall  have  sin*  ja  e=a — = ^- — i-. 

Here,  the  numerator  of  the  second  member  being  the  pro* 
duct  of  the  two  factors  (a  +  b^-^c)  and  (a  •>*  6  +  c),  the  equa- 
tion will  become  sin*  Ja  »  *ifLi±IfL.  i^tlf)-  But,  since 

4ibc 
i (a+b^c)  op  i(a+b+c)-r^c,  and  }(a  -^+c)«i  Ka+b+c)^b  ; 
tf  we  put  8  ea  a  -f-  ^  +  ^9  w<l  c^tract  th.e  square  rooti  there 
yrHl  result, 


sm  ik  «a  ^M L->.2 \     1 


iLSiL^M- -  V  ^^"^^'"=^:    K^XXIV.) 


These  expressious,  besides  their  convenience  for  logarith- 
mic coropuution,  have  the  further  advantage  of  being  perfect- 
ly free  from  ambiguity,  because  the  half  of  any  an^le  of  a 
plane  trian|;le  will  always  be  Ifiaa  thap  a  right  angle* 

40.  The  student  will  find  it  advantageous  to  collect  Into 
«\e  place  all  those  formulx  which  relate  to  the  computatioa 
of  unes,  tangeuts,  &c*  >  and,  in  another  place,  those  which 
are  of  use  in  the  solutions  of  plane  triangles  :  the  former  of 
these  are  equations  v,  viii,  iz,  x,  xi,  x,  xt,  xii,  xzii,  xzv» 
XV,  XVI,  XVII,  xviii,  XIX,  XX,  XXII,  xjrtt,  xxiii,  xxiv, 
XXVII  i   the  latter  are  equa.  ii,  iii,  iv,  vii,  xxxii,  xxxiUi 

XXXIV. 

To  exemplify  the  use  of  some  of  these  formulae^  the  follow 
ing  exercises  are  subjoined. 


^  What  19  here  given  being  only  a  brief  sketch  of  an  inexhausti- 
ble subject ',  the  reader  who  wishes  to  pursue  it  further  is  referred 
to  the  copious  Introduction  to  our  Mathematical  Tables,  and  the 
.comprehensive  treatises  on  Trigonometry,  by  Emerson  and  many 
•th^  modem  writers  on  the  same  subject,  where  he  wZtl  find  t^ 
cnripsitjT  richly  pratifedi 
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SXERCISE8. 

£x.  1.  Find  the  sines  and  tangents  of  15*^,  30'^,  45«,  60«, 
snd  75^  :  and  show  how  from  thence  to  find  the  sines  and 
tangents  of  several  of  their  subniultiples- 

First,  with  regard  to  the  arc  of  45^,  the  sine  and  cosine  are 
manifestly  equal ;  or  thef  form  the  perpendicular  and  base 
of  a  right-angled  triangle  whose  hypotbenuse  is  equal  to  the 
assumed  radius.  Thus,  if  radius  be  r,  the  sine  and  cosine  of 
45'',  will  each  be  t=  y  Jr*  =  r  V  J  »  }r  ^  2.  If  R  be  equal 
to  U  as  is  the  case  with  the  tables  in  use,  then 

sin  45<»  «  cos  45«  tes  Jv^2  c=  -7071068. 

tan  45^  «  *■!?  «  1-  ^  ^'  «  cotangent  45«. 

cos  BUI 

V  Secondly,  fer  the  sines  of  60«>  and  of  30^  :  since  each  angle 
in  an  equilateral  triangle  contains  60<*,  if  a  perpendicular  be 
demitted  from  any  one  angle  of  such  a  triangle  on  the  oppo- 
site side,  considered  as  a  base,  that  perpendicular  will  he  the 
sine  of '60<>,  and  the  half  base  the  sine  of  30*,  the  side  of  the 
triangle  being  the  assumed  radius.  Thus,  if  it  be  r,  we  shall 
have  4r  for  the  sine  of  30*,  and  V  **  —  iR*  ■=  jr  ^  S,  for  the 
sine  of  60**.     When  r  =  1,  these  become 

sin  30«  a»  •$...*..  sin  60<?  =  cos  30^  -8660254. 

Hence, tan  30<»  »  — ^   «  ^  «  ^  ^slP  -5773503, 

tan  60^  «     ^    «    V3  «  .  .  -  .     1-7330508. 

Consequently,  tan  60'  «  3  tan  SO?. 

Thirdly,  for  the  sines  of  15**  and  TS^y  the  former  arc  is  the 
half  of  30*>,  and  the  latter  is  the  compliment  of  that  half  arc. 
Hence,  substituting  1  for  r  and  jv^3,  for  cos  a,  in  the  ex- 
pression sin  iA.  =»  ±  i  y  2r*  ±  2r  cos  a  .  .  .  (equa.  xi|), 
it  becomes  sin  15®  «  i^^  2 —  ^  3  =  •2588190. 
Hence,  sin  75*>  «  cos  15*  =  ^  i— j(2— -v^**  i\/3  +  v'3  = 

^^+^^  «:  .9659258. 
4 

Consequently,  tan  .5«  =  J^  -  |g|2  -  -2679492. 

And,  tan  r5»  =  ^g  =  .3-7320508. 

NoWi  from  the  sine  of  30*>,  those  of  6*>,  2*>,  and  l<*,  may 
easily  be  found.  For,  if  5a  xs  30^,  we  shall  have,  from 
equation  x,  sin  5a  =  5  sin  a  —  26  sin^  a+  16  sin^  a  :  or,  if 
sin  A  sss  :c,  this  will  become  16r«  — .  20^:^  +  53?  =  '5.  This 
equation  solved  by  any  of  the  approximating  rules  for  such 
equations,  will  give  x  «  -1045285,  which  is  the  sine  of  6^. 
i->.     -  .  Next 
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^  Ncxt»  to  find  the  sine  of  3^,  we  have  agaio,  from  equa* 
tlon  X9  sin  3a  =  3  sin  a  —  4 sin'  a  :  that  is,  if  jr  be  put  for 
sm  2S  3x —  4x*=:- 1045285.  Thb  cubic  solved,  gives 
jr  a  0348995  B=  sin  a"". 

Then,  if  s  ca  sin  l^,  we  shallt  from  the  second  of  the  equa* 
tions  marked  x,  have  2s  ^  l.-s*  »  '0348995  s  whence  s  is 
found  a»  0174524  s  sVn  \^. 

Had  the  expression  for  the  sines  of  bisected  arcs  been  ap^- 
plied  successively  from  sin  15<>,  to  sin  T^'ao',  sin  3»4SS  sin 
l'*524.'  sin  56^'y3cc.  a  different  series  of  values  might  have 
been  obtained  :  or,  if  we  had  proceeded  from  the  quiftqui- 
section  of  45*>,  to  the  triscction  of  9^,  the  bisection  of  3<>,  and 
so  on,  a  different  series  still  would  have  been  found.  But 
what  has  been  done  above,  is  sufficient  to  illustrate  Mm  me- 
thod. The  next  example  will  exhibit  a  very  simple  and 
compendious  way  of  ascending  from  the  sines  of  smaller  to 
those  of  larger  arcs. 

JSx.2.  Given  the  sine  of  I^,  to  find  the  sine  of  2<>,  aild 
then  the  sines  of  3o,  4«,  5*>,  6<>,  7^,  8^,  9»,  and  10^  each  by  a 
single  proportion. 

Here,  taking  first  the  expression  for  the  sine  of  a  double 
arc,  equa.  x,  we  have  sin  2<>  «  2  sin  l<>  y'  l  — sm*  l<>t==-034895. 

Then  it  follows  from  the  rule  in  equa.  xx,  that 
sin  I*" :  sin  2o— sin  l^  :  :  sin  2*>  +sin  1*  :  sin  3°  »  -0523360 
sin  20  :  sin  30— sin  l^  :  :  sin  3^  +sin  !•  :  sin  4®  =  -0697565 
sin  3«» :  sin  4°— sin  1** : :  sin  4*^  +sin  1*  :  sin  5^  =  -0871557 
sin  40  :  sin  5o— sin  1«> :  :  sin  5^  -fsin  1^  :  sin  6^  «  -1045285 
sin  5<» :  sin  eo^gin  l*  :  :  sin  6^  +sin  1*> :  sin  7**  » '1218693 
sin  6<» :  sin  7<>-sin  1»  :  :  sin7<>  +sin  1*>  -sin  8**  =a -1391731 
sin  7*  :  sin  S^-sin  !«  : :  sin  8<>  +sin  1<?  :  sin  9*>  »  -1564375 
sin  8®  ^Bin  9*»-sin  1®  ;  :  sin 9<»  +sin  !•  2  sinlO®  s=s  -1736482 

To  check  and  verify  operations  like  these,  the  proporiiens 
should  be  changed  at  certain  stages.     Thust 

ejn  1*» :  sin  S^'—sin  2«>': :  sin  3»  +  sin  2<> :  sin   5*, 

sin  1*  :  sin  4»  — sin  3«> ; :  sin  4^  +  sin  3^  :  sin  7S 

sb  4<» :  sin  7<»— sin  3<* :  s  sin  7**  +  sin  3»  :  sin  10*. 

The  coincidence  of  the  results  of  these  operations  with  the 

analogous  results  in  the  precedmg,  will  manifestly  establish 

the  correctness  of  both. 

Cor.  By  the  same  method,  knowing  the  sines  of  5%  10®, 
and  15*,  the  sines  of  20«,  25«,  35*»,  55«>,  65^  &c.  may  be 
found,  each  by  a  single  proportion.  And  the  sines  of  l**,  9», 
and  10*»,  will  lead  to  those  of  19*,  29«>,  390,  &c.  So  that  the 
sines  may  be  computed  to  any  arc:  and  the  tangents  and 
other  trigonometrical  lines,  by  means  of  the  expressions  in 
art.  4;  Sec. 

-fix 
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Ex  3.  Find  the  sum  of  all  (he  natural  sines  to  every  mi- 
nute in  the  quadrant,  radius  es  ]. 

In  this  problem  the  actual  addition  of  all  the  terms  would 
be  a  most  tiresome  labour:  but  the  solution  by  means  of 
equation  xxvii,  is  rendered  very  easy*  Applying  that  theo- 
rem to  the  present  case,  we  have  sin  (a  -f  ^n  b)  ««s  sin  45^) 
sin  J(n  +  l)B=8in  45O0'30",  and  sin  i  3=sin  30''.  Therefore 
«m45<>X  «m45*>0'30"       «.«««.^^.,     ,.  .     ^ 

"  sin  30"  ^^  3438*2467466  the  same  sum  required. 

From  another  method,  the  investigation  of  which  is  omitted 
here,  it  appears  that  the  same  sum  is  equal  to  i  (cot  30"+ 1). 

Ex.  4.  Explain  the  method  of  finding  the  logarithmic 
sines,  cosines,  tangents,  secants,  &c.  the  natural  sines,  cosines, 
&c.  being  known. 

The  natural  sines  and  cosines  being  computed  to  the  ra« 
dius  unity,  are  all  proper  fractions,  or  quantities  less  than 
imity,  so  that  their  logarithms  would  be  negative  To  avoid 
this,  the  tables  of  logarithmic  sines,  cobines.  Sec.  are  com- 
puted to  a  radius  of  10000000000,  or  \{)^^i  in  which  case 
the  logarithm  of  the  radius  is  10  times  the  log  of  10,  that  is, 
it  is  10. 

^  Hence, if  5  represent  any  sine  to  radius  I,  then  lo*^  x  ««= 
sine  of  the  same  arc  or  angle  to  rad  10".  Ami  this,  in  logs 
is,  log  lO«t  =  10  log  10  +  log  «=  10  +  log  « 

The  log  cosines  are  found  by  the  same  process,  since  the 
cosines  are  the  sines  of  the  complements. 

The  logarithmic  expressions  for  the  tangents,  &c.  are  de- 
duced thus : 

Tan  «  rad  ^.    Theref.  log  tan  cbb  log  rad  +  log  sm^log 

cos  6=  10  -I-  log  ftin  -*  log  COS. 

©t>t  t=s  lij-,  Therf.  log  cot«a2  log  rad  -log  tan^SO— log  tan. 

Sec  es  — — ,  Therf.  log  seeks  Slog  rad  —  log  cosss20-.log  cos. 

rad 
^^^  ^  "ST-  Therf.l.co8ec=s21og  rad-IogsinssSO-logsift. 

Versed  sine  ^  ^^^"^*  •    (^''^i^-c)'         2  x  sins  }arc 
diam  2  rad  rad         • 

Therefore,  log  vers  sb  =  log  2  +  2  log  sin  ^  arc  —  10.    " 

Ex.  5.  Given  the  sum  of  the  natural  tangents  of  the  an- 
gles a  andn  of  a  plane  triangle  z^  3-1601988,  the  sura  of  the 
tangents  of  the  angles  b  and  c=  3 1-8765577,  and  the  conti- 
nued product,  tan  A  .  tan  B  .  tan  c  as  5-3047057  :  to  find  the 
angles  a>  b,  and  e. 

It 
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It  has  been  demonstrated  in  art.  a6,  that  when  radius  t^ 
unity,  the  product  of  the  natural  tangents  of  the  three  angles 
of  a  plane  triangle  is  equal  to  their  continued  product*  Hence 
the  process  is  this  : 

From  tan  A  +  tan  B  -f  tan  c  n  5  3047057 
Take  tan  a  +  tan  b    ...    .  «>  3  1601988 

Remains  tan  c ,  .  a  aT445069  » tan  65*. 

From  tanA  +  tanB  +  Uno  a  5-304705T 
Take  tan  b  4.  can  c  ...  .     ca  3-8765577 

Remains  tan  a ca  I  4381480*  =  tan  5$^. 

Consequently,  the  three  angles  are  55«','60%  and  65*. 

-fir.  6.  There  is  a  plane  triangle,  whose  sides  are  three 
fiOQsecutive  terms  in  the  natural  series  of  integer  numbers, 
and  whose  largest  angle  is  just  double  the  smallest.  Requir- 
ed the  sides  and  angles  ef  that  triangle  ? 

If  A,  B,  c,  be  -three  angles  of  a  plane  triangle,  a,  A,  c,  the 
sides  respectively  opposite  to  a,  b,  c  ;  and  s  n  «  +k  +  c. 
Then  from  equa.  iii  and  xxxxy,  we  hare 

A^      sin  A  =  Jv/ia  tia-a)  •  Ci^*)  .  (4*-^. 
andsinic«^^*tr«)   CJi=ii 

Let  the  three  sides  of  the  required  triangle  be  represented 
by  X,  X  -t-  1,  and  ar  -f-  3  ;  the  angle  a  being  supposed  oppo- 
site to  the  side  x^  and  c  opposite  to  the  side  »+  2:  then  the 
preceding  expressions  will  become 

sinic.v(f±iU?±i) 

Assummg  these  two  expressions  equal  to  each  other,  as  tbey^ 
ought  to  be,  by  the  question ;  there  results,  after  a  little  re- 
ducuon,  x9— l^^—V  J?— 3  mm  0,  a  cubic  equation,  with  one 
positive  integer  root  x  » 4.  Hence  4,  ff>  and  d|  are  the 
sides  of  the  triangle^ 

sinA=^f^^  VlTi«:^TVy^7«}-4.|v/r==J^7. 
sin  B  =  ^  Vr  ;  sin  c  «  /y  v^  .  ainjc  =s  v/,.Jt4.7=:l  V^- 
The  angles  are,  a  ao  4 1«^  409603  »  4l«24'  34"  34"', 
B  =5  55«  771191  «   55  46  16     18, 
^  CBa83<»«819206  n  83  49     9      g. 

Any  direct  solution  to  this  curious  problem,  except  by  means  * 
of  the  analytical  formula  employed  abore,  would  be  exceed- 
ingly tedioBs  and  opertse. 
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Sdlution  to  the  9atne  by  R.  Adaaik. 


D,inak.  yf 

Tiangles  ,  y^^  / 

equian-  >^\^  / 
^c  as  AC  A^ JJC 


Let  ABC  be  the  triangle,  having  the  angle 
ABC  double  the  angle  a,  produce  ab  to  D|  mak- 
ing BD  =  BC,  and  join  cd  ;  and  the  triangles 
CBD  ACD  are  eyidentlj  isosceles  and 
gular  ;  therefore  bd  or  bc  is  to  cd  or  ac  as  ac  K^  ^C 
to  AD.  Now  let  AB  ca  j:,  BC  =  j:-—  1,  AC  rts  x  4.  1,  then 
AD  :=■  3^  —  1>  s^nd  the  preceding  stating  becomes  x  —  I  : 
a:  +  1  :  :a?  +  1 :  3a: — 1,  vhieh  by  multiplying  extremes  and 
means  gives  2x*  —  3ji?  +  I  =  x*  +  2jr  +  1,  and  by  subtrac- 
tion X*  =  5x,  or  dividing  by  x^  simply  jtr  a  5|  hence  the 
sides  are  4,  5,  6. 

The  same  conclusion  is  also  readily  obthined  without  the 
use  of  algebra. 

Ex.  7.  Demonstrate  that  sin   \%^  =e  cos  72*  Is  a  }r 

(—  1  +  •  5),  and  sin  54''  ca  cos  36<>  is  .aa  }e  (I  +  v'  5> 

Ex,  8.  Demonstrate  that  the  sum  of  the  sines  of  two  arcs 
which  together  make  60<>,  is  equal  to  the  sine  of  an  arc 
which  is  greater  than  60,  by  either  of  the  two  arcs  :  Ex.  gr» 
sin  9'  +  sin  59«  ST  »  sin  to^  3' ;  and  thus  that  the  tables  may 
\^  continued  by  addition  only. 

Ex.  9.  Show  the  truth  of  the  followbg  'proportion  :  As 
the  sine  oi  half  the  difference  of  two  arcs,  which  together 
make  60<»,  or  90«,  respectively,  is  tp  the  difference  of  their 
sines ;  so  is  1  to  v^>  ^^  V^»  respectively. 

Ex.  \0.  Demonstrate  that  the  sum  of  the  square  of  the 
sine  and  versed  sine  of  an  arc,  is  equal  to  the  square  of  dou- 
ble the  sine  of  half  the  arc. 

Ex.  1 1 .  Demonstrate  that  the  sine  of  an  arc  is  a  mean 
proportional  between  half  the  radius  and  the  versed  sine  of 
double  the  arc. 

Ex.  13.  Show  that  the  secant  of  an  ai*c  is  equal  to  the 
sum  of  its  tangent  and  the  tangent  of  half  its  complement.  . 

Ex.12.  Prove  thaty  in  any  plane  triangle,  the  base  is  to 
the  difference  of  the  ether  two  sides,  as  the  sine  of  half  the 
I  sum  of  the  angles  at  the  base,  to  the  sine  of  half  thsir  dtffe* 
rence :  also,  that  the  base  is  to  the  sum  of  the  other  two 
sides,  as  the  cosine  of  half  the  sum  of  the  angles  at  the  base» 
to  the  cosineof  half  their  difference. 

Ex. 
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JKx.  14,  How  must  three  trees,  a,  Bt  c,  be  planted,  so 
that  the  angle  at  a  may  be  double  the  angle  at  b,  the  angle 
at  B  double  thai  at  c  5  and  so  that  a  line  of  400  yards  may 
just  go  round  them  ? 

£x.  15.  In  a  certain  triangle,  the  sines  of  the  three  an- 
gles are  as  the  numbers  IT,  15.  and  8,  and  the  perimeter  is 
IGO     What  are  the  sides  and  angles  ? 

Mx.  16.  The  logarithms  of  two  sides  of  a  triangle  are 
%'2407293  and  3'a37819l,  and  the  included  angle,  is  37""  30'. 
Ii  is  required  to  determine  the  other  angles>  without  first 
finding  any  of  the  sides  ? 

Ejc.  17.  The  sides  of  a  triangle  are  to  each  other  as  the 
fractions  |)  1?  | :  "What  are  the  angles  I 

JSjc,  18.  Show  that  the  secant  of  60^,  is  double  the  tangent 
of  45*t  and  that  the  secant  of  45^  is  a  mean  proportional  be* 
tween  the  tangent  of  45®  and  the  secant  of  60^, 

Ex,  19.  Demonstrate  that  4  times  the  rectangle  of  the 
rinea  of  two  arcs,  is  equal  to  the  difference  of  the  squares  of 
the  chords  of  the  sum  and  difference  of  those  arcs. 

i  •  • 

£x*  30.  ("onvert  the  equations  marked  xxxiy  into  their 
equivalent  logarithmic  expressions ;  and  by  means  of  them 
and  equa,  iv,  find  the  angles  of  a  triangle  whose  sides  are  5, 
«,  and  7. 


SPHERICAL  TRIGONOMETRY. 

SECTION  I- 

General  Profiertiea  ofSfihericai  Triangles, 

Art.  1.  Def,  1  Any  portion  of  a  spherical  surface  bounded 
by  three  arcs  of  great  circles  is  called  a  Spherical  Triangle. 

J^ef  2.  Spherical  Trigonometry  is  the  art  of  comput'mg 
the  measures  of  the  sides  and  angles  of  spherical  triangles. 
Toi.  U.  E  J^ff. 
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jD</:  3.  A  right-angled  spherical  tnangle  has  one  right 
dngle  :  the  sides  about  the  right  angle  are  called  legs  ;  the 
side  opposite  to  the  right  angle  is  called  the  hyfiothenuBC. 

Def,  4.  A  guadranial  spherical  triangle  has  one  side  equal 
to  90O  or  a  quarter  of  a  great  circle. 

J^ff.  5.  Two  arcs  or  angles,  when  compared  together,  are 
^aid  to  bo  alike y  or  of  the  same  affection,  when  both  are  less 
than  90**,  or  both  are  greater  tlian  90<^  But  when  one  is 
greater  and  th^i  other  less  than  90^,  they  are  said  to  be  unlikcy 
or  of  different  affections. 

Art.  2.  The  small  circles  of  the  sphere  do  not  fall  under 
consideration  in  Spherical  Trigonometry  ;  but  such  only  as 
have  the  same  centre  with  the  sphere  itself.  And  hence  ii  is 
that  spherical  irigonometi7  is  of  so  much  use  in  Practical 
Astronony,  the  apparent  heavens  assuming  the  shape  of  a 
<:oncave  sphere,  whose  centre  is  the  same  as  the  centre  of  the 
catth. 

3.  Every  spherical  triangle  has  three  sides,  and  three  an- 
gles :  and  if  any  three  of  these  six  parts,  be  given,  the  re- 
maining three  may  be  found,  by  some  of  the  rules  which 
will  be  investigated  in  this  chapter. 

4.  In  filane  trigonometry,  the*  knowledge  of  the  three  an- 
gles is  not  sufficient  for  ascertaining  the  sides  :  for  in  that 
case  the  relations  only  of  the  three  sides  can  be  obtained,  and 
not  their  absolute  values  :  whereas,  in  sfihcrical  trigonome- 
try, where  the  sides  are  circular  arcs,  whose  values  depend 
on  their  proportion  to  the  whole  circle,  that  is,  on  the  num- 
ber of  degrees  they  contain,  the  sides  may  always  be  deter- 
mined when  the  three  angles  are  known.  Other  remarkable 
differences  between  plane  and  spherical  triangles  are,  1st. 
That  in  the  former,  two  angles  always  determine  the  third  ; 
>!vhile  in  the  latter  they  never  do.  2dly.  The  surface  of  a 
plane  triangle  cannot  be  determined  from  a  knowledge  of  the 
angles  alone  ;  while  that  of  a  spherical  triangle  always  can. 

5.  The  sides  of  a  spherical  triangle  are  all  arcs  of  great 
Gircles,  which,  by  their  intersection  on  the  surface  of  the 
sphere,  constitute  that  triangle. 

6.  The  angle  which  is  contained  between  the  arcs  of  two 
great  circles,  intersecting  each  other  on  the  surface  of  the 
sphere,  is  called  a  spherical  angle  ;  and  its  measure  is  the  same 
as  the  measure  of  the  plane  angle  which  is  formed  by  two 
lines  issuing  from  the  same  point  of,  and  pei^pendicular  to, 
t^e  common  section  of  the  planes  which  determine  the  con- 
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tilning  sides  :  that  is  to  say,  it  is  the  same  as  the  angle  made 
by  those  planes.     Or,  it  is  equal  to  the  plane  angle  formed 
by  (he  tangents  to  those  arcs  at  their  point  of  intersection4 
'  7.  Hence  it  follows,  that  the  surface 
of  a   spherical    trian8:le    bac,  and   the 
three  planes   which   determine  it   fprm 

a  kind    of    triangular     pyramid,  bcga 

of  whic!i  ihc  vertex  o  is  at  the  centre  j 

of  the  s])hf  re,  the  base  abc  a  portion  1 

of  the  splicrical  surface,  and   the  faces 

AGc,    AGB,   BGc,  sectors    of  the  great 

circles    whose  intersections   determine 

the  sides  of  the  triangle. 

DsJ,  6.  A  line  perpendicular  to  the  plane  of  a  great  circle) 

passing  through  th^  ceDtre  of  the  sphere,  and  terminated  by 

tvo  points,  diametrically  opposite,  at  its  surface,  is  called  tho 

axis  of  such  circle  ;  and  the  extremities  of  the  axis,  or  the 

points  where  it  meets  the  surface,  are  called  ihe/iolea  pi  that 

lurcle.     Thus,  pgp'  is  the  axis,  and  p,  p  ^9  are  the  poles,  of 

the  great  circle  CND. 

If  we  conceive^  any  number  otless  circles,  each  parallel  to 
the  said  great  circle,  this  axis  will  be  perpendicular  to  theia 
Fikewise  ;  and  the  points  p,  p^  will  be  their  poles  also. 

8.  Hence,  each  pole  of  a  great  circle  is  90^  distant froot 
every  point  in  its  circumference ;  and  all  the  arcs  drawn  from 
either  pole  of  a  little  circle  to  its  circumference,  are  equal  ta 
each  other. 

9.  It  likewise  follows,  that  all  the  arcs  of  great  circles  drawn 
through  the  poles  of  another  gre^t  circle,  are  perpendicular 
to  it :  for  since  they  are  great  circles  by  the  aupposi*,ioQf 
they  all  pass  through  the  centre  of  the  sphere^  and  conse* 
quently  through  the  axis  of  the  said  circle.  The  same  thing 
may  be  affirmed  with  regard  to  small  circled. 

10.  Hence,  in  order  to  find  the  /lo/e*  of  any  circle,  it  i» 
merely  necessary  to  describe,  tiponthe  surface  of  the  sphere^ 
two  great  circles  perpendicular  to  the  plane  of  the  former  5 
the  points  where  these  circles  intersect  each  other  will  bo 
the  poles  required. 

11.  It  may  be  inferred  also,  from  the  preceding,  that  if  it 
were  proposed  to  draw,  froai  any  point  assumed  on  the  sar- 
fitce  of  the  sphere,  an  arc  of  a  circle  which  may  measure  thd 
shortest  disidm'.e  from  that  point,  to  the  circumference  (jS 
any  given  circle  ;  this  arc  must  be  so  described,  that  its  pro- 
longation may  pass  throuii:!)  the  poles  of  the  given  circle* 
And  conversely,  if  an  arc  paas  through  the  polet  «>f  a  given 
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circle,  it  will  measure  the  shortest  distanoe  from  any  assumtS 
point  to  the  circumference  of  that  circle. 

12.  Hence  again,  if  upon  the  sides^  ac  and  bc,  (produced 
if  necessary)  of  a  spherical  triangle  bca,  we  take  the  arcs,cw, 
CM,  each  equal  900,  and  through  the  radii  on,  6m  (figure  to 
art.  7)  draw  the  plane  kgm,  it  is  manifest  that  the  point  c 
will  be  the  pole  of  the  circle ^  coitKiding  with  the  plane  nom  : 
so  that)  as  the  linefH  gm,  on,  are  both  perpendicular  to  the 
common  section  gc,  of  the  planes  agc,  bgc,  they  measure, 
by  their  inclination  the  angle  of  these  planes  ;  or  the  arc  nm 
measures  that  angle,  and  consequently  the  spherical  angle 

BCA 

13.  It  is  also  evident  that  every  arc  of  a  Uttle  circle,  des* 
cribed  from  the  pole  c  as  centre,  and  containing  the  same 
number  of  degress  as  the  arc  mn»  is  equally  proper  for  mea- 
suring the  angle  bca  ;  though  it  is  customary  to  use  only  arcs 
of  great  circles  for  this  purpose. 

14  Lastly,  we  infer,  that  if  a  spherical  angle  be  a  rightt 
angle,  the  arcs  of  the  great  circles  which  form  it,  will  pass 
mutually  through  the  poles  of  each  other  :  and  that,  if  the 
planes  of  two  great  circles  contain  each  the  axis  of  the  other, 
or  pass  through  the  poles  of  each  other,  the  angle  which  they 
include  is  a  right  angle. 

These  obvious  truths  being  premised  and  comprehended^ 
the  student  may  pass  to  the  consideration  of  the  following 
theorems. 

THEOREM  I. 

Any  Two  Sides  of  a  Spherical  Triangle  are  together  Greater 
than  the  Third. 

This  proposition  is  a  necessary  consequence  of  the  truths 
(hat  the  shortest  distance  between  any  two  points,  measured 
on  the  aur&ce  of  the  sphere,  is  the  arc  of  a  great  circle  pass- 
ing through  these  points. 

THEOREM  IK 

The  Sum  of  the  Three  Sides  of  any  Spherical  Triangle  ii 

Less  than  360  degrees. 

For,  let  the  sides  ac,  bc,  (fig#  to  art.  7)  contdning  any 
angle  A,  be  produced  till  they  meet  again  in  o  :  then  wUl  the 
arcs  DAC,  DBc,  be  each  180<»,  because  all  great  circles  cut  each 
other  into  two  equal  parts  :  consequently  dac  -f-  dbcss  360^. 
But  (theorem  1)  ba  and  bb  are  tegether  greater  t^an  the 
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Uiifd  iide  ab  of  the  trtang^le  dab  ;  and  thereCbre,  since 

CA  +  CB  4*  DA  +  DB  m  360^>  the  ftUlU  CA  +  OB  +  AB  IS  leSiS^ 
tlUB  360<*.      (|.  B.   D. 

The  Sum  of  the  Three  Angles  of  any  Spherical  Triangle  ie 
always  Greater  than  Two  Right  Angles,  but  less  than  Six. 
'  1.  The  first  part  o(  this  theorem  is  demonstrated  in  cor.  3 
of  THB.  IV.  following* 

2.  The  angle  of  Inclination  of  no  two  of  the  planes  can  be 
so  great  as  two  right  angles  ;  because,  in  that  case,  the  two 
plctnes  would  become  but  one  continued  plane,  and  the  arcs, 
instead  of  being  arcs  of  distinct  circles,  would  be  joint  arcs  of 
one  and  the  same  circle.  Therefore,  each  of  the  three  sphe* 
rical  angles  must  be  less  than  two  right  angles  ;  and  conse- 
quently their  sum  less  than  six  right  angles,    q  b*  d. 

Cor.  1.  Hence  it  follows,  that  a  spherical  triangle  maf 
have  all  its  angles  either  right  or  obtuse  ;  and  therefore  the 
knowledge  of  any  two  right  angles  is  not  sufficient  for  the 
determination  of  the  third. 

Cor,  2.  If  the  three  angles  of  a  spherical  triangle  be  right 
Or  obtuse,  the  three  sides  are  likewise  each  equal  to,or  greater 
than  90^  :  and,  if  each  of  the  angles  be  acute,  each  of  the  sides 
is  also  less  than  90^  ^  and  conversely. 

Seko&um.  From  the  preceding  theorem  the  student  may 
clearly  perceive  what  is  the  essential  difference  between  plane 
and  spherical  triangles,  and  how  absurd  it  would  be  to  apply 
the  rules  of  plane  trigonometry  to  the  solution  of  cases  in 
spherical  trigonometry.  Yet,  though  the  diflTerence  between 
the  two  kinds  of  triangles  be  really  so  great,  still  there  are 
various  properties  which  are  common  to  both,  and  which  may 
be  demonstrated  exactly  in  the  same  manner.  Thus,  for  ex- 
ample,  it  might  be  demonstrated  here,  (as  well  as  with  regard 
to  plane  triangles  in  the  elements  of  Geometry,  vol.  I)  that 
two  spherical  triangles  are  equal  to  each  other,  1st.  When 
the  three  sides  of  the  one  are  respectively  equal  to  the  three 
side^  of  the  other.  2dly.  When  each  of  them  has  an  equal 
angle  contained  between  equal  sides  :  and,  Sdly.  When  they 
bave  each  two  equal  angles  at  the  extremities  of  equal  bases* 
It  might  also  be  shown,  that  a  spherical  triangle  is  equilateral* 
isosceles,  or  scalene,  according  as  it  hath  three  equal,  two 
equal,  or  three  unequal  angles-:  and  again,  that  the  greatest 
*Wle  is  always  opposite  te  the  greatest  angle,  and  the  least  side 
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lothc  least  an jgle.  But  the  brevity  that  our  plan  rcquircsi 
compels  us  merely  to  mention  these  particulars.  It  may  be 
added,  however,  that  a  spherical  triangle  may  be  at  once 
rtgiu-angled  and  equilateral ;  which  can  never  be  the  case 
with  a  plane  triangle, 

'       THfiOIlEM  IV. 

If  from  the  Angles  of  a  Spherical  Triangle,  as  Poles,  theife 
be  described,  on  the  Surface  of  the  Sphere,  Three  Arcs  <}f 
Great  Circles^  which  by  their  Iniersections  form  another 
Spherical  Triangle  ;  Each  Side  of  this  New  Triangle  will 
be  the  Supplement  to  the  Measure  of  the  Angle  which  is 
at  its  Pole,  and  the  Measure  of  each  of  its  Angles  the  Sup* 
plement  to  that  Side  of  the  Primitive  Triangle  to  which  it 
16  Opposite* 

From  B*  A,  and  c,  as  poles,  let  the 
arcs  DF,  DB,  FE,be  described,  and  by 
their  intersections  form  another  spheri- 
cal triangle  def  ;  either  side,  as  de,  of 
this  triangle,  is  the  supplement  of  the 
measure  of  the  angle  n  at  its  pole  ;  and 
either  angle,  as  d,  has  for  its  measure 
the  supplement  of  the  side  ab. 

X,et  the  sides  ab,  ac,  bc,  of  the  primitive  triangle,  be  pro- 
duced till  they  meet  those  of  the  triangle  def,  in  the  points 
r,  L,  M,  H,  o,  K  t  then,  since  the  point  a  is  the  pole  of  the 
arc  DiLB,  the  distance  of  the  points  a  and  e  (measured  on  aa 
arc  of  a  great  circle)  will  be  90®  ;  also,  since  c  is  the  pole  of 
the  arc  ef,  the  points  c  and  e  will  be  90^  distant :  conse- 
quently (art.  8}  the  point  e  is  the  pole  of  the  arc  ac  In  like 
manner  it  may  be  shown,  that  f  is  the  pole  of  bc,  and  d  that 
of  AB. 

This  being  premised,  we  shall  have  dl»90**,  and  ie=:90« 
whence  dl  +  ie=:dl  +  el  +  il  t=:  db  +  il=  ISO*"- 
Therefore  de  —  180<>  —  il  :  that  is,  since  il  is  the  measure 
of  the, angle  bac,  the  arc  de  is=the  supplement  of  that 
measure.  Thus  also  may  it  be  demonstrated  that  ef  is  equal 
the  supplement  to  mn,  the  measure  of  the  angle  bca,  and 
that  DF  is  eqaul  the  supplement  to  ok,  the  measure  of  the 
angle  abc:  which  constitutes  the  first  part  of  the  proposition. 

2dly.  The  respective  measures  of  the  angles  of  the  triangle 
DBF  are  supplemental  to  the  opposite  sides  of  the  triangles 
ABC    For,  since  the  arcs  Ab  and  bq  are  each  90*^,  therefore 
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iftAL+  BO  S5S  GL  +  i^B  5sa  180<>  ^  wbenCO  OL  ao  180* -^AB; 

that  is  the  measure  ot  the  angle  d  ia  equal  to.  the  supplement 
to  AB.  So  liketvise  may  it  be  shown  that  ac,  bc,  are  equal 
to  the  supplements  to  the  measures  of  the  respectively  oppo- 
*site  angles  s  and  f*  Consequently,  the  measures  of  the  angles 
of  the  triangle  def  are  supplemental  to  the  several  opposite 
sides  of  the  triangle  abc.    q.  b.  i>. 

Cor,  1 .  Hence  these  two  triangles  are  called  sufifiiemenial 
or  polar  triangles. 

Cor.  %,  Since  the  three  sides  de,  ef^  j>f,  are  supplements 
to  the  measures  of  the  three  angles,  a^  b^  c  ;  it  results  that 
J>JL  +  EF  +  DF  +  A  +  B  +  c  =  3X  J8OO=:540**  But  (ih.  2), 
0E  -f  By  +  OF  <  360<»  z  consequently  a  +  b  -f  c  >  U0«». 
Thus  the  first  part  of  theorem  .3  is  very  compendiously  de- 
monstrated. 

Cor  3  This  theorem  suggests  mutations  that  are  some- 
times of  use  in  computation  — ^Thus,  if  three  angles  of  a 
spherical  triangle  are  given,  to  Bnd  the  sides  :  the  student 
may  subtract  each  of  the  angles  from  l^^y  and  the  three  re* 
mainders  will  be  the  three  sides  of  a  new  triangle ;  the  angles 
of  this  new  triangle  being  found,  if  ibeir  measures  be  each 
taken  from  180^,  the  three  remainders  will  be  the  rcispectiva 
sides  of  the  primitive  triangle,  v/hose  angles  were  given. 

SchoHunu  The  invention  of  the  preceding  theorem  is  due 
to  PMHft  Langaberg,  Vide,  Simon  Steven,  liv.  3,  de  la  Coa» 
mographie,  prop.  31  and  Alb  Girard  in  loc.  It  is  often  bow-* 
ever  treated  very  loosely  by  authors  on  trigonometry :  some 
of  them  speaking  of  sides  as  the  supplements  of  anglesj  and 
scarcely  any  of  them  remarking  which  of  the  several  triangles 
formed  by  the  intersection  of  the  arcs  de,  ef,  df,  is  thepnc 
in  question.  .  Besides  the  triangle  deFi  three  others  may  be 
formed  by  the  intersection  of  the  semi- 
circles, and  if  the  whole  circles  be  consi- 
derec?,  there  will  be  •even  other  triangles 
formed.  But  the  proposition  only  obtains 
with  regard  to  the  central  triangle  (of 
each  hemisphere),  which  is  distinguished 
from  the  three  others  in  this,  that  the 
two^angles  A  and  f  are  situated  on  the 
same  side  of  bc,  the  two  b  and  e  on  the  same  side  of  ac^  and 
the  two  c  and  d  on  the  same  side  of  ab, 

THEOREM  V. 

In  Every  Spherical  Triangle,  the  following  proportion  obtains^ 
yiz,  As  Four  Right  Angles  (or  360°)  to  the  surface  of  a 

Hemisphere  i 
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Hemisphere ;  or,  as  Two  Right  Angles  (or  ISO^*)  to  a  Great 
Circle  of  the  Sphere  ;  so  is  the  Excess  of  the  three  angles 
of  the  Triangle*  above  Two  Right  Angles,  to  the  Area  of 
the  triangle. 

Let  ABC  be  the  spherical  triangle.  Com- 
plete one  of  its  sides  as  bc  inio  the  circle 
BCEFt  which  maj  be  supposed  to  bound 
the  upper  hemisphere.  Prolong  also,  at 
both  ends,  the  two  sides  ab.  ac,  until 
they  form  semicircles  estimated  from  each 
angle,  that  \fi,  until  bae  «  abd  =■  caf  » 

AODaatSO*.      Thctt  WiU  CBFs=180««BFB  ; 

ati<l  consequently  tht  triangle  abf,  on  the  anterior  hemisphere 
will  be  equal  to  the  triangle  bcd  on  the  opposite  hemisphere. 
Putting  m,  mf  to  represent  the  surface  ol  these  triangles, /k 
for  that  of  the  triangle  baf,  q  for  that  of  cae,  and  a  for  that 
of  the  proposed  triangle  abc  .  Then  ©and  m'  together  (or  their 
equal  a  and  m  together)  make  up  the  surface  of  a  spheric  luno 
comprehended  between  the  two  semicircles  ac»,  abd,  inclin- 
ed in  the  angle  a  :  a  and  p,  together  make  up  the  lune  in- 
cluded between  the  semicircles  caf,  cbf,  making  the  angle  c  : 
a  and  q  together  make  up  the  spheric  lune  included  between 
the  semicircles  bce,  bae,  making  the  angle  b.  And  the  sur- 
Eice  of  each  of  these  lunes,  is  to  that  of  the  hemisphere,  as  the 
angle  made  by  the  comprehending  semicirclea,  to  two  right 
angles.  Therefore,  putting  is  for  the  surface  of  the  hemi- 
sphere) we  have 

iaO»  :  A  :  :  is  .  «  +  »«• 

180<»  :  B  :  :  is  J  a  +  y- 
^  180^  J  c  s  r4s  :a  +  ^ 

Whence,  180«:  a  +b+  c  :  4a  :  3a  +  m  +  A  +  5^  =  3a  +js  ; 
and  consequently^  by  division  of  proportion, 
as  180*  :  A  +  B  +  c  -  180^  ? :  »8  :  2a  +  Js  —  ^s  =  2fl  ; 

A  +  B  +  C-ISO* 

or,  180®  :  A  +  B  +  e— «  189<> :  s  js :  a  «  is. ^^ 

^.  e.  d.* 

^  Cot  A  Hence  the  ezceas  of  the  three  angles  of  any  sphefe* 
rical  triangle  above  two  right  angles,  termed  technically  the 


♦  This  determination  of  the  area  of  a  spherical  triangle  is  due  to 
AJhcrt  Girard  (who  died  about  1633).  But  the  demonstration  now  com* 
monly  given  of  the  rule  was  first  published  by  Dr.  Wallis.  It  was  con- 
sidered as  a  mere  speculative  truth,  until  General  Roy,  in  1787>  em- 
ployed it  very  judiciously  in  the  great  Trigonometrical  Survey,  to  cor- 
fect  the  errors  of  spherical  angl^.  See  PhiL  Trans,  vol.  80,  and  the 
^tt^  chapter  of  this  volume.  ^    , 
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^ericat  excess^  farniahes  a  correct  measure  of  the  surface 
of  that  triangle. 
Cor.  3.  It-sr  =    3.141593,    and  d  the  diameter   of  the 

sphere,  then  is  ^d'^ .  *— » » the  area  of  the  spherical 

780© 

triangle. 

Cor,  3.  Since  the  length  of  the  radius,  in  any  circle,  is 
equal  to  the  length  of  57*2957795  degrees,  measured  on  the 
circumference  of  that  circle  ;  if  the  ufihcrical  cxce%$  he  mul- 
dpUed  bf  57  397795,  the  product  will  express  thesur&iceol 
the  triangle  in  square  degrees. 

Cor,  4.  When  a  ^  0,  then  a  <*|-  B  +  c  a  180*  s  and  wheo 
atm  ^^  then  a  4*  b  +  c  =s  540^.  Consequently  the  sum  of 
the  three  angles  of  a  spherical  triangle,  is  aiw^s  between  2 
and  6  right  angles;  which  is  another  confirmation  of  th.  3. 

Cor.  5.  When  two   of  the  angles  of  a  spherical  triangj# 
are  ri^t  angles,  the  surface,  of  the  triangle  varies  with  its  , 
third  angle.     And  when  a  spherical  triangle  has  three  right 
angles  its  surface  is  one  eighth  of  the  sur&ce  of  the  sphere* 

Remark  Some  of  the  uses  of  the  spherical  excess,  in  the 
more  extensive  geodesic  operations^  will  be  shown  in  the  fol- 
lowing chapter.  The  mode  of  finding  it,  and  thence  the  area  . 
when  the  three  angles  of  ^  spherical  triangle  are  given,  is  ob« 
riotts  enough ;  but  it  is  often  requisite  to  ascertain  it  by  means 
of  other-  data,  as  when  two  sides  and  the  included  angle  arc 
given,  or  when  all  the  three  sides  are  given.  In  the  former 
case,  let  a  and  d  be  the  two  sides,  c  the  included  angle,  and 

cot  ia  .  cot  i^  4*  cos  c 
£  the  spherical  excess :  then  is  cot  i  Ba^  ■    -  . 

sin  G 
When  the  three  sides  a,  d,  c,  are  given,  the  spherical  excess 
may  be  found  by  the  following  very  elegant  theorem,  discover- 
ed by  Simon  LhulHier  : 

tan  J  =  V  (tan  ~ — .  tan    ^^  -.  tan     ~^'  ^^^  — 1 — ")• 

The  investigation  of  these  theorems  would  occupy  more  spada 
than  can  be  allotted  to  them  in  the  present  volume. 

THEOREM  VL 
In  every  Spherical  Polygon,  or  surface  included  by  any  num- 
ber of  intersecting  great  circles,  the  subjoined  proportioa 
obtains,  viz  As  Four  Right  AnsrlesJ  or  360<>,  to  the  Surface 
of  a  Hemisphere  j  or,  as  Two  Right  Angles,  or  180«,  to  a 
Great  Circle  of  the  Sphere;  so  is  the  Excess  of  the  Sum 
of  the  Angles  above  the  Product  of  1 80 *»  and  Two  Less 
than  the  number  of  Angles  of  the  spherical  polygon,  to 
its  Area. 
Voft-  IL    ,  F  '  For, 
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For,  if  the  polygon  be  supposed  to  be  divided  it>to  as  matij 
triangles  as  it  has  sides,  by  great  circles  drawn  fiom  all  the 
angles  through  any  point  within  it>  forming  at  that  point  the 
vertical  angles  of  all  the  triangles.  Then,  by  th  5,  it  will  be 
as  360**  :  -Js  : :  a+b+c  —  180«  :  its  area.  Therefore,  putting 
p  for  the  sum  of  all  the  angles  of  the  polygon,  n  for  their 
number,  and  v  for  the  sum  of  all  the  vertical  angles  of  its 
constituent  triangles,  it  will  be,  by  composition, 
as  360^  :  ^s :  :  p  4.  V  — -  1 80^.  n  :  surface  of  the  polygon. 
But  y  is  manifestly  equal  to  SGO^*  or   I800  X  3.     Therefore^ 

as  360*  :4« :  :  p-<ii— 2)  180*  :  is.  !=^'*'r^i22!,  ihe  area  of 

the  polygon,     q.  e.  d. 

Cor.  1.     If^andcf  represent  the  same  quantities  as  in 
theor.  5  cor.  2,  then  the  surface  of  the  polygon  will  be  ex- 


P—n. 


rSjlBO^* 


lireaacd  by  «r(f V  ^^o- 

Cor,  %  If  K*^  =  57  2957795,  then  will  the  surface  of  the 
polygon  in  square  degrees  be  cs  h*».  (P  — (n  —.2)180®). 

Cor.  3.  When  the  surfistce  of  the  polygon  is  0,  then  p  cae 
(n  —  2)  180**  ;  and  when  it  is  a  maximum,  that  is,  when  it  is 
equal  to  the  surface  of  the  hemisphere,  then  p  »  (n — 2)  180^ 
+360<^  =  n  .  180<» :  Consequently  p,  the  sum  of  all  the  angles 
of  any  spheric  polygon,  is  always  les^  than  2n  right  angles^ 
but  greater  than  (3n— 4)  right  angles  n^  denoting  the  num* 
|)er  of  angles  of  the  polygon. 
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On  Che  JVaiure  and  Meature  of  Solid  Angles. 

A  SoUd  Angle  is  defined  by  Euclid,  that  which  is  made  by- 
the  meeting  of  more  than  two  plane  angles,  which  are  not  in 
the  same  plane,  in  one  point. 

Others  define  it  the  angular  space  comprized  between 
several  planes  meeting  in  one  point. 

It  may  be  defined  still  more  generally,  the  angular  sfiacr 
hicluded  between  several  plane  surfiices  or  one  or  more  curv- 
ed surfaces,  meeting  in  the  point  which  forms  the  summit  of 
the  angle. 

According  to  this  definition,  solid  angles  bear  just  the  same 
relation  to  the  surfaces  which  comprise  them,  as  plane  angles 
do  to  the  lines'  by  which  they  are  included  :  so  that,  as  in  the 
latter,  it  is  noit  the  magnitude  of  the  Ihies,  but  their  mutual 
Wjinationi  which  determines  the  angle  ;  just  so,  m  the  former 
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U  is  not  the  magnitude  oi  the  planes^  but  fAeir  mutual  iucU* 
nations  which  determine  the  angles.  And  hence  all  those 
geometers^  frbm  the  time  of  Euclid  down  to  the  present  pe- 
riod, who  have  confined.their  attention  principally  to  the  mag- 
niiude  of  the  plane  angles  instead  of  their  relative  positionsi 
have  never  been  able  to  develope  the  properties  of  this  clasi^ 
of  geometrical  quantities ;  but  have  affirmed  that  no  solid  an^ 
gle  can  be  sedd  to  be  the  half  or  the  double  of  another,  and 
have  spoken  of  the  bisection  and  trl section  of  solid  angles, 
even,  in  the  siuiplest  cases,  as  impossible  problems. 

But  M  this  supposed  difficulij  vanishes,  and  the  doctrine  of 
aoiid  angles  becomes  simple,  satisfactory,  and  universal  in  its 
application,  by  assuming  afihericai  surfaces  for  their  measure ; 
just  as  circular  arcs  are  assumed  for  the  measures  of  plane 
angles*.  Imagine,  that  from  the  summit  of  a  solid  angje 
(formed  by  the  meeting  of  three  planes)  as  a  centre,  any  sphere 
be  described,  and  that  those  planes  are  produced  tiU  they  cut 
the  surface  of  the  sphere  ;  then  will  the  surface  of  the  sphe* 
rical  triangle,  included  between  those  planes  be  a  proper 
measure  of  the  solid  angle  made  by  the  planes  at  their  com- 
mon point  of  meeting  ;  for  no  change  can  be  conceived  in  the 
relative  position  of  iliose  planes,  that  is  in  the  magnitude  of 
the  solid  angle,  without  a  corresponding  and  proportional  mu- 
tation in  the  surface  of  the  spherical  triangle.  If,  in  like 
manner,  the  three  or  more  surfaces  which  by  their  meeting 
constitute  another  solid  angle*  be  produced  till  they  cut  the 
surface  of  the  same  or  an  equal  sphere,  whose  centre  coin** 
cides  with  the  summit  of  the  angle  ;  the  surface  of  the  sphe^ 
Tic  triangle  or  polygon,  included  between  the  pjanes  which 


•  It  may  be  proper  to  anticipate  liere  the  only  objection  which  can 
be  made  to  this  assuraption  ;  wbich  is  founded  on  the  principle,  that 
^uantitief  should  always  be  measured  by  quantities  of  the  same  kind.  But 
this,  often  and  positively  as  it  is  afBrmed,  is  by  no  means  necessary  j 
nor  in  many  cases  is  it  possible.  To  measure  is  to  compare  tntLthemttk' 
cally :  and  if  by  comparing  two  quantities,  whose  ratio  we  know  or  can 
ascertain,  with  two  other  quantities  whose  ratio  we  wish  to  know,  the 
point  in  question  becomes  determined  :  it  signifies  not  at  all  whether 
the  magnitudes  which  constitute  one  ratio,  are  like  or  unlike  the  mag- 
nitudes wliich  constitute  the  other  ratio.  It  is  thus  that  mathemati* 
caans,  with  perfect  safety  and  6orreetness,  make  Use  of  space  as  a  mea- 
tuie  of  velocity,  mass  as  a  measure  of  tilerUa,  mass  and  velocity  con* 
jointly  as  a  measure  of  force, -space  as  a  measure  of  time,  weirht  as  a 
neasure  of  density,  expaD9ion  a^  a  measure  of  heat,  a  certain  mnctioA 
<;^  planetary  velocity  as  a  measure  of  distance  from  the  central  body, 
arcs  of  the  same  circle  as  measures  of  plane  angles  ;  and  it  is  in  con- 
fi>rmity  with  this  general  procedure  that  vt.  adopt  surfaces,  of  the  same 
^bercj  as  measures  of  sohd  angles. 
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determine  the  angle,  will  be  a  correct  measure  of'  tfmt  enisle* 
And  the  ratio  which  subsists  between  the  ureas  of  the  spheric 
triangles,  polygons,  or  other  surfaces  thus  formed,  will  be 
accurately  the  ratio  which  sube^ists  between  the  solid  angles^ 
constituted  by  the  meeting  of  the  several  planes  or  surtiacesy 
at  the  centre  of  the  sphere. 

Hence,  the  compartbon  of  solid  angles^ecomes  a  matter  of 
great  ease  and  simplicity  :  for,  since  the  areas  of  spherical 
triangles  are  measured  by  the  exct^ss  of  the  sums  of  their  an- 
gles each  above  two  right  angles  (rh.  5);  and  the  areas  of 
Spherical  polygons  of  n  aides,  by  the  excess  of  the  sua^  of 
their  angles  above  2n~4  right  angles  (th.  6>;  it  follows,  that 
the  magnitude  of  a  trilateral  solid  aingle,  will  be  measured  by 
the  excess  of  the  sum  of  the  three  angles,  made  respectively 
by  its  bounding  planes,  above  2  right  angles  ;  and  the  mag- 
nitudes of  solid  angles  formed  by  n  bounding  planes,  by  the 
excess  of  the  sum  of  the  angles  of  inclination  of  the  several 
planea  above  Sn— 4  right  angles. 

As  to  solid  angles  limited  by  curve  surfaces,  such  as  the 
angles  at  the  vertices  of  cones  ;  they  will  manifesil)  be  meas- 
ured by  the  spheric  surfaces  cut  off  by  the  pi  elongation  of 
their  bounding  surfiaceSf  in  the  same  manner  as  angles  deter- 
mined by  planes  are  measured  by  the  triangles  or  polygons^ 
they  mark  out  upon  the  same,  or  an  equal  sphere.  In  all 
eases*  the  maximum  limit  of  solid  angles,  will  be  the/k/ane 
towards  which  the  various  planes  determining  such  angles 
approach,  as  they  diverge  further  from  each  other  about  the 
same  summit :  Just  as  a  right  line  is  the  maximum  limit  of 
plane  angles,  being  formed  by  the  two  bounding  lines  when 
they  make  an  angle  of  180^.  The  maximum  limit  of  solid 
angles  is  measured  by  the  surface  of  a  hemisphere,  in  like 
manner  as  the  maximum  limit  of  plane  angles  is  measured  by 
the  aix  of  a  semicircle.  The  solid  right  angle  (either  anglej 
for  example,  of  a  cube  }  is^  (si^)  of  the  maximum  solid  an- 
gle :  while  the  plane  right  angle  is  half,  the  maximum  plane 
Ungle. 

The  analogy  between  plane  and  solid  angles  being  thus  tra- 
ced, we  may  proceed  to  exemplify  this  theory  by  a  few  in- 
5Unces  ;  assuming  1000  as  the  numeral  measure  of  the  maxi- 
mum solid  angle  a  4  times  90*'  solid  »  360<»  solid. 

1 .  The  solid  angles  of  right  prisms  are  compared  with  great 
facility.  For,  of  the  three  angles  made  by  the  three  planea 
which,  by  their  .meeting,  constitute  every  such  solid  angley 
two  are  right  angles  :  and  the  third  is  the  same  as  the  corres- 
ending  plane  angle  of  the  polygonal  base  ;  on  which,  there- 
fbrei  the  measure  of  the  solid  angle  depends.  Thus,  witl% 
"•        *  respect 
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respect  to  the  right  pmni  with  ati  eqiulaterftlctriangulBr  bas^ 
each  solid  angle  is  formed  bf  planes  which  respectively  make 
angles  of  90S  90«»,  and  60»  Conaequently  90»  +  90«>  +  60**^ 
l€0^  a  60^,  is  the  measure  of  such  angle,  compared  with  360^, 
the  maximum  angle.  It  is,  therefore^  one-sixth  of  the  maxi- 
mum angle.  A  right  prism  with  a  ^c^uare  base,  has,  in  like 
manner,  eachf  solid  angle  measured  by  90<^4-90*-|-90^  —  180* 
»r/0^,  which  is  i  of  the  |[naximum  angle. ,  And  thus  may  be 
CMindy  that  each  solid  angle  of  a  right  prism,  with  an  equilateral, 
triangular  base  is  }  max*  angle  ss    i  .1000. 


square  base        is.  ^ 
pentagonal  base  is 


hexagonal 

heptagonal 

octagonal 

nooagonal 

decagonal 

undecagonal 

duodecagonal 
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IS 

is  ,V 
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=s  7  1000. 
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ts9  JL  .1000. 
•  .1000. 


2«ii 


.1000, 


.  Hence  it  may  be  deduced,  that  each  solid  angle  of  a  rego- 
lar  prism,  with  triangular  base,  is  Aalf  each  solid,  angle  of  a 
prism  with  a  regolar  hexagonal  base.    Each  with  regular 
square  base  se  |  of  each,  with  regular  octagonal  b^e^ 
pentagonal    as  |    •••...    .    decagonal 
haxagonal    •»  j    .•...«    .    duodecagonal^ 

jm  gonal      ass — ^ m  gonal  base. 

Hence  again  we  may  infer,  that  the  sum  of  all  the  solid 
angles  of  any  prism  of  triangular  base,  whether  that  base  be 
regular  or  irregular,  is  ha{f  the  sum  of  the  aoUd  angleaofa 
prism  of  quadrangular  base,  regular  or  irregular.  And,  the 
sum  of  the  solid  angles  of  any  prism  of 
tetragonal  base  is  =  f  sum  of  aisles  in  prism  of  pentag.  baae, 
pentagonal  •  .  .  a  |  •••.•••  haxagonal, 
haxagonal     .  .  .  =s  | heptagonal^ 

m  gonal     ....  =^^ (w+i)gona!. 

S.  Let  us  compare  the  solid  angles  of  the  five  regular 
bodies.  In  these  bodies,  if  m  be  the  number  of  sides  of  each 
face ';  n  the  number  of  planes  which  meet  at  each  solid  angle ; 
)  O  =  half  the  circumference  or  180*  ^  and  a  the  plane  angle 

1 

608~  O 

2n 

nade  by  two  adjacent  faces :  then  we  hare  sin  ih  = — — « 

sin—  o 

2m 
This 


Digitized  by 


Google 


a»  SlPHERICAL  TRIGONOMETRY. 

This  tlieorem  gives,  ibr  tb^  plane  ang^le  formed  b^  every  two 
t:ontigiious  faces  of  the  tetruedron,  70^  3 1'  42"  ;  ol  the  hrxvC- 
dron,  90^  .  of  ihe  ociaedroo,  J  09^  38'  18'' ;  of  the  dodecacdroni 
1J60  33'54''i  of  the  icos.,cdroD,  i38<>  \V23'\  Bin  in  these 
polytd  s,  the  number  effaces  meeting  about  each  solid  angle« 
3,  3  4,  3,  5  re!>p«.ciively.  Consequently  the  seventl  solid  an- 
gles will  be  determined  by  the  bubjoined  proportions  : 

Solid  Angle 
S60O  :  3  7(>*>3r42''  -.  180°  : :  1000  :     87  73611     Tetracdron. 
560°  ;  3  90^  — 180°  : ;  lOOO  :  250  Ha^.tearon. 

360°  :  4.109°28'i8''— 360°  :  :  1000  :  2.6  35 185  Ociaeuron. 
360°  .  3.1 16°33'54'^ — 180°  : :  lOOO  ;  471-395  Dodecacdron, 
560<>  •  5.138° U'23"— 540°  :  :  1000  :  419  30169      Ico^acdron. 

3.  The  solid  angles  at  the  vertices  of  cones,  will  be  deter- 
mined by  means  of  the  spheric  segments  cut  off  at  the  bases 
of  those  cones ;  that  is,  if  right  cones,  instead  of  having;  phine 
bases,  had  bases  formed  of  the  segments  of  equal  spheresi 
■whose  centres  twere  the  vertices  of  the  cones,  the  surfaces  of 
those  segments  would  be  measures  of  the  solid  angles  at  the 
respective  vertices.  Now,  the  sutfaces  of  spheric  segmemsf 
are  to  the  sur&ce  of  the  hemisphere,  as  their  altitudes,  to  the 
radius  of  the  sphere  ;  and  therefore  the  solid  angles  at  the 
Tertices  of  right  cones  will  be  to  the  maximum  solid  angl^, 
as  the  excess  of  the  slant  side  above  the  axis  of  the  cone,  to 
the  slant  side  of  the  cone.  Thus,  if  we  wish  to  ascertain  the 
aolid  angles^  at  the  vertices  of  the  equilateral  and  the  right- 
angled  con^s  i  the  axis  of  the  former  is  iv^S,  of  the  latter^ 
4  V^  2,  the  slant  side  of  each  being  unity.    Uence> 

Angle  at  vertex. 
J  :  1  — 4y^3  :  :  1000  :  133-97464,  equilateral  cone, 
1  :   1  —  1^2::  lOOO  :  292-89322,  right-angled  cone. 

4.  From  what  has  been  said,  the  mode  of  determining  the 
i^olid  angles  at  the  vertices  of  pyramids  will  be  sufficiently  ob- 
vious. If  the  pyramids  be  regular  ones,  if  n  be  the  number 
of  faces  meeting  about  the  vertical  angle  in  one,  and  a  the 
angle  of  inclination  of  each  two  of  its  plane  faces  ;  if  n  be  the 
number  of  planes  meetmg  about  the  vertex  of  the  other,  and 
«  the  angle  of  indination  of  each  two  of  its  faces  :  then  wUl 
the  vertical  angle  of  the  former,  be  to  the  vertical  angle  of  the 
latter  pyramid,  as  HA — (n  —  2)  180°,  tona  —  (»  — 2)  180°. 

If  a  cube  be  cut  by  diagonal  planes,  into  6  equal  pyramids 
with  square  bases,  their  vertices  all  meeting  at  the  centre  of 
the  circumscribing  sphere  ;  then  each  of  the  solid  angles, 
made  by  the  four  planes  meeting  at  each  vertex,  will  be  ^  of 
the  maximum  solid  angle  ;  and  each  of  the  solid  angles 
at  the  bases  of  the  pyramids,  will  be  ^  of  the  maximum  solid 

angle 
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angle.  Therefore,  each  solid  angle  at  the  base  of  such  pyra- 
mid, is  one-fourth  of  the  solid  angle  at  its  vertex  :  and,  if  the 
angle  at  the  vertex  be  bisected,  as  described  below,  either*  of 
the  solid  angles  arising  from  the  bisection,  will  be  double  of 
either  solid  angle  at  the  base.  Fience  also,  and  from  the  first 
subdivision  of  this  scholium,  each  solid  angle  of  a  prism^  with 
equilateral  triangular  Tiase,  will  be  Aa//each  vertical  angle  of 
these  pyramids,  and  double  e2ich  solid  angle  at  their  bases. 

The  angles  made  by  one  plane  with  another,  must  be  ascer* 
tained,  either  by  measurement  or  by  computation,  according 
to  circumstances.  But,  the  general  theory  being  thus  ex- 
plained, and  illustrated,  the  further  application  of  it  is  left  to 
the  ftiuH  and  ingenuity  of  geometers  \  the  following  simple  ex- 
ample merely,  beingmdded  here. 

£3:.  Let  the  solid  angle  at  the  vertex  of  a  square  pyramid 
be  bisected. 

ist.  Let  a  plane  be  drawn  through  the  vertex  and  any  two 
opposite  angles  of  the  base,  that  plane  will  bisect  the  solid 
angle  at  the  vertex  ;  forming  two  tniaieral  anglesj  each  equal 
to  half  the  original  quadrilateral  angle. 

3dly.  Bisect  either  diagonal  oC  the  baseband  draw  any  plane 
to  pass  through  the  point  of  bisection^  and  the  vertex'  ot  the 
pyramid  ;  such  plane^  if  it  do  not  coincide  with  the  former, 
win  divide  the  quadrilateral  solid  angle  into  two  equal  qtia- 
drUateral  solid  angles.  For  this  plane,  produced,  will  bisect 
the  great  circle  diagonal  of  the  spnerical  pandlelogram  cut  oif 
by  the  base  of  the  pyramid ;  and  any  great  circ^  bisecting; 
auch  diagonal  is  known  to  bisect  the  spherical  pdrallelogram, 
•r  square  ;  the  plane,  therefore,  bisects  the  solid  angle. 

Cot.  Hence  an  indefinite  number  of  planes  may  be  drawni 
each  to  bisect  a  given  quadrilateral  solid  angle. 


SECTION  11.  : 

Resolution  of  SjiAerical  Triangles. 

Tfls  different  cases  of  spherical  trigonometry,  Tike  those  in 
plane  trigonometry,  may  be  solved  either  geometrically  or  al- 
gebraically. We  shall  here. adopt  the  analy deal  method,  as 
well  on  account  of  its  being  more  compatible*  with  brevity, 
tffe  hecaose  of  its  correspondency  and  connection  with  the  sub- 

stance 
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stai)C€  of  the  preceding  chapter*.    The  whole  doctrine  mftf 
be  comprehended  in  the  subsequent  problems  and  theorems. 

PfiOBUQM.  I. 

To  Find  Equations,  from  which  may  be  deduced  the  solution 
of  all  the  Cases  of  Spherical  Triangles 

Let  ABC  be  a  spherical  triangle  ;  ad  the  tangent,  and  od 
the  secant,  of  the  arc  ab  ;  ab  the  tangent,  and  ob  the  se- 
eantt  of  the  arc   ac  ;  let  A 

the  capital  letters  a,  b,  c, 
denote  the  an^^les  of  the 
triangle,  and  the  small 
letters  a,  ^,  f,  the  op- 
posite sides  BC,  AC,  ab«  ^^ 
Then  the  first  equa-  -^^s, 
tions  in  art.  6  PI.  Trig.  K 
applied  to  the  two  triangles  adb,  ode,  give,  for  the  formei't 
l>B*aatan*  d  +tao^  c—tan  ^  .  tan  c  .  cos  a  ;  for  the  latter 
:aR^«.sec';6-f  s^c^c-^seo  6  .  sec  c  .  cos  a.  .  Subtracting 
the  first  of  these  equations  from  the  second,  and  observing* 
that  sec**— tan*  6  «=  r<  ss    i,  we  sliall  have,   after  a  little 

,       . '       ,    .    sin  *  .  COS  c  cos  n  ^     ___, 

reduction,  1+  — r cos  A— r =0.  Whence 

cos  6  .  COS  c  COS  d  .  cos  c 

the  three  following  sjnnmetrical  equations  are  obtained  : 

cos  a  =»  cos  6  .  cos  c  4.  sin  6    sin  c  .  cos  a  " 

eos  6  as  cos  a  .  cos  c  -f-  sin  a  .  sin  c  .  cos  b 

cos  c  SB  cos  a  .  cos  b  +  sina ,  sin  6  .  cos  c^ 

THEOREM  V0. 


oonuncu 


In  Every  Spherical  Triangle,  the  Sines  of  the  Angles  are  Pro- 
portional to  the  Sines  of  their  Opposite  sides. 
lU  from  the  first  of  the  equations  marked   1,  the  value 
of  cos  A  be  drawn,  and  substituted  for  it^  the  equation 
sin*  A  »  L.  «->  CQS*  A)  we  shall  have 

.    -  ,       cog^  a  +  com  b  co8»c— 2  cos/i  cos  b.  cose 

sm»   A  =  1  —  ■■  '      '     L  ^       a"  ■  * 

Reducing  the  terms  of  the  second  side  of  this  equation  to  a 
common  denominator,  multiplying  both  numerator  and  deno- 
minator by  sin'  a  and  extracting  the  sq  root  there  will  result ' 

^(  1  — ^08 *  vl— ^008*  6  -.  cos*  C+2  COk  «♦  cos  ^.COS  C. ) 

am  A  =  sin  c.  ^  ^  — .        — - — :         ■ 

sm  a  sin  o.  Sin  c. 

' '■  .  ■  ■  ■      ■■  II  .1 II  .  .f  .1      ■    ' 

^  For  the  gieometrical  method,  the  reader  nuy  consult  Simpson's  or 
FUyfair's  Bii^icf,  or  Bishop  Horsley's  Elenentaiy  Treatises  on  Prac- 
tical Mathematics. 

Here 
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Here,  if  the  whole  fraction  which  multiplies  sin  a,  be  denoted 
by  K  (see  art.  8  chap  iii),  we  may  write  sin  a  a  k  sin  a. 
And,  since  the  fractional  factor,  in  the  above  equation,  con- 
tains terms  in  which  the  sides  a,  b.  c,  are  alike  affected,  we 
have  similar  equations  tor  sin  a,  and  sin  c.  That  is  to  say, 
we  have 
sin  A  =  K  •  sin  d  .  .  •  sin  b  a  k  .  sin  6  •  .  .  sin  c  ^  &  •  sin  r. 

^  ,      sin  A     sin  b     sm  c  .,, .       v*  «     >       i 

Consequently,  -: =»-: — r==-: —    .   •   •  (")  which  is  the 

^  "  am  a     sin  d      sin  c  ' 

algebraical  expression  of  the  theorem. 

THEOREM  Vra. 

In  Every  Right- Angled  Spherical  Triangle,  the  Cosine  of 

the  Hypoth^use,  is  equal  to  the  Product  of  the  Cosines 

of  the  Sfdes  Including  the  right  angle. 

For>  if  A  be  measured  by  JO*  ^^^  cosine  becomes  hothing, 
and  the  first  of  the  equations  i  becomes  cos  a  s»  cos  b  .  cos  c* 
Q    «•  D*  THEOREM  IX. 

In  Every  Right-Angled  Spherical  Triangle,  the  Cosine  of 

either  Oblique   Angle,  is  equal   to  the  Quotient  of  the 

Tangent  of  the  Adjacent  Side  divided  by  the  Tangent  of 

the  Hypothenuse. 

If,  in  the  second  of  the  equations  i,  the  preceding  value  of 

cos  a  be  substituted  for  it,  and  for  siii  a  its  value  Ian  a  .  cos  asa 

cos  a  .  cos  6  ,  cos  c  ;  then  recollecting  that  1  —cos'  msin*  c, 

there  will  result,  tan  a  .  cos  r  .  cos  b  =  sin  c  :  whence  it 

follows  that, 

tan  c 

tan  a  .  cos  B  ss  tan  c,  or  co6  b  ss— « 

'  tuia 

Thus  also  it  is  found  that  cos  c  = '• 

tana 

THEOREM  X. 

An  Any  Right-Angled  Spherical  Triangle,  the  Cosine  of  onc^ 

of  the  Sides  about  the  right  angle,  is  equal  to  the  Quotient 

of  the  Cosine  of  the  Opposite  angle  divided  by  the  sine  of 

the  Adjacent  angle. 

From  th.  7,  we  have  I — ea- —  ;  which,  when  a  is  a  right 

sin  A     sm  a    .  ^ 

angle,  becomes  simply  sin  b  cbJ^.   Again^  from  th.   9^  we 

have  cos  c  ^s .    Hence  by  division, 

Uno  \  ' 

cos  c       tan&        sin  a       cos  a 

8xn  B        siii^        tan  a        cos  6* 

Now,  th.  8  gives  -21?  5s  cos  c.    Therefore-: — ^sscos.  6 ;  and 

°  cos  c  sm  B 

in  like  manner,^211  «a  cos  ^.    q.  £.  d. 

sine 

Vol.  II.  G  THEOREM 
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42  SPHERICAL  TRIGONOMETRY. 

THEOREKXI. 

In  Every  Rigbt-Angled  Sperical  Triangle,  the  Tangent  of 
either  of  the  Oblique  Angles,  u  equal  to  the  Quotient  of 
the  Tangent  of  the  Oppo»tte  Side,  divided  by  the  aine  of 
the  Other  Side  about  the  right  angle. 

^         .  •in  A        .  Un  o 

For,  since  am  b  « -^ — ,  and  cos  b  »  -— , 

sm  a  tan  a 

•in  B     •in  6     Un  a 

we  have ca.-: —  • ; — . 

cos  B     sm  a     tan  e 

Whence,  because  (th.  8)  cos  a  ca  cos  b  ,  cob  CJ^^  and  since 

sin  a  as  cos  a  .  tan  a,  we  have 

gin  *  sin  A  stn  b  1^  tsn^ 

tan  B  ""oosa*  tan  c    cos  b  .  cos  c .  tan  c    cos h  *  cos c  ,tanc    stn  c* 

tan  c 

In  like  manner,  tan  c  es — -.    q.  £•  d. 

sia  o 
THEOREM  XK, 

In  Every  Right- Angled  Spherical  Triangle,  the  Cosine  of  the 
Hypothenuse,  is  equal  <o  the  Quotient  of  the  Cotangent  of 
one  of  the  Oblique  Angles,  divided  by  the  Tangent  of  tho 
Other  Angle. 

Fbr,  multiplying  together  the  resulting  equations  of  the 
preceding  theorem,  we  have 

tan  3     tan  c  1 

tan  B  .  tan  G  =  -r-r  •  -: «■ 1 . 

sm  o     sin  c     cos  b .  cos  c 

But,  by  th.  8,  cos  b  .  cos  c  =  cos  a. 

Therefore  tan  b  •  tan  c  =  — —  ,or  cos  a  o^i-?.  q.  e.  d. 
cos  a  tan  B 

THEOBEM  Xm. 

In  Every  Right- Angled  Spherical  Triangle,  the  Sine  of  the 
Difference  between  the  Hypothenuse  and  Base,  is  equal  to 
the  Continued  Product  of  the  Sine  of  the  Perpendicular 
Cosine  of  the  Base,  and  Tangent  of  Half  the  Angle  Oppo- 
site to  the  Perpendicular ;  or  equal  to  the  Continued  Pro« 
duct  of  the  Tangent  of  the  Perpendicular,  Cosine  of  the 
Hypdthenuse,  and  Tangent  of  Half  the  Angle  Opposite  to 
the  Perpendicular*. 


*  This  theorem  it  due  to  M.  Prony,  who  published  it  without  de- 
monstration in  the  Connaiuance  dea  Tempt  for  the  year  1808,  and  made 
use  of  it  in  the  constructioR  of  a  chart  oc  the  course  of  the  Po. 

Herci 
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Here,  retaining  the  same  notation,  since  we  have 

aina  a!!IL. ,  and  cos  b  »  ^^^;  if  for  the  tangents  there  be 
Hin  B  tan  a 

sulMtituted  their  values  in  sines  and  cosines,  there  will  arise, 

sin  b 
sio  c  .  cos  a  aa  COS  B  .  COS  c  .  Sin  asscos  B  •  cos  c  .  — — , 

Then  substituting  for  sin  a,  and  sin  e  « cos  a,  their  values  in 
the  known  formula  (equ.  v  chap,  iii)  viz. 

in  sin  {a^c)  tss  sin  a  .  cos  r  —  cos  a  •  sin  c, 

and   recollecting   that—— as  tan  ^b, 

it  will  become^  sin  (a— >f )  cs  sin  ^  .  cos  c  .  tan  j^B, 
which  is  the  first  part  of  the  theorem :  and,  if  in  this  result 

we  introduce,  instead  of  cos  c,  its  value r  (th,  8),  it  will 

COB  *   ^  ' 

be  transformed  into  sin  (a— e)  a  tan  3  .cos  a  •.  tan  4b  ;  which 
is  the  second  part  of  the  theorem,     q.  s.  n. 

C&r,  This  theorem  leads  manifestlf  to  an  analogous  one 
with  regard  to  rectilinear  trianftles,  which,  if  A,  by  and  /k  de- 
note the  hjpothenuse,  base,  and  perpendicuLir,  and  b,  r,  the 
angles  respectively  opposite  to  6,  A »  niay  be  expressed  thus  ; 

h  —  6  8B/^.tanip h — /t  s=«  6  .  tan  to. 

These  theorems  may  be  found  useful  in  reducing  inclined 
lines  to  the  plane  of  the  horizon. 

Given  the  Three  Sides  of  a  Spherical  Triangle ;  it  is  re- 
quired to  find  Expressions  for  the  Determination  of  the 
Angles. 
Reuining  the  notation  of  prob.  W  in  all  its  generality,  we 

soon  deduce  from  the  equations  marked  x  in  that  problem,  the 

following  I  viz. 

COB  d  <->  COB  b  •  COB  cl 

cos  A  aa   -— r : 

lun  d  .  SID  c 

COB  b  -  Cos  a  •  COB  c  \ 
COS  B  a»    -. '. 

Bin  a  .  Bin  c 

cos  C  «.  COB  a  ,  COB  b  I 

COS  C  aa r~T — 

Bin  a  ,  8in  b        _ 

As  these  equations*  however,  are  not  well  suited  for  loga* 
rithmic  computation  >  they  must  be  so  transformed,  that  their 
second  members  will  resolve  into  factors.  In  order  to  this, 
substitute  in  the  known  equation  1  -«-  cos  a  =  2  sin^  ^a, 
the  precedii^  value  of  cos  a,  and  there  will  result 
«...  COB  (b  —  c)  —  COB  a 

3  Sin»  |A  eat  ^-—^ . 

Bin  6  .  Bin  c 

Bat,  because  cos b'  — cos  a'*.  2  sin  |  (a'+bO-sih  1(a'— b') 
(art.  S5  cb.  iii)>  and  consequently,  cos 
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COS  (*—  c)  —  cob  a  SB  2  sm  — ^^ — .  sin  — ^  • 

y^t  have,  obviously,  . 

.    ,  ain  i(a+^-c)  .  Bin  ^(fl^-c— Q 

Dill     vik  ass  i      ,       .  • 

'  sinh  ,  sin  c 

Whei^ce,  making  s  «  a  +  *  +  c,  there  results 
«-.«  1 .  /  *"*  (4s— ^)  •  «n  {4*-:f) 

■  "  s\nb  .  8in  c 

.        ,         .     ^  .sin  (4ri— a) ,  sin  (is— O       x     /irx  \ 

ein(i»— fl)  .  »in(^s-^) 

And,     .in  4c  «  V ^TT^riST ' 

The  expressions  for  the  tangents  of  the  half  angles,  mi^ht 
have  been  deduced  with  equal  iacility ;  and  we  should  have 
obtained,  for  example) 

sir  (is— 6)    sin  (j*!— 0     /...  ^ 
*  •         bin  ^b  .  sin  j(  (s — a) 

Thus  again,  the  expressions  for  the  cosine  and  cotangent 

of  half  one  of  the  angles,  are 

.    sin  Js  .  sin  {(s  — a) 

COS  4a  =    V — ; rT^^ 

.  T  sin  ^  .  siii  c 

sin  js  .  sin  ^  (?<  — a) 
90t  i  A  a  v^   sin  li»-A)  .  sin  (Js-c)* 
The  three  latter  flowing  naturally  from  the  former,  t>y  xnea^^^ 

of  the  values  un  «bs^,  cot  =a-r-.  (art.  4  ch.  iii.) 
cos  sm 

Cor,  I.    When  two  of  the  sides,  as  b  and  r,  become  equal, 
then  the  expression  for  sin  \k  becomes 
.     -  s'tn  (Is— A)  sin  |a 

^  sin  6  sin  b 

Cor.  2.    When  all.  the  three  sides  arc  equal,  or  a  »  6  «s  r,' 

then  sin  ^a  «  !?L9?. 
Bin  a 
Cor.  3.    In  this  case,  if  a  «  *  =  c  =  90^ ;  then  sin  Ja  = 

i^^  =  44/2  s=  sin  45"* :  and  A  =»  B  =  c  =  90o. 

Cor.  4.     Ifa=s*=f=60*>:  then  sm  ^A  -,  j^^e=«.|/3c= 

sin  35*  1551'':  and  a— b=c 3=7003 1'-i^'',  the  same  as  the 
angle  between  two  contiguous  planes  of  a  tetraedron. 

Cor,  5.    If  a=^=:c  were  assumed  =  120^  :  then  sin  JA=c 

.^li?^    -^  1^^  -  1  ;  and  A  =  B  =c  =  180*  :  vhiqh  shows 

that  no  such  triangle  can  be  consti*ucted  (conformably  to 
th  2)  ;  but  that  the  three  sides  would,  in  such  case,  form  three 
cpntinued  arcs  completing  a  great  circle  of  the  sphere. 
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PBOBLEM  m. 

Given  the  Three  Angles  of  a  Spherical  Trianglei  to  find 
Expressions  for  the  Sides. 

If  from  the  first  and  third  of  the  equations  marked     1 
{prob  I),  cos  c  be  exterminated,  there  will  resuTty    . 

cos  A    sin  c  +  cos  c  •  sin  a  .  cos  6  ra  cos  a  .  sin  6. 

But,  it  follows  from  th.  7t  that  sin  c  —  -^   ".'  '   ^ .    Substttut- 

am  A 

ine  for  sin  c  this  value  of  it,  and  for -: > 1  their  equiva* 

^  sin  A     sm  tf  . 

lents  cot  A,  cot  a,  we  shall  have, 

cot  A  .  sin  c  4-  eos  c  .  cos  6  ea  cot  a  .  sin  b. 
^.  .     .        eos  <i     .     ,  9\n  6  sin  b 

Now,  cot  a  .  sm  6  es  ,      .  sm  •  s  cos  a  .  -: — «» cos  a  .  -: — -, 

sin  a  8111  a  sin  A 

(th.  7).  So  that  the  preceding  equation  at  length  becomes^ 

cos  A  .  sin  c  s  cos  a  .  sin  b  —  sin  a  •  cos  e  •  cos  b» 
In  like  manner,  we  have, 

*cos  B  .  sin  c  a  cos  d  .  sin  A  —  sin  B  .  cos  c  •  cos  a. 
Exterminating  cos  b  from  these,  there  results 


cos  A  OB  cos  (I  •  sin  b  sin  e— cos  b  .  cos  c.l 
So  like-  1  cos  b  as  cos  b  •  sin  a  sin  c  — cos  a  .  cos  c.  >(IV.) 
wise     5  ^^*  ^  ^^  ^^^  c  .  sin  A  sin  Br-cos  a  .  cos  b.  J 
This  system  of  equations  is  manifestly  analogous  to  equa- 
tion z  i  and  if  they  be  reduced  in  the  manner  adopted  in  th^ 
last  problem,  they  will  give 

jiin  ]lt  ■■■■  ^     ^"^  K^-^B+O  ■  cos  ^(s+c^A)  - 


sin  B  •  sm  c 


BiniA«  ^  J^^  Ka+b+c)  .  cos  Ka+c-b) 


>    (V). 


sm  A  •  sm  c 
sin  U^  J     co»  Ka+b+c)  .  cos  j(a+b-c) 
^         ^  sin  A  .  tin  B 

The  expression  for  the  tangent  of  half  a  side  is 
tan  4i>  »         cos  KA+B+C)    cos{(b+c-a) 

^^        ^       cos  i(A4.C'B)   .  COS  Ma+b—c)* 

The  values  of  the  cosines  and  cotangents  are  omitted^  to 
save  room  ;  but  are  easily  deduced  by  the  student. 

Cor.  1.  When  two  of  the  angles,  as  b  and  c,  become  equalf 

when  the  value  of  cos  la  becomes  cosia  ss^^li^. 

.    sm  B 

Cor.  3.  When  a  »  b  «  c  ;  then  cosl^t  »  ^^^^^ 

^  sm  A 

Cor.  3.  When  a  a  b  es  c  =  90®,  then  a  «  6  =  c  aa  90*^. 

Cor.  4.  If  A  »  B  «  c  s  60O  ;  then  cos  'a  a^^l^  «s  1. 

*         sm  60 
So  that  a  aab  =.c  es  0.    Consequently  no  such  triangle  can 
be  contructed  :  conformably  to  th.  3.  Cor. 
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Cor.  5.  If  A»BBCca  130O2  then  cos  hi^  ^.^°  i—L,- 

wnl20«     iv3 
^  V^S  =s  cos  54»  44  9".     Hence  a  «  5  =  c  »  109*»  28'  18''. 

SchoL  If,  in  the  preceding  values  of  sin  Ja,  sin  i^,  &c.  the 
quamiiics  under  the  radical  were  negative  in  realityt  as  they 
are  in  appearance,  it  would  obviou&ly  be  impossible  to  deter- 
ipine  the  value  of  sin  ja,  &c.  But  this  value  is  in  fact  always 
real.     For,  in  general,  sin  (x  -  l  o)  «  —  cos  jc  :  therefore 

.      A-f>B-fc 

Sin ^ —  --  -^  o  )  »—  cos  J{ A+  B  -f- c)  ;  a  quantity  which 

IS  always  positive,  because,  as  a  +  a  -I-  c  is  necessarily  com- 
prised between  \0  and  40  >  we  have  ^(a  +  b  +  c)  —  jO 
greater  than  nothing,  and  less  than  \Q.  Further,  any  one 
side  of  a  spherical  triangle  being  smaller  than  the  sum  of  the 
other  two,  we  have,  by  the  property  of  the  polar  triangle 
(theorem  4),  ^Q  —  a  less  than  IQ  —  n  +  iO  — c;  whence 
T  (»  +  c  —  A)  IS  less  than  iQ  \  and  of  course  its.  cosine  is 
positive. 

PROBLEM  IV. 

Given  Two  Sides  of  a  Spherical  Triangle  and  ther  Included 
Angle  to  obtain  Expressions  for  the  Other  Angles. 
1.  In  the  investigation  of  the  last  problem,  we  had 
cos  A  .  sin  c  sa  cos  a  .  sin  6  —  cos  c  .  sin  a  .  cos  h  t 
and  by  a  simple  permuution  of  letters,  we  have 

^  cos  B  .  sin  c  ^  cos  ^  .  sin  a  —  cos  c  .  sin  ^  .  cos  a  : 
adding  together  these  two  equations,  and  reducing,  we  have 

am  c  (cos  a  +  cos  b)  =  ( I  —  cos  .c)  sin  (a  +  6). 
Now  we  have  from  theor.  7, 

fi'"'  q        sin  c         sin  b       sin  e 
.  sin  A       sin  c'        sin  b  ^  sine' 

Freeing  these  equations  from  their  denominators,  and  respect- 
ively adding  and  subtracting  them,  there  results 

sin  c  (sin  a  +  sin  b)  »  sin  c  (sin  m  +  sin  *), 
and  sin  c  (sin  a  —  sin  b  )  «»  sin  c  (sin  a  —  sin  6). 
Dividing  each  of  these  two  equations  by  the  preceding,  there 
Will  be  obtained 

sin  A+sina  sine    ^      sin  a  -f-  sin  b 

COS  A+cog  a         1-cosc   '   sin  (a  +"5)"' 

•in  A'^-sln  B  sin  c      ^  sin  n  -  sin  6 

^       cosA+cosB         l>-^cosc    sin  (a  +  b) 

Comparing  these  with  the  equations  in  arts.  35, 36,  27,  ch.  iii, 

there  will  at  length  result 

tan  |(A  +  b)  =  cot  ic.i2if2Z*>    ) 

tan  iCA  -  b;  «=»  cotic.-T-~-^-r(.  \ 

^sm  }(«+*)    *  Cor- 
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Cor,    When  a  a  6,  the  first  of  the  above  equations  be* 
comes  tan  A  &a  tan  B  as  cot  ^c  •  sec  a. 

And  in  this  case  it  will  be»  as  rad  :  sin  ^c : :  sin  a  or  sin  6  : 
812)  ic. 
Andf  as  rad :  cos  a  or  cos  b  : :  tan  a  or  tan  ^ :  tan  ^c* 
2.  The  preceding  values  of  tan  1(a  +  B)t  tan  j{a— b)  are 
▼erf  well  fitted  for  logarithmic  computation :  ii  may,  not* 
withstanding,  be  proper  to  investigate  a  theorem  which  will 
at  oDce  lead  to  one  of  the  angles  by  means  of  a  subsidiary  an- 
gle. In  order  to  this,  we  deduce  immediately  from  the  second 
equation  in  the  investigation  of  prob.  3, 

coia  •  sin  A        *  . 

cot  A    =  : —  cot  C  .  COS  6, 

SMI  c 

Then>  choosing  the  subsidiary  angle  p  so  that 

tan  f  =:  tan  0 .  COS  c, 
that  is,  finding  the  an^I^  ^9  whose  tangent  is  equal  to  the 
product  tan  a  .  cos  c,  which  is  equivalent  to   dividing  the 
original  triangle  into  two  right-angled  triangleS|  the  preced- 
ing equation  will  become 

cot  Ascot  c(cotf  .sin  6 — cos&)u~: — (cos^ .  sin5  -> sin  ^ .  cos6). 

And  this,  since  sin(6  — ^)s  cos  ^ .  sin  6 — stn  f  •  cos  d  becomesL 
cot  c    .    ,.     ^. 

col    A  ea  -: .  SUl  (d'^0). 

Which  is  a  very  simple  and  convenient  expression. 

PR6BLBM  y. 
Given  Two  Angles  of  a  Spherical  Triangle,  and  the  Side 
Comprehended  between  them  ;  to  find  Expressions  for 
the  Other  Two  Sides. 

I.  Here,  a  similar  analysis  to  that  employed  in  the  pre- 
ceding problem^  being  pursued  with  respect  to  tho  ecfudtion^ 
Iff  in  prob.  3$  wiU  produce  the  following  formulae 
sin  a  «f-  sin  ^  »in  c      sin  a  -j*  ain  b 

coia-^coBS       1  •f  cos  c  'sin  (a  ■4-  B)  ' 
sin  g  —  sin  b  sin  c      sin  A  —  sin  b 

cosa-fco86       1  4- cot  c  sin  (a -t^^B      * 
Whencef  as  in  prob.  4,  we  obtain 

^*V°^*^'.-rfAT^/  a.  If 

*  Thefbrmulx  marked  vx,  and  vxi>  converted  into  ans1ogies»by 
msking  the  denominstor  of  the  second  member  Uie  first  term>  the 
other  two  (iM^rs  the  second  and  third  terms,  and  the  first  member  of* 
the  equation,  the  fourth  term  of  the  proportion,  a» 

cos 
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2.  If  it  be  wished  to  obtain  a  side  at  oncey  by  means  of  a 

subsidiary  angle  ;  then,  find  ^  so  that  — ~=:tan  6  ;  then  will 

^  cos  c 

cot  C  f  •^ 

PHOBLEMTL 
Giveq  Two  Sides  of  a  Spherical  Triangle,  and  an  An^le 
Opposite  to  one  of  them  ;  to  find  the  Other  Opposite 
Angle. 

Suppose  Uie  aides  given  are  a,  6^  and  the  given  angle  b  : 
«,  ,  -  sin  <i .  sin  B 

then  from  theor.  7,  we  have  sm  a= r--r  —  ;  or,  sm  a,  a 

sin  o 

fourth  proportional  to  sin  6,  sin  b.  and  sin  <• 

PROBLEM  YIL 
Given    Two    Angles  of  a  Spherical  Triangle,  and  a  Side 

Opposite  to  one  of  them  ;  to  ^4  tl^e  Side  Opposite  to 

the  other. 

Suppose  the  given  angles  are  a,  and  b,  and  6  the  given 

, ,  •     .          .     ^      .          •             sin  A .  sin  A  .  -     _,, 

side  :  then  th.  7,  gives  sin  a  ea : ;  or,  sm  a,  a  fourth 

proportional  to  sin  b  sin  &,  and  sin  a. 

Scholium, 

In  problems  S  and  ^,  if  the  circumstances  of  the  question 
leave  any  doubt,  whetner  the  arcs  or  the  angles  sought,  are 
greater  or  less  than  a  quadrant,  or  than  a  right  angle,  the 
4ifficulty  will  be  entirely  removed  by  means  of  the  table  of 
mutations  of  signs  of  trigonometrical  quantities,  in  diifereBt 
quadrants,  marked  vii  in  chap.  3.  In  the  6th  and  7th  pro- 
blems, the  question  proposed  will  often  be  susceptible  of  two 
solutions  :  by  means  of  the  subjoined  table  the  student  may 
always.tell  when  this  will  or  will  not  be  the  case. 

1    With  the  data  a,  b,  and  b,  there  can  only  be  one  solutiflOA 

when  B  «=s  J  O  (a  right  angle) , . 
ori  when  B<iO-*'-<'<iO''-**>ff» 

B<lO.,.*a>\0....b>\Q  — fl, 

B>40-'-«<iO-*-*<i  0-c> 
B>|0'*'**'>|0---*^<a. 

cos  4(fl+A)  :  cos  i(a— 6)  :  :  cot  Jc  :  tan  i(A  +  B), 
sin  \{a+b)  :  sin  |(a--  b)  : :  cot  ^  :  tan  j(A  —  b).  &c.  &c. 
are  called  the  Analogies  qf  Napier ,  being  invented  by  that  celebrated 
geometer.  He  likewise  invented  other  rules  for  spherical  trigonome- 
try,  known  by  the  name  of  Napier^B  Mulct  for  the  circular  pmrtt ;  but 
these,  notwithstanding  their  ingenuity,  are  not  inserted  here  ;  be- 
cause they  are  too  artificial  to  w  applied  by  a  young  computist,  to 
every  case  that  may  occur,  without  considerable  danger  of  misappre- 
hension and  error* 

The 
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'  The  triangle  is  suacepUble  of  two  forms  and  solutions 
viicn  B<iO  ...•«<  40  ••••*<  <»» 

B<io  ....  a>  iO  ••••*<   4  0^*> 
B>lo  •  •  •  •  «<  iO  •  •  •  -^  >  iO-«> 
B>jo  ••••«>  iO     •••  *  >  *»> 
B<or>  J  O  .  •  .  •  «  *«  JO-    ' 
2.  With  the  data  h^  b,  and  d,  the  triangle  can  exist,  but  in ' 
one  (brni) 

¥rhen  d  aeio  (one  quadrant)^ 

^>lO    ....    A  >*0  .   .   .   .   B  <A, 

6>iO  .   .   .   .  A  <lO  •    •   •    •    »   <*  O— A, 

*<iO  .  •  .  •  A  >IO  •  •  •  •  B  >i  O— A, 

*<iO   .  .   .  -    A  <  JO  ••    •   •  B   >A. 

It  is  sucseptible  of  two  forms, 

vrhen  6>jO  •  •  •  .  A>|p  .  •  .  .  b>a, 

*>jO    ....   A<ib   •   .  .    •    B>i  O^-A, 

^<iO  .  •  -  .  A>jO  •  •  •  •  B<JO-A> 

^<jO    .    •    •   .   A<jO   •   •   •   .    B<A, 

6<or>jO  .  .  .  .  A  c=^0« 

It  may  here  be  obserTed,  that  all  the  analogies  and  formulst 
of  spherical  trigonomeiy,  in  which  co^incH  or  cotangents  are 
not  concerned)  may  be  applied  toftlane  trigonometry  ;  taking 
care  to  use  Q0I7  a  Me  instead  of  the  sine  or  the  tangent  o/a^ 
side  /  or  the  sum  or  difference  o£  the  sides  instead  of  the  stTie 
or  tangent  of  svch  sum  or  diiference.  The  reason  of  this  is 
obvious  :  for  analogies  or  theorems  raised,  not  only  from  the 
consideration  of  a  triangular  figure,  but  the  curvature  of  the 
sides,  also,  are  of  consequence  more  general  ;  and  therefore, 
though  the  curvature  should  be  deemed  evanescent,  by  reason 
of  a  diminution  of  the  surface,  yet  what  depends  on  the  /n- 
mngle  alone  will  remain  notwithstanding. 

We  have  now  deduced  aU  the  rules  that  are  essential  in 
the  operations  of  spherical  trigonometry  i  and  explained  un- 
der what  lioiltations  ambiguities  may  exist.  That  the  student* 
however,  may  want  nothing  further  to  direct  his  practice  in 
this  branch  of  science,  we  shall  add  three  tables,  in  which  the 
several  formulx,  already  given,  are  respectively  applied  to  the 
solution  of  all  the  cases  of  right  and  oblique-angled  spherical 
trianglesi  that  can  possibly  occur. 


Vq,;.ii.  h  •table 
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QuC9tion9/or  Exercise  in  S/iherical  Trigonometry. 

Ex.  I.  In  the  righi*anglcd  spherical  triangle  bac,  right- 
angled  at  A,  the  bypothenuse  a  «  TS'^SO',  and  one  leg  c  « 
76*52',  are  given  :  to  find  the  angles  b,  and  c,  and  the  other 
l«Bg*, 

Here,  by  table  i  case  1 ,  sin  c  =  -: — .  $  . 

'    ^  Sin  a 

tan  c  .  ,       cos  a 

cos  B  =   —  ;  .  •  .  .  cos  0  =^— — , 
tan  a  cos  c 

Or,  log  sin  c  *»  log  sin  c— log  sma  +  10. 
log  cos  B  =»  log  tan  c— log  tan  a  +  10* 
log  cos  6  "*  log  cos  a— log  cose  4-  10* 
Hence,  10  +   log  sin  c  =  10  +  log  sin  76«52;s=  \9*9SUS94 
log  sin  a  =  log  sin  78<>20'  =    9  9909338 

Remains,        log  sin  c  =  log  sin  83*56'  «»    9-9975556 

Here  c  b  acute,  because  the  given  leg  is  less  than  90*>. 
Again,  10  +  log  tan  c  «    lo  +  log  tan  76^52'  «=»  30  6320468 
log  tan  a  =?  log  tan  78<*20'  =  10'685 1 » 4^ 

Kemains,        log  cos  b  =  log  cos  27*45'  =±z  9*9469319 

B  is  here  acute,  because  a  and  c  are  of  like  affection. 
Lastly,  10  +  logcesa  =  10  +  log  cos  78 « 20' =  19-3058 189 
log  cos  c  =  log  cos  76^52'  as    9  3564426 

Remains,        log  cos  d  =a  log  cos  27<'  8'  ==  9  9493755 

where  b  is  less  than  90^)  because  a  and  c  both  are  so. 
Ex,  2.  In  a  right-angled  spherical  triangle,  denoted  as 
above,  are  given  a  =  78<>20',  b  =3  27*>45'  ;  to  find  the  other 
sides  and  angle. 

Ans.  b  =  27<>8',  c  =  76<>52',  c  =  83056', 
Ex.  3.    In  a  spherical  triangle,  with  a  a  right  angle,  given 
b  s»  117«»34»',  c  «.  31<>5r  ;  to  find  the  ether  parts. 

An8.fl  =  1 13^55',  c  =  28051',  b  =  104*  8". 

Ex.  4.  Given  b  =  27«»6',  c  =*  76052';  to  find  the  other 

parts.  Ans.  a  =  78*'20'  b  =  27*^45',  c  =  S3''5^\ 

-Ex.  5.  Given  b  «  42®  12'  b  =  48*  ;  to  find  the  other  paru* 

Ans.  a  SB  64*40'^,  or  its  supplement* 

c  =  S4<>44',    or  its  supplement, 

c  »  64*35',  or  its  suppiement. 

jS.r.  6.  Given  B  ■=»  48 »,  c  =   64*35  ;  required  the  other 

parts  ?  Ans.  ^  «  42*13^  c  «54*44',a«  64*40' J. 
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Mx,  Y.  In  the  qiiLidtantal  triangle  h%^  given  the  quad- 
rantal  side  a  »  90«,  an  adjacent  angle  c  mA^^*^  13'  and  the 
opposite  angle  a  a  64^  40  ;  required  the  other  parts  of  the 
triangle  ? 

-Ex.  8.  In  an  oblique-angled  spherical  triangle  are  given 
the  three  side  viz.  a  c=  56»  40',  6  ^  83«  13',  c  «  1 14^  SO'; 
to  find. the  angles. 

Here,  by  the  fifth  case  of  the  table  3/  we  have 

.  T  .  .        sm  ^  •  8in  c 
4)ry  log  sin  i^Aia  tlqg  sin  iy  ^d)  +  log  sin  ( ff—  c)  -f  ar«  comp. 
log  sb  &  +j^r.  comp.  log  sin  c  :  where  «  «»  a  rf  .^  +^* 
log  sin  (i«  —  d)  «  log  sin  43^  58'  i  zs  9-84 15749 
log  sin  (|«  ^  r)  e>  log  sin  13o  41'  I  ^  93448385 
A.  c.  log  sin  6  S3  A  .  c  .  log  sin  83<>  13'    ^  0*0030506 
A.  c  Jog  sin  c  3=  A  .  c  « log  sin  1 14®  30'    9a  0'04097tl 
Sum  of  the  four  logs  .....     19'33r44ia 
Ralf  sum  s=  log  sin  ^a  » log  sm  24''  15'  4  sa9'^i37a06 
Consequently  the  angle  a  is  48<»  31'  . 

Thetii  by  the  common  analogy, 

As,  sin  a  . . .  sin  56*40'  ...  log  «»  9*9319401 

To,  sin  A  . .  .  sin  48031'  ...  log  a  9*8745679 

So  is,  sin  ^  . .  .  sin  83<>13'  ...  log  »  9.9969492 

To,  sin  B  ...  sin  62<>56'  , . .  log  =  9  9495770 

And  so  is,  sin  c  ...  sin  1 14^30' ...  log  ■■  9  9590^229 

To,  sin  c. .  .  sin  135<^19'  ...  log  ==  9-9116507 

6b  that  the  remaining  angles  are,  b  s=  63<>56 ',  and  c  ss  1 25^  1 9i>. 

2dly.  By  way  of  comparison  of  methods,  let  us  find  the 
angle  a,  by  the  analogies  of  papier,  according  to  case  5  table 
3.  .  In  order  to  which,  suppose  a  perpendicular  demitted  from 
the  angle  c  on  the  opposite  side  c.    Then  sha^  we  have  tan  ^ 

diff.  «g.  of  c  =  ^i(H-'')'^«^m-"\ 

°  tan  4c 

This  in  logarithms,  is 

log  ten  i  C^  +  a)  =  log  tan  69**56'  i  =  10«437560l 

Jog  tan  4:  (A  -  a)  =  log  tan  13<»16'  4  r=  9*37?78i9 

Their  sum  =  19  8103430  ' 

Subtract  log  tan  ^  =  log  tan  57*"  15'  ==  10*1916394 

Rem.  log  cos  dif.  seg  —  log  cos  22»34'  =   9  6187026" 

Hence,  the  segments  of  the  base  are  79^49' and  34<»4r. 

Vol.  if.  I  Therefore; 
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Therefore,  since  cos  A'  sto  tan79.«  49'  X  cot  *  : 

To  log  tan  adja.   seg.  =  log  tan  79*»  49'  =  10*745625/ 

Add  log  lan  side  ^  =  log  tan  83<>13'  a=    9  0753^6S 

The  sum  rejecting  10  from  the  index  >    g  R9ngR20 

log  cos  A  =  log  cos  48032-5    —  __L^ 
The  other  two  angles  may  be  found  as  before.     The  prefer- 
ence is,  in  this  case,  manifestly  due  to  the  former  method* 

JEx»  9 .  In  an  '  oblique-angled  spherical  triangle,  are  given 
two  aides  equal  to  114*  40'  and  56«  30'  respectively,  and  the 
angle  opposite  the  former  equal  to  125^20'  to  find  the  other 
parts.  Ans.  Angles  48<'30',  and  62055' ;  side,  83^  12'. 

Ex.  10  Given,  in  a  spherical  triangle,  two  angles,^  equal 
to  480^0',  and  125*^20',  and  the  side  opposite  the  latter  ^  to 
find  the  other  parts 

Ans.  Side  opposite  first  angle,  56^  40' ;  other  ude,  83<'12' 
third  angle,  62^54'. 

Ex.  II.  Given  two  sides,  equal  1 14*30',  and  56*  40' ;  and 
their  included  angle  .62*  54'  :  to  find  the  rest. 

Ex  12.  Given  two  angles,  125'*20'  and  48O30',  and  the.  side 
comprehended  between  them  83*>  12' :  to  find  the  other  partSw 

Ex.  13  In  a  spherical  triangle,  the  angles  are  48*31',  62^56'^ 
and  125*20' :  required  the  sides  ? 

Ex.  14.  Given  two  angles,  50*  12',  and  58*8';  and  a  aide 
opposite  the  former,  62*  42' ;  to  find  the  other  parts. 

Ans.  The  third  angle  is      either  130*56*  or  156*14% 

Side  betw.  giv.  angles,  either  119*4'  or  152*14'. 

Side  opp.  58*8',  either  79**  12'  or  lO0*48'. 

Ex,  15.    The  excess  of  the  three  angles   of  a  triangle, 

measured  on  the  earth's  surface,  above  two  right  angles,  Is 

1  second ;  >vhat  is  its  area,  taking  the  earth's  diameter  at 

7957J  miles  ? 

Ans  76*75299,  or  nearly  761  square  miles. 
'  JEx^  16.  .  Determine  the  solid  angles  of  a  regular  pyramtdi 
With  hexagonal  base,  the  altitude  of  the  pyramid  being  to 
each  side  of  the  base  as  2  to  1. 

Ans.  Plane  angle  between  each  two  lateral  faces  126*52' 1 1"^. 
between  the  base  and  each  face  66*35' 12"' J. 
Solid  angle  at  the  vertex  1 14-49768  >      The  max  angle 
Each 'ditto  at  the  base       222  34298  3        being  1009, 
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«K  GBODESIC  OFEBATION^,  AND  THE  KGURB  OF  THB 
EARTH. 


SECTION  t. 

General  Account  qf  thit  kind  of  Surveying.  ^ 

Art.  ].  In  the  treatise  on  Land  Surveying  in  the  first 
volume  of  this  Course  of  Mathematics,  the  directions  were 
restricted  to  the  necessary,  operations  for  surveying  iields^ 
bf nas,  lordships^  or  at  most  counties  ;  these  being  the  only 
operations  in  Which  the  gcnendiiy  of  persons^  who  practise 
this  kind  of  mcasurCTncni,  are  Ukcly  to  be  engaged  :  but  there 
are  especial  occasions  when  it  is  requisite  to  apply  the  princi- 
ples of  plane  and  spherical  geometry^  and  the  practices  of  sur- 
veying, to  much  more  extensive  portions  of  the  carth^s  sur- 
&ce  ;  and  when  of  course  much  care  and  judgement  are  called 
into  exercise,  both  with  regard  to  the  direction  of  the  practical 
operations,  and  the  management  of  the  computations.  The 
extensive  processes  which  we  are  now  about  to  consider,  and 
which  are  characterised  by  the  terms  Geodesic  Oficrationa  and 
Trigonometrical  Surveyings  arc  usuatty  undertaken  for  the  ac- 
eomphshment  of  one  of  these  thr<6e  objects,  t.  The  finding 
the  difference  of  longitude,  between  two  moderately  distant 
and  noted  meridians  ;  as  the  meridians  of  the  observatories  at 
Greenwich  and  Oxford,  or  of  those  at  Greenwich  and  Paris; 
3.  The  accurate  determination  of  the  geographical  positions 
(tf  the  principal  places,  whether  on  the  coast  or  inland,  in  ah 
ishmd  or  kin^^dom  ;  with  a  view  to  give  greateir  accuracy  to 
maps,  and  to  accommodate  the  navigator  with  the  actual  posi-' 
tion,  as  to  latitude  and  longitude,  of  the  principal  promonto* 
Ties,  havens,  and  ports.  These  have*  till  lately,  been  deside- 
rata, even  in  this  country  :  the  position  of  some  important 
points,  as  the  Lizard,  not  being  known  within  seven  minutes 
of  a  degree  ;  and,  until  the  publication  of  the  board  of  Ord- 
nance maps,  the  best  country  maps  being  so  erroneous,  as  in 
aorne  cases  to  exhibit  blunders  of  three  milcM  in  dietancea  0/ 
ikif  than  twenty » 

3.  The 
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3.  The  measurement  of  a  degree  in  various  s'nu^iiions  ;  and 
thence  the  determination  of  the  figure  and  magnitude  of  the 
earth. 

When  objects  so  important  as  these  are  to  be  attained,  it  is 
manifest  that,  in  order  to  ensure  the  desirable  dep^ree  of  cor- 
rectness in  the  results*  the  instrumehts  employed,  the  opera- 
tions performed,  and  the  computations  required,  must  e^ch 
have  the  greatest  possible  degree  of  accuracy  Of  these,  the 
first  depend  on  the  artist ;  the  second  on  the  surveyor  or  en- 
ig;ineer«  ^vho  conducts  them  ;  and  the  latter  on  the  tbcoT^isi  and 
calculator :  they  arc  these  last  which  will  chiefly  engage  our 
attention  in  the  present  chapter 

2^  In  the  determination  ol  distancei^  of  many  miles,  whether 
•for  the  survey  of  a  kingdom,  or  for  the  measurement  of  a  dci 
gree,  the  whole  line  intervening  between  two  extreme  points 
is  not  oSiolutely  metuured  ;  for  this«  on  account  of  the  inequa- 
lities of  the  earth's  surface,  would  be  always  very  difficult, 
and  often  impossible,  fiut,  a  line  of  a  few  miles  in  length  is 
very  carefull]^  measured  on  some  plane,  heath,  or  marsh*  which 
is  so  nearly  level  as  to  facilitate  the  measurment  of  an  actual- 
ly horizontal  line  ;  and  this  line  being  assumed  as  the  base  of 
the  operations,  a  variety  of  hills  and  elevated  spots  arc  select* 
cd  at  which  signals  can  be  placed,  suitably  distant  and  visible 
one  from  another  :  the  straight  lines  joining  these  points  con- 
stitute a  double  scries  of  triangles,  of  which  the  assumed  base 
Ibrms-the  first  side  .  the  angles  of  these,  that  is,  the  angles 
made  at  each  station'or  signal  staff,  by  two  other  signal  staffs^ 
^re  carefully  measured  by  a  theodolite,  which  is  carried  suc- 
cessively from  one  station  to  another.  In  such  a  series  oF  tri- 
angles, care  being  always  taken  that  one  side  is  common  to 
two  of  thWn,  all  the  angles  are  .known  from  the  observations  at 
the  several  stations,  and  a  side  of  one  of  them  being  giveui 
namely,  that  of  the  base  measured,  the  side  of  all  the  rest,  as 
ifVell  as  the  distance  from  the  first  angle  of  the  first  triangle  to 
any  part  of  the  last  triangle,  may  be  found  by  the  rules  of  trigo- 
nometry. And  so  again,  the  bearing  of  any  one  of  the  sides, 
vrith  respect  to  the  meridian,  being  determined  by  observatioo, 
the  bearings  of  any  of  the  rest,  with  respect  to  the  same  me- 
ridian, will  be  known  by  computation-  In  these  operations,  it 
is  always  adviseable,  when  circumstances  will  admit  of  it,  to 
measure  another  base  (called  a  base  of  verification)  at  or  near 
the  iiUerior  extremity  of  the  scries  :  for  the  length  of  this  base, 
i^om/iutcd  as  one  of  the  sides  of  the  chain  of  triangles,  com-, 
pared  with  its  length  detcraiincd  by  actual  admeasurement^ 
urill  be  a  test  of  the  accuracy  of  all  the  operations  made  in  tlip 
9tric9  between  the  two  bas^s, 

n.  Now 
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S.  Now,  in  everyr  series  oi  trinngles)  where 
each  angle  is  to  be  ascertained  with  the  same  in- 
8tniiiient>  they  shouldi  as  nearly  as  circumstaiKes 
win  permit,  be  equilateral.  For,  if  it  were  pos* 
sibJe  tp  choose  the  stations  in  such  manner,  that 
each  angle  should  be  exactly  60  degrees  ;  then, 
the  half  number  ol  triangles  in  the  aeries,  multi- 
plied into  the  length  of  one  side  of  either  trian- 
gle would,  as  in  the  annexed  figure,  give  ait  once 
the  total  distance ;  and  (hen  also,  not  only  the 
sides  of  the  scale  or  ladder,  constituted  by  this  se- 
ries of  triangles,  would  be.  perfectly  parallel,  but 
the  diagonal  steps,  marking  the  progress  from 
one  extremity  to  the  other,  would  be  alternately 
parallel  throughout  the  whole  length.  Here  too, 
the  first,  side  imght  be  found  by  a  bas^  crossing  it  perpendicu- 
larly of  about  half  ito  length,  as  at  h  ;  and  the  last  side  veri- 
fied  by  another  such  base,  b.,  at  the  opp^jsite  extremity.  If  the 
respective  sides  of  the  series  of  triBngles  were  13  or  IS  mileSf 
these  bases  might  advantageously  be  between  6  and  7,  or  be- 
tween 9  and  10  miles  respectively;  according  to  circumstances. 
It  may  also  be  remarked.  (,and  the  reason  of  it  will  be  seen  in 
the  next  section)  that  whenever  oi^ly  two  angtes  of  a  triangle 
can  be  actually  observed,  each  of  them  should  be  as  tiearly 
as  possible  45 ^i  or  the  sum  of  them  about  90^  ;  for  the  less 
the  third  or  computed  angle  differs  from  90«,  the  less  proba- 
bility there  will  be  of  any  considerable  error.  See  prob.  1 
sect*  2,  of  this  chapter. 

4.  The  student  may  obtain  a.  general  notion  of  the  method 
employed  in  measuring  an  arc  of  the  meridian,  from  the^fol* 
lowing  brief  sketch  and  introductory  illustrations.  * 

^  The  earth,  it  is  well  known,  i^  nearly  spherical.  It  may  be 
either  an  ellipsoid  of  revolution,  that  is,  a  body  formed  by 
the  rotation  of  an  ellipse,  the  ratio  of  whose  axes  is  nearly 
thatofequality,  onone  of  those  axis;  or  it  may  approach 
nearly  to  the  form  of  such  an  ellipsoid  or  spheroid,  while  its 
.  deviations  from  that  form,  though  small  relatively^  may  still 
be  sufficiently  great  in  themselves,  to  prevent  it^  being  called 
a  spheroid  with  much  more  propriety  than  it  is  called  a  sphere. 
One  of  the  methods  made  use  of  to  determine  this  point,  is 
by  means  of  extensive  Geodesic  operatioi^s* 

The  earth  however,  be.  its  exact  form  what  it  may,  is  a 
planet,  which  not  only  revolves  in  an  orbit,  but  turns  upon 
Kn  axis.  Now,  if  we  conceive  a  plane  to  pass  through  the 
axis  of  rotation  of  the  earth,  and  through  the  zenith  of  any 
place  on  its  surface^  this  plane,  if  prolonged  to  the  limits  of 
!  the 
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the  apparent  celestial  sphere,  would  there  trace  the  circum- 
ference of  a  great  circle,  which  would  be  the  meridian  of  that 
place.  All  the  points  of  the  earth's  surface,  which  have  their 
zenith  in  that  circumference »  will  be  under  the  same  celestial 
meridian,  and  will  form  the  corresponding  terrestrial  meru 
dian.  If  the  earth  be  an  irregular  spheroid,  this  meridiiin  will 
be  a  curve  of  double  curvature  ;  but  if  the  earth  be  a  solid  of 
revolution,  the  terrestrial  meridian  will  be  a  pi  ^nc  curve. 

5  If  the  earth  were  a  sphere,  then  every  point  upon  a 
terrestrial  meridian  would  be  at  an  equal  distance  from  the 
centre,  and  of  consequence  every  degree  upon  that  me ridiaii 
vould  be  of  equal  length.  But  if  the  earth  be  an  ellipsoid 
of  revolution  slightly  flauened  atits  poles,  and  protuberant 
at  the  equator;  then,  as  will  be  shown  soon,  the  degrees  of 
the  terrestrial  meridian,  in  receding  from  the  equator  towards 
the  poles,  will  be  increased  in  the  duplicate  ratio  of  the  right 
sine  of  the  latitude  ;  and  the  ratio  of  the  earth's  axes,  as  well 
as  their  actual  magnitude,  may  be  ascertained  by  comparing 
the  lengths  of  a  degree  on  the  meridian  in  different  latitudes. 
Hence  appears  the  great  ftiportance  of  measut  ing  a  degree. 

6.  Now,  instead  of  actually  tracing  a  meridian  on  the  sur- 
bee  of  the  earth,-— «  measure  which  is  prevented  by  the  in* 
terpos&tion  of  mountains,  woods,  rivers,  and  seas,-— a  con- 
struction is  employed  which  furnishes  the  same  result.  It 
consists  in  this. 

Let  ABCOEF,  &c.  be  a,  series  of  triangles,  carried  on,  as 
nearly  as  may  be,  in  the  direction  of  the  meridian,  according 

E  —5 
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to  the  observations  in  arts.  These  triangles  are  really  sfiherieal 
or  spheroidal  triangles  ;  but  as  their  curvature  is  extremely 
small,  they  are  treated  the  same  as  rectilinear  triangles,  either 
by  reducing  them  to  the  chorda  of  the  respective  terrestrial 
arcs  AC,  AB,  Bc,  &c.  or  by  deducting  a  third  of  the  excess, 
of  the  sum  of  the  three  angles  of  each  triangle  above  two 
ri^ht  angles,  from  each  angle  of  that  triangle,  and  working 
with  the  remainders,  and  the  three  sides,  as  the  dimensions 
of  a  plane  triangle  ;  the  proper  reductions  to  the  centre  of 
the  station,  to  the  horizon »  and  to  the  level  of  the  sea,  having 
been  previously  made.    These  computations   being  mado 
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throughout  the  seriesi  the  tides  of  the  sqccesuye  tmni^Ies  are 
contemplated  as  arcs  of  the  terrestrial  spheroids  Suppose 
that  we  know,  by  obseryation,  and  the  computations  which 
wiJi  be  explained  in  this  chapter,  the  azimuth^  -or  the  incli- 
oatioo  of  the  side  ac  to  the  first  portion  am  of  the  measured 
meridian,  and  that  we  find  by  trigonometry,  the  point  x 
where  that  curve  will  cut  the  side  bc  The  points  a,  b,  c, 
being  in  the  same  horizontal  plane,  the  line  am  will  also 
be  in  that  plane:  but,  because  oi  the  curvature  of  the 
earth,  the  prolongation  mm',  of  that  line,  will  be  found 
(ibove  the  plane  of  the  second  horizontal  triangle  bcd  :  if, 
therefore^  without  changing  the  angle  cmm,  the  line  mm' 
be  brought  down  to  coincide  with  the  plane  of  this  second 
triangle,  by  being  turned  about  bc  as  an  ^is^  the  piint  m' 
will  describe  an  arc  of  a  circle,  which  will  be  so  veiy  small, 
that  it  may  be  regarded  as  a  right  line  perpendicular  to  Uie 
plane  bcd  :  whence  it  follows,  that  the  operation  is  reduced 
to  bending  down  the  side  mm'  in  the  plane  of  the  meridian, 
and  calculating  the  distance  amm',  to  find  the  position  of  the 
point  m'.  By  bending  down  thus  in  imagination,  one  after 
another,'  the  parts  of  the  meridian  on  the  corresponding  ho- 
rizontal triangles,  we  may  obtain,  by  the  aid  of  the  compuia* 
tion,  the  direcuen  and  the  length  of  such  meridiaoi  from  ono 
e&trejnity  of  the  series  of  triangles,  to  the  other. 

A  line  traced  in  the  manner  we  have  now  been  describing, 
or  deduced  from  trigonometrical  measures,  by  the  means  wo 
have  indicated,  is  called  a  geodetic  or  geodesic  line  ;  it  has  the 
property  of  being  the  shortest  which  can  be,  drawn  between 
its  two  extremities  on  the  surface  of  the  earth  ;  and  it  is  there- 
fore the  proper  itinerary  nieasure  pf  the  distance  between 
those  two  points.  Speaking  rigorously,  this  curve  differs  a 
Iwle  from  the  terrestrial  meridian,  when  the  earth  is  not  a 
aotid  of  revolution  :  yet,  In  the  real  state  of  things,  th6  dif- 
ference between  the  two  curves  is  so  extremely  minute,  that 
it  may  safely  be  disregarded. 

7.  If  now  we  conceive  a  circle  perpendicular  to  the  celes- 
tial meridian,  and  passing  through  the  vevdcal  of  the  place 
of  the  observer,  it  will  represent  the  prime  vertical  of  that 
place.  The  series  of  all  the  points  of  the  earth's  surface  which 
have  their  zenith  tn  the  circumference  of  this  circle,  will  form 
the  fierfiendicuiar  to  the  meridian,  which  may  be  traced  in 
like  manner  as  the  meridian  itself 

In  the  sphere  the  perpendiculars  to  the  meridian  are  great 
circles  which  all  Intersect  mutually,  on  the  equator,  in  two 
points  dianietrically  opposite  i  but  in  the  ellipsoid  of  revolu- 
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tion^  and  ajwrtwri  in  the  irregultf  spberdd,  these  concurring 
perpendicttlarB  are  curves  of  double  cuiTature.  Whatever  be 
che  nature  of  the  terrestrial  sphennd,  the  parallels  to  the 
equator  are  curves  of  which  all  the  points  are  at  the  same 
latitude :  on  an  ellipsoid  of  revolution,  these  curves  are  plane 
and  circular* 

8.  The  situation  of  a  place  is  determined,  when  we  know 
either  the  individual  perpendicular  to  the  meridian,  or  the 
individual  parallel  to  the  equator,  on  which  it  is  found,  and 
Its  position  on  such  perpendicular,  or  on  such  parallel. 
Therefore,  when  all  the  triangles,  which  constitute  such  a 
series  as  we  have  spoken  of,  have  been  computed,  according 
to  the  principles  just  sketched,  the  respective  positions  of 
theirVngular  points,  either  by  means  of  their  longitudes  and 
latitudes,  or  of  their  distances  from  the  first  meridian,  and 
from  the  perpendicular  to  it  The  following  is  the  method  of 
computing  these  distances. 

Suppose  that  the  triangles  abc,  bcd,  tec.  (see  the  fig.  to 
art.  6)  make  part  of  a  chain  of  triangles,  of  which  the  sides 
are  arcs  of  great  circles  of  a  sphere,  whose  radius  is  the  dis- 
tance from  the  level  or  surface  of  the  sea  to  the  centre  of  the 
earth  ;  and  that  we  know  by  observation  Uie  angle  cax,  which 
measures  the  azimuth  of  the  side  ac,  or  its  mclinadon  to  the 
meridian  ax.  Then*  having  found  the  excess  b,  of  the  tlireo 
angles  of  the  triangle  acc  (cc  being  perpendicular  to  the  me* 
ri&n)  above  two  right  angles,  by  reason  of  a  theorem  whicli 
will  be  demonstrated  in  prob*  8  of  this  chapter,  subtract  a  third 
of  this  excess  from  each  angle  of  the  triangle,  and  thus,  by 
means  of  the  following  proportions  find  ac,  and  cc. 
sin  f 90*  —  |b  :  cos  (cac— |x) : :  ac  :  ac  ; 
sin  (90®  —  |K  :  sin  (cac'-^e)  j  :  ac  :  cc. 
The  azimuth  of  ab  is  known  imijAediately,  because  baxs 
CAB— CAX ;  and  if  the  spherical  excess  proper  to  the  triangle 
abm'  be  computed,  we  shall  have 

AMB  BB  180'  —  H'aB  —  ABlf'  +  B*. 

To  determine  the  sides  am',  bm',  a  third  of  b  must  be  de- 
ducted from  each  of  the  angles  of  the  triangle  abm';  and 
then  these  proporuons  will  obtain  :  viz. 
sin  ( 180<>  —  m'ab<—  abm'  +  |b')  :  sin  (abm'-^b'}  : :  ab  .-  am', 
sm  (180*'  —  m'ab  —  abm'  +  Je')  2  sin  (m'ab— |b')  :  r  ab  :  bm'. 
In  each  of  the  right-angled  triangles  a^b,  m'</d,  are  known 
two  angles  and  the  hypothenuse,  which  is  all  that  is  neces- 
sary to  determine  the  sides  a^,  6b,  and  m'^,  </d.  Therefore 
the  distances  of  the  points  b,  o,  from  tlie  meridian  and  from 
the  perpendicular,  are  known. 

9.  Pro- 
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9.  Proceeding  in  the  same  manner  with  the  triangle  acki 
br  If  ^ON,  to  obtain  an  and  dn,  the  prolongation  of  co  ;  and 
then  with  the  triangle  dni  to  find  the  side  mf  and  the  angles 
l>NF,  DFKt  it  will  be  easy  to  calculate  the  rectangular  co* 
erdinates  of  the  point  f. 

The  distance /f  and  the  angles  den,  nf/,  being  thus  koowo^ 
we  shall  have  (th.  6  cor.  3  Geom.) 

/Fit  =s   180°   —  KF0  —  DFN  —  KF/ 

So  thatt  in  the  right-angled  triangle /pPr  two  angles  and  one 
side  are  known  ;  and  therefore  the  appropriate  spherical  ex- 
cess may  be  computed,  and  thence  the  angle  FP/'and  the  sides 
JTp.  fp.  Resolving  next  the  right-angled  triangle  exp,  we  shall 
in  like  manner  obtain  the  position  of  the  point  s  with  respect 
to  the  meridian  ax,  and  to  its  perpendicular  at  ;  that  is  to  sajr^ 
the  distances  x^,  and  a^ ==  aF'-^p.  And  thus  may  the  computist 
proceed  through  the  wnole  of  the  series.  It  is  requisite  bow^ 
ever,  previous  to  these  calculations,  to  draw,  by  any  suitable 
scale,  the  chain  of  triangles  observed,  in  order  to  see  whether 
any  of  the  subsidiary  trian^^ks  acn,  kff,  8cc,  formed  to  faci- 
litate the  computation  of  the  distances  from  the  meridian,  and 
from  the  perpendicular  to  It,  are  too  obtuse  or  too  acute. 

Such,  in  few  words,  is  the  method  to  be  followed,  when  we 
liave  principally  in  view  the  finding  the  length  of ihe  portion 
of  the  meridian  comprised  between  any  two  points,  as  a  and 
X.  It  is  obvious  that,  in  the  course  of  the  computations,  the 
azimuths  ef  a  great  number  of  the  sides  of  triangles  in  the 
series  is  determined  ;  it  will  be  easy  therefore  to  check  and 
verify  the  work  in  its  process,  by  comparing  the  azimuths 
found  by  observation,  with  those  resulting  from  the  calcula- 
tions. The  amplitude  of  the  whole  arc  of  the  meridian 
Baeasured,  is  found  by  ascertaining  the  latitude  at  each  of  its 
extremities;  that  is,  commonly  by  finding  the  differences  of 
the  zenith  distances  of  some  known  fixed  star,  at  both  those 
extremities. 

10.  Some  mathematicians,  employed  in  this  kind  of  opera- 
tions, have  adopted  different  means  from  the  above.  Thef 
<]Taw  through  the  summits  of  all  the  triaagtes,  parallels  to  the 
meridian  and  to  its  perpendicular ;  by  these  means,  the  sides 
ef  the  triangles  become  the  hypothenuses  of  right-angled  tri- 
angles, which  they  compute  in  order,  proceeding  from  some 
luM>wn  azimuth,  and  without  regardin;^  the  spherical  excess^ 
considering  all  the  triangles  of  the  chain  as  described  on  a. 
plane  sur^ce.  This  method,  however,  is  manifestly  defective 
in  pwnt  of  accuracy.  , 

Others  have  computed  tlie  sides   and  angles  of  alt  the  tri« 

angles,  by  the  rules  of  spherical  trigonometry*    Others  again, 

Tot.  JJ.  K  t«duc^ 
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reduce  the  observed  angles  to  angles  of  the  chords  of  the  re- 
spective arches,  and  calculate  by  plane  trigonometry,  from 
such  reduced  angles  and  their  chords.  Either  of  these  two 
methods  is  equally  correct  as  that  by  means  of  the  spherical 
excess :  so  ihut  the  principal  reason  for  preferring  one  of 
these  to  the  other,  must  be  derived  from  its  relative  facility. 
As  lo  the  methods  in  which  the  several  triangles  are  contem- 
plated as  spheroidal)  they  are  abstruse  and  difficult,  and  may, 
happily,  be  safely  disregarded  :  for  M  Lengcndre  has  demon- 
St  rated,  in  Mimoires  de  la  Clause  dea  Sciences  Physiques  et 
Math^matiques  de  I*  Institute  1806,  pa.  130,  that  the  differ* 
cnce  between  spherical  and  spheroidal  angles,  is  less  than  one 
sixtieth  of  a  second,  in  the  greatest  of  the  triangles  which 
occurred  in  the  late  measurement  of  an  arc  of  a  meridian; 
lietween  the  parallels  of  Dunkirk  and  Barcelona. 

II.  Trigonometrical  surveys  for  the  purpose  of  measuring 
a  degree  of  a  meridian  in  different  latitudes,  and  thence  in- 
ferring the  figure  of  the  earth,  have  been  undertaken  by  dif- 
ferent philosophers,  under  the  patronage  of  different  go- 
ycrnments.  As  by  M.  Maupertius,  Clairaut,  Sec,  in  Lapland^ 
1736  :  by  M.  Bouguer  and  Condamine,  at  the  equator,  1736— 
1743 ;  by  Gassini,  in  lat.  45^,  17S9— 40  ;  by  Boscovich  and 
Lemaire,  lat  43^  1752  ;  by  Beccaria,  lat.  44*^  44',  1768  ;  by 
iMason  and  Dixon  in  America,  1764^8  ;  by  Major  Lambtoii) 
n  the  Eastlndies^  1803  ;.by  Mechain,  Delambre,  ^.  France, 
ice.  1790—1805  ;  by  Swanberg,  Ofverbom,  &c.  in  Lapland, 
1803  ;  and  by  General  Roy,  Colonel  Williams,  Mr.  Dalby, 
and  Colonel  Mudge,  in  Engird,  from  1784  to  the  present 
time.  The  three  last  mentioned  of  these  surveys  are  doubt- 
less the  most  accurate  and  important. 

The  trigonometrical  survey  in  England  was  first  com- 
mtnced,  in  conjunction  with  similar  operations  in  France,  in 
order  to  determme  the  difference  of  longitude  between  the 
meridians  ot  the  Greenwich  and  Paris  observatories  :  for  this 
purpose,  three  of  the  French  Academecians,  M.  M.  Cassini, 
iVIechain,  and  Legendre,  met  General  Roy  and  Dr.  (now  Sir 
Charles)  Blagden,  at  Dover,  to  adjust  their  plans  of  opera- 
tion. In  the  course  of  the  survey,  however,  the  English 
philosophers,  selected  from  the  Royal  Artillery  officers,  ex- 
panded their  views,  and  pursued  their  operations,  under 
the  patronage,  and  at  the  expence  of  the  Honourable  Board  of 
Ordnance,  in  order  to  perfect  the  geography  of  England,  and 
to  determine  the  lengths  of  as  many  degrees  on  the  meridiafi 
as  fell  within  the  compass  of  their  labours. 

1 2.  It  is  not  our  province  to  enter  into  the  history  of  these 
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surveys  9  but  it  may  be  interesting;  and  instructive  to  speak  a 
little  of  ihe  instruments  employed,  and  of  the  extreme  accu- 
racy of  some  of  ihe  results  obtained  by  them. 

These  instruments  are,  besides  the  signals,  those  for  mea- 
suring distances,  and  those  for  measuring  angles.  The  French 
philosophers  used  for  the  former  purpose,  in  their  measure- 
ment to  determine  the  length  of  the  metrcj  rulers  of  platina 
and  of  copper,  forming  meulic  thermometers.  The  Swedish 
mathematicians,  Sn^anberg  and  Qfverbom,  employed  iron 
bars,  covered  towards  each  extrerfiity  with  plates  of  silver. 
General  Roy  commenced  his  measurement  of  the  base  at 
Hoiinslow  Heath  with  deal  rods,  each  of  20  feet  in  length. 
Though  they,  however,  were  made  of  the  best  seasoned  tim- 
ber, were  perfectly  straight,  and  were  secured  from  bending 
in  the  most  effectual  manner ;  yet  the  changes  in  their  lengths, 
occasioned  by  the  variable  moisture  and  dryness  of  the  air^ 
were  so  great,  as  to  take  away  ail  confidence  in  the  results 
deduced  from  them.  Afterwards,  in  consequence  of  having 
fi>und  by  experiments,  that,  a  solid  bar  of  glass  is  more  dilata- 
ble than  a  tube  of  the  same  matter,  glass  tubes  were  substi- 
tuted for  the  deal  rods.  They  were  each  20  feet  long,  inclosed 
in  wooden  frames,  so  as  to  allow  only  o£  expansion  or  con- 
trac^tion  in  length,  from  heal  or  cold,  accord'mg  to  a  law 
ascertidned  by  experiments.  The  base  measured  with  these 
was  found  10  be  ^7404-08  Heet,  or  about  5*i9  miles.  Several 
years  afterwards  the  same  base  was  remeasured  by  Colonel 
Mudg^e,  with  a  steel-chain  of  100  feet  l^ng,  constructed  by 
Ramsden,  and  jointed  somewhat  like  a  watch-chain-  This 
chain  was  always  stretched  to  the  same  tension^  supported  on 
troughs  idid  horizontally,  and  allowances  were  made  for 
changes  in  its  length  by  reason  of  variations  of  temperature,  at 
the  rate  of -0075  of  an  inch  for  each  degree  of  heat  from  62^ 
of  Fahrenheit :  the  result  of  the  measurement  by  this  chain  was 
found  not  to  differ  mere  than  2  J  inches,  from  General  Roy^s 
determination  by  means  of  the  glass  tubes  :  a  minute  ^  differ- 
ence in  a  distance  of  more  than  5  miles  ;  which,  considering 
that  the  measurements  were  effected  by  different  persons,  and 
with  different  instruments,  is  a  remarkable  confirmation  of  the 
accuracy  of  both  operations.  And  further,  as  steel  chains  call 
be  used  with  more  ^ility  and  convenience  than  glass  rods, 
this  lemeasurement  determines  the  question  of  the  compara- 
tive fitness  of  these  two  kinds  of  instruments. 

13  For  the  determination  of  angles,  the  French  and  Swe* 
dish  philosophers  employed  repealing  circles  of  Borda's  con- 
atrucijori :  instruments  which  are  extremely  portable,  and  with 
which,  though  they  are  not  above  U  inches  in  diameter,  the 
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observers  can  take  angles  to  within  1''  or  2''  of  the  truth. 
But  this  kind  of  instrument,  however  great  its  ingenuity  in 
theory,  has  the  accuracy  of  its  observations  necessarily  limited 
by  the  imperfections  of  the  small  telescope  which  must  be 
attached  to  it-  General  Roy  and  Colonel  Mudge  made  use  of 
a  very  excellent  theodolite  constructed  by  Ramsden,  which, 
having  both  ain  altitude  and  an  azimuth  circle,  combines  the 
powers  of  a  theodolite,  a  quadrants  and  a  transit  instrument, 
and  is  capable  of  measuring  horizontal  angles  to  fractions  of 
a  second.  This  instrument,  besides,  has  a  telescope  of  a  much 
higher  magnifying  power  than  had  ever  before  been  applied 
to  observations  purely  terrestrial  ;  and  this  is  one  of  the  supe^ 
riorities  in  its  construction,  to  which  is  to  be  ascribed  the  ex- 
treme accuracy  in  the  results  of  this  trigonometrical  survey. 

Another  circumstance  which  has  augmented  the  accuracy 
of  the  English  measures,  arises  from  the  mode  of  fixing  and 
using  tliis  theodolite.  In  the  method  pursued  by  the  Con- 
tinental mathematicians,  a  reduction  is  necessary  to  the  plane 
of  the  horizon,  and  another  to  bring  the  observed  angles  to 
the  true  angles  at  the  centres  of  the  signals  :  these  reductions^ 
of  course,  require  formulae  of  computation,  th^  actual  em- 
ployment of  which  may  lead  to  error.  But,  in  the  trigono- 
metrical survey  of  England,  great  care  has  always  been  taken 
to  place  the  centre  ot  the  theodolite  exactly  in  the  vertical  lines 
previously  or  subsequently  occupied  by  the  centre  of  the 
signal :  the  theodolite  is  also  placed  in  a  perfectly  horizontal 
position.  Indeed,  as'has  been  observed  by  a  competent  judge, 
<<ln  no  other  survey  has  the  work  in  the  field  been  conducted 
80  much  with  a  view  to  save  that  in  the  closet,  and  at  the  same 
time  to  avoid  all  those  causes  of  error,  however  minute,  that 
are  not  essentially  involved  in  the  nature  of  the  problem  The 
French  mathematicians  trust  to  the  correction  of  those  errors ; 
the  English  endeavour  to  cut  them  off  entirely ;  and  it  can 
hardly  be  doubted  that  the  latter,  though  perhaps  the  slower 
and  more  expensive,  is  by  far  the  safest  proceeding." 

14.  In  proof  of  the  great  correctness  of  the.  English  survey, 
ve  shall  state  a  very  few  particulars,  besides  what  is  already 
mentioned  in  art.  12. 

General  Roy,  who  first  measured  the  base  on  Hounslow* 
Heath,  measured  another  on  the  flat  ground  of  Romnej- 
Marsh  in  Kent,  near  the  southern  extremity  of  the  first  series 
of  triangles,  and  at  the  distance  of  more  than  60  miles  from 
the  first  base.  The  length  of  this  base  of  verification,  as 
actually  measured,  compared  with  that  resulting  from  the 
computation  through  the  whole  series  of  triangles,  differed 
only  by  28  inches. 
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Cdtonel  Mudge  measured  another  base  of  verificatiGii  oti^ 

Salisbury  plain.  Its  length  was  36574-4  feet,  or  more  than 
7  miles ;  the  measurement  did  not  differ  more  than  one  inch 
irom  the  computation  carried  through  the  series  of  trianglea 
from  Hounslow  Heath  to  Salisbury  Plain.  A  most  remark* 
able  proof  of  the  accuracy  with  which  all  the  angles,  as  well 
as  tlie  two  bases,  were  measured  I 

The  distance  between  Beachy-Head  in  Sussex,. and  Dun- 
nose  in  the  Isle  of  \Vight,  as  deduced  from  a  mean  of  four 
series  of  triangles,  is  339397  feet,  or  more  than  64^  milea» 
The  extremes  of  the  four  determinations  do  not  differ  more 
than  7  feet,  which  is  less  than  1|  inches  in  a  mile«  Instances 
of  this  kind  frequently  occur  in  the  English  survey*.  But  wi^ 
have  not  room  to  specify  more.  We  must  now  proceed  to 
discuss  the  most  important  problems  connected  with  this  sub* 
ject ;  and  refer  those  who  are  desirous  to  consider  it  more 
minutely,  to  Colonel  Mudge's  '<  Account  of  the  Trigonome- 
trical Survey  ;"  Mechain  and  Delambre,  <<  Base  du  Systeme 
Metrique  Decimal  ;"  Swanberg,  <^  Exposition  des  Operations 
feitesen  Lapponie  ;"  and  Puissant's  works  entitled  '^  Gkode- 
rie"  and  **  Traite  de  Topographic,  d'  Arpents^e,  l^c.'* 


SECTION  11. 

Prodlema  connected  with  the  detail  o/Ofierations  in  Extensive 
Trigonometrical  Surveys. 

PBOBLEMI. 

It  is  required  to  determine  the  Most  Advantageous 
Conditions  of  Triangles. 

1.  In  any  rectilinear  triangle  abc,  it  is  from  the  propor* 
tionality  of  sides  to  the  sines  of  their  opposite  angles,  ab  : 
Bc  :  :  sin  c  :  sin  a,  and  consequently,  ab.  sin 
A  ss  Bc   sin  c.    Let  ab  be  the  base,  which  x 

is  supposed  to  be  meastrred  without  percep- 
tible error,  and  which  therefore  is  assumed 
M  constants  then    finding  the   extremely^ 

*Faissant,  in  his"  Geod6sie,"  after  quoting  some  of  them,  says* 
**  Xeanmoins,  jasqu'ii  present,  rienn'egale  en  exactitude  ies  operations 
g^odestques  qui  oat  servi  de  fundement  d  notre  sj^teme  ro^trique.'^ 
He,  however,  gives  no  instances.  We  have  no  wish  to  depreciate  the 
labours  of  the  French  measurers  ;  but  we  cannot  yield  them  the  pre* 
fmncc  on  mere  assertion. 
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■iB«n  viuialioo  Or  fluxion  of  the  equation  on  this  bypothesisi 
it  is  Alt .  cos  A  .  A  »  Bin  c  .  Bc  -f  Bc  COS  c  .  c  Here,  since 
we  are  ignorant  of  the  magnitude  of  the  errors  or  variations 
expressed  by  a  and  c ,  suppose  them  to  be  equal  (a  probable 
supposition,  as  they  are  biotb  taken  by  the  same  instrument), 
and  each  denoted^y  v  :  then  will 

AB  COS  A—  BCCOS  C 
.  BC  =  V  X : —  ; 

Sin  c 

•r«  substituting-: —  for  its  equal  -: — ,  the  equations  will  bc- 
sin  A  sin  G  • 

^      ,  cos  A  COS  C- 

come  BC  =■  v  X  (bc  ,  -: bc  .  -; —  )  ; 

^         sin  A  sm  c ' 

eTi  finally,  bc  ==■  v  bc  (cot  a  —  cot  c). 

This  equation  (in  the  use  of  which  it  must  be  recollected 
thati^  taken  in  seconds  should  be  divided  by  b^^9  that  is  by 
the  length  of  the  radius  expressed  in  seconds)  gives,  the  error 
BC  in  the  estimation  of  bc  occasioned  by  the  errors  in  the 
angles  a  and  c.  Hence,  that  these  errors,  supposing  them  to 
be  equal,  may  have  no  influence  on  the  determination  of  sCf 
ve  must  have  a  a  c,  for  in  that  case  the  second  member  of  the 
equation  will  vanish. 

3  But,  as  the  two  errors,  denoted  by  a,  and  c,  which  we 
have  supposed  to  be  of  the  same  kind,  or  in  the  same  direc- 
tion, may  be  committed  in  different  directions,  when  the  equa* 
tion  will  be  BC  ■=  ±  v  bc  (cot  a  +  cot  c) ;  we  must  enquire 
what  magnitude  the  angles  a  and  c  ought  to  have,  so  that  the 
sum  of  iheir  cotangents  shall  have  the  least  value  possible  ; 
for  in  this  state  it  is  manifest  that  bc  will  have  its  least  value. 
But,  by  the  formulae  in  chap,  3,  we  have 

>*«f   M  J-    r^— "'^"  (A-f  c)  8in(A+c) 

vOt    A  •!"     C   --■  '  .'  '..     '  '  SK ,     -         ■  ( 

•  sin  A    sui  c     |cos(  A;r  c)—icos(A+c) 

[2  sin  B 

cos  (a  V3  C)  +  cos  B 

'  ,      "  ,  2  sin  B      . 

Canflequently, bc  =±  v  .  bc  .  — r-.,       ■  - 

^  '*  COs(AC«)-f-c«)S  B 

And  hence,  whatever  be  the  magnitude  of  the  angle  b,  the 
error  in  the  value  of  bc  will  be  the  least  when  cos  (a  c»  c)  is 
the  greatest  possible,  which  is  when  a  ==  c. 

We  may  therefore  infer,  for  a  general  rule,  that  the  most 
advantageous  ntate  of  a  trtangUy  nof^en  we  mould  determine  one 
Me  only,  ia  when  the  base  ia  equal  to  the  aide  sought. 

3.  Since,  by  this  rule,  the  base  should  be  equal  to  the  sido 
sought,  it  is  evident  that  when  we  would  determine  two  ndesy 
the  'moat  advantagfoua  condition  of  a  triangle  ie  that  it  be  e- 
^lateral^ 

4.  ft 
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4.  It  rarely  happens,  however,  that  a  bas^  can  be  commef- 
diously  measured  which  is  at  long  as  the  sides  sought.  Sup4>  , 
posrog.  therefore,  that  the  length  of  the  base  is  limited,  but 
that  its  direction  at  least  may  be  chosen  at  pleasure,  we  proceed 
to  enquire  what  that  direction  should  be,  in  the  case  where 
one  only  of  the  other  two  sides  of  the  triangles  is  to  be  deter* 
mined. 

Let  it  be  imagined,  as  before,  that  ab  is  the  base  of  the 
triangle  abc,  and  bo  the  side  required.  It  is  proposed  to  find 
the  least  value  of  cot  ▲  tf:  cot  Ci  when  we  cannot  have  asbc. 

Now,  in  the  case  where  the  negative  sign  obtains,  we  have 

AB  —  BC  .  con  B         BC—AB  .  OOS  B  AB*  —  BC* 

cot  A  — cote  3s    r ■—  : = 7—. 

BC  .  8in  B  AB  .  sm  B  AB  .  BC  .  SiOB 

This  equation  again  manifestly  indicates  the  equality  of  ab  and 
BC.  in  circumstances  where  it  is  possible  :  but  if  ab  and  bq 
are  constant,  it  is  evident,  from  the  form  of  the  denominator 
ofthe  last  fiction,  that  the  fraction  itself  will  be  the  ieas^ 
or  cot  A  —-  cot  c  the  least,  when  sin  b  is  a  maximum,  that 
IB,  when  B  Bs  90O. 
*5«  When  the  positive  sign  obtains,  we  have  cot  a  +  ^ot  €«n 
.  ,  ^  (bc»  —  AB*  sin*  a)         ^       .      f  /        »c  .  ^, 

cot     A    -H^-i : ^  =  COtA+VC T-:-!-^— l> 

AB  sin  A  AB»  am*  A  ' 

Here,  the  least  value  of  the  expression  under,  the  radical  signi 
is  obviously  when  a  ess  90*'.  And  in  that  case  the  first  term, 
cot  a,  would  disappear.  Therefore  the  least  value  of  cot  a  -f- 
cot  c,  obtains  when  a  tss  90^  ^  conformably  to  the  rule  given 
by  M.  Bouguer  (^/^fiT  (ic  ia  Terre^  pa.  88).  But  we  have 
already  seen  that  in  the  case  of  cot  a — cot  c,  we  ixust  have 
B  s=  90.  Whence  we  conclude,  since  the  conditions  a:=390<^, 
B  =  90^,  cannot  obtain  simultaneously,  that  a  medium  result 
liould  give  A  ca  B. 

If  we  apply  to  the  side  ac  the  same  reasoning  as  to  bc, 
similar  results  will  be  obtained :  therefore  in  general,  when 
the  dose  cannot  be  equal  to  one  or  to  both  the  eides  required^ 
the  mo9t  advantageous  condition  of  the  triangle  ia^  that  thd 
base  be  the  longest  fiosMlcy  and  that  the  two  angles  at  the 
base  be  equal.  These  equal  angles  howevefi  should  never^ 
if  possible,  be  less  than  33  degrees. 

PROBLEM  n. 

To  deduce,  from  Angles  measured  Out  of  one  of  the  statioosj^ 
but  Near  it,  the  True  Angles  at  the  station. 

When  the  centre  of  the  instrument  cannot  be  placed  in  the 
verdcal  line  occupied  by  the  axis  of  a  si^al,  the  angles  ob* 
served  most  undergo  a  reductien,  according  to  circumstances. 

I.  Let 
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1.  Letc  be  the  centre  of  the  statioB, 
p  the  place  of  the  ceDtre  of  the  instru- 
ment, or  the  suimnit  of  the  observed  an- 
gle APB  :  it  is  required  to  find  c,  the 
measure  of  acb,  supposing  there  to  be 
known  apb  ^  P|  bfc  as  /k»  c»    bs   d^ 

EC   :^  L,  AC  s=  R. 

Since  the  exterior  angle  of  a  triangle  is  equal  to  the  sum 
•f  the  two  interior  opposite  angles  (th.  16  Georo.)^  we  bayet 
with  respect  to  the  triangle  iap,  aib  bs  p  +  iap  i  and  with 
regard  to  the  trbngle  bic,  aib  »  c  ^  cbp.  Making  these 
two  values  of  aib  equal,  and  transposing  iap>  there  results. 

C=  P  H-IAP  — CBP. 

But  the  triangles  cap.  cbp,  give 

cp    .  d^  sin  iv+p) 

sin  CAP  =  sin  IAP  =   —  sin  APC  «cs  ■      -^    ' '  . 

AC  & 

cp    .  d .  sinp 

sin  CBPsK— .  sin  BPC  ==  — -T.  • 

BC-  L 

And,  as  the  angles  cap,  cbp,  are,  by  the  hypothesis  of  the 

prd>lem,  always  very  small,  their  sines  miqr  be  subatitutcd 

tor  their  arcs  or  measures  :  therefore 

<lsin(p+/^)     d^ainp 

C  —  P  = ^ — ^-=—  . 

s  z* 

Or,  to  have  the  reduction  in  seconds, 

Sin  1  &  I.     ' 

The  use  of  this  formula  cannot  in  any  case  be  embarrassing', 
provided  the  signs  of  sin  fh  and  sin  (p  +fi)bc  attended  to* 
Thus,  the  first  term  of  the  correction  will  be  positive,  if  the 
eni^e  (p  +  fi)  is  comprised  between  0  and  \S0^ ;  and  it  wiM 
be<^ine  negative,  if  that  angle  surpass  ISO^'.  The  contrd^f 
jrill  obtain  i^  the  same  circumstances  with  regard  to  the  se- 
cond term,  which  answers  to  the  angle  of  direction  ft.  The 
letter  n  denotes  the  distance  of  the  object  a  to  the  right,  i. 
the  distance  of  the  object  b  situated  to  the  left,  and  /i  the 
angle  at  the  place  of  observation,  between  the  centre  of  the 
station  and  the  object  to  the  left. 

%•  An  approximate  reduction  to  the  centre  may  indeed  be 
obtained  by  a  single  term  ;  but  it  is  not  quite  so  correct  as 
the  form  above.    For,,  by  reducing  the  two  fractions-  m  the 
second  member  of  the  last  equation  but  one  to  a  common  de-  ' 
nominator^  the  correction  becomes 

__  rfL  .  sin  (p-f;»)  — tfa  •  ainp 

LR 

-,   ^  ^,         .        ,  .  B .  sin  A        R .  sin  a 

But  the  triangle  abc  gives  x.  =-^5^7- =!;:(•*+  c)- 

An4 
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And  because  p  is  always  very  nearly  equal  to  c,  the  Sine  of 
A  +  F  will  differ  extremely  little  from  sin  (A-f-«),  and  maf 

therefore  be  substituted  for  it,  making  l  =*  -r— - — r-» 

Heoce  we  miinifestly  have 

d  .  V»n  A  .  sin  (p•^^')— </ .  sin  ^  -  sm  /  a4«p) 
c  —  P  ^  '  '  "  1 i 

R  .  (itn   A. 

Which,  by  takinj^  the  expanded  expressions,  for  sin  (r-^-fi)^ 
iad  sin  (a+p))  and  reducing^  to  seconds,  gives 
d         sin  p  .  <m  (a— ^) 
C  ^- P  — •■      ■  ■  '^^^ 

«in  1"     ♦   '     R  .  aiu  A 

3.  When  either  of  the  distances  r,  u  becodnes  infinite,  ^itli 
respect  to  rf,  the  corresponding  term  in  the  expression  art.  I 
of  (his  problem,  vanishes^  and  we  have  accordingly 

C  —  P  =r=  —  r-TTTTT,  OP  «  -  P  =  i^^. 

L  .s:n  I  R  .Sin  1 

The  first  of  these  will  applv  when  the  object  A  is  a  heavenlj 
body,  the  second  when  b  is  •ne.  When  both  a  and  B  aix^ 
stichi  then  c  ««  p  =»^  6. 

But  without  supposing  either  a  or  b  infinite,  we  may  have 
o  -*  p  =s  0«  or  c  's:  p  in  innumerable  instances  :  that  is,  in  all 
•ascs  in  which  the  centre  p  of  the  itistrument  is  placed  in  the 
circumference  of  the  circle  that  passes  through  the  three 
points  A.  B,  c  ;  or  when  the  angle  bpc  is  equal  to  Che  angle 
BAc,  or  to  BAC  -f^  IdO^'.  Whence,  though  c  should  be  inac-* 
cessibie,  the  angle  acb  may  commonly  be  o()tained  by  obser- 
vationt  without  any  computation.  It  may  further  be  observed, 
that  when  p  fJls  in  the  circumference  of  the  circle  passing 
through  the  three  points  a,  b,  c,  the  angles  a«  b^  c,  may  be 
dBtermioed  solely  by  measuring  the  angles  apb  and  bpc  For^  -' 
the  opposite  angles  ABC,  APC,  of  the  quadrangle  inscribed  in 
acircle;  are  (theor.  54  G*iom  )  =  180<>.  Consequently,  abo  » 
aa  180*  —  APc,  and  BAC  =  180*  —  (abc+a%p)  =  180«>  -* 
(abc  •+  apb). 

4.  If  one  of  the  objects,  viewed  from  a  further  station,  be  ' 
a  vane  or  staff  in  the  centre  of  a  steepje,  it  will  frequently 
happen  that  such  object,  when  the  observer  comes  near  it,  is  . 
boih  invisible  and  inaccessible.     Still  there  are  various  me. 
thods  of  finding  the  exact  angle  at  c.     Suppose,  for  example* 
the  signal-staff  be  in  the  centre  of  a 
circular  tower,.and  that  the  angle  apb. 
was  taken  at  p  near  its  bane.    Let  the 
langetits  pt,  tf\  be   marked,  and  on 
them  two  equal  and  arbitrary  distances 
fffif  pm',  be  measured.     Bisect  mm'  at 
the  point  n  >  and,  pftqing  there  a  signal- 

Voi^.  IL  K  stair 
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staff,  measure  the  angle  nvUf  which,  (since  pn  prolonged  ob« 
viously  passes  through  c  the  centre,)  will  be  the  angle  fi  of 
the  preceding-  investigation.  Also,  the  distance  P8  added  to 
the  I'adius  cs  of  the  tower,  will  give  pc  fssd  in  the  former  in- 
vestigation. 

If  the  circumference  of  the  tower  cannot  be  measured,  and 
the  radius  thence  inferred,  proceed  thus  :  Measure  the  angles 
BPT,  bft',  then  will  bpc  =»  |(bpt  +  bpt')  sa=  fi ;  and  Opt  es 
BFT  — BPc:  Measure  ft,  then  pc  »  pt  .  sec  cpt  =  d.  With 
the  values  oi/i  and  </,  thus  obtained,  proceed  as  before. 

S.  If  the  base  of  the  tower  be  polygonal  and  regular^  aa. 
most  commonly  happens  ;  assume  f  in  the  point  of  intersec- 
tion of  two  of  the  sides  prolonged,  and  bpc'  ss  \  (BPT-f  bpt^ 
as  before,  ft  =athe  distance  from  p  to 

the  middle  of  one  of  the  sides  «whose  '  ^ ^  B 

prolongation  passes  through  P  ;    and 
hence  Pc  is  found,  as  above.      If  the  '< 
figure-  be  a  regular  hexagon,  then  the 
tri;!rigle  pmm',  is  equilateral^  and  pc 


PROBLEM  HL 

To  Reduce  Angles  measured  in  a  Plane  Inclined  to  the 
Horizon,  to  the  Corresponding  Angles  in  the  Horizontal: 
l*lane. 

Let  BCA  be  an  angle  measured  in  a  plane. inclined  to  the 
horizon,  and  let  b'ca  '  Ue  the  corresponding  angle  in  the  bo- 
rizontel  plane.  Let  d  and  d!  be  the  zenith  distances,  or  the 
complements  of  the  angles  of  elevation  aca',  b^b'.  Then 
from  z  the  zeUfth  of  the  observer, 
or  of  the  angle  c,  draw  the  arcs  za^ 
zby  of  vertical  circles,  measuring  the 
zenith  distances  (f,i/,  and  draw  the 
arc  ab  of  another  great  circle  to 
measure  the  angle  c.  It  follows 
from  this  construction,  that  the  an- 
gle z,  of  the  spherical  triangle  zab, 
IS  equal    to  the    horizontal  angle 

a'cb'  ;  and  that,  to  find  it,  the  three  sides  za  =s  djzb  s±  cT^ 
ah  =c,  are  given.  Call  the  sum  of  these  • ;  then  the  result* 
inj;  formulx  of  prob.  2  ch.  iv,  applied  to  the  present  instance » 
"becomes 


sin  {z  «.  sin  lo  ; 


sin  j(<— rf)  .  sin  j(#-*rf') 


sine/,  sin  d' 


If 
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Itkandh'  represent  the  angles  of  altitude  aca*  mcm',  the 
f  receding  expression  will  become. 

.     .  .  sin  A(c  +  A  —  h')  .  sin  ^c  +  h'  ^  h) 

8in  iC  sa   ^     ^     ^ ± P      '  "'. 

Or,  in  logarithms, 
log  sin  ic  =:  1(29  +  log  sin  fCc  +  A  —  A')  +  ^^K  ®J°' 
^(c  +  A'  —  ft)  —  log  cos  A  — .  log  cos  A'). 

Cor.  1.  If  A  a=  A%  then  is  sin  4c  =5  ?'"  ^-^^^  .   ^^^ 
^  •  cos  A    ' 

log  sm  ^a'cb'  »-  ro  +  log  sin  |acb  -^'Jog  cos  A. 

Cor,  2.  If  the  angles  A  and  i&'  b#  very   sniall,  and  nearly 
equal ;  then,  since  the  cosines  of  small  ang^s  vary  extremely 
slowly,  we  may/ without  sinsible  error,  take 
log  sin  ^a'cb'  =  10  +  log  sin  ^acb  —  log  cos  i(h  +  A'). 

Cor.  3.  In  this  case  the  correction  x  ss  a'cb'— ACS;  may 
be  found  by  the  eitpresslon 

jc  =r  sin  i''(tan4cao-.  ^^J^V-  cot  ic^^Y). 

And  in  this  formula,  as  well  as  the  firtc  given  for  sin  iPf  d 
and  d*  may  be  either  one  or  both  greateror  less  than  a  quad- 
rant ;  that  is,  the  equations  will  obtain  whether  aca'  and 
HCB^'be  each  an  elevation  or  a  depression. 

Scholium.  By  means  of  this  problem,  if  the  altitude  of  n 
hill  be  found  barometricaliy,  according  to  the  method  des* 
cribed  in  the  1st  volume  or  geometrically  according  to  some 
of  those  described  in  heights  and  distances,  or  that  given  in 
the  following  problem ;  then,  finding  the  angles  formed  at 
the  place  of  observation,  by  any  objects  in  the  country  beloi|r^ 
and  their  respective  angles  of  depression,  their  horizontal  an* 
gles,  and  thence  their  distances  may  be  found,  and  their  rie- 
lative  places  fixed  in  a  map  of  the  country  ;  taking  cure  to 
have  a  sufficient  nuraber  of  angles  between  intersecting  lines, 
to  yeniy  the  operation^* 


HROBL^M  IT, 

Given  the  Angles  oftlevation  of  Any  Diatant  object,  tajcen 
at  Three  places  in  a  Horizontal  Right  Line,  which  does 
not  pass  througli  (he  point  directly  below  the  object ;  and 
the  Respective  Distances  between  the  stations  ;  to  find 
the  Height  of  the  Object,  and  its  Distance  bom  either 
station. 

Let  AED  be  the  horizontal  plane  :  f£  the  perpendicular 
height  of  ihe  object  f  above  that  plane  ;  a,  b,  c,  th6  three 
places  of  observation  5  fae,fbe^fcb,  the  respective  ftngles 
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of  eTeration,  and  ab«  bc,  thift 
giren  distances.  Then,  bince 
^e  triangles  aef,  bef,  cef,  are 
all  right  angled  at  s,  ihc  dis- 
tances AE,  BE,  CE,  will  mani- 
festiy  be  as  the  cotangents  of  the 
angles  of  elevation  at  A,  b,  and 
c :  and  we  have  to  determine 
the  point  e  bo  Ibat  those-  lineia 
Wtmj  have  that  ratio.  To^ffcct 
this  geometrically  use  the.  following 

Construction.    Take    bm,  on  ac  produced,  equal  to  bc, 
BN  equal  to  ab  ;  and  make 
*  MG  :  BM  (=s  bc)  :  :  cQt  a  :  cot  B, 

and  BN(  =  AB)  :  NG  :  :  COl  B  '*  cot  c. 
With  the  linchMN,   mo,  kg,  consiituie  ihe   triangle   mko  ; 
ard  join  bg.  Di aw  ae  so,  that  the  angle  eab  nr<^y  be  equal  to 
liGB  ;  >ihis  line  will  meet  bg  produced  in  e,  the  point  in   ihe 
tonzontal  plane  falling  perpendicularly  below  f 

J)emon8tratio7u     By  the  similar  triajigles  aeb,  .gmb,  we 
have  AE  :  BE  : :  MG  :  MB  :  •  cot  A  •  cot  Bi 
and  be  ;  ba  ;  =  BKi  ' :  bm  :  BG. 
Therefore  the  lnangk^  bec,  bgn,  are  similar  ;  consequently 
BE  :  EC  ;    :  bn  :  Mo  :;  coi  b  ;  cot  c.     Whence  it  is   obvious 
that  AE.  BE,  CE»  are  respectively  as  cot  a,  cot  b  cot  c . 

Calculation  In  the  triangle  mgn,  all  the  sides  are  given^ 
to  find  the  angle  ouh  =  angle  aeb.  Then,  in  the  triangle 
MGB,  two  sides  and  the  included  angle  are  given,  jo  find  tho 
angle  MGB  s=  angle  eab.  Hence,  in  the  triangle  aeb.  are 
Inown  AB  and  all  the  angles,  to  find  ae,  and  be.  And  then^ 
XF  ss  AS  .tan  A  as  be  .  tan  B. 

Otherwise,  independent  qfthe  construction,  thus. 

Put  AB  s»  D,  BC  «a  rf,  EF  =»  r  ;  and  then  express  algebraic- 
ally the  following  theorem,  given  at  p.  128  Simpson's  Select 
£xerciaes  : 


»* 


AE*     BC  -f  CM*  .  AB  t=  BE*  •  AC    4*  AC  .  AB  .  BC, 

the  line  bb  bebg  drawn  from  the  vertex  b  of  the  triangle 
kcm.  iff  afty  point  b  in  the  base.  The  equation  ihencc  orn 
ginatingis 

dX*  .0Ot»  A+DJ?«  .  cot*  C  ta   (D+rf)^?*  •   C0l»B+(D  +  rfjDrf. 

And  from  this,  by  transposing  all  the  unknown  terms  to  one 
lAdOi  and  extracting  the  root,  their  results 

'  ^^  V  rf.cot*  A+n,cot»c— (D+cn  cot*  B  ' 

Whence 
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Whence  bf  is  known,  and  the  distances  ab»  bb,  cs,  ar^ 
readtlj  found.    . 

Cor,  When  n  =  <f,  or  n  +  </  =s  3d  =s  2(/,  the  expressioo 
becomes  better  suited  for  logai'ithmic  computation,  being  then 

X  «=  fi?  -r-  V'  (4  cot*  A  4-  4  <^**  c  —  col«  b). 
In  this  case,  therefore,  the  rule  is  us  follows :  Double  the  log> 
cotangents  of  the  angtes^  of  elevation  of  the  extreme  stations, 
find  ihe  natural  numbers  answeriag  thereto,  and  take. half 
their  sum  ;  from  which  subtract  the  natural  number  answerr 
ing  to  twice  the  Jog.  cotangent  of  the  middle  angle  of  e leva* 
tion  :  then  half  the  log.  of  this  remainder  subtracted  from  the 
log  of  (Ire  measured  distance  between  the  1st  and  3d,  or  the 
3d  and  3d  stations,  will  be  the  log.  of  the  height  of  the  object 

PROBLEM  V. 

'bk  an)r  Spherical   Triangle,    knowing  Two  'Sides  and  the 
Included  Angle  ;  it  is  required  to  fii\fl  the  Angle  Compre- 
hended bf  the  Chords' of  those  two  sides. 
Let  the  angles  ot  the  spherical  tri- 
angle be    A,  B,  c,  the  corresponding 
angles  included  by  the  chords  a'i  b, 
c' ;    the   spherical   sides  opposite  the 
former  a,  ^,    f,    the    chords    respect- 
ively opposite  the  latter  *.  )9,  y  ;  then, 
Ihere  are  given  ^,  r,  and  a,  to  find  A*. 

Here,  fromprob   1  equa.  I  chap,  iv,  we  have 

cos  a  =  8in  6  .  sin  r  .  cos  a  +'C08  b  .  cos  c' 
-  But  cos  c  =  cos  (ic+ir)  =  cos«  {c  —  sin*  ic  (by  equa.  v 
Bh.  iii)  =r  ( I— sin'  ic)  —  sin*  ^c  =  1—3  sin*  ^c.    And  in  like 
manner  cos  a  «-   1—2  sin*  ^c,   and    cos  6  ss  1  — •  3  sin*  \6» 
Therefore  the  preceding  equation  becomes 
1  —  3  sin*  |a  =  4  sin  ^  .  cos  ^6  .  Sin  \c  .  cos  \c  .  cos  a  + 

(1-3  iin*  4A)  .  ( I -2  sin*  ^c). 
But  sin  ^  s  |«,  sin  \b  =r  i/3,  sin  4r  ==  ^y :  which  values 
iubslituied  in  the  equation,  we  obtain,  after  a  little  reductiotf, 

S  X  ^  ^^  ""*    «5i8y  .coaiA.cosic  .  cosA+i/9^y*. 

Kow,  (equa^  11  ch.  iii),  cos  a\^  —  2W' "  therefore,  by 

substitution,  ' 

/5y  .  cos  a'  =  Py  .cos  J*  .  cos  Jc  .  cos  a  +  }p»  y*  ; 

whence,  dividing  by  /3y,  there^  results 
COS.  A-  =  id  .  cos  jc  .  cos  A  +  i^  .  Jy ; 

6r,  lastly,  by  restoring  the  values  of  jp,  4y,  we  have 
COS  a'  s  cos  46  •  cos  1^  .  cos  A  +Bm  ip  .  sin  ^. .  •  (!•) 
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Cor,  1.  It  follows  evidently  from  this  formula,  that  when 
the  spherical  angle  is  right  or  obtuse,  it  is  always  srccLler 
than  the  corresponding  angle  of  the  chords. 

Cor*  2.  The  spherical  angle,  if  acute,  is  less  than  the  cor- 
responding angle  of  the  chords^  when  we  have  cos  a  greater 
^..  sin  \b  .  sin  Jc 

than; =—=7 T—T' 

1  —  COS  i^  .  sin  ic 

FROBI£M  Vt 
Snowing  Two  Sides  and  the  Included  Angle  of  a  Rectilinear 
Triangle,  it  is  required  to  find  the  Spherical  Aiiglc  of  th< 
Two  Arcs  of  which  those  two  sides  are  the  chords. 
Here  /S,  y,  and  the  angle  a'  are  given,  to  find  a.     Now, 
since  in  all  cases,  cos  =ss  ^  (i  —sin*),  we  have 

cos  ^  .  cos  }c  =  v'  [(I  —sin*  \b)  .  (I— sin*  Jr)]  ; 
we  have  also,   as  above,  sin  ib  rs:  4/3,  and  sin  ^c   —  |y. 
Substituting  these  values  in  the  equation  i  of  the  preceding 
IjToblem,  there  will  resulti  by  reduction, 

COB  A*  —  iBy  /IT  \ 

^''» *  =v(i-j^(i+i;8y.Tr-^)  (1  +  4^) —  ^"-^ 

To  compute  by  this  formula,  the  values  of  the  sides  /S,  y, 
must  be  reduced  to  the  corresponding  values  of  the  chords  of 
It  circle  whose  radius  is  unity.  This  is  easily  tfTected  by  di- 
viding the  values  of  the  sides  given  in  feet,  or  toises,  tec.  by 
such  a  power  of  10,  that  neither  of  the  sides  shall  exceed  3, 
the  value  of  the  greatest  chord,  when  radius  is  equal  lo  unity. 

From  this  investigation,  and  that  of  the  preceding  problem, 
the  f<^lowing  corollaries  may  be  drawn 

Cor.  1.     If  c  =  3,  and  of  consequence  y  ==?  /3.  then  will 
COS' A'  =■  cos  A  .  cos*  Jr  +  sin*  \c  ;  and  thence 
l-Ssin*  Ja'=  (1—9  sin*  J  a)  cos*  lc  +  (l— cos*  jc):* 
from  which  may  be  reduced 

sin  J  a'  =  sin  J  a  .  cos  ic.  . . .  CHI) 

Cor.,  %  Also,  since  cos  Jc=v'  ^ *  — s"^*  iO  =  V^(l— jlv*)) 
cqua.  II  will,  in  this  case,  reduce  to 

Cor.  3.     From  thie  equation  iii,  it  appears  thut  the  vertical 
angle  of  an  isosceles  spherical  triangle,  is  always  £T^<z/er  than 
the  corresponding  angle  of  the  chords. 
.  Cpr*  4.     If  A  s=  90«,  the  formulse  i>  ii,  give 

cos  a'  =r  sin  4*  .  sin  {c  =  J^y (V.) 

These  five  formulae .  are  strict  and  rigorous,,  whatever  be 
the  magnitude  of  the  triangle.  But  if  the  triangles  be  small, 
the  arcs  may  be  put  in^ead  of  the  sines  in  equa  v,  then 

Cor.  5.  As  cos  a'  =  sin  (QC  -  a')  =  in  this  case,  90<>  —  a'  ; 
the  small  excess  of  the  spherical  rj^ht  angle  over  the  corre* 

spondihg 
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spending  rectilinear  angle,  wilt)  supposing  the  arcs  bf  c,  taken 
in  secoDds,  be  given  in  seconds  by  the  following  expression 

,,0.  -..^=^^....,v,, 

•  The  error  in  this  formula  will  not  amotint  to  a  second^' 
when  6  ^  c  is  less  than  10**,  or  than  700  miles  measured  on 
the  earth's  surface. 

Cor,  6.  If  the  hypothenuse  docs  not  exceed  l4<>,  we  may 
substitute  a  shi  c  instead  of  c,  and  a  cos  c  instead  of  6  ;  thia 
will  p:ive  6c  sxa^  .  sin  c  .  cos  c.  «»  ^*  .  sin  2  (90<>  —  b)  sa  Ja». 
sin  2b  :  whence. 

(90O  -^'j  =  ^J^??-  =   ^"-^.  .  .  .  (VII.) 

If  tf=  l»o,and  B==cs=45^  nearly;  thcnwill90<>^A'  ^17''.T, 
Car.  7.   Retaining  the  S£^ne  hypothesis  of  a  =  90^|  and 
«  =;  or  <  li',  we  have 

6»  cot  B  5c  /*TTT»  % 

Alsoc  -  c'  =  ^.,. (IX.) 

Cor,  8.  Comparing  formulae  viii,  1X5  with  vi,  we  have 
B— B'  =  c  — c'  t=4(90«  ~  k\)  Whenceit  appears  that  th^ 
sum  of  the  two  excesses  of  the  oblique  spherical  angles,  ov^ 
the  corresponding  angles  of  the  chords,  in  a  small  right-an- 
gJed  triangle*  is  equal  to  the  excess  of  the  right  angle  over 
.  the  corresponding  angle  of  the  chords*  So  that  either  of  the 
formulae  vi>  vii,  viii,  ix,  will  suffice  to  determine  the  differ^ 
ence  of  each  of  the  three  angles  of  a  small  right-angled  sphe- 
rical triangle,  from  the  corresponding  angles  of  the  chords. 
And  hence  tbia  method  may  be  applied  to  the  measuring  an 
arc  of  the  meridian  by  means  of  a  series  of  triangles.  See 
arts.  8, 9,  sect.  1  of  this  chapter. 

PROBLEM  vn,    • 

U  a  Spherical  Triangle  abc,  Right  Angled  in  a,  knowing 

the  Hypothenuse  bc  (leas  than  4**)  and   the  Angle   b,  it  is 

required  to  find  the  Error  e  committed  through  finding  by 

Plane  Trigonometry ,*thc  Opposite  Side  ac* 

Referring  still  to  the  diagram  of  prob.  5,  Wj^erc  we  now 

suppose  the  spherical  an^le  a  to  be  right,  we  have  (theor.  19 

chap,  iv)  sin  6  s=  sin  a:,  aln  b    But  it  has  been  remarked  at 

pa.38l  vol.i,that  theVme  of  any  arc  a  is  equal  to  the  sum  of  the 

following  scries  ; 

SIBA^A-—  +  5;5;5-^-^:3;^— +SCC. 
A»  -A*  AT  • 

pr,  am  A  «  A  — ^  +  "{^-^^  +  &c. 

An<^ 
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And,  in  the  present'  enquiry,  all  the  terms  after  the  %tteil^ 
may  be  neglected,  because  the  5th  power  of  an  arc  of  4*^  di- 
vided by    120,  j^ives  a  quotient  not  exceeding  0'^  .  01.     Con- 
sequently, we  may  afsurae  sin  A  =  A  —  ^  ',  sina  a  a  — |a*  ; 
and  thus  the  preceding  equation  wHl  becomey 
d  —  ^A*  =s  sin  B  (a  .—  ^^) 
or,  6  =  a  sin  B  —  ^  (a*  ,  sin  B*—  ^')./ 
Now,  if  tfie  triangle  were  considered  as  rectifinear.we  should 
have  ^  3s  a  .  sin.  b  i  a  theorem  which  manifestly  gives  the 
side  6  or  ac  too  great  by  }(a«  .  sin  b  —  b^).  But,  neglectinj^ 
quantities  of  the  fifth  order,  for  the  reason  already  assignedf 
the  last  equation  but  one  gives  b'  tsaa^  ,  sin'  b.  Thereforef 
by  substitution,  e  »  —7a'  .  sin  b  ( I  «-sin*  b)  :  or,  to  have  this 
error  in  seconds,  take  a"  8=s  the  radius  expressed  in  secondS) 

at  ,  CQSS  B 

so  shall  tf  =a  —  fl  .  sm  B  .     ^  ,.    v  *. 

Cor.  1  If  a»4<>,andB  ^  SS^  16',  in  which  case  the 
value  of  sin  b  •  cos'  b  is  a  maximum,  we  shall  find  e>«sx— 44''» 

Cor  2  If,  with  the  same  data,  the  correction  be  applied^ 
to  find  the  side  c  adjacent  to  the  given  angie^  we  should  have 

,  fli    Bm«  B 

e  39  a  .  cos  B     '    ,.-r, — 

So  that  this  error  exists  in  a  contrary  sense  to  the  other ;  the 
one  being  subtractive,  the  other  additive. 

Cor.  3.  The  data  being  the  satne,  if  we  have  to  find  the ' 
angle  c^  the  error  to  be  corrected  will  be 

e'  =  a*  .  — -TT" 

4lt 

As  to  the  excess  of  the  arc  over  its  chord,  it  is  easy  to  find  it 
correctly  from  the  expressions  in  prob.  5  :  but  for  arcs  tha|t 
are  very  small,  compared  with  the  radius,  a  near  approxima- 
tion to  that  excess  will  l>e  found  in  the  same  measures  as  the 
radius  of  the  earth,  by  taking  ^  of  the  quotient  of  the  cube 
c€  the  length  of  the  arc  divided  by  the  square  of  the  radius, 

PROBLEM  VIH. 

It  is  required  to  Investigate  a  Theorem,  by  means  of  which/ 
'   Spherical  Triangles,  whose  Sides  are  Small  compared  with 
the  radius,  may  bfe  solved  by  the  rules  for  Plane  Trigono- 
metry, without  consideAng  the  Chords  of  the  respective 
Arcs  or  Sides. 

Let  a,  b  c,  be  the-  sides,  and  a,  b,  c,  the  angles  of  a  sphe« 
rical  triangle)  on  the  surface  of  a  sphere  whose  raduis  is  r ; 

then 
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then  a  Aimaat  triangl6  on  tJm  norface  of  a  8p!i«re  ^hoib  nAits 
=  I,  will  have  for  its  side*  ^^  — ,    ~  ;  which,  f6r  the  sake 

ofbrevhy,  we  represent  by  <i;  j9*  y,  respecttvely :  Ihtt^-^y 

-         .             ,                           CM  *— COS /8 ,  cos  ♦   . 
equa.  i  chap,  iv,  we  have  cos  a  =»  — -.■   ^     . '^^ 

Now,  r  being  very  great  with  respect  to  the  sides,  a,  6,  Cf 
\re  may*  as  in  the  iovesugation  of  the  last .  problem,  omit  all 
tiie  terms  containing  higher  than  4th  powers,  in  the  series 
for  the  sine  and  cosine  of  an  arc,  g^ven  at  pv^^^.Tol.i:  so 
shall  we  havcy  without  perceptible  error^ 

And  similar  expressions  may  be  adopted  for .  cqs  fi%  .cos  y^ 
sin  y.     Thus,  the  preceding  equation  will  become 

Multiplying  both  terms  of  this  fraction  by  l+i  (iJ*  +  y*)i  ^ 
simplify  the  denominator,  and  reducing,  there  will  result, 

cos  A    =  _— ij; + j^ ^, 

Here,  restonring  the  vaUies  oi  «,  ^,  y ,  the  second  member  of 
the  equation  will  be  entirely  constituted  of  Hke  combinations 
of  the  letters,  and  therefore  the  whole  may  be  represented  bjr 

Let»  now,  a'  represent  the  angl^  opposite  to  the  4ide  a^  in 
the  rectilinear  triangle  whqse  sides  are  equal  i%|esgth  to  the 
arc^  ajb^c  i  and.  we  shall  have 

b%  +a  ~  (2S  M 

cos  A'  =    ~  ---rr =  ,rr. 

Squaring  this,  and  substituting  for  cos^  A'  its  vahie  1  <*  rin*  a*, 
there  will  result 

-.  4d9  e*  sin*  a'=:o«+*«+c*  -  3fl»  b*^Sta*  c»  -  23»  c»=ir. 
So  thatf  equa.  i,  reduces  to  the  form 

Cos  a  =  cos  a'  —  —r  sm*  a'. 

or* 

Let  A  =  a'  +  ^1  then,  as  x  is  necessarily  very  small,  its  second 
power  may  be  rejected,  and  we  may  assume  cos  a  s  cos  a'-^ 
:r  •  sin  a'  :  whence,  substituting  for  cos  a  this  value  of  itiifOi 

shall  have  or  «•  ^^  .  sin  a'. 

or* 

It  hence  appears  that  x  is  of  the  second  order^  with  respect 

to  —  and  ^i  and  of  course  that  the  result  is  exact  to  quan« 

Vol.  II.  M  tiaes 
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tUicift  within  the  foonh  order.    ThersfQre,  because  Aa A'+'y 

A  =  a'  +  1^  .  sin  A'. 

Butt  by  fnrob.  3  rule  3»  Mensuration  of  Planes  {be  sin  a^  i9 
the  area  ef  the  rectilinear  triapgle,  whose  sides  are  a,  b,  and  r. 

Therefore  a  a  a  +  ^  j 
»'*=*— 57?- 


In  likel  B'  =  B  -  ^. 


mannerl  ^ 


AlldA*+8'  +  C*«=  1«0»=  A+B  +  C-~. 

or,~s3A  +  B+e-  ISO*. 

Whence,  since  the  spherical  excess  is  a  measure  of  the  area 
(th.  5  ch«iT)y  we  have  this  theorem  :  viz. 

ji  Mpherical  triangle  being  firo/iOMed^  ^f  vfhkh  the  Met  cr^ 
very  emallj  eon/ipated  with  the  rtuUua  qf  the  9fihere  $  if  from 
each  tif  ite  angles  one  third  </  the  exceed  of  the  eum  qf  it9 
three  angleo  above  two  right  angleo  be  oubtractedj  the  angles 
00  dimtniohed  may  he  taken  for  the  angleo  qf  a  rectilinear 
triangle^  Vfhooe  oideo  are  equal  in  length  to  those  of  the  prO' 
pooed  ofiherical  triangle** 

SchoHum* 

We  bave  i^ady  given,  at  th.  5  chap,  ivy  expressions  for 
finding  the  spherical  excess,  in  the  two  cases,  where  two  sides 
and  the  inchided  angle  of  a  tilangle  are  known,  and  where 
the  three  sides  are  known.  A  few  additional  rules  may  with 
propriety  be  presented  here. 

!•  The  spherical  excess  k^  may  be  found  in  seconds,  by  the 

expression  b  «» ;  where  s  is  the  surface  of  the  triangle  ss 

,  ^         .  *    » '^    •  .  .  -   .   sin  B  .  sin  c       , 

16c  •  sui  A  ss  iab  •  sm  CB  |ac  .  sin  B  «  {a*,  -r-^ — - — =,  r  m 
,  *       sin  (b  +  c) 

the  radius  of  the  earth,  in  the  same  measures  as  a,  6,  and  c» 

and  sc"^  s=  S06364"'6,  the  seconds  in  an  arc  equal  in  length  to 

the  radius. 

If  this  formula  be  applied  logarithmically ;  then  log  &"  s^ 

log.  -i-^  as  5^aU435l. 

*  This  curious  theorem  was  first  announced  by  M.  Le^ndre,  in  the 
Memoirs  of  the  Paris  Academy,  for  178r*  Legetidre's  investigation  is 
nearly  the  same  as  the  above  :  a  shorter  investigation  is  given  by 
S vanber^,  at  pa.  40«  of  his  **  £xpositioo  des  Operations  ijutes  en  Lap* 
ponie  ;**  but  it  is  defective  in  point  of  perspicuity, 

3.  From 


Digitized  by  VjOOQIC 


SPHERICAL  EXCESS.  «3 

* 

3.  pRMli  the  logarithm  of  the  area  oF  the  triangle,  taken 
as  a  plane  one,  in  feet,  subtract  the  constant  log  9  3367737 
then  the  remainder  U  Uie  logarithm  of  the  excess  above  180* 
in  seconds  nearly*. 

3.  Since  s  «a  |^  .  sin  a,  we  shall  manifestly  have  b  s£ 
," 
^   be.  sin  A.    Hence,  if  from  the  vertical  angle  tf  we  demit 

2rS 

the  perpendicular  so  upim  the  base  ac,  dividing  it  into  the 
two  segments  «,i3,  we  shall  have  d  »  «+^9 

and  thence  s» ^  c(«+  /*)  w  ^  =^2^?  *^' 
sin  A  4---^  /Be .  sin  a.  But  the  two  right- 
angled  triangles  ABn>cBD,being  nearly  rec- 
tilinear, give  «=a  .  cos  c,  and  fissc  •  cos  a; 
whence  we  have 

r''  h" 

B  =3 --  oc .  sin  A  •  cos  c+  -— c*  .  sin  a  .  cos  a. 

2r*  2r« 

In  like  manner,  the  triangle  abc,  which  itself  is  so  small  as  to 
diFer  but  little  from  a  plane  triangle*  gives  c  .  sin  A=a  .  sin  c. 
Also,  sin  A  .  cos  a  =  ^  sin  2  a,  and  sin  c  .  cos  c  =s  -^  sin  2c 
(equa.  xv.  ch.  iii).    Therefore,  finally, 

B  =  ^^*  .  sin  2f+  ^*  .«in  2^. 

From  this  theorem  a  table  may  be  formed,  from  which  the 
spherical  excess  may  be  found ;  entering  the  table  with  each 
df  the  sides  above  the  base  and  its  adjacent  angle,  as  argu- 
ments. 

4*  If  the  base  i  and  height  A,  of  the  triangle  are  givoBy 

then  we  have  evidently  b  =  ^bh  --•  Hence  results  the  fol- 
lowing simple  logarithmic  rule :  Add  the  logarithm  of  the 
base  of  the  triangle,  taken  in  feet,  to  the  logarithm  of  the 
perpendicular!  taken  in  the  same  measure  ;  deduct  from  the 
sum  the  logarithm  9'627fiOS7  ;  the  remainder  will  be  the 
common  logarithm  of  the  spherical  excess  in  seconds  and 
decimals. 

5.  Lastly,  when  the  three  sides  of  the  triangle  are  given 
in  feet  •  add  to  the  logarithm  of  half  their  sum,  the  logs,  of 
the  three  differences  of  those  sides  and  that  half  sum,  divide 
the  total  of  these;  4  logs,  by  3,  and  from  the  quotient  subtract 
the  log.  9-3267737  ;  the  remainder  will  be  the  logarithiyi  of 
the  spherical  excess  in  seconds  Sec.  as  before. 

One  or  other  of  these  rules  will  apply  to  all  cases  in  which 
the  spherical  excess  will  be  required. 

•  This  is  Genenl  Rof  s  rule  given  in  the  Fhilorophic^^JMc^ 
tioafe  for  1790,  pa.  171.  TBOBI  j:m 
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ntOBl^M  IX. 

Cmp  the  Measure  of  a  Base  on  any  EIcTated  Level ;  to  find 
its  Measure  when  Reduced  to  the  Level  of  the  Sea. 

Let  r  represent  the  radius  of  the  earth,  or  the  distance 
from  its  centre  to  the  surface  of  the  sea,  r  +  h  the  radius  re- 
ferred  to  the  level  of  the  base  measured,  the  altitude  hhtmg 
determined  by  the  rule  for  the  measurement  of  such  altitudes 
bj  the  barometer  and  thermometer,  (in  this  volume)  ;  let  b  be 
the  length  of  the  base  measured  at  the  elvation  A,  and  &  that 
of  the  base  referred  to  the  level  of  the  sea. 
Then  because  the  measured  base  is  all  along 
reduced  to  the  horizontal  plane,  the  two,  b 
and  6,  will  be  concentric  and  similar  arcs,  to  the 
respective  radii  r  4-  A  and  r.  Therefore,  since 
similar  arcs,  whether  of  spheres  or  spheroids, 
are  as  their  radii  of  curvature,  we  have 

r  +  htr  li  B-  b^  -rn 

Hence^also  B— ^  s=:  8--^='-T7  ;   ^^^   ^Y    actually    divi« 

ding  bA  by  r  +  A,  we  shall  have 

k       A«        AS        A* 

B-*  «  B  X  ( + +  &C0 

r        r9         r^        r4 
Which  ii4ftn  accurate  expression  for  the  excess  of  b  above  b. 

But  the  aean  radius  of  the  earth  being  more  than  21  mil- 
lion feet,  if  A  the  difference  of  level  we^e  50  feet,  the  second 
and  all  succeeding  terms  of  the  series  could  never  exceed 
the  fraction  TTfrriyU wirr '»  and  may  therefore  safely  be  neg- 
lected  :   so  that  for  ail  practical  purpt)ses   we  may  assume 

B—  A  =  — .   Or,  in  Ibgaiithms,  add  the  logarithm  of  the 
r 

measured  base  in  feet,  to  the  logarithm  of  its  height  above 

the  level  of  the  sea,  subtract  from    the  sum  the  logarithm 

7*3*^33947,  the  remainder  will  be  the  logarithm  of  a  number, 

which  taken  from  the  measured  base  will  leave  the  reduced 

base  required. 

PROBLEM  X. 

To  determine  the  Hotizontal  Refraction. 

1.  Particles  of  light,  in  passing  from  any  object  through 
the  atmosphere,  or  part  of  it,  to  the  eye,  do  not  proceed^  in  a 
right  line  ;  but  the  atmosphere  being  composed  oi  an  infini- 
tude of  strata(if  we  may  so  call  themj  whose  density  increases 
a«  they  are  posited  nearer  the i^xth,  the  luminous  rays  which 

pass 
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pass  through  it  are  acted  oo  as  if  they  passed  successively 

through  media  of  increasing  density,  and  are  therefore  Infiect- 
ed  more  and  more  towards  the  earth  as  the  density  augments. 
In  consequence  of  this  it  isy  that  rays  from  objects,  whether 
C^elestial  or  terrestrial,  proceed  in  curves  which  are  concave  to* 
wards  the  earth  ;  and  thus  it  happens,  smcethe  eye  always  re- 
fers  the  place  of  object  io  the  direction  in  which  the  rays 
reach  the  eye,  that  is,  to  the  directioh  of  the  tangent  to  the 
curve  at  that  point,  that  the  apparent,  or  observed  elevations 
of  objects,  are  olvf^y^  greater  than  the  true  ones.  The  differ- 
ence of  these  elevations,  which  is,  in  fact,  the  effect  of  refrac- 
tion, ist  for  the  sake  of  brevity,  called  refraction  :  and  it  is  dis- 
tinguished into  two  kinds,  horizontal  or  terrestrial  refraction, 
being  that  which  affects  the  altitudes  of  hills,  towers,  and 
other  objects  on  the  earth's  surface  ;  and  astronomical  refrac- 
tion, or  that  which  is  observed  with  regard  to  the  altitudes  of 
heavenly  bodies^  Rt^fraction  is  found  to  vary  with  the  stale  of 
the  atmosphere,  in  regard  to  heat  or  cold,  humidity  or  dry- 
ness, &c  :  so  that,  deteruiinations  obtained  for  one  state  of  the 
atmosphere,  will  not  answer  correctly  for  another,  without 
modification.  Tables  commonly  exhibit  the  refraction  at  dif- 
ferent altitudes,  for  some  assumed  mean  state. 

2.  With  regard  to  the  horizontal  refraction  the  following 
method  of  determining  it  has  6een  successfully  practised  ilk 
the  English  Trigonometrical  Survey. 

Let  Ai  it',  be  two  elevated  stations  on 
the  surface  of  the  earth,  bd  the  inter- 
cepted arc  of  the  eauih's  surface,  c  the 
earth's  centre,  ah',  a'u,  the  horizontal 
lines  at  a,  A  ^,  produced  to  meet  the  oppo- 
site vertical  lines  ch',  ch.  Let  a,  a,  re- 
present the  apparent  places  of  the  objects 
A,  k\  then  is  a  A  a' the  refraction  observ- 
ed at  A,  and  aAA  the  refr^tion  observed  at  a'  ;  and  half  the 
sum  of  those  angles  will  tte  the  horizontal  refraction,  if  we  as- 
sume it  equal  at  each  station. 

Now>  an  instrument  being  placed  at  each  of  the  stations 
A,  aS  the  reciprocal  observations  are  made  at  the  same  in- 
stant of  time^  which  is  determined  by  means  of  signals  or 
watches  previously  regulated  for  that  purpose  ;  that  is,  the 
observer  at  a  takes  the  apparent  depression  of  aV  at  the  same 
moment  that  the  other  observer  takes  the  apparent  depression 
of  A. 

In  the  quadrilateral  aca'i,  the  two  angles  a,  V,  are  right 
angles,  and  therefore  the  angles  i  and  c  are  together  equal  to 
two  right  angles  Tbut  the  three  angles  of  the  triangle  iaa' 

arc 


Digitized  by 


Google 


U  TRfGONOMETRICAL  SURVEYING. 

are  togrether  equal  to  two  rig;ht  unfiles  ;  and  consequentlj  the 
ang:les  a  and  a'  are  together  equal  to  the  angle  c,  which  is 
measured  by  the  arc  bd.  If  therefore  the  sum  of  the  two 
depressions  HA'tf,  H^Aa',  be  taken  from  the  snm  of  the  angles 
«A  ah'aa'  or,  which  is  equivalent,  from  the  angle  c  ^which, 
it  known,  because  its  measure  bd  is  known ' ;  the  remainder 
is  the  sum  of  both  refractions,  or  angles  aa'a,  o'aa'.  Hence 
this  rule,  take  the  9um  of  the  tvfo  dr fir esBions  from  the  fneC" 
mire  of  the  xntereefUed  terrestrial  arc,  half  the  remainder  xb  the 
refraction 

3.  If,  by  reason  of  the  minuteness  of  the  contained  arc  bD| 
one  of  the  objects,  instead  of  being  depressed,  appears  ele- 
vated, as  suppose  a'  to  o":  then  the  sum  of  (he  angles  a"  aa' 
and  aAA  will  be  greater  than  the  sum  iaa +ia'a,  or  than  c, 
by  the  angle  of  elevation  a"  a  a'  ;  but  if  from  the  former  sum 
there  be  taken  the  depression  ha'  a,  there  will  remain  the 
sum  of  the  two  refractions.  So  that  in  this  case  the  rule  be- 
comes as  follows :  take  the  dcfiression  from  the  sum  of  the 
contained  arc  and  elevation,  half  the  remainder  ia  the  re- 
fraction, 

5.  The  quantity  of  this  terrestrial  refraction  is  estimated 
by  Dr.  Maskelyne  at  one-tenth  of  the  distance  of  the  object 
observed,  expressed  in  degrees  of  a- great  circle.  So,  if^the 
^distance  be  10000  fathoms,  its  JOth  part  1000  fathoms,  is  ^he 
60th  part  of  a  degree  of  a  great  circle  on  the  earth,  or  1  \which 
therefore  is  the  refraction  in  the  altitude  of  the  object  at  that 
distance* 

But  M.  Legendre  is  induced,  he  says,  by  several  experi- 
ments, to  allow  only  ^'^th  part  of  the  distance  for  the  refrac- 
tion in  altitude.  So  that,  on  the  distance  of  lOOOC  fathoms, 
the  14th  part  of  which  is  714  fathoms,  he  allows  only  44"  of 
terrestrial  refraction,  so  many  toeing  contained  in  the  714 
fathoms.  See  his  Memoir  concerning  the  Trigonometrical 
operations,  Sec.  «  ^ 

Again»  M  Delambre,  an  ingenious  French  astronomer, 
makes  the  quantity  of  the  terrestrial  refraction  to  be  the  1 1th 
part  of  the  arch  of  distance.  But  the  English  measurers, 
especially  Col.  Mudge,  from  a  multitude  of  exact  observa- 
tions, determine  the  quantity  of  the  medium  refraction,  to  be- 
the  1 2tb  part  of  the  ssud  distance. 

The  quantity  of  this  refraction,  however,  is  found  to  vary 
considerably,  with  the  different  states  of  the  weather  and  at- 
mosphere, from  the  |th  to  the  ^h  of  the  contained  arc.  Sec 
Trigonometrical  Surveyi  vol.  I  pa.  160^  355, 
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Having:  g^ven  the  mean  results  of  observadons  op  the  ter- 
rcttrial  refraction,  it  may  not  be  amiss,  though  we  cannot 
enter  at  large  into  the  investi^tionv  to  present  here  a  correct 
table  of  mean  astronomical  refractions.  The  table  which  has 
been  most  commonly  given  in  books  of  astronomy  is  Dr. 
Bradley's,  computed  from  the  rule  r  s  57"  X  cot  (a  +  3r)| 
where  a  is  the  altitude,  r  the  refraction,  and  r  as  d'S5 "  when 
a  =  20«.  But  it  has  been  found  by  numerous  observations^ 
thai  the  refractions  thus  computed  are  rather  too  Mmall. — 
Laplace^  in  his  Mecanique  Celeste  (tome  iv  pa.  27)  deduces 
a  formula  which  is  strictly  similar  to  Bradley's;  for  it  is 
r  SB  m  X  tan  {z-^-nr)^  where  z  is  the  zenith  distance,  and  m 
and  n  are  two  constant  quantities  to  be  determined  from  ob- 
servation. The  only  advantage  of  the  formula  given  by  the 
French  philosopher,  over  that  given  by  the  English  astrono- 
mer, is  that  Laplace  and  his  colleagues  have  found  more 
correct  coefficients  than  Bradley  had. 

Ngw>  if  a  ss  57^-2957795,  the  arc  equal  to  the  radhis»  if 

k'SL 

we  make  m  ca-*—,  (where  k  is  a  constant  coefficient  which,as 
well  as  n,  is  an  abstract  number,)  the  preceding  equation  will 
become —  =  it  >c  tan  (z^nr\    Here,  as  the  refraction  r  is 

R 

always  very  small,  as  well  as  the  correction  nr,  the  trigono- 
metrical tangent  of  the  arc  nr  may  be  substituted  for-^^;  thus 

we  shall  have  tan  nr  =  A:  .  tan  (z^nr). 

But  nrr^^z-^  (iz — nr) ....  r— «r  =  ^z  +  {Iz-'-^r)  j 


von     ff  a«M>    ._.._ 

Conseq.-^!!L?fL^^ 2. 2__s.ng-gtn(g^2nr)  ^^ 

tan  (z--nr)  ^  4.  z^Znr     sin  z  f  8in(z-2af) 

Hencej  sio  (z— 27ir)«  -^ .  sin  j?.  ^  •  - 

This  formula  is  easy  to  use,  when  the  coefficients  n  and  — 

are  known  :  and  it  has  been  ascertahied,  by  a  mean  of  many 
ebsenrations»  that  these  are  4  and  -99765175  respectively. 
Thus  Laplace's  equation  becomes 

sin  (z— 8r)  «  -99765175  sin  r : 
and  from  this  the  following  table  has  been  computed.  Besides 
the  refractions,  the  differences  of  refraction,  for  every  10 
minutes  of  altitude,  are  given  ;  an  addition  which  will  render 
Hie  table  more  extensively  useful  in  all  cases  where  great 
atcnracy  is  required. 
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"to  find  the  Angle  made  by  a  Olrin  Line  Vith  the 
Meridian. 

i.  The  easiest  niethod  of  finding  the  angular  distance  of  A 
given  line  from  the  meridian,  is  to  measure  the  greatest  and 
the  least  angular  distance  of  the  vertical  plane  in  which  is  th« 
star  marked  a  in  Ursa  minor  (commonly  called  the  ftoU  9tary^ 
from  the  said  lirte  ;  fot  half  the  sum  of  these  iwo  measures 
will  manifescly  be  the  angle  required. 

S.  Another  method  is  to  observe  when  the  sun  Is  on  Che 
given  tine  ;  to  measure  the  altitude  of  his  centre  at  tliat  timei 
and  correct  it  for  refraction  and  parallax.  Then,  in  the  sphe* 
rical  triangle  zps,  where  2  is  the  zenith 
•f  the  place  of  observation,  p  the  ele* 
rated  pole,  and  s  the  centre  of  the 
aun,  there  are  supposed  given  zs  the        /^^^^ 


Z:^' 


eenith  distance,  or  co-altuude  ot  the 
sun,  PS  the  co-declination  of  that  lu- 
ininary,  pz  the  co-latitude  of  the  place  of  observation^  and 
ZFB  the  hour  angle,  measured  at  the  rate  of  15^  to  an  hour, 
to  iind  the  angle  szp  between  the  meridian  pz  and  the  ver« 
lical  zs,  on  which  the  sun  is  at  the  given  time.  And  here* 
as  three  sides  and  one  angle  are  kiK>wn,  the  required  angle  is 
readily  found,  by  .  saying*  as  sine  zs :  sine  zps  t :  sine  ps  • 
•be  pzs  ;  that  is,  as  the  cosine  of  the  sun's  altitude,  is  to  the 
dne  of  the  hour  angle  from  noon  y  so  b  the  cosine  dT  the  sun's 
declination,  to  the  sine  of  the  angle  made  by  the  given  vertical 
and  the  meridian. 

M}ie.  Many  other  methods  are  given  in  books  of  Astro- 
nomy ;  but  the  above  are  sufficient  for  our  present  purpose. 
The  first  is  independent  of  the  latitude  of  the  place  I  the  se« 
cond  requires  it. 

PROBLEM  Xa.  . 

To  find  the  latitude  of  a  Place., 

The  latitude  of  a  place  may  be  found  byobserinng  tjtip 
greatest  and  least  altitude  of  a  circumpolftr  star,  and  then 
applying  to  each  the  correction  for  refraction  ;  so  shall  half 
the  sum  of  the  eltitudcs,  thus  corrected^  be  the  altitude  oj^ 
the  pole,  or  the  latuude. 

Vei.W.  N  I'or^ 
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,  For,  if  p  be  the  elevated  pole,  «r 
the  circle  described  by  the  star»  fr 
am  Kz  the  latitude  :  then  since  va  ss 
p/,  PR  must  be  =ss  i  (iif  +  na). 

This  method  is  obviously  indepen- 
dent of  the  declination  of  the  star  : 
it  is  therefore  most  commonly  adopt- 
ed   in    trigonometrical    surveys,    in  

"vrhich  the  telescopes  employed  are  Mi 

of  such  power  as  to  enable  the  observer  to  see  stars  in  the 

day*time  :  the  pole-star  being  here  also  made  use  of. 

Numerous  other  methods  of  solving  this  problem  likewue 
are  given  in  books  of  Astronomy  ^  but  they  need  not  be  d«-^ 
tailed  here. 

CoroL  If  tho  mean  altitude  ot  a  circnmpolar  star  be  thus 
jneasuredi  at  the  two  extremities  of  any  arc  of  a  meridian*  the 
difTerence  of  the  altitudes  will  be  the  measure  of  that  arc  < 
and  if  it  be  a  small  arc,  one  for  example  not  exceeding  a  de- 
gree of  the  terrestrial  meridian,  since  such  small  arcs  differ 
extremely  little  from  aros  of  the  circle  of  curvature  at  their 
middle  points,  we  may,  by  a  simple  proportion,  infer  the 
length  of  a  degree  whose  middle  point  is  the  middle  of  that 
arc. 

Scholium.  ' 

Though  it  is  not  consistent  with  the  purpose  of  this  chap- 
ter to  enter  largely  into  the  doctrine  of  astronomical  spherical 
problems ;  yet  it  may  be  here  added,  for  the  sake  of  the  young 
student,  that  if  a  set  right  ascension^  d  »  declination,  I  ms. 
latitude,  A  bs  longitude,  p.  sa  angle  of  position  (or,  the  angle 
at  a  heavenly  body  formed  by  two  great  circles^  one  passing 
through  the  pole  of  the  equator  and  the  other  through  the 
pole  of  the  ecliptic),  i  »  inclination  or  obliquity  of  the  eclip- 
tic, then  the  following  equations,  most  of  which  are  new, 
obtain  generBlly»  for  all  the  stars  and  heavenly  bodies* 

1.  tan  a  =3  tan  A  .  cos  t  -^  tan  /  .  sec  A  .  sint. 
3.  sin  ^  aa  sin  A .  cos  / .  sin  t  +  sin  /  •  cos  t. 

3.  tan  A  «=  sin  i  .  tan  <i  •  sec  a  +  tan  a  .  cos£. 

4.  sin  /  S3  sin  (/  .  cos  i  —  sin  a  .  cos  d  •  sin  t. 

5.  cotan/t  B3S  cos  d  .  sec  a  .  cot  i  +  sincC .  tan  a. 

6.  cotan /I  ss  cos  / .  seC  A  .  coti  .^  sin  /  •  tan  ^. 
7  cos  a.,  cos  d  =  cos  I .  cos  A. 

8.'  sin  fr  .  cos  d  ss  sin  i .  cos  a. 

9.  sin  fi  .  cos  A  c^  sin  i  .  cos  a. 

10.  tan  a  sas  tan  A  .  cos  z.  >  when  /  «s  0,  as  is  Always  the  c;aUe. 
il.cos  Asscosa.co8c/.>         with  the  8i]D* 
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TO  FIND  THE  LATITUDE-  ?i 

'T-heiiiTestigatioiioftbes^  equations^  nrhich  is  ommittedfor 
the  sake  of  brevity^  depends  on  the  resolution  of  the  spheri- 
cal triangle  whose  angles  are  at  the  poles  of  the  ecliptic  and 
equator,  and  the  giyen  star,  or  luminary. 

PROBLEM  Xin. 

To  determine  the  Ratio  of  the  Earth's  Axes,  and  their  Actual 

Mugniiudc,  from   the.  Measure  of  a  Degree  or  Smaller 

Portion  of  a  Meridian  in  Two.  Given  Latitudes  ;  the  earth 

being  supposed  a  spheroid  generated  by  the  rotation  of  an 

•     ellipse  upon  its  nunur  axis. 

.  Let  AJ>BB  represent  a  meridian 
•f  the  earth,  db  its  minor  axis, 
Ab  a  diameter  of  th^  equator, 
M,  m,  arcs  of  the  same  number 
of  degrees,  or  the-  same  parts  of 
a  degree,  of  which  the  lengths 
are  measured,  and  which  are  so 
small,  compared  with  the  mag- 
nitude of  the  earth,  that  they 
may  be  considered  as  coinciding  with  arcs  of  the  osculatovy 
circles  at  their  respective  middle  points  ;  let  mo,  7no,  the  radii 
of  curvature  of  those  middle  points,  be=R  and  r  respectively; 
MP,  m/i,  ordinates  perpendicular  to  ab:  suppose  further  cDs=r, 
CB  =»  d;  d*^  e»  =  tf*  CF  sss  a? ;  cfi  rsu  ;the  radius  or  sine 
total  c=  1  ;  the  known  angle  bsm,  or  the  latitude  of  the  mid- 
dle point  M,  ss  L  3  the  known  angle  B«m,  or  the  latitude  of  tho 
the  point  7n,  s  /;  the  measured  lengths  of  the  arcs  m  and  m 
being  denoted  by  those  letters  respectively. 

Now  the  similar  sectors  whose  arcs  are  m,  m,  and  radii  of 
curvature  k,  r,  give  r  s  r :  :  m  :  m;  and  consequently  Rtn  « 
rM.     The  central  equation  to  the  ellipse  invest^fited  at  p.  29 

of  this  volume  gives  PM  =s  ^i/  W>-ar*);/im=i.^((i«-.u»); 

alsosp  e5»  — 5/is=s-jj  (by  th.  17  Ellipse).    And  the  method 

of  finding  the  radius  of  curvature  (Flux.  art.  74,  75)i  ap- 
plied to  the  central  equations  above,  gives 

(</*-.  fSx»)5  ,  (^4-e*t«*)l^     ,         ,       ,       ^ 

B  =  ^7^ — —' ;  and  r  ^^ 74d^'  ^^  ^^®  ^^^^^  ^^^* 

the  triangle  spm  gives  sp  :  pm   :  :  cos  l  :  sin  l  ;  that  is^ 
■—  :  -v  (d*  —  x')  : :  cos  l  :  sni  l;  whence  x^ss--      ^  .  ,  ■« 

And  from  a  like  process  there    results,  »*  ««  ^TZ^Zi^C 

"'  Sub' 
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^  TWQOl^O*^tTltICAL  SURVfiYlNG. 

Bubstilpting  in  tbe  e^aliotJ  um  «  rM,  for  »,  and  r  their 
valuer,  for  x*  and  a*  ihcir  values  just  found,  and  obscrvio  j 
thai  sin?  l  +  cds*  l  w  ),  and  am*  /+ cos*  l«»  I,  w*  shall  find 
m M 

(d»  -  e»  sin*  i)*     (rf»  -<?*  »in»  ly^ 

or  m  erf*  -  <?'  sin*  /)^  s  m td*  -e^  sin«  l)^ 

or  jfi^.d*— <?*  6in>  /)  «m^  (iaf-— <•»  sin*  l). 
From  this  there  arises  e*  mm  d« — c»  (by  hyp.)  =s 

-r— ;   ^"^Ta-^^- 


M^sin^L-w^sin*/  ^*  f 

and  consequently  the  reciprocal  of  this  fraction,  or 

^         Mlf»in*  L  —  m*8in>  I (MJstnL  4'twTsiD  /).  (>tTajn  l— w'^siB  Q 

.  m3  ooft*  /-*  mTco8«  l    (fli^  :08/+mTcosl)  .  (twTcos/— M^COS  i). 

WhencOi  by  extracting  the  root,  there  resuhs  tinaUy 

*  (WTCOS/  +mTC0S  L)  .  {tli^  cos  /—  M3C08L) 

This  expression,  which  is  simple  and  symmetrical,  has  been 
obtained  without  any  developement  into  series,  without  any 
omission  of  terms  on  the  supposition  that  they  are  indefinitely 
small?  or  any  possible  deviation  from  correctness,  except  what 
may  arise  from  the  want  of  coincidence  of  the  circle  of  cur- 
vature at  the  middle  points  of  the  arcs  measured,  with  the  arcs 
themselves  j  and  this  source  of  error  may  be  diminished  at 
pleasure,  by  diminishing  the  magnitude  of  the  arcs  measured  * 
though  it  must  be  acknowledged  that  such  a  procedure  may 
give  rise  to  errors  in  the  practice,  which  may  more  than  coun« 
terbalancej^he  small  one  to  which  we  have  just  adverted- 

Cor.  K-noWing  the  number  of  degrees,  or  the  parts  of  dc- 
grees,  in  the  measured  arcs  m,  w,  and  their  lengths,  which 
are  here  regarded  as  the  lengths  of  arcs  to  the  circles  which 
haven,  r,  for  radii,  those  radii  evidently  become  known  in 
magnitude.  At  the  same  time  there  arc  given  the  algebraic 
values  of  n  and  rt  thus,  taking  r  for  example,  and  cxtermU 

iiating  tf«andaF«,ihcrcre|ultsa«— — — -'  There^ 

ibre,  by  putting  in  this  equation  the  known  ratio  of  d  to  c, 
there  will  remain  only  one  unknown  quantity  d  or  c,  which 
inay  of  course  be  easily  determined  by  the  reduction  of  the 
last  equation  ;  and  tbuts  all  the  dimensions  of  the  terrestrial, 
spheroid  will  become  known. 
"•    '  General 
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FIGURl  OF  %e  EAItm       -         ^, 

General  Scholium  mnd  RemarJtB, 

1.  The  value — •!,  s=s-^^  is  called  the  rom/^r^^^ton  of  the 

terrestrial  spheroid,  and  it  manifestly  becotne<  known  when 

the  ratio  -  is  determined.    But  the  measurements  of  philoso^ 

phers,  however  carefully  conducted,  furnish  resulting  com* 
pressions,  in  which  -the  discrepancies  are  much  greater  than 
might  be  wished.  General  Roy  has  recorded  several  of  these 
in  the  Phil  Trans,  vol  77^  and  later  measurers  have  deduced 
others.  Thus,  the  degree  measured  at  the  equator  by 
fiouguer,  compared  with  that  of  France  measured  l>y  Me- 

chain  and  Delambre,    gives  for    the  compression  — «  also 

d  =  3271208  toises,  e  =  3361443  toises,  tf— c  =*  9765  toises* 
General  Roy's  sixth  spheroici,  from  the  degrees  at  the  equa» 

tor  and  in  latitude  45^,  gives  — ^.  -  Mr.  Dalby   makes  d  eb 

^  309-3  ' 

3489932  &thoms,  c  =s  3473656.  Col*.  Mudge  d  =  3491420, 
«  =s  3468007,  or  7935  and  7882  miles.  The  Degree  mea- 
sured at  Quito,  compared  with  that  measured  in  llapland  by 

Swanberg)  gives  compression  s=  rrr;?'    ^^^^^^s'^  observan 

tf ODs,  compared  with  Bouguer's  give  ^-       .      3wanberg's 

compared  wiiji  the  degree  of  Ddambre  and  Mechain  t;—^' 

Compared  with  Major  Lambton's  degree  x^fTL'  A  minimum 

of  errors  in  Lapland,  France,  and  Peru  gives  3^..     Laplace, 

from  the  lunar  motions,  finds  compression  ea  ~,  From  the 
theory  of  gravity  as  applied  to  the  latest  bbservation  of  Burg, 
Maskelyne,.  &c.  £g-^^'    From  the  variation  of  the  pendulum 

in  different  latitudes  ^  ■   g»    Dr.  Robinson,  assuming  the  vn-^ 

Hation  of  gravity  at   -^,  makes  the  (Compression  --<.    Others 

give  results  varying  froni  — —  to  — ;   but  far  the  '  greater 

number  of  observations  differ  but  little  from  r— j  which    the 

304 

computaUon  from  the   phenomena  of  the  precession  of  the 

equinoxes  and  the  nutation  of  the  earth's  axiS}  gives  for  the 

maximum  limit  of  the  compression.  3*  From 
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94  TRiGONOME'nijftAL  SURVEYING 

2.  From  the  various  results  of  careful  admeasureinents  it 
happens,  as  Gen.  Roy  has  remarked,  ^<  that  philosophers  are 
not  yet  agreed  in  opinion  with  regard  to  the  exact  figure  of 
the  earth ;  some  contending  that  it  has  no  regular  figure,  that 
is,  not  such  as  would  be  generated  by  the  revoIuJon  of  a 
curve  around  its  axis.  Others  have  supposed  it  to  be  an 
ellipsoid  ;  regular,  if  both  polar  sides  should  have  the  same 
degree  of  flatness  ;  but  irregular  if  one  should  be  flatter  than 
the  other.  And  lastly,  some  suppose  it  to  be  a  spheroid  dif* 
iipringfroro  the  ellipsoid,  but  yet  such  as  would  be  fornied  by 
the  revolution  of  a  curve  around  its  axis/'  According  to  th« 
theory  of  gravity  however,  the  earth  must  of  necessity  have 
its  axes  approaching  nearly  to  either  the  ratio  of  1  to  680  or 
303  to  304  i  and  as  the  former  ratio  obviously  does  not 
obtain,  the  figure  of  the  earth  mu9t  be  such  as  to  correspond 
nearly  with  the  latter  ratio. 

3.  Besides  the  method  above  described,  others  have  been 
proposed  for  determining  the  figure  of  the  earth  by  measure- 
ment. Thus  that  figure  might  be  ascertained  by  the  mea* 
suroment  of  a  degree  in  two  parallels  of  latitude  ;  but  not  so 
accurately  as  by  meridional  arcs,  1st.  Because,  when  the  dis- 
tance of  the  two  stations,  in  the  same  paraliel  is  measured, 
the  celestial  arc  is  not  that  of  a  parallel  circle,  but  is  nearly 
the  arc  of  a  great  circle,  and  always  exceeds  the  arc  that  cor- 
responds truly  with  the  terrestrial  arc.  2dly,  The  interval 
of  the  meridian's  passing  through  the  two  stations  must  be 
determined  by  a  time- keeper,  a  very  small  error  in  the  going 
of  which  will  produce  a  very  considerable  error  in  the  com- 
putation. Other  methods  which  have  been  proposed,  are,  by 
x:ompuring  a  degree  of  the  meridian  in  any  latitude,  with  a 
degree  of  the  curve  perpendicular  to  the  meridian  in  the  same 
latitude  s  by  comparing  the  measures  of  degrees  of  the  curves 
perpendicular  to  the  meridian  in  different  latitudes  ;  and  by 
comparing  an  arc  of  a  meridian  with  an  arc  of  the  parallel  of 
latitude  that  crosses  it.  The  theorems  connected  with  these 
and  some  other  methods  are  investigated  by  Professor  Play- 
fair  in  the  Edinburgh  Transactions,  vol.  v,  to  which,  together 
with  the  books  mentioned  at  the  end  of  the  Ist  section  of  this 
chapter,  the  reader  Is  referred  for  much  useful  infonnatioo 
on  this  highly  interesting  subjecu 

Having  thus  solved  the  chief  problems  connected  with 
Trigonometrical  Surveying,  the  student  is  now  presented 
with  the  following  examples  by  way  of  exercise. 

£:v.  1.  The  angle  subtended  by  two  distant  objects  at  a 
third  object  is  66**  30'  39";  one  of  those  objects  appeared  under 
an  elevation  of  25'  47',  the  other  under  a  depression  of  1". 
jRcrquired  the  reduced  horizontal  angle,         Ans.  66®  30'  37\ 

Ex.  2. 
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£x.  3.  Goings  along  a  straiglit  and  horizontal  road  which 
passed  by  a  tower,  1  wished  to  find  its  height*  and  for  tins 
purpose  measured  two  equal  distances  each  of  84  feet,  and  at 
the  extremiiies  of  those  distances  took  three  angles  of  elera- 
tioo  of  the  top  of  the  tower,  viz  36<>  50',  21®  24',  and  14**, 
What  is  the  height  of  the  tower  ?  Ans.  53*96  fe«t 

£x,  3.  Investigate  General  Roy's  rule  for  the  sphericd 
exces9>  given  in  the  scholiMm  to  prob,  8. 

£x.  4.  The  three  sides  of  a  triangle  measured  od  th6 
earth's  sur&ce  (and  reduced  to  the  level  of  the  sea)  are  17, 18i 
and  10  miles  :  what  is  the  spherical  excess  f 

jBx,  5.  The  base  and  perpendicular  of  another  triangle, 
are  34  and  15  miles.    Required  the  spherical  excess. 

Ex.  6*  In  a  triangle  two  sides  are  IS  and  93  miles^  and 
tbey  include  an  angle  of  58^  24'  36  ^^.  What  is  the  spherical 
excess  ? 

£x.  f .  The  length  of  a  base  measured  at  an  elevation  of 
SB  feet  above  the  level  of  the  sea  is  34286  feet :  required  the 
length  when  reduced  to  that  level. 

Mx*  8  Given  the  latitude  of  a  place  48^  5 1  'n,  the  sun^s 
decUnalion  18«  30'n,  and  the  sun's  altitude  at  10^  1 1">  36»  am^ 
52^35' ;  to  find  the  angle  that  the  vertical  on  which  the  sun. 
18,  makes  with  the  meridian. 

JSx  9.  When  the  sun's  longitude  is  29 <»  13'  43^,  what  is. 
his  right  ascension  ?  The  Qbliquity  of  the  elliptic  being 
530  27*  40". 

£x.  10.  Required  th^  longitude  of  the  sun,  when  his  right 

■  ascension  and  declination  are  32*  46'  52"  4  and  13**  13'  27 ''.  k 

respectively.    See  the  theorems  in  the  scholium  to  prob.  12. 

£x  II.  The  right  ascension  of  the  star  «  Ur^  ma]ori& 
is  1620  50'  34",  and  the, decimation  62^  50'  n.:  what  are  the 
longitude  and  latitude  ?  The  obliquity  of  the  ecliptic  being 
as  above. 

£x.  12.  Given  the  measure  ofa  degreeontbe'meri^an 
in  K«  lat.  49*^3%  60833  fathoms,  and  of  another  in  K.  lat.  12^32', 
60494  fathoms :  to  find  the  ratio  of  the  earth's  akes. 

Ex.  .13.  Demonstrate  that,  if  the  earth's  figure  be  thaft 
of  an  oblate  spheroid,  a  degree  of  the  earth's  equator  i^  the 
first  of  two  mean  proportionals  between  the  last  and  first  de- 
grees of  latitude. 

Ex,  t4«  Demonstrate  that  the  degrees  of  the  terrestrial 
meridiani  in  receding  from  th^  equator  toward^  the  poles,  are 

incre^seQ 
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increased  very  nearly  in  the  duplicate  ratio  of  the  sine  of  the 
latitude. 

Ex.  1 5.  lift  he  the  measure  of  a  degree  of  a  great  circle 
perpendicular  to  a  meridian  at  a  certain  point,  m  that  of  the 
corresponding  degree  on  the  meridian  itself,  and  d  the  length 
of  a  degree  on  an  ohlique  arc,  that  arc  making  an  angle  a 

trith  the  meridian,  then  is  d  «  pjt^m^p)un*  a*    ^^^^^^^^  * 
demonstration  of  this  theorem* 


PRINCIPLES  OF  POLYGONOMETRY. 

The  theorems  lind  problems  in  Polygonometry  hear  an  ia^' 
timateconnection  and  close  analogy,  to  those  in  plane  trigo- 
nometry ;  and  are  in  great  measure  deducible  from  the  s^me 
common  principles.     Each  comprises  three  general  casea. 

I.  A  triangle  is  determined  by  meanii  of  two  sides  and  an 
angle  ;  or,  which  amounts  to  the  same,  by  its  sides  except 
one,  and  its  angles  except  two  In  like  muiner,  any  rectili- 
near polygon  is  determinable  when  all  its  aidea  except  onOf 
and  all  its  angles  except  twoi  are  known. 

3.  A  triangle  is  determined  by  one  side  and  two  angles  s 
that  is»  by  its  sides  except  two>  and  all  its  angles.  So  like* 
wise,  any  rectilinear  figure  is  determinable  when  all  its  sides 
except  two,  and  all  iu  angles,  are  known.        ^ 

S.  Atrianele  is  determinable  by  its  three  sides;  that  is 
when  all  iU  udes  are  known  and  all  its  angles,  but  three.  In 
like  mannerf  any  rectilinear  figure  is  determinable  by  means 
of  all  its  sides,  and  all  its  angles  except  three. 

In  each  of  these  cases,  the  three  unknown  quantities  may 
be  determined  by  means  of  three  independent  equations ;  the 
manner  of  deducing  which  may  be  easily  explained,  after  the 
following  theorems  are  duly  understood. 

THEOBEM  I. 

lo  Any  Polygon,  ai^  One  Side  is  Equal  to  the  Sum  of  all 
The  Rectangles  of  Each  of  the  Other  Sides  drawn  into  the 
Cosine  of  the  Angle  made  by  that  Side  and  the  Proposed 
Side*. 


•  This  theorem  and  die  following  one«  were  uinounced  by  Mr« 
Lexel  of  Petersburff ♦  in  Phil.  Trans.  voL  65,  p.  28^  :  but  they  were 
first  dainoostrated  by  Jhk  Hutton,  in  PhO.  Trsfts.  voL  66,  pa.  GOO* 

Let. 
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LetA^BCDBF  be  a  polf^oo:  then 
win  Ar  =  AB  .  cos  A  4-  Rc  .  cos 

CB^  r  A  4.CD  .  eos  CD^  AI  ^  DX  .  COS 
BE*  AF  +  EFa  Alf*. 

For,  drawing  lines  from  ihe  sever- 
al angles,  respectively  parallel  and 
perpendicular  to  af  ;  it  will  be 

A^  rs  AB  .  COS  BAFf 

be  ss  Bfi  tBBC  COS  CBfi  =s  BC  •  COS  CB^  AF, 
Ci/  ea  ^  as  CB  .  cos  Co/^  sa  CD  .  COS  CB^  AF, 
de  tsa  tm  sss  DK  ,  COS  DBS  ss  DB  .  COS  B£^  AFf 
CF  ac  .    .    .     BF  .  COS  £Ff  «s   BF  •  COS  £F^  AF. 

But  AV  =■  be  +  cd  '^  de  +  cY  -  a4  ;  and  a^^  as  expressed 
above,  is  in  effect  subtractivci  because  the  cosine  of  the  obtuse 
anglt;  BAF  is  negative     Consequently, 

AF  «■  AC  -|»  C</   4-  de  -f  ^F  a  AB  .  COS  BAF  rf-  BC  •  COS  CB^  AF  ,-f- 

Sec.  as  in  the  proposition.  A  like  dembnstration  will  apply, 
mutaiis  mutandis^  to  any  other  polygon. 

Cor,  When  the  sides  of  the  polygon  are  reduced  to  tbreet 
this  tiieoTem  becomes  the  same  as  th^e^ fundamental  theorem 
in  chap,  ii,  from  which  the  whole  doctrine  of  Piane  Xrigo* 
nometry  is  made  to  flow. 

THEOREM  tt. 

The  Perpendicular  let  fall  from  the  flighest  Point  or  Summit 
of  a  Polygon^  upon  the  Oppodte  Side  or  Base,  is  Equal  to 
the  Sum  of  the  Products  of  the  Sides  Comprised  betweea 
that  Summit  and  the  BasC)  into  the  Sines  of  their  Respec- 
tive Inclinations  to  that  Base. 

Thus,  in  the  preceding  figure^  crtsCB  .  sin  cb^fa+ba  >  sin 
A  ;  or  cc  a  CD  sin  cb^af  +  db  .  sin  dk^af+bf  •  sin  F.  ThiB 
is  evident  from  an  inspection  of  the  figure 

Cor.  1  In  like  manner  ni  es  db  .  sin  Bb^af+bf  .  sin  F| 
or  D^  s  CB    sin  cb^fa  +  ba  ■  sin  a— cd  .  sin  cd^af. 

Cor.  3.  Hence,  the  sum  of  the  products  of  eacn  side^  into 
the  sine  of  the  sum  of  the  exterior  angles,  (or  into  the  sine  of 
the  sum  of  the  supplements  of  the  interior  angles)^  comprised 
between  those  sides  and  a  determinate  side,  is  sa  -f.  perp.  -^ 
perp.  or  a  q.  That  is  to  say,  in  the  precedbg  fieure, 
AB  sin  A  *f  BC  .  sin  (a  -(-  b)  4.  cd  .  sin  (A-f-B+c)  -t  be  .  sin 
.   (A  i-  B  +  c  +  n)  +  BF  .  sin  (a  +  b  rf  c  +  b  -f  e)  aa  0. 

*  when  a  caret  is  put  between  two  letters  or  pairs  of  letters  deno- 
ting lines,  the  expression  alogether  denotes  the  angle  which  would  be 
made  by  those  two  lines  if  they  were  produced  tUi  they  met,  thus 
cfi^FA  denotes  the  inclination  of  the  line  c^  to  fa. 
'    Vol.  IL  O  Here 
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Here  it  is  to  be  observed,  that  the  sines  of  angles  greater  thttd 
180*  are  negative  (ch.  ii  e()ua»  vii). 

Car.  3.  Hence  again^bjr  patting  for  sin  (A  +b),  sin  (a  +  b+cJ, 
their  values  sin  a  cos  b+  sin  b  .  cos  a,  sin  a  •  cos  (b  *+  c)  4- 
sin  (b  -f  c  .  cos  Ay  kc  cch.  ii  equa.  v),  and  recollecting  that 

taDg  «s  ~(ch«  11  p.  55),  we  shall  have^ 

^        COS  ^ 

sin  A  .  (ab+bc  .cosb+cd  .  cos(b+c)^.db  .  C08(B+C+D)+&C) 

+C0SA.(BC  Sinn  +  CD  .sin(B  +  C)+DB.CO8(B+C+D)+&C)«a0; 

and  thence  finally,  tan  180«  -  a,  or  tan  baf  ^ 

BC.SlPB+cn.gin(B  +  c)+nE  8IIl(P-f.C-t-D)4.BF.8in(B'f  c  +  d+b) 
AB-|-BCCOaB-|-CD.CU8(B4.C)-^DE.COS(B-fc-j-D)+BF.COS(B4-C-i-B-^B) 

A  similar  expression  will  manifestly  apply  to  any  polygon  ; 
and  when  the  namber  of  sides  exceeds  four,  it  is  highly  use- 
ful in  practice. 

Cot.  4.  In  a  triAagle  abc,  where  the  sides  ab,  se,  and  th# 
angle  ABC,  or  its  supplement  b,  are  known,  we  have 

Bc .  sin  B  ,  A»  .  sin  b 

tan  CAB  ea . ...  tan  bca  »- 


.  •  •   •  UU<  Jf«^A   =a  » 

AB-^BC.COSB  BC-fAB.COSB 

So  both  which  expressions,  the  second  term  of  the  denomi- 
nator will  become  subtractive  whenever  the  angle  abc  is 
flcttte,  or  B  obtuse. 

THEOKEMHL 

The  Square  of  Any  Side  of  a  Polygon,  is  Equal  to  the  Sum  of 
the  Squares  of  All  the  Other  Sides,  Minus  Twice  the  Sum 
of  the  Products  of  All  the  Other  Sides  Multiplied  two  and 
two,  and  by  the  Cosines  of  the  Angles  they  Include. 
For  the  sake  of  brevity,  let  the  sides          dJ^"'^ 
be  represented  by  the  small  letters  which      xiXlk  ^^ 
stand  against  them  in  the  ant^xed  figure :      ^^  '^ 
then,  from  theor.  1,  we  shall  have  the  sub- 
joined equations,  viz.  

a  ss  6  .  cos  a^  •f.  r  .  cos  a^c  +1  •  cos  a^i*, 
6  es  a  .  cos  a^b  +  c  ,  cos  A^c  -f  J* .  cos  **^, 
c  s=  a  .  cos  a*'c  +  b  .  cos  b*^c  +^  •  cos  c"^^ 
^  9  a  .  cos  oM  +  b  .  cos  b''d  +c  .  cos  c^^. 

Multiplying  the  first  of  these  equations  by  a,  the  second  by 
6,  th^  third  by  c,  the  fourth  by  ^  ;  subtracting  the  three  latter 
products  from  the  first,  and  transposing  6^,  c*,  l^^  there  will 
result 

a*  «  A«+ra+i*«  -3(*c  .  cos  b^c+bi  .  cos  b^f+a .  cos  c*«. 
In  like  manner, 

r*  »ma»+d»+*<— 3(«*  .  cos  a^'b+a^  .  cos  a^i+b^  .  cos  b^iy 
he.        S&c. 
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Or,  •ince  3^c  =  c,  ^*  =»  c  +  p  —  180®>  c^  sa  »,  we  have 

H'SSA*  +C«  +*»— 2(*C.C08C-^  .cos(c-fD)+cJ'coiD), 
rt  a«  a«  +  *•  +  ^«-.2(a^  .  cos  b— 6^ .  cos  (A+B)+a*  cps  a). 

&c.  Sec. 
The  same  method  applied  to  the  pentagon  abode,  will  giv^ 

a  — f/    rc^TO  -I*        -fijj^  +€</.  COSD-ce    cos  (D+E)+<fc  .  cos  E  i  • 

And  a  like  process  is  obviously  applicable  to  any  numtier  o£ 
sides  ;  whence  the  truth  pf  the  theorem  is  manifest. 

Cor.  The  property  of  a  plane  triangle  expressed  in  equa.  % 
ch*  Uf  is  only  a  particular  case  of  this  genei*al  theorem. 

THEOREM  IV. 

Twice  the  Siir&6e  of  Any  Polygon,  is  equal  to  the  sum  of 
the  Recungles  of  its  Sides,  except  one,  taken  two  and  two, 
by  tbe  Sines  of  the  Sums  of  the  Exterior*  Angles  Coo* 
tained  by  those  sides. 
1 .  For  a  trapezium,  or  polygon  of  four 
aides.    Let  two  of  the  sides  ab,  dc,  be 
produced  till  they  meet  at  p.    Then  the 
trapezium  abcd  is  manifesily  equal  to  the 
difference  between  the  triangles  pad  and 
PBc.     But  twice  the  surface  of  the  tri- 
angle PAD  is  (Mens,  of  Planes  pr.  2  rule  3)  ap  •  pd  .  sin  p  s 
(ab  -f-  BP)  .  (do  -h  cp)  .  sin  p  ;  and  twice  the  surface  of  the 
triangle  PBC  is.sa  bp  .  pc    sin  p  :  therefore  their  difference, 
or  twice  the  area  of  the  trapezium  is  =:  (ab  .  dc  -f  aq   .  cp 
+  DC  .  bf)  .  sin  F-     Now,  in  A  pbc, 

»         .          .             ,                         BC .  sin  B 
sm  p  •  sin  b  •:  bc  •  pc,  whence  pc  sr  — , 

bin  p 
,  ,  fic  .  sin  o 

sm  p  :  sin  c  : :  Be  :  pb,  whence  pb  =«  — r . 

Substituting  these  values  of  pb,  pc,  for  them  in  the  above 
equation,  and  observing  that  sin  f  =  sin  (pbc  -f  pcb)  8   sin 
sum  o£ exterior  angles  b  and  c,  there  results  at  length. 
Twice  surface  1       f     a»  •  bc  .  sin  b 

Cor  Since  ab  .  bc  .  sin  b  ^  twice  triangle  abc,  it  followa 
that  twice  triangjle  agd  is  equal  to  the  remaining  two  terms,vi%. 

twice  areaACD-{,*»-S^»™t»+«=) 
£  -f*  BC  .  DC  •  sm  c. 


*  The  exterior  sng^  here  meant,  are  those  formed  by  produciDg 
the  tides  in  tbe  sam^  msnner  as  in  tb*  20  Geometry^  and  in  con.  U  ^ 
(b.9«  of  this  chap. 

3.  Few? 
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3.  For  a  penugon,  as  abode*  Iia  area 
is  obfiously  equal  to  the  sum  of  the  areas 
of  the  trapezium  abcd,  and  of  the  tri- 
angle ADS-  Let  the  sides  ab*  dc»  as  be- 
fore«  meet  when  produced  at  P.  Theni 
from  the  abovot  we  have 

Twice  area  of*)       f     ab  .  bc  sin  b 
the  trapezium  V  « ^i  +  ab  .  do  .  sin  (b  +  c) 
ABCD  •    J       l-fBCDC.sinc. 
And,  by  the  preceding  corollary. 

Twice  triangle  >       J  ap    db  .  sin  (  p+D)or  sin  (B+c<f  d) 

DAB  5  '     C  "♦"    ^'     ***     ****  ^ 

SAB  .  DB    sin  (b+c+d) 
-hDC      DB     S:?i  D 
+  B»     DB  .  sin  Cb+c+d) 
-l-cp  .  DB    sin  D. 

Now.  BP  -  -2i^,  and  cp '-'^J  therefore  the  Ian 

BC  .  DE .  sin  c.8in(  B  4  c  +  d  j  ,  Bc  de.8i:  b  ■  g<r>D 
two  terms  become ,,n(B -h  c) '      sin(B+c) 

CBCDB  «»  B.. in  purine  >«ip(B-fc+pX  ^a  this  expression 

i»m(B+c) 
by  means  of  the  formula  foiv4  aces  (art.  30  ch.  iii»)  becomes 
BC  .  DB  .  sin(c4-D).    Hence,  collecting  the  terms^andar* 
ranging  them  in  the  order  of  the  sides,  they  become 
/      AB  .  BC  .  un  B 
Twice  the  arcal      1+ ab  .  dc  .  sin  (b+c) 
of  the  penia-  I « V  +  ab    de  .  sm  (B+c-fD) 

gODABCDE     J         J  +  BC.DC.Sinc 

#  +  BC  .  DB  .  Sin(c+D) 
V  +  BC  .  DE  .  Sih  D. 

Cor.  Taking  away  from  this  expression,  the  Ist,  3d,  and 
4th  terms,  which  together  make  double  the  trapezium  abcd^ 
there  will  remain 

Twice  area  ofl       f     ab    de  .l&in  (B+c-f  d) 
the  triangle  >^<  +bc  .  db    sin  (C4a) 

DAB.  J  (^-fDC     DB  .  sin  Dr 

3.  For  ahesagon,  as  abcdbp.  The 
double  area  will  be  found,  by  supposing 
it  divided  into  the  pentagon  abcdb,  and 
the  triangle  ABV.  For,  by  the  Uat  rule^ 
and  its  corollaryi  wt  hayoi 
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Twice  area  of  ^ 
the    peotagon 

ABCDS  ^ 


+  AB 
-f  BC 
+  BC 

Twice  area  of  1        f     hv 
the      triaoi^le  In  4  •for 

AMW  }  ( -f  J>X 

r  ^" 

Or,  twice  area  ofl  I  +dc 

the    triaDgie  I  at  <  +db 

-    ABF.  3  j  -f  BP 

Now,  writing  for  b?,  cp,  their  respective  values^ 

BC  .  »il1  C         ,  Be  .  sin  B     ..  r.L      1      ^   . 

-r— r-  and  .  ,   ^  ■.,  the  sum  of  the  laat  two  ezprestioii^. 

in  the  double  areas  of  AEr>  will  becone 

»inc".  sin(B+c+D.fE)'Hin  b  .  wnCo-f**)  . 
Bin  (b  +  c)  ■ 

and  this«  by  means  of  the  formula  for  5  arcs  (art.  30  ch.  lii) 
becomes  bc  .  «t  sin  (c+o+b).  Hence,  collecting  and  proe- 
perly  arranging  the  several  terms  as  before,  we  shall  obtain 

ab  . 

+AB 
+AB 
+  AB  - 


•  BC 

.  CD  . 

.  ns 

.  CD  . 

•  OB 
DB  . 

.  %Jt 

mv 
.  «r . 

EF 

,  EF  . 
.  EF 

.  EF  . 

»BF  . 


.  sm  B 
sin  (B-fc) 
sin  (B+C4.D} 
jsiuc 

.  sin  (c-f  o) 
sin  D« 

sm  (B-f  c-f  D-fV) 

sin  (D^B) 
sin  B. 

sin  Cb+c+d+e) 
sin  (n+B) 
sin  B 

sin(B+c4-D+E) 
sin  (D+E). 


BC  .  EF 


Twice  the  areal 
of  the  hexa-  v  as  < 

gon  ABCDBt.  J 


+  BC  , 
+BC  . 
+BC 
+CD  . 
-f  CD  .  EF 
+  Dm.  EF 


BC 
CO 
DB. 
EF 
CD 
DB. 
EF  . 
DB  . 


fsm  B 
sin  (B«f-c) 
sin  (B+c+d) 

sin  (B+C-f  D+B) 

sin  c 

sin  (c  +  d) 

sin  (c-f-JI-fB) 

sin  D 

,  sin  Cd+b) 

'  sin  B. 


4.  In  a  similar  manner  may  the  area  of  a  heptagon  be  de« 
termined,  by  finding  the  sum  of  the  areas  of  the  hexagon  and 
the  adjacent  triangle ;  and  thence  the  area  of  the  octagoot 
nonagoDy  or  of  any  other  polygon,  may  be  inferred ;  the  law 
of  continuation  being  snfiBciently  obvious  fi-om  what  is  done 

above,  and  the  number  of  terms  «»  -^  .  -^,when  the  num- 
ber of  sides  of  the  polygon  is  n  :  for  the  number  of  terms  is 
evidently  the  same  as  the  number  of  ways  in  which  n  -  1  quan- 
tities can  be  uken,  two  and  two ;  that  iS|  (by  the  nature  of 

permutations)  a  -— .  ---. 

Schoiiunu 
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Scholium, 
This  cunouft  theorem  was  first  investigated  bjr  Simon  Lhiiit'' 
tier  J  and  published  in  1789  Its  principal  advantage  over  the 
comnion  method  for  finding  the  areas  of  irregular  polygofii 
is,  that  in  this  method  there  is  no  occasion  to  construct  the 
^gures,  and  of  course  the  errors  that  may  arise  from  such 
constructions  are  avoided. 

In  the  application  of  the  theorem  to  practical  purposes,  the 
expressions  above  become  simplified  by  dividing  any  proposed 
polygon  into  two  parts  by  a  diagonal,  and  computing  the  sur- 
&ce  of  each  part  separately. 

Thus,  by  dividing  the  trapezium  abod  into  two  triangles, 
by  the  diagonal  AC,  we  shall  have 

Twice  area  ?  ^  J     ab  .  bc  .  sin  b 
trapesium  J  **  ^  +cd  .  ad  .  sin  ©. 
The  pentagon  abcdb  may  be  divided  into  tlie  trapcziim^ 
ABCD,  and  the  trLmgie  ade,  whence 

r     AB  •  Bc  .  sin  B 
Twice  area  of  >  ^  \  -f  ab  .  pc  .  sin  (b+C) 
pentagon         5  "*"  J  +"^  •  ^^  •  *'"  ^ 
V  +BB  .  AX  .  sin  E. 
Thas  again,  the  hexagon  may  be  divided  intp  two  trape«- 
Slums,  by  a  diagonal  drawn  from  a  to  d,  which  la  to  be  the 
line  excepted  in  the  theorem ;  then  will 


Twice  areft 
hexi^gOQ 


And  lastly,  the  heptagcm  may  be  di- 
vided into  a  pentagon  and  a  trapezium* 
the  diagonal,  as  before,  being  the  ex- 
cepted line:  so  will  the  double  ar^a  be  ex- 
presKd  by  9  instead  of  15  products,  thus : 

AB  •  Bc  .  sin  B 
+AB  .  CD  .  sin  (B+C) 

+AB  .  DB  .  sin  (B-f  C+d) 

Twiceareaof>        Jt?^"-*?"^   .    , 

heptagon     5  *"  1  t^n ' ""'  *  ^'^  <^+"^* 
*^    **         -*  I  +CD  .  dx  .  sm  D 

I  +SF  .  vo  .  sin  F 

I  4-B7  .  OA  •  ab(F4o} 

\A-f<^  .  OA  .  sin  G. 

The  same  method  may  obviously  be  extended  to  other 

polygons,  with  great  ease  and  simplicity.   . 

rt 


Digitize({ by  Google 


POLYGONOMETRt. 


lOSi 


It  often  happens,  howeTer»that  only  one  side  of  a  polygon 
can  be  measured,  and  the  distant  an^^les  be  determined  by  in- 
tersection ;  in  this  case  the  area  may  be  founds  independent 
ef  construction,  by  the  following  problem. 

PROBLEM  L 
Given  the  Length  of  One  of  the  Sides  of  a  Polygon,  and  the 
Angles  made  at  its  two  extremities  by  that  Side  and  Lines 
drawn  to  all  the  Other  Angles  of  the  Polygon  :  to  find  an 
Expression  for  the  Sur^ce  of  that  Polygon. 
Here  we  suppose  known  rq  ;  also  ^ 

APQ  =a  fl',  BPQ  a  d\  CPq  tat  c\  ppqase^'; 

jSQPasa'',  Bqp  ^b'\  cqp  «s  c '',  nqp  «=d''.     A.  /< 
tio^f  bin  pxq  «»  sin  (a'+o'') ;  sin  PBqsa 
MO  (*'+q' ). 


Theteforc,  sin  («  +  a")  :  pq  s ;  sin  a"  t  pa 


sin(a'  +a'') 
sin  *'' 


■FC. 


Pq. 


And,  .  .  «  sin  (6'  +  6")  :  pq  : :  sin  b"  •  pb  s=- 

8in(^'+*'') 
But,  triangle  apb  «  ap  .  p  b  .  1  sin  apb«44p  .  pb  .  sin  (a  ^  b'), 

ain  a',  sin  6".  sin  {a  —  A') 
Hence,  surface  A  apb  sb  i  pq». ■  ■  i   - 

sin  («+«";.  sin  (A' +  *''; 

SID  ^^  sin  f''.  sin 
In  like  manner^  A  bpc  «  |  pq>, 


{b'  +  b'') 
(b'^4 


sin  (d'^d'O.  sin  (c'  +  c") 
sin  c".  %m<t,  sin  re'  —  cf) 


A  CPD  =  Jpq*.-7 


sinCc'  +  O.sinCiT+d'') 
&c.  &c.  Stc 

sin  ff 
^nvq  aqT  .  pp  .  ^in  BPq  «  pq,    ■       .^pq  •  sin  cT  =z= 


jBq* 


sin  d  •  sin  d'' 
gin  (d'  +  dy 


8in(£/'+cr') 
Consequenily, 


StirbfC^  ?ABcj>q  =:  |pq*.  < 


sin  a"  .  sin  d" 

.sinCa  —  b") 

sin  (a'  +  c") 
sin  b"  .  sin  c"  . 

sin  {b'  +  6 ") 
sin  W'  ^  r) 

sin  (A'  +  ^ "J 
sine". sin/, 

.  sin  (c'  +  c") 
.  sin  (c'  -.  d) 

^sin  (c'+c'')  . 

sintf  . 
+ 

sin  (<f +  rf") 
sin  d'' 

sin  (rf  +  rf") 


The 
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Tbe  tame  method  manifestly  ap^diea  to  polygons  of  any 
mimber  of  sides :  and  all  the  terms  except  the  itist  are  so  per- 
fectly symmetrlcai,  while  that  last  term  is  of  so  obvious  a 
form*  that  there  caimot  be  the  least  difficulty  id  Extending  the 
formula  to  any  polygon  whatever. 

PROBLEM  n. 

Given,  in  a  Polygon,  All  the  Sides  and  Angles,  except  three  s 
to  find  the  unknown  Pans. 
This  problem  may  be  divided  into  three  general  cases,  as 
shown  at  the  beginjiing  of  this  chapter  :  but  the  analytical 
soituion  of  ail  of  them  depends  on  the  same  principles  ;  and 
these  are  analogous  to  those  pursued  in  the  analytical  investi- 
gations of  plane  trigonometry.  In  polygonometry,  as  well  as 
trigonometry,  when  three  unknown  quantities  are  to  be  found, 
it  must  be  by  means  of  three  independent  equations,  involv- 
ing the  known  and  unknown  parts.  These  equations*  may  be 
deduced  from  either  theorem  I,  or  3,  as  may  be  most  suited 
to  the  case  in  hand  ;  aird  then  the  unknown  parts  may  each 
be  found  by  the  usual  rulee  of  extermination. 

For  an  example*  let  it  be  supposed  that 
in  an  irregular  hexagon  abcpef,  there 
are  given  ail  the  sides  except  ab,  bc,  and 
all  tiie    angles  except  b  >  to  determine  «^ 

those  three  quantities  

^         B 

The  angle  b  is  evidently  equal  to  (2n — 4)  right  angles  — 
(A-f-c-f  D-fE-f-F);  n  being  the  number  of  sides,  and  the 
angles  being  here  supposed  the  interior  ones. 

Let  AB  =5  or,  BC  =  ^  :  then  by  th.  1, 

X  aa  y  ,  cos  B  -f-  OC  •  COS  AB^CD  +  DE  .  COS  AB^EO 

-f  EV  .  COS  AB^EF  +  AF  •  COS  AB^AF  ; 
y  =  X  •  COS  B  «f  AF  •  COS  BC^AF  +  FE     COS  BC^FB. 

+OK  .  COS  BC^OE-f-DC  .  COS  BC^D« 

In  the  first  of  the  above  equations,  let  the  sum  of  all  the 
terms  after  y  .  cos  b,  be  denoted  by  c  ;  and  in  the  second  the 
sum  of  all  those  which  &U  after  jk^  .  cos  b,  byd;  both  sums 
being  manifestly  constituted  of  known  tei*mst  and  let  the 
known  coefficients  of  x  and  y  be  m  and  n  respectively.  Then 
will  the  preceding  equations  become 

;res7ty-f.c....yat  mx  +  d. 
Substituting  for  y,  in  the  first  of  the  two  latter  eqiMtions,  its 
value  in  the  second,  we  obtain  x  es  tnfix  +  nd  +  c»    Whence 
there  will  readily  be  found 

X  SB; ,  and  y  »; . 

Thus 
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Thus  KB  add  bc  are  datermlfied.  Like  axpretaions  wM'aertt 

fbr  the  determination  of  any  other  two  aides,  irhether  conti<-^  -j 

guoos  or  not :  the  coefficients  of  x  and  y  being  deiignated  b)r  | 

nfferenc  letters  for  that  express  purpose ;  which  woold  hate 

^en  otherwise  unnecessary  in  the  solittion  of  the  incfifidual 

case  proposed.  ^ 

Remark,  JFhough  the  algebraic  investigations  commonly 
lead  to  results  which  are  ap^rentiy  simple,  yet  they  are  ofteot 
especially  in  polygons  of  many  sides,  infetior  in  practice  to 
the  methods  suggested  by  subdividing  the  figures.  The  fol* 
lowing  examples  are  added  for  the  purpose  oiexplaiiiog  thote 
methods  :  the  operations  however  are  merely  imbcaled  f  the 
dfotiul  being  omitted  to  save  room* 

BXAMPLBB. 

i£r.  I.  In  a  hexagon  abcdsf*  all  the  sides  excepi  av,  aod 
all  the  angles  except  ▲  and  v,  %te  known.  Required  the  unn 
known  parts.    Suppose  we  have 

AB«i2B4  Ext.ang.  Whence 

BC  m»  1782  B  ■»  33<»  B  -f  c  M    80*, 

CD  «  2400  C«4a*'  B  +  C  +  tt  a«   13i* 

PB  a  ^700  D»tf30  s  +  C  +  D+X«i    198<» 

M9  »  2960  B  a«  ad^"  A  +  F  mm    163^ 

•  Then,  bj  cor.  3  th.  9,  tan  bay  ■* 
»G  . Bin B+cD.«n(B4"C)-f  OE  .  8m(s+cHhD)+Er8m(B  +  ot^'*'^ 
ab+sc.cosb+cd,cos(b+c)+db.cos(b+c-|.d)+e»  cob(B  f  c+n+s) 
_   BC  Bin  3  <>  +  CD  ■  8i»  80^  -f-  pe  .  »m  132**  -h  sf  .  sin  t9&* 
"Vb+  bc  .  cos32«'+c»    cos  80®  +  DK  .  coft  132^  -f  »»    c*^  A^*"^ 

BC  .  gin  32<>  4-  CD .  am  BO®  -f  P»  •  »''P  ^'^  "^  »'  -  *'"  ^^*  , 
"^  f  aC«Ob32*+  CD  cosSJ*  —  DE  .  C0i48*»—  »f  .  coa  15»  , 
Whence  baf  is  found  1 06^3 1  38'';  and  the  other  angle  ave  «b 
9l«38'a3"  So  that  the  extterior  angles  a  and  F  are  73<i^8'32  , 
and  88*'31'38''  respectively  •  all  tlie  exicrior  angles  making  4 
right  angles,  as  they  ought  to  do.  Then,  all  the  angles  being 
known,  the  aide  af  is  found  by  ih.  1  -■  462l*3. 

If  one  of  the  angtes  had  been  a  re-entering  one,  it  would 
have  made  no  other  difference  in  the  computation  than  what 
would  arise  from  its  being  considered  as  subtractivOi 

Ex.  2.  In  a  hexagon  abc0ef,  all  the  sides  except  af,  an4 
all  the  angles  except  c  and  b^  are  knowa  :  ^* 
Toi.IL  If  ^ 
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We  shall  have,  by  th.  2  cor  1, 


+CX) .  sin  (A+B+c)J       IT      •  "**  '■ 


A8»9400  Ex.Ang. 

BC»3700  AS754*' 

CD»:3200  B=:62» 

9BBS3500  B=64^ 

BF«3750  »s::.r3« 

I  — AB  .  sin     54*> 
Therefore,  cd  •  sin  C ueo  +  c).  )  7*^  •  •?"  HH 

The  second  of  these  ivill  give  for  c,  a  re-entering  angle  ; 
the  first  will  give  exterior  angle  c  =»  33o  23'  26",  and  then 
will  B  n  14*  36'34".    Lastly, 

^  — AB  .  cos  54<> 
\  +BC  .  cos  64<» 
A»  =  /  +CB  .  cos  30«>36'34"   }  a3885*905, 
J  4-i>E  •  cos  44^ 
\  — EF  .  COS  72*»  y 

iSx.  3.  In  a  hexagon  abcdev,  are  known,  all  the  aides  ex* 
oept  AY,  and  all  the  angles  except  b  and  b  \  to  find  the  rest. 
Given  ab  »  1200    Exterior  angles  a  »  64<» 

BC=:1500 

CD  ea  1600  C  ss  72* 

XSBes  1800  ]>  a  750 

EFs=s2#00^ 

y  a  84». 

Suppose  the  diagonal  be  drawn,  dividing  the  figure  into  twci 
trapeziums.  Then,  in  the  trapezium  bcdb  the  sides,  exept 
BE,  and  the  angles  except  b  and  e,  will  be  known  $  and  these 
may  be  determined  as  in  exam.  1.  Again,  in  a  trapezium 
ABEr,  there  will  be  known  the  sides  except  af,  and  the 
angles  extept  the  adjacent  ones  b  and  b.  Hence,  first  fer 
BCDB  :  (cor.  3  th.  2), 

tan  CBB  ^      cD.8liic+D».tfn(c+D)    _ 

BC+CD.CCW  C+JDE  .COs(c+») 

CD  ,sin  ?^2<'4-P»  ♦  '^'m  147*^  CB  .  sin  7:2°-^nK  .  sin  33o 

»<H-cn.  co872«»-f  DE .  coy  U?**"^ Bc  +  en  .  COS  72*>  -  DE  .  COS  33^' 

Whence  cbx  «  79o  2   l'  ;  wid  therefore  deb  «  67«57'  59'', 


V 


Then  bb 


f     Bc  .  cos79*»  2'  l"*) 
•  <  +cn  .  cos    7<»  2'  1"  >=5  2548'581. 

t+BE  .  cos  67057  o9' J 


Secondly,  in  the  trapezium  abef, 
AS  .smA  +BB.sin(A+B)«EF.sinF:wheBce 

^  «c  ™    il59*  4' 6". 

Taking 
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Taking  the  lower  of  these  to  avoid  re-enteriag  angjlest  we 
have  a  (exterior  ang.)=95**4'6"  ;  Aas  =  84«*55'  54*'  ;  feb  « 
63*>4'6"  :  therefore  abc  w»  163037'55"  ;  and  fed  c=»  134»2'5''! 
and  consequently  the  exterior  angles  at  B  and  sare  16^  2'5V 
and  48<>  57'  55"  respectively.     . 

Lastly,  avbs — AB  .  cos  a-->bk  .  cos  (a  +  b)— Er  cos  f  «■  — 
AB.  cos  64^  4-  BE.  cos  20^  55'  54^^  — £F.  cos  84«ss 1 645*393. 

JVote.  The  preceding  three  examples  comprehend  all  the 
varieties  whicb  can  occur  inPoJygonometry,when  all  the  sides 
except  one,  and  all  the  angles  but  two,  are  known.  The  un* 
known  angles  may  be  about  the  unknown  side  ;  or  they  may 
be  adjacent  to  each  other,  though  distant  from  the  unknown 
side  ;  and  they  may  be  remote  from  each  otber^  as  well  as 
fro<Q  the  unknown  side. 

£jp.  4.  In  a  hexap^on  abcdef,  are  known  all  the  angleS)  mid 
all  the  sides  except  a'  and  cd  :  to  find  those  sides^ 
Given  ab  aa  2200    £xt.Ang.  a  »  96^ 


AB 

BC  a  2400 


DB  eai  4800 
BF  =  5200 


B 
D 


3  54» 
s  20' 
5  24<' 
.  IQ* 
F  «=  148*. 
Here,  reasoning  from  the  principle  of  cor.  th.  2,  we  have, 

+  BC    sin  1500^=^  Jll  •  ^"  l^  +  Bcsin  30-C«^  .  ^"P!^ 

Whence  C     BE  sin  14*\cosec  10^— ABsin  84^.cogeclO**  7  _  «/w<.ro 
CDss     I  +BF.sin  32*'.co8ec  10^-  scsin  SO'^.co^eclO^S"  - 

And     C     OE  sin  24*.co«ec  10** —cb  .  sin  20*  7  =  1  Aft7A*Qft 
AF  =     1  +  EF.sin  42^cosec  lO*'  - B A.Bin  74" i       **°'*  ^^' 

Ex.  5.  In  the  nonagon  abcdefohx,  all  the  sides  are  known 
and  all  the  angles  except  a,  d,  g  s  it  is  required  to  find  thdso 
angles.  • 

Given  ab  =  2400    fo  *=  3800    Ext.  Ang.  b  «  40^ 


BC  =  2700  OH  ^    4000 

C  «  32^ 

CD  =*  2800  HI  «  4200 

E  =a  36* 

j>E  =  3200  ia  «  4500 

P  ==  45* 

XF  :s^   3500 

H  -=  48* 

I  =»  50*. 

Suppose  diagonals  drawn  to  join  the 
unknown  angles,  and  dividing  the  po- 
lygon into  three  trapeziums  and  a  tri- 
angle ;  as  in  the  marginal  figure.  Then^ 

ist.  In  the  trapezium  abcd,  where 
AD,  ^^  the  angles  about  it  are  unknown 
we  have  (cor.  3  th«  2} 


tui 
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^^^AB  +BCcv.^B^c»  co»lB+c)^jiB  f  Bc  co»40**-fc©-c<»72^' 
Wheace  bad  =  39<»30'42",  cba  =»=  32*29 '1 8". 

f     AB.cos3^30'42"1 
And  AI>  Bs  i  4bc  .  COS    0  29  18    V  ss  6913292* 

j[+CD.  co«32  29  18   J 

9dly.  Id  the  quadrilateral  dbvo,  where  do  aod  the  anglea 

about  it  are  unknowD  ;  we  have 

.  _                       By-sins i  PC  sin{B  4- »)            EF  8in36^+  rcsinSl** 
UD  IlDOim  -jtj  ^- 

"Whence  bdg  «  4|o  J4'  53",  fod  =  39«  45' r". 


8812*803. 


r     DB.cos4i<^   14'  53"! 

And  DO  »s   '{  +  EF  .  COB     5*    14'  53"  I    -3 
1  +  FG.COS39*  45'     7" J 

Sdlj.  In  the  tra|>ezium  obi  A^an  exactly  similar  process  gives 
to  A  ■■  50«»  46'  53^  lAO  =  470    i3'  7  ;  and  ao  =«=  9780*591. 

4thly.  In  the  triangle  adG|  the  three  sides  are  now  knowDf 
to  find  the  angles :  viz.  DAO>r:60«  53'  26'%  AODe£43<^  15'  54' » 
ADO  :£  T5®  50'  40".    Uence  there  results,  lastly^ 
'  UB  — 47*  13'  *"  +  60«53  26"+39o  30'42''  s  147?  37'  15'^ 

C|»£a»32«  29' 1 8"  +  70«50'  40"+4l<»  14 53'  ss  149»  34'  51% 

»OH«39»  45'  7"  +43«»^5'54"+50«  4653"  9  13a«  47' 54". 

Consequently,the  required  exterior  angles  are  a«32^22'45''9 
O  «■  30^35'  9",  a  =  46»  12'i6". 

£x.  6^  Required  the  area  of  the  hexagon  in  ex.  1. 

Ans.  16530191. 

£x.  7.  In  a  quadrilateral  abcd,  are  given  ab«s:24,  bc  0:30^ 
a»a&34 ;  angle  abc  s  92<>18  ,  bcd  ac  97"^  2S'.    Required  the 

Bide  Am*  aad  the  area. 

• 

£x.  8.  In  prob.  1,  suppose  Fq  =  2538  Ibks,  and  the  angles 
as  below  ;   what  is  the  area  of  the  field  abcdqp  ? 

APQ«=89*  14;,  BFq=:68<»  11*,  cFq««36<>  24',dpq=.  19<»  57' j 
MP«35<>  16,B<iP=::«9«l24',cqp=94?    «,Dqp=121o  18'. 
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tioM 
OF  MOTION,  FORCES,  &c. 

DEFINITIONS. 

*drt,  \.   BODY  is  the  mass,  or  quantity  of  matter,  in  aiqr 
material  sub&tance ;  andit  is  always  proportional  to  its  weight 
I  or  s^rity,  whatever  its  figure  may  be» 

3.  Body  is  either  Hard,  Soft,  or  Elastic  A  Hard  Body 
is  that  whose  parts  do  not  yield  to  any  stroke  or  percussion, 
but  retcdns  its  figure  unaltered.  A  Soft  Body  is  that  whose 
parts  yield  to  any  stroke  or  Impression,  without  restoring 
themselves  again ;  the  figure  of  the  body  remaining  altei-ed* 
And  an  Elastic  Body  is  that  whose  parts  yield  to  any  stroke, 
but  which  presently  restore  themselves  again>  and  the  body 
vegains  the  same  figure  as  before  the  stroke. 

We  know  of  no  bodies  that  are  itf^solutely,  or  perfectly, 
either  bard,  soft,  or  elastit ;  but  all  parukiog  these  proper- 
lies,  more  or  less,  in  Bome  intermediate  degree. 

3.  Bodies  are  also  either  Solid  or  Fluid.  A  Solid  Body} 
is  that  whose  parts  are  not  easily  moved  among  one  another, 
and  which  retains  any  fig^ure  given  to  it.  But  a  Fluid  Body 
is  that  whose  parts  yield  to  the  slightest  impressioq,  being 
easily  moved  among  one  another  ;  and  its  surface,  when  left 
Id  itself^  is  always  observed*  to  settle  in  a  smooth  plane  at 
the  top. 

4.  Density  is  the  proportional  weight  or  quantity  of 
matter  in  any  body*  So,  in  two  spheres,  or  cubes*  &g.  of 
equal  size  or  magnitude  ;  if  the  one  weigh  only  one  poimd, 
hut  the  other  two  pounds ,-  then  the  density  of  the  latter  is 
double  the  density  of  the  former;  if  it  weigh  3  pounds,  its 
density  is  triple  ;  and  so  on. 

5.  Motion  is  a  continual  and  successive  change  of  place.*— . 
If  the  bod)r  move  equally,  or  pass  over  equal  spaces  in  equal 
times,  it  is  called  Equable  or  Uniform  Motion.  But  if  it 
increase  or  decrease,  it  is  Variable  Motion  ;  and  it  is  called 
Accelerated  Motion  in  the  former  case,  and  Retarded  Motion. 
ill  the  latter.— Alse^  when  the  moving  body  is  considered 

with 
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with  respect  to  some  other  body  at  rest,  it  is  said  \o  be  Ab« 
solute  Motion.  But  when  compared  with  others  in  mouon> 
it  is  called  Relative  Motion. 

6.  Velocitft  or  Celerity,  is  an  afTection  of  motion,  by 
which  a  body  passes  overaxeriain  bpace  in  a  certain  time. 
Thus,  if  a  body  in  motion  pass  uniformly  over  40  leet  in 
4  seconds  ^  time,  it  is  said  to  move  with  the  velocity  of  10 
feet  pertsecond^  and  so  on. 

7*  Momentum^  or  Quantity  of  Motion,  is  the  power  or 
force  in  n.oving  bodies,  by'  which  they  continually  tend  from 
their  present  places,  or  with  which  they  strike  any  obstacle 
that  opposes  their  motion. 

8.  Force  is  a  power  exerted  on  a  body  to  move  it,  or  to 
stop  it.  If  the  force  act  constantly,  or  incessantly,  it  is  a 
permanent  Force :  like  pressure  or  the  force  of  gravity. 
But  if  it  act  instantaneously,  or  but  for  an  imperceptibly 
small  time,  it  is  called  Impulse,  or  Percussion  :  like  the  smart 
blow  of  a  hammer* 

9.  Forces  are  also  distinguished  into  Motive,  and  Accele- 
rative  or  Retarding.  A  Motive  or  Moving  Force,  is  the 
power  of  an  agent  to  produce  motion  ;  and  it  is  equal  or 
proportional  to  the  momentum  it  will  generate  in  any  body^ 
wiien  acting,  either  by  percussion^  or  for  a  certain  lime  as  a 
permanent  force. 

10.  .Accelerative,  or  Retardive  Force,  is  commonly  un- 
derstood to  be  that  which  affects  the  velocity  only  ;  or  it  is 
that  by  which  the  velocity  is  ac^lerated  or  retarded  $  and  it 
is  equal  or  proportional  to  th^  motive  force  directly,  and  to 
the  mass  or  body  moved  inversely. — So,  if  a  t>ody  of  2  pounds 
weight,  be  acted  on  by  a  motive  force  of  40;  then  the 
accelerating  force  is  30.  But  if  the  same  force  of  40  act  on 
another  body  of  4  pounds  weight;  th^n  the  accelerating 
force  in  this  latter  case  is  only  10 ;  and  so  is  but  half  the 
former,  and  will  produce  only  half  the  velocity. 

11.  Gravity,  or  Weight,  is  that  force  by  which  a  body 
endeavours  to  fall  downwards.  It  is  called  Absolute  Gravity, 
when  the  body  is  in  empty  space ;  and  Relative  Gravity, 
when  emersed  in  a  fluid. 

13.  Specific  Gravity  is  the  proportion  of  the  iveights  of 
different  bodies  of  equal  magnitude  ;  and  so  is  proportional 
to  the  density  of  the  body. 

AXIOMST. 
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AXIOMS. 

IS.  EtsrIt  body  naturally  endeavours  to  continue  in  its 
present  state,  whether  it  be  at  rest,  or  moving  uniformly  in 
a  righc  line. 

U.  The  Change  or  Alteration  of  Motion,  by  any  external 
force,  is  always  proportional  to  that  force,  and  m  the  direction 
of  the  right  line  in  which  it  acts. 

15.  Action  and  Re-action,  between  any  two  bodies,  are 
equal  and  contrary.  That  is,  by  Action  und  Re-action«  equal 
ohanges  of  motion  are  produced  in  bodies  acting  on  each  oth  • 
er ;  and  these  changes  are  directed  towards  opposite  or  con- 
trary parts. 


GENERAL  LAWS  OF  MOTION,  &c. 
PROPOSITION  L 

16.  The  Quantity  of  Matter^  in  ail  Bodies^  it  in  the  Camftound 
Ratio  qf  their  Mgnitudea  and  Densities 

That  b,  b  is  as  md  ;  where  d  denotes  the  body  or  quantity 
of  matter,  m  its  magnitude,  and  d  its  density. 

FoTf  by  art.  4,  in  bodies  of  equal  magnitude,  the  mass  or 
quantity  of  matter  is  as  the  density.  But,  the  densities  re-* 
mainmg,  the  mass  is  as  the  magnitude  :  that  is,  a  double  mag- 
nitude, contains  a  double  quantity  ol  matter,  a  triple  magnitude 
a  triple  quantity,  and  so  on.  Therefore  the  mass  is  in  tha 
compound  ratio  of  the  magnitude  and  density. 

17  CoroL  1.  In  similar  bodies,  the  masses  are  as  the  den* 
sities  and  cubes  of  the  diameters,  or  of  any  like  linear  dlmen- 
siona-— For  the  magnitudes  of  bodies  are  as  the  cubes  of  the 
diameters,  &c. 

18.  Corol,  2.  The  masses  are  as  the  magnitudes  and  specific 
gravities.— For,  by  art.  4  and  13,  the  densities  of  bodies  are 
as  the  specific  gravities. 

19.  Scholium,  Hence,  if  d  denote  any  body,  or  the  quan-- 
tity  of  matter  in  it,  m  its  magnitude*  d  its  density,  ^  its 

specific 
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Specific  gravity^  and  » its  dUmeter  or  other  dimensUm ;  tfaen^ 
«  (pronounced  oraained  a»)  being  the  mark  for  general 
proportion)  from  this  proposition  and  its  corollaries  we  ha^e 
these  general  proportions : 

d  cc  tnd  ec  mgoi  a'cf, 

mac  -    a  —  •  a  a», 

d        8 

b  mg 

d  cc  "    a:  g    CK    — i 

&  mg 

a»  a  -i    a  m    a  — . 
d  d 

PROPOSITION  IL 

80.  The  Momentum^  or  Quantity  of  Motion^  generated  by  a 
Single  Imfiitlae^or  any  Momentary  For  ce^  ia  a<  the  Generating 
Force. 

That  is,  m  is  ^fi  where  m  denotes  the  inomentum>  and 
y  the  force. 

For  every  effect  is  proportional  to  its  adequate  cause.  So 
that  a  .double  force  will  impress  a  double  quantity  of  mo- 
tion ;  a  triple  forcci  'a  triple  motion  ;  and  so  on.  That  is, 
the  motion  immpressed,  is  as  the  motiTO  force  which  pro- 
duces it. 

PROPOSITION  m. 

%\.  The  Momentth  <^r  Qtmntifiea  of  Motion  j  in  moving  Bodie^ 
art  in  the  Compound  Ratio  of  the  Muses  and  Feiocitiei^ 

That  isi  m  is  as  kv- 
F0R9  the  motion  of  any  body  being  made  up  of  the  mo* 
tions  of  all  its  parts,  if  the  veiociiies  be  equals  the  momenta 
will  be  as  the  masses  ;  for  a  double  masa  will  strike  with  a 
double  force  ;  a  triple  mass,  with  a  triple  force,  and  so  on. 
Again,  when  the  mass  is  the  same,  it  will  require  a  double 
force  to  move  it  with  a  double  velocity,  a  ^iple  force  with  a 
triple  velocity,  and  so  on  ;  that  is,  the  motive  force  is  as  tb# 
velocity ;  but  the  momentum  impressed,  is  as  the  force  whick 
produces  it,  by  prop.  3 ;  and  therefore  the  momentum  is  tis 
the  velocity  when  the  mass  is  the  same*  But  the  momentuoi 
was  found  to  he  as  the  masa  when  the  velocity  is  the  same* 

Consequently^. 
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Consequendft  when  neitlier  are  the  same,  the  momeatum  is 
m  the  conqnund  rauo  of  both  the  mass  and  velocity. 

PROPOSITION  vr. 

23.  JIh  Ufdf^rm  M^tiwu^  the  Sfiacet  de9Cfibed  are  in  the  Com^ 
fiound  Ratio  <(fthe  Felodtiea  and  the  Timea  qf  their  Deaerifi^ 
tion. 

ThatiSf  « is  as  fv. 

FoRi  bf  the  nature  of  uniform  motion,  the  greater  the  ve- 
locity»  the  greater  is  the  space  described  in  any  one  and  the 
same  time  i  that  isi  the  space  is  as  the  ▼elocity^  when  the 
dmes  are  equal.  And  when  the  Telocity  is  the  same,  the  space 
will  be  as  the  time  ;  that  is,  in  a  double  time  a  double  space 
will  be  described  i  in  a  triple  time,  a  triple  space  ;  and  so  on. 
Therefore  nniYersally,  the  space  is  in  the  compound  ratio  of 
the  velocity  and  the  time  of  description. 

^  23  Coro/.  I  In  uniform  motions,  the  time  is  as  the  space 
directly,  and  velocity  reciprocally  ^  or  as  the  apace  divided  by 
the  velocity.  And  when  the  velocity  is  the  same,  the  time  is 
as  the  space.  But  when  the  space  is  the  same,  the  time  is  re« 
ciprocally  as  the  velocity. 

24  CoroL  2.  The  velocity  is  as  the  space  directly  and  the 
time  reciprocally  ;  or  as  the  space  divided  by  the  time.  And 
when  the  time  is  the  same,  the  velocity  is  as  the  space.  But 
when  the  space  is  the  same>  the  velocity  is  reciprocally  as  the 
time. 

Scholium, 

%S»  In  uniform  motions  generated  by  naomentary  impulse, 
Ite  &  ea  any  body  or  quantitynif  matter  to  be  move<l^ 
/  tsa  force  of  impulse  acting  on  the  body  d^ 
V  caa  the  uniform  velocity  generated  in  6, 
m  sa  the  momentum  generated  in  6, 
a  SB  the  space  described  by  the  body  6, 
<  a»  the  time  of  describing  the  space  s  with  the  veloc.  v* 

Then  from  the  last  three  propositions  tod  corollaries,  we 
have  these  three  general  proportions,  namely/ cc  m,m  ac  dvf 
and  9  ac  tv  ;  from  which  is  derived  the  following  table  of  the 
general  relations  of  those  six  quantities^  in  uniform  motions 
and  impulsive  or  pcrcussivci  forcea  ; 

Vol.  IL  Q  /oc  m 
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/a  m  a  *v  a  — . 
m  a  J  a  ov  a:  ^^» 
'  *  a  — a  -  oc  -  oc— ^ 

V  V  9  9 
^           ft             ^ 

9        f         m 

^  «  T  «  J  «  I- 

^  9  b9  b$ 

tOi  ^    Oi   -rr  a—. 

V  f         m 

By  loeaDs  of  which}  may  be  resolYed  all  questions  relating 
fo  uoifbrm  motions,  and  the  effects  of  momentary  or  impul- 
siTO  forces. 

PROPOSITION  V. 

26.  The  Momentum  generated  by  a  Cotutant  and  Uniform  Fwct 
acting  for  any  Timej  u  in  the  Comfiound  Ratio  rfthe  Force 
and  Time  ^f  Acting*  ' 

That  isjiR  isas^^. 

For»  supposing  the  time  divided  into  yery  small  partSi 
by  prop.  2,  the  momentum  in  each  particle  of  time  is  the  sainey 
and  therefore  the  whole  momentum  will  be  as  the  whole  timoy 
or  sum  of  all  the  small  parts.  But  by  the  same  prop,  the  mo- 
mentum for  each  small  time,  is  also  as  the  motive  force.  Con« 
sequently  the  whole  momentum  generated,  is  in  the  compound 
ratio  of  the  force  and  time  of  acting. 

27.  Coro/.  1.  The  motion,  or  momentum,  lost  or  destroyed 
in  any  time,  is  also  in  the  compound  ratio  of  the  force  and 
time.    For  whatever  momentum  any  force   generates  in  a 

S'ven  time ;  the  same  momentum  will  an  equal  force  destroy 
the  same  or  equal  time ;  acting  in  a  contrary  direction. 
And  the  same  is  true  of  the  increase  or  decrease  of  motion, 
by  forces  that  conspire  with,  or  oppose  the  motion  of  bodies. 

28.  CoroL  2.  The  velocity  generated,  or  destroyed,  in  any 
time,  is  directly  as  (be  force  and  time,  and  reciprocally  as  the 
body  or  mass  of  matter.  — For»  by  this  and  the  3d  prop,  the 
compound  ratio  of  the  body  and  velocity,  is  as  that  of  the  force 
and  time  ;  and  therefore  the  velocity  is  as  the  force  and  time 
divided  by  the  body.  And  if  the  body  and  force  be  given,  or 
constant)  the  velocity  will  be  a9  the  time, 

PBOPOsmox 


Digitized  by 


Google 


OBMERAL  LAWS  OF  MQTION«  lU 


PROPOSITION  VI. 

.29.  The  SfiaceM  fioMMcd  over  by  Bodiei^  urged  by  any  Conatant 
end  Uniform  Forcet^acting  during  any  Times,  are  in  the  com* 
fiound  Ratio,  of  the  Forces  and  Squares  qfthe  Times  direct" 
bft  and  the  Body  or  Mass  recifirocally. 

0r,  the  Sfiaces  are  as  the  Squares  oj  the  TImrt,  vfhen  the  Force 
and  Body  are  given* 

That,  is,  s  is  a»-T-«  or  as  /*  when /and  5  ar6  gXYtiu    For, 

let  V  donote  the  velocity  acquired  at  the  end  of  any  time  r, 
by  any  given  body  b%  when  it  has  passed  over  the  space  •• 
Then,  because  the  velocity  is  as  the  time,  by  the  last  corol. 
therefore  ^  v  is  the  velocity  at  ^  t^  or  at  the  middle  pomt  of 
the  time ;  and  as  the  increase  of  velocity  is  uniform,  the 
same  space  s  will  be  described  in  the  same  time  r,  by  the 
velocity  }  v,  uniformly  continued  from  beginning  to  end. 
But,  in  uniform  motions,  the  space  is  in  the  compound  ratio 
of  the  time  and  velocity  ;  tberefore  « is  as  ^  i-u,  or  indeed  s  9 

)rv.   But,  by  the  last  corol.  the  velocity  v  is  as  4*1    or    as 

the  force  and  time  directly,  and  as  the  body  reciprocaJif. 

Therefore  s^  or  |  /v,  is  as  4-;  that  is,  the  space  is  as  the  force 

and  square  of  the  time  directly,  and  as  the  t>edy  reciprocally* 
Or  s  is  as  /*,  the  square  of  the  thne  only,  when  6  and/are 
given. 

30.  Corol.  I.  The  space  s  is  also  as  rp,  or  in  th^ com- 
pound ratio  of  the  Ume  and  velocity ;  6  ^nd  /  being  given. 
For,  s  as  itv  is  the  apace  actually  described.  But  tv  is  the 
space  which  might  be  described  in  the  same  time  f ,  with  the 
last  velocity  v,  if  it  were  uniformly  continued  for  the  same  or 
an  equal  time.  Therefore  the  space  «,  or  itv^  which  is  ac« 
toally  described.  Is  just  half  the  space  /v,  which  would  be  de- 
scribed, with  the  last  or  greatest  velocity,  uniformly  continue 
ed  for  an  equal  time  /•  * 

31.  Corol.  2.  The  space  s  is  also  as  v*,  the  square  of  th(^ 
Telocity  ;  because  the  velocity  v  is^as  the  time  r. 


Scholium. 

33.  Propositions  3,  4,  5,  6,  give  theorems  for  resolving  all 
questions  relaiing  to  motioivK  uniformly  accelerated.    Thus, 

put 
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put  6  =  toj  body  or  quantity  of  nsattrTi. 
/es  the  force  canstantly  acting  on  it, 
t  sa  the  time  of  its  acting, 
V  rs  the  velocity  generated  in  the  time  ty 
«  =  tlie  space  described  in  that  time, 
m  ss  the  momentum  at  the  end  of  tlie  time* ' 
Then,  from  these  fundamental  relations,  m  9t  bv,m  tc  //, 

9  fit  rv,  and  v  9c  'L^  yre  obtain  the   following  table   of  the 

o 

general  relations  of  uniformly  accelerated  motions  : 

m,      ft        «'*      y^  /*''         «•  tn*  fs 


9 

ftfi 

ee 

tt 

/m        ^        fnv         m«         0i<  «^  ^*  &t 

tt-oc—  oc  —  oe   r"*-r"*  -rr"  *  —   *   !:-• 
f  f  «  (S«         ^t  ^tfv  «  |S 

«         ft        m        vu       ft        fii^  ,fi       fitt 

/r*         nrf        /?•  V        mY>        m*         6t^         «* « 
«        m       fo       ^<  ^*#  w«       nfi    - 

33  And  from  these  proportions  those  quantities  are  to  be 
left  out  >7bich  are  giv/en,  or  which  lure  proportional  to  each 
other.  Thus,  if  the  body  or  quantity  of  matter  be  always 
the' sane,  then  the  space  described  is  as  the  force  and  square 
of  the  time.  And  if  the  body  be  proportional  to  the  force, 
as  all  bodies  ate  in  respect  to  their  gravity ;  then  the  space 
described  isa^  the  square,  of  the  time,  or  square  of  the  velo- 
city;  and  in  this  case,  if  r  be  put  as  -^y  the  acocelerating 
Ibrce ;  then  will 

9  le  /v  It  yt*  *  — . 

t^  cc  -7  tt  vt   tt   ^is» 

THE 
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THiE  COMPOSITION^  AND   RESOLUTION  OF 
FORCES. 

34.  CoMpoaiTiQM.  ov  .Forces,  b  the  uniting  of  two  or 
more  forces  into  one,  which  shall  have  the  i^ame  effect ;  or 
the  finding  of  one  force  that  shall  be  equal  to  several  others 
taken  together,  in  an^  different  directions.  And  the  resolu- 
tion of  Forces^  h  the  finding  of  two  or  more  forces  which» 
acting  in  any  different  directio/is^  shall  have  the  same  effect 
as  any  given  single  force. 

PROPOSITION  Vtt 

3S,  If  a  Body  at  a  be  urged  in  the  Direetiorts  ab  and  ac^  by 
any  :v>Q  Simiiar  ForctM^  such  that  they  tuouid  eefiarately 
cauMe  the  Bttdy  to  fiaa9  over  the  8fiaee$  ab,  ac,  in  an  equal 
Time  ;  then  if  both  F^eeB  act  together^  they^willtaute  the 
Body  to  move  in  the  eame  T^mtj  through  An  the  Diagonal 
of  the  Parallelogram  ABcn, 

Dkaw  cd  iiarallal  to  ab>  and  bd  pas- 
raUel  to  ac.  And  while  ihe  body  is 
carried  over  a 6,  or  cd  by  the  force  in  that 
itirection,  let  it  be  carried  over  bd  by  the 
£>rce  iii  that  direction  ;   by  which  means 

it  wiJI  be  found  at  d.    Now,  if  the  forces       ^..^..^ 

be  impulsive  or  momentary,  t'he  motions      O  j^ 

will  be  uniform,  and  the  spaces  described  vfiU  be  as  the  times 
of  description : 

tberef.        Afr  or  cd :  ab  or  en  :  *•  time  in  a&  :  time  in  ab, 
and  bd  or  ac  :  sn  or  ac  :  *  time  in  ac  :  time  in  ac  ;    ' 

but  the  time  in  kb  :  ea  time  in  ac,  and  the  time  in  ab  es 
time  in  ao  ;  therefore  a6  :  dd : :  ab  :  bo  by  equality :  hence 
the  point  d  is  in  the  diagonal  ad. 

Aiid  as  this  is  always  the  case  in  every  point  d,  d,  8cc<  thercr 
lore  the  path  of  the  body  is  the  straight  line  a</o,  or  the  di- 
agonal of  the  parallelogram. 

But  if  the  similar  forces,  by  means  of  which  the  body  is 
moved  in  the  directions  ab,  ac,  be  uniformly  accelerating 
ones,  then  the  spaces  will  be  as  the  squares  of  the  times ;  in 
which  case,  call  the  time  in  bd  or  cd,  f ,  and  the  time  in  ab  or 
j|c,.T ;  then 

it  will  be        Ab  or  cd  :  ab  or  en  : :  r>  :  t*, 
and        -        ^  or  AC  :  BD  or  AC  : :  r*  :  t*, 
theref.  by  equality,  a6  ;  6d  s :  ab  :  bd  ; 
and  so  the  body  is  alwitys  found  in  the  diag^ali  as  before. 

36.  Coro/. 
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35.  Carol.  U  If  the  forces  be  not  similar,  by  which  the 
body  Is  urged  in  the  directtons  aBi  ac,  it  will  move  in  some 
tunred  line,  depending  on  the  nature  of  the  forces. 

37.  Carol.  2.  Hence  it  appears,  that  the  body  mores  o?er 
the  diagonal  ad,  by  the  compound  motiont  in  the  very  same 
time  that  it  would  move  over  the  side  aBi  by  the  single  force 
impressed  in  that  direction,  or  that  it  would  moTO  over  the 
side  AC  by  the  fo«*ce  impressed  in  that  directioa 

38.  CoroL  3.  The  forces  in  the  directions,  ab,  ac,  ad,  are 
respectively  proportional  to  the  lines  ab,  ac,  ad^  and  in  these 
directions. 


39.  CoroL  4-    The  two  oblique  forces 
AB,  AC,  are  equivalent  to  the  single  dl-  j^ 
reel  force  ad,  which  may  be  compound- 
ed  of  these  two,  by  drawing  the  diagonal 
of  the  parallelogram.    Or  they  are  equi- 
valent  to  the  double  of  ab,  drawn  to  the 
middle  of  the  line  bc.     And  thus  anyQ 
force  may  be  compounded  of  two  or  more 
Other  forces;  which  is  the  meaning  of  the  expression  comfio^ 
tkion  offorctM. 

40.  Exam.  Suppose  it  were 
required  to  compound  the  three 
ferces  AB,  AC,  AD  ;  or  to  find 
the  direction  and  quantity  of  one 
single  force  which  shall  be  equi- 
valent to,  and  have  the  same 
effect,  as  if  a  body  A^were  acted 
ion  by  three  forces  in  the  directions  ab,  ac,  ad,  and  propor- 
tional to  these  three  lines.  First  reduce  the  two  ac,  ad,  to 
one  ab,  by  completing  the  parallelogram  adbc.  Then  re- 
duce the  two  AB,  AB  to  one  af  by  the  parallelogram  abvb» 
^o  shall  the  single  force  af  be  the  direction,  and  as  the  quan- 
tity, which  shall  of  itself  produce  the  same  effect^  as  if  ail  the 
three  ab,  ac,  ad  acted  together. 

41.  CoroL  5.  Hence  also  any  single 
direct  force  ad,  may  be  resolved  into 
two  oblique  forces,  whose  quantities 
Bnd  directions  are  ab,  ac,  having  the 
same  effect,  by  describing  any  parallelo- 
gram whose  diagonal  may  be  ad  :  and 
this  is  called  the  resolution  of  forces.  So 
the  force  ad  may  be  resolved  into  the 
two    AB|    AC,    by  the    parallelogram 
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ABPc;  or  intothe  two  ABt  AV^by  the  fMrallelogram  asbi  $ 
and  so  on,  for  any  other  two.  And  each  of  these  may  be  re« 
solved  i^ain  into  as  many  others  as  we  please* 

42.  Corol.  6.  Hence  too  may  be 
found  the  effect  of  any  given  force,  in 
any  other  direction,  besides  that  of  the 
line  in  which  it  acts  ;  as,  of  the  force 
Ate  in  any  other  given  direction  cb  . 
For  draw  ad  perpcndictilar  to  cb  j  C  J} 
then  shall  db  be  the  effect  of  the 
force   AB  4n   the    direction    cb.     For 

the  given  force  ab  is  equivalent  to  the  two  ad,  1>b,  tft 
AB  ;  of  which  the  former  ad,  or  sb^  being  perpendicular! 
does  not  alter  the  velocity  in  the  direction  cb  ;  and  therefore 
db  is  the  whole  effect  of  ab  in  the  direction  cb.  That  is^ 
a  direct  force  expressed  by  the  line  db  acting  in  the  directioa 
9b,  will  produce  the  same  effect  or  motion  in  a  body  b,  in 
that  direction,  as  the  oblique  force  expressed  by»  and  acting 
in,  the  direction  ab,  produces  in  the  same  direction  cb* 
And  hence  any  given  force  ab,  is  to  ita  effect  in  db,  as  ab 
to  DBi  or  as  radius  to  the  cosine  of  the  angle  abd  of  incli* 
nation  of  those  directions.  For  the  same  reason,  the  force 
or  effect  in  the  direction  ab,  is  to  the  force  or  effect  in  the 
direction  ad  or  bb,  as  ab  to  ad  #  or  as  radius  to  sine  of  tho 
same  angle  abd,  or  cosine  of  the  angle  dab  of  those  direc-* 
lions. 

43.  CoroL  7.  Hence  ahO)  if  the  two  given  forces,  to  be 
compounded,  act  in  the  same  line,  either  both  the  same  way, 
or  the  one  directly  opposite  to  the  other  ;  then  their  joint  or 
compounded  force  will  act  in  the  same  line  also,  and  will  bo 
equal,  to  the  sum  of  the  two  when  they  act  ^he  same  way,  or 
to  the^  difference  of  them  when  they  act  in  opposite  direc- 
tions ;  and  the  compound  force,  whether  it  be  the  sum  or 
difference,  will  always  act  in  the  direction  of  the  greater  of 
the  two. 

FRGPOsinoNr  yul 

44.  If  Three  Forces  A,  b,  exacting  aUUgetherin  the  tame  Plane^ 
keep  one  another  in  EquiUbrio  $  they  mil  be  firofiortional  to 
the  Three  Sides  de,  ec,  cd,  of  a  Triangle^  Vfhich  are  drawn 
Parallel  to  the  Direetione  qf  the  Forces  ad,  db,  cd. 

Pro0ucb'  ADy  BD,  and  draw  cvy  cb  parallel   to  them. 

Then 
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Then  the  force  in  cd  is  equivalent 
to  the  two  AD|  BX>,  by  the  supposi* 
tion  ;  but  the  force  cd  is  also  equi- 
yaJent  to  the  two  bd  and  ck  or  fd  ; 
therefore,  if  c»  represent  the  force 
c,  then  ED  will  represent  its  opposite 
force  A,  and  cb,  or  rn,  its  opposite 
force  B.  Consequently  the  three 
forces,  A,  B,  c,  are  proportional  to  db» 
e£^  CD,  Uie  three  lines  parallel  to  the 
Erections  in  which  they  act. 

45.  CoroL  I.  Because  the  three  sides  en,  CBfDX, are  pro« 
portional  to  the  sines  of  their  opposite  angles  b,  d,  c  ;  there* 
fore  the  three  forces,  when  in  equilibrio,  arc  propoitional  to 
the  sines  of  the  angles  of  the  triangle  made  of  their  lines  of 
direction  ;  namely,  each  force  proportional  to  the  sine  of  the 
angle  made  by  the  directions  of  the  other  two. 

46  Corol.  2.  The  three  forces,  acting  agamst»  and  keep- 
ing one  another  in  equilibrio,  are  also  proportional  to  the  sides 
of  any  other  triangle  made  by  drawing  luies  either  perpendi- 
cular to  the  directions  of  the  forces*  or  forming  any  giTen 
mng^e  with  those  directions.  For  such  a  triangle  is  always 
similar  to  the  former,  which  is  made  by  drawing  lines  parallel 
to  the  directions  ;  and  therefore  their  sides  are  in  the  same 
proportion  to  one  another. 

47*  CcroL  S.  If  any  number  offerees  be  kept  in  equilibrio 
by  their  actions  against  one  another  ;  they  may  be  all  reduced 
Co  two  equal  and  opposite  ones —For,  by  cor.  4,  prop  7» 
any  two  of  the  forces  may  be  reduced  to  one  force  acting  in 
the  same  plane  ;  then  this  last  force  and  another  may  likewise 
be  reduced  to  another  force  acting  in  their  plane ;  and  so  on, 
till  at  last  they  all  he  reduced  to  the  action  of  only  two  oppo- 
site forces  ;  which  will  be  equal,  as  well  as  opposite,  because 
the  whole  are  in  equilibrio  by  the  supposition. 

48.  CoroL  4.  If  one  of  the  forces, 
as  c,  be  a  weight,  which  is  sustained 
by  two  strings  drawing  in  the  dh-ec- 
tlons  DA,  DB  :  then  the  force  or 
tension  of  the  string  ad,  is  to  the 
weight  c,  or  tension  of  the  string 
DC,  as  DE  to  DC  ;  and  the  force  or 
tension  of  the  other  string  bd,  is  to 
the  weight  C|  or  tension  of  cd;  as  cb 
to  cb. 

49.  C^oi, 
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49.  CoroL  5.  If  three  forces  be  in  ei^uUibrio  by  their  tnutii- 
al  actions  ;  the  line  of  direction  of  each  force,  as  nc,  passes 
through  the  opposite  angrle  c  of  the  paraflelogram  formed  by 
the  directions  of  the  other  two  forces. 

50.  Retuarlt,  These  properties,  in  this  propositfitm  and  iti 
coroUarieSy  hold  true  of  all  sfmitar  forces  whatever,  whether 
they  be  instantaneous  or  continual,  or  whether  they  ast  by 
percus^n,  drawing,  pushin^;^,  pressing,  or  weighing ;  and. are 
of  the  mmost  inportaace  in  mechanics  and  the  doctrine  of 
forces'*  .     •     ' 


ON  THE  COLLISION  OP  BODIES. 

PROPoamowr  IX 

$\.  If  a  Body  strike  or  act  ObHguefy  on  a  Plain  Surjuce^th^ 
Force  or  Energy  of  the  Stroke,  or  Action,  is  09  the  Sirie  ^ 
tJ^e-Akgie  of  Incidence. 

6r^  CAe  ^ree  on  the  Surface  U  to  the  tame  if  it  had  acted  Per* 
fiendicutariyy  as  the  Sine  ^  incidence  u  to  Aodmt, 

LST  A9  express  the  direction  and 
the  absolute  quantity  of  the  oblique 
force  oo  the  plane  db  ;  or  let  a  giren 
body  A,  moving  with  a  certedn  vi^lo-  < 
city,  impinge    on  the    plane    at  b  f 
then  its  force  will  be  to  the .  action  J 
on  the  plane,  as  radius  to  the  sine 
of  the  .angle  aj^o^  or  as  An,  to  a»  or  bc,  drais^ing^  and  »6 
perpendicular,  and  ag  parallel  to  ds* 

^or,  by  prob.  7.  the  force  ab  is  equivalent  to  the  t^b 
forces  AG»  CB  ;  of  which  the  former  ac  does  not  act  on  tho 
plane,  because  it  is  parallel  to  it.  The  plane  is  therefore  on** 
ly  acted  on  by  the  direct  force  cb,  which  is  to  ab,  as  the  sine  of 
the  angle  bac,  or  abb,  to  radius.  .     . 

52.  Corol.  1.  If  abody  act  on  another,  !fr  any  direction,  and 
by  any  kind  of  force,  the  action  of  that  force  on  the  second 
body,  is  made  only  in  a  direction  perpendicular  to  the  stir&co 
on  which  it  acts.  For  the  foree  in*  AB^acts  on  im  «ily  by  the 
force  cb,  iMid  in  that  directum* 

53.  Corol.  $.  If  the  plane  2>B  be  not  absolutely  fixed,  it 
will  move,  after  the  stroke,  in  the  difection  perpendicular  to 
its  surface.    For  it  is  in  <hat  direction  that  the  force  is  ex- 

%•••  n.  R  P^OPOSmOll 
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PROPOSITION  X. 

54*  If  one  Body  Ai»f*iJi'e  another  Body  H^which  is  either  at  Refit 
or  moving  towards  the  Body  a^  or  moving  from  ity  but  with  a 
leaa  Velocity  than  that  t>f  k-,  then  the  Momenta^or  Quantities 
of  Motion  J  of  the  two  Bodies^  estimated  in  any  one  Direction^ 
wUi  be  the  very  same  after  the  Stroke  that  they  vere  before  it, 

FoRy  because  action  and  reaction  are  always  equal,  and 
in  contrary  directions,  whatever  moinentuni  the  one  body 
gains  one  way  by  the  stroke,  the  other  must  just  lose  as 
snuch  in  the  same  direction ;  and  therefore  the  quantity  of 
motion  in  that  directbn,  resulting  from  the  motions  of  both 
the  bodies  remams  still  the  same  as  it  was  before  the  stroke. 

55.  Thus,  if  A  with  a  momentum. 

of  10,  strike  b  at  rest,  and  commu         O  O  ^ 

nicate  to  it  a  momentum  of  4,  in  the       A  B  ^ 

direction  ab.  Then  a  will  haveonly 

a  momentum  of  6  in  that  direction  ;  which,  together  with 
the  momentum  of  b,  viz.  4,  make  up  still  the  same  momen- 
tum betweeA  Ihem  as  before,  namely,  lO. 

56.  If  B  were  in  motion  before  the  stroke  with  a  mo- 
mentum of  5,  in  the  same  direction,  and  receive  from  a  an 
additional  momentum  of  3.  Then  the  motion  of  a  after 
the  stroke  will  be  8,  and  that  of  b,  7  ;  which  between  them 
make  15,  the  same  as  10  and  5,  the  motions  before  the 
stroke. 

57.  Lastly,  if  the  bodies  move  in  opposite  directions,  and 
meet  one  another,  namely,  a  with  a  motion  of  10,  and  b,  of 
5  y  and  A  communicate  to  b  a  motion  of  6  in  the  direetioh 
AB  of  its  motion.  Then,  before  the  stroke,  the  whole  mo» 
tion  from  both,  in  the  direction  ofAB,is  10 — 5  or  5.  Butt 
after  th6  stroke^  the  motion  of  a  is  4  in  the  direction  ab, 
and  the  motion  of  b  is 6— 5 or  1  in  the  same  direction  ab; 
therefore  the  sum  4  +  1 9  or  5,  is  still  the  same  motion  from 
bothi  as  it  was  before. 

PBOPOSmON  XL 

SB  The  Motion  0/  Bodies  included  in  a  Given  Sfiaccy  is  the 
same  with  regard  to  each  other^  whither  that  Sfiace  he  at 
Reafi  or  move  uniformly  in  a  Right  Line, 

FoHiifany  force  be  equally  impressed  both  on  the  body 
and  the  line  in  which  it  moves^  this  will  cause  no  change  in 

the 
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the  motion  of  the  body  along  the  ngkt  line.  For  the  same 
reasoni  the  motions  of  all  the  other  bodies,  in  their  several 
directions,  will  still  remain  the  same*  Consequently  their 
motions  among  themseWes  will  continue  the  same,  whether 
the  including  space  be  at  rest»  or  be  moyed  uniformly  for-* 
ward  And  therefore  their  mutual  actions  on  one  another, 
must  also  remiun  the  same  in  both  cases. 

PROPOSITION  xn. 

59.  If  a  Bard  and  Fixed  Plane  be  struck  by  either  a  Soft  or  a 
JHard  UnekiBtic  Body^  the  Body  vfiil  adhere  to  it.  Biit  if  the 
Plane  be  atruek  by  a  Perfectly  Elastic  Body*  it  will  rebound 
from  it  again  with  the  tame  Velocity  with  which  it  ttruck  the 
Plane. 

F0E9  since  the  parts  which  are  struck,  of  the  elastic  body, 
suddenly  yield  and  give  vfoy  by  the  force  of  the  blow,  and 
as  suddenly  restore  themselves  agmn  tf  ith  a  fqrce  equal  to 
the  ibrce  which  impressed  them,  by  the  definition  of  plastic 
bodies  ;  the  intensity  of  the  action  of  that  restoring  force  on 
the  plane,  will  be  equal  to  the  force  or  momentum  with 
which  the  body  struck  the  plane*  And,  as  action  and  re- 
action are  equal  and  contrary,  the  plane  will  act  with  the 
same  force  on  the  body,  and  so  cause  it  to  rebound  or  move 
back  again  with  the  same  velocity  as  it  had  before  the  stroke. 

But  hard  or  soft  bodies,  being  devoid  of  elasticity,  by  the 
definition,  having  no  restoring  force  to  throw  them  off  agaii)^ 
they  must  necessarily  adhere  to  the  plane  struck. 

60.  Coro^  I.  The  effect  of  the  blow  of  the  plastic  body, 
on  the  plane,  is  double  to  that  of  the  unelastic  one,  the  velo- 
city and  tnass  being  equal  in  each. 

For  the  forqe  of  the  blow  from  the  unelastic  body,  is  as 
its  mass  and  velocity,  which  is  only  destroyed  by  the  resist- 
ance of  the  plane.  But  in  the  elastic  body,  that  force  is  not 
only  destroyed  and  sustained  by  the  plane ;  but  another  also 
equal  to  it  is  sustained  by  the  plane,  in  consequence  of  the 
restoring  force,  and  by  virtue  of  which  the  body  is  throwa 
back  again  with  an  equal  velocity.  And  therefore  the  in- 
tensity of  the  blow  is  doubled. 

61.  CoroL  3.  Hence  unelastic  bodiea  lose,  by  their  col- 
lision, only^  half  the  motion  lost  by  elastic  bodies  ;  their  mass 
and  velocities   being  equaL— -For  the  latter  con^municate 

^nble  the  motion  of  the  former. 

pROPOsmo^t 
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PROPOSITION  XUL 

63.  If  an  Eltntic  Body  a  intftmge  on  a  Firm  Plane  db  at  the 
Point  My  it  xffUt  rebound  from  it  in  an  AngU  eqttal  to  thar  in 
which  it  ntruck  ii  ;  or  the  Af^lc  ^  Incidence  will  be  equal  to 
the  Anjfie  of  Rjtflexion  i  namefyy  the  jingle  abd  equal  to  the 
Angle  FBB. 

Let  ab  cxprew  the  force  of 
the  body  a  in  the  direction  as  ; 
which  let  be  resolved  inio  the 
two  AC,  CB5  parallel  and  per- 
pendicular to  the  plane.— Take 
BB  and  cr  equal  to  ac,  and  draw 
Bv.  Now  action  and  reaction  being  equal)  the  plane  will 
resist  the  dii*eci  force  cb  by  another  bc  equal  to  it,  and 
in  a  contrary  direction;  whereas  the  other  ac,  being  pa- 
rallel to  the  plane,  is  not  acted  on  or  diminished  by  tt,  but 
still  continues  as  before.  The  body  is  therefore  reflected 
from  the  plane  by  two  forces  bc,  BB^pe^pe^.dicuiar  and  pa- 
rallel to  the  plane,  and  therefore  tnoves  in  the  diagonal  bv 
by  composition.  But,  because  ac  is  equal  to  be  or  cf,  and 
thatBC  is  common,  the  two  triangles  bc  A,  bcf  are  mutually 
eimilar  and  equal ;  and  consequently  the  angles  at  a  and  f 
are  equal,  as  also  their  equal  alternate  angles  abd>  fbbi 
Ifhich  are  the  angles  of  incidence  and  reflexion. 

PBOPOSmON  XIV. 

63.  7^  determine  the  Motion  of  J^/^-elastie  B^diet  when  they 
strike  each  other  Directly  ^  or  in  the  tame  tine  of  Direction, 

Let  the  non-elaatic  body  b,  mov- 
ing with  the  velocity  v  in  the  di-    (g Q  ^ 

rection    ad,  and  the    body  b  with     B  O  ^ 

the  velocity  v,  strike  each    other. 

Then,  because  the  momentum  of  any  moving  body  is  as 
the  mass  into  the  velocity,  bv  ss  m  is  the  momentum  of 
the  body  b,  and  bv  ta  m  the  momentum  of  the  body  b^ 
which  let  be  the  less  powerful  of  the  two  tnotions.  TbeO) 
by  prop.  10,  the  bodies  will  both  move  together  as  one  mass 
in  the  direction  bc  after  the  stroke,  whether  before  the 
stroke  the  body  b  moved  towards  c  of  towards  b.  Now, 
according  as  that  motion  of  b  was  from  or  towards  b, 
that  is,  whether  the  motions  were  in  the  same  or  contrary 
wayS)  the  momentum  after  the  stroke,  in  direction  bc,  will 
,  f  •    "  be 
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be  tbe"  sum  of  diffiirence  of  the  momeotums  before  the 
stroke ;  namelj,  tl^e    momentum  in   direction   bc  will  be 

Br  +  6vj  if  the  bodies  moved  the  same  wa^i  or 
BV  ~  bv,  if  they  moved  contrary  waySf  and 
BTonly,  ifihe  body  6  were  at  rest. 

Then  divide  each  momentum  by  the  common  mass  of  mat* 
ler  B  +  ^,  and  the  quotient  will  be  the  common  velocity  after 
the  stroke  in  the  direction  bc  $  namely,  the  common  velocity 
will  be,  in  the  first  case^ 

il^4,in  the  ad*I^.«.d«i  theSd -4V- 

64.  For  example^  if  the  bodiesi  or  weights,  b  and  ^y  be  as 
S  to  3,  and  their  velocities  v  and  v,  as  6  to  4,  or  as  S  to  3,  he- 
fore  the  stroke  ;  then  15  and  6  will  be  as  their  momen?um% 
and  8  the  sum  of  their  weights ;  consequently,  after  the  stroke, 
the  common  velocity  will  be  as 

LL+is^r  21  m  the  first  case, 
8        8^ 


15  ^6     9 


8 
15 


^r  U  IB  the  8eoend,and 


il or  l|  in  the  tUrd. 


FBOPOSmON  XV. 

45.  I/two  Perfectly  EUutic  Bodies  imfdnge  on  me  another  : 
their  Relative  Velocity  vnU  be  the  same  both  Before  and  Af^ 
Ser  the  ImfiuUe :  that  is^  they  will  recede  from  each  other 
vlth  the  same  Felocit^  mih  which  they  approached  and  mtt* 

For  the  compressing  force  is  as  the  intensity  of  the  stroke ; 
which)  in  given  bodies^  is  as  the  relative  velocity  with  which 
ihey  mmi  or  strike.  But  perfectly  elastic  bodies  restore 
themselves  to  their  former  figure,  by  the  same  force  by  which 
they  were  compressed  ;  that  is,  the  restoring  force  is  equal 
to  the  compressing  force,  or  to  the  force  with  which  the 
bodies  approach  each  other  before  the  impulse.  But  the 
bodies  are  impelled  from  each  other  ]>y  this  restoring  force  ; 
and  therefore  this  force,  acting  on  the  same  bodies,  will  pro* 
duce  a  relative  velocity  equal  to  that  which  they  had  before  : 
4r  it  will  make  the  bodies  recede  from  each  other  with  the 

same 
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ftame  Telocity  with  which  they  before  approached,  or  so  as  to 
be  equally  distant  from  one  another  at  equal  times  bLfore  and 
ttfter  the  impact. 

66  Remark.  It  is  not  meant  by  this  proposition,  that  each 
body  will  have  the  same  velocity  after  the  impulse  as  it  had 
before  ;  for  that  will  be  varied  according  to  the  rela;ion  of 
the  masses  of  the  two  bodies  ;  but  that  the  velocity  of  the 
one  will  be,  after  the  stroke,  as  much  increased  as  that  of 
tiie  other  is  decreased*  in  one  and  the  same  direction.  So,  if 
the  elastic  body  b  move  with  a  velocity  v,  and  overtake  the 
elastic  body  b  moving  the  same  way  wiih  the  velocity  v  ;  then 
their  relative  velocity,  or  that  W!th  which  they  strike,  is 
y  -«  V,  and  it  is  with  this  same  velocity  that  they  separate 
from  each  other  after  the  stroke.  But  if  they  meet  each 
other,  or  the  body  b  move  contrary  to  the  body  b  ;  then  they 
meet  and  strike  with  the  velocity  v  -f  v,  and  it  is  with  the 
same  velocity  that  they  sepdrate  and  recede  from  each  other 
after  the  stroke.  But  whether  they  move  forward  or  back- 
ward after  the  impulse,  and  with  what  particular  velocities, 
are  circumstances  that  depend  on  the  various  masses  and  ve- 
locities of  the  bodies  before  the  stroke,  and  which  make  the 
subject  of  the  next  proposidon. 

PROPOSITION  XVI. 

67,  To  determine  the  Motions  of  Eiaetie  Bodies  t^fter  StriUng 
each  other  directly* 

Lbt  the  clastic  body  b  move  in         ^  q 

the  direction  bc,  with  the  velocity         jf  t^  C 

V ;  and  let  the  velocity  of  the  other 

body  6  be  V  in  the  same  line  ;  which  latter  velocity  v  wil}  be 
positive  if  6  move  the  same  way  as  b,  but  negative  if  b  move 
in  the  opposite  direction  to  b.  Then  their  relative  velocity 
in  the  direction  bc  is  v  t-  v  ;  also  the  momenta  before  the 
stroke  are  bv  and  bv^  the  sum  of  which  is  bv  +  ^  in  the 
direction  BC.  «§ 

Again,  put  x  for  the  velocity  of  b,  and  y  for  that  of  6f 
in  the  same  direction  bc,  after  the  stroke  ;  then  their  rela- 
tive velocity  isy  ^  x^  and  the  sum  of  their  momenta  Bx-i-by 
in  the  same  direction. 

But  the  momenta  before  and  after  the  collision,  estimated 
in  the  same  direction,  *are  equal,  by  prop.  10,  as  also  the 
relative  velocities,  by  the  last  prop*  Whence  arise  these  twe 
equations : 

viz. 
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ynz  BY  +  bv  ^ss  Bx  +  bff^ 
and   V  —  vsssy  —  ap- 
the  resolution  of  which  equations  givea 

X  B ^'-—^ —  ,  the  velocity  of  b, 

y  s=s  — -       J^  ^ .  the  Telocity  of  *, 

both  in  the  direction  bc,  when  ▼  and  v  are  both  poaitirei  ^r 
the  bocties  both  moved  towards  c  before  the  collision.  But 
if  V  be  negative,  or  the  body  6  moved  in  the  contrary  direction 
before  collisiooy  or  towards  a  }  then^  changing  the  sign  of  ij^ 
the  same  thecM'ems  become 

a:  ^  'iJlRLzJt,  the  velocity  of  ft, 

y  «i  B  XT"^'  ^**^  ^^^^'  ^^*>  ^^  *®  direction  bc. 
And  if  b  were  at  rest  before  the  impact,  making  its  velociq^ 
V  OB  0,  the  sjime  theorems  give 

^  =  — TTL^'  *"^  y  ■■       ,   ;  v>  the  velocities  in  this  case. 

And  in  this  case,  if  the  two  bodies  b  and  b  be  equal  to 

each  other  ;  then  b  —  6  aa  0,  and — p--«=a^-=  i  ;  which 

give  i:  «a  Q,  and  y  «s  V  ;  that  is  the  body  b  will  stand  still, 
and  the  other  body  b  will  move  on  with  the  whole  velocity  of 
the  former  ;  a  thin^i:  which  we  sometimes  see  happen  in  play- 
ing at  billiards  ;  and  which  would  happen  much  oftener  if  th« 
halls  were  perfectly  elastic. 


PROPOSITION  XVlL 

6B*  If  Bodies  strike  one  another  ObHguelyf  it  u  firdfioaed  to  dep 
termine  their  Motions  u/ter  the  Stroke. 

LsT  the  two  bodies  b,  b^ 
move  in  the  oblique  directions 
BA,  6a,  and  strike  eaeh  other 
at  A,  with  velocities  which  are 
in  proportion  to  the  lines  ba^ 
6a  ;  to  find  their  motions  after 
the  impact.    Let  cah  repre* 

sent  the  plane  in  which  the  

bodies  touch  in  the  point  of  ^        E 

concourse ;  to  which  draw  the  perpendiculars  bc,  bn,  and 
cemplete  the  rectangles  ce.  df.  Then  the  motion  in  ba  is  re- 
solved 
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solved  into  the  two  bc,  ca  ;  and  the  motion  in  ^a  is  resolved 
into  the  two  ^d,  da  ;  of  which  the  antecedents  bc  .  609  are  the 
velocitiett  with  which  thejr  directly  meeti  and  the  consequents 
CAj  DA)  arc  parallel ;  therefore  by  these  the  bodies  do  not  im- 
pinge on  each  other*  and  consequently  the  motions,  according 
to  these  directionSt  will  not  be  changed  by  the  impulse  ;  so 
that  the  velocities  with  which  the  bodies  meet,  are  as  bc  snd 
to,  or  their  equals  sa  and  fa.  The  motions  therefore  of  the 
bodies  b,  d^  directly  striking  each  other  with  the  velocities  BA9 
tA«  will  be  determined  by  prr«p.  16  or  14,  according  as  the 
bodies  are  elastic  or  non-elasiic  $  which  being  done,  let  ao  be 
the  velocity,  so  determined,  of  one  of  them,  as  a  ;  and  smce 
there  remains  also  in  the  body  a  force  of  moving  in  the  direc- 
tion parallel  to  bk,  with  a  velocity  as  bB)  tnake  ah  equal  to  BB9 
at)d  complete  the  rectangle  oh  :  then  the  two  motions  in  ah 
and  ao,  or  hi,  itre  compounded  into  the  diagonal  AI9  which 
thcicfure  will  be  the  path  and  veloci^  of  the  body  e  after  the 
stroke.  And  after  the  same  manner  is  the  motion  of  the  other 
body  b  determined  after  the  impact. 

If  the  elasticity  of  the  bodies  be  imperfect  in  any  given 
degree,  then  the  quandty  of  the  corresponding  lines  meat  be 
dimoished  in  the  same  proportion. 


THE  LAWS  OF  GRAVITY;  THE  DESCENT  OF 
HEAVY  BODIES  ;  AND  THE  MOTION  OF  PRO^ 
JECTILES  IN  FREE  SPACE. 

IW>PQIS|  nOK  XVHL 

69.  Jill  the  firofiertiet  of  Motion  delivered  in  Profiontion  Vl^ 
it9  Coroilarieg  and  Scholium,  for  Constant  Forcet^  are  true 
in  the  MotionM  of  Bodiet  freely  deteending  by  their  own. 
Gravity  /  namely^  thai  the  velocities  are  as  the  Timeo^  onA 
the  S/iaces  a§  the  Squareeqfthe  Timesj  or  as  the  Squares  of 
the  Velocities. 

Foe,  since  the  force  of  gravity  is  uniform,  and  c(mstantl7 
the  same,  at  all  places  near  the  earth's  surface,  or  at  nearly 
the  same  distance  from  the  centre  of  the  earth ;  and  since  this 
is  the  force  by  which  bodies  descend  to  the  surface ;  tkejr 
therefore  descend  by  a  force  which  acts  constantly  and  equally  ; 
consequently  all  the  motions  freely  produced  by  gravity,  are 
as  above  specified,  by  that  proposition,  &c. 
SGHOUUM. 
70*  Now  it  has  been  found,  by  numberless  experiments} 

that 
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that  gravitfis  a  force  of  such  a  nature,  that  all  bodies,  whether 

light  or  heavy,  fall  perpendicularly  through  eqtial  spacea  iii 

the  same  time,  abstracting  from  the  resistance  of  the  air-;  as 

lead  or  gold  and  a  featKer,  which  in  an  exhausted  receiver 

faJl  from  the  top  to  the  bottom  in  the  same  time.     It  ia  also 

Ibifnd  that  the   velocities  acquired  by  descending,  are  in  th^ 

exact  proportion  of  the  times  of  descent :  and  further,  that 

the  spaces  descended  are  proportional  to  the  squares  of  th6 

tirocB,  and  therefore  to  the  squares  of  the  velocities.    Hence 

then  it  follows,  that  the  weights  of  gravities,  of  bodies  near 

the  surface  of  the  earth,  are  proportional  to  the  quantities  of 

matter'  contained  in  them  ;  and  that  the  spaces,  times,  and 

velocities,  generated  by  gravity,  have  the  relations  contsdned 

in  the  three  general  proportions  before  laid  down.     Further, 

•as  it  is  found,  by  accurate  experiments,  that  a  body  In  the 

latitude  of  London,  falls  nearly  16^  feet  in  the  first  second 

of  time,  and  consequently  that  at  the  end  of  that  time  it  has 

acquired  a  velocity  double,  or  of  32^  feet  by  corol.  1,  prop.  6  ; 

therefor^  if  ^  denote    1 6^V  ^^^^  ^^^^  apace  fallen  through  in 

one  s^ond  of  time,  or  2^:  the  velocity  generated  in  that  time  ; 

then,  because  the  velocities  are  directly  proportional  to  the 

times,  and  the  spaces  to  the  squares  of  the  times  i  therefore 

it  will  be,  , , 

as  l** :  /''  :''2g:  ^t  ss  vtbe  velocity, 

and  1*  s^*  : :  g --  gt^  =  a  the  space. 

So  that*  for  (he  descents  of  gravity,  we  have  these  general 

equations,  namely, 

Hence,  because  the  times  are  as  the  velocities,   and  the 
spaces  as  the  squares  of  either,  therefore, 

if  the  times  be  as  the  numbs*      1)  3,  3,    4,    5,  8c^. 

the  velocities  will  also  be  as         1,  2,  3,    4,    5,  Sec. 

and  the  spaces  as  their  squares  1,  4,  9,  16,  25  &c. 

and  the  space  of  each  time  as      l«  3,  5,     7,  ^$,  he, 

namely,  as  the  aeries  of  the  odd  numbers,  which  art  the 

differences  of  the  the  squares  denoting  the  whole  spaces*    Sio 

that  if  the  &r6t  series  of  natural  numbers  be  jieco^ds  of  time, 

Vol.  n.  S  namely, 
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aimfietyy  tbe  ttsfes  in  seconds 
the  velocities  in  feet  will  be 
the  spaces  in  the  whole  times 
and  the  space  for  each  second 


32f  64f 


3", 


138|. 
257J, 


&e. 

&e. 

&c« 


71.  These  relations^  of  the  times,  veloci*' 
ties,  and  spaces,  may  be  aptly  represented 
by  certain  lines  and  geometrical  figures. 
Thus,  if  the  line  ib  denote  the  time  of  any 
body's  descent,  and  bc,  at  right  angles  to  it, 
the  velocity  gained  at  the  end  of  that  time  ; 
by  joining  ac,  and  dividing  the  time  ab  into 
any  number  of  parts  at  tiie  p<Hnts  a»  bt  c  ; 
then  shall  ad,  be,  cf,  parallel  to  bg,  be  the  velocities  at  thct 
points  of  time  a,  b,  c»  or  at  the  ends  of  the  thnes»  Aa^  Ab# 
AC  ;  because  these  latter  lines,  by  similar  triangles  are  pro- 
portional to  the  former  ad,  be,  cf,  and  the  times  are  proper* 
tional  to  the  velocities.  Also,  the  area  of  the  triangle  abc 
win  represent  the  space  decended  by  the  force  of  gravity 
in  tbe  time  ab,  in  which  it  generates  the  velocity  bo  ;  be- 
cause that  area  is  equal  to  ^ab  X  bc,  and  the  space  descend- 
ed is  «  3s  4^,  or  half  the  product  of  the  time  and  the  last 
velocity.  And,  for  the  same  reason,  the  less  triangles  Aad, 
Abe,  Acf,  will  represent  the  several  spaces  described  in  the 
corresponding  times  as,  Ab,  ac,  and  velooities  ad,  be,  cf ; 
those  triangles  or  spaces  being  also  as  the  squares  of  their 
like  sides  as,  Ab,  ac,  which  represent  the  times,  or  of  ad,  bfi 
cf,  which  represent  the  velocities. 


i\     ■■  jjL    I 

£ Q 


73.  But  as  areas  are  rather  unnatural 
vepresentations  of  the  spaces  passed  over 
by  a  body  in  motion,  which  are  lines,  the 
relations  tnay  better  be  represented  by 
the  abscisses  and  ordinates  of  a  parabola. 
Thus,  if  pq  be  a  parabola,  pr  its  axis, 
'  and  nq  its  ordinate ;  and  pa,  l»b,  pc,  8(C. 
parallel  to  xq,  represent  the  times  from 
the  beginning,  or  the  velocities,  then  a6,  bf,  eg,  flee,  parallel 
to  the  axis  p&,  wili  represent  the  spaces  described  by  tf  fall- 
ing body  in  those  times  ;  for,  in  a  parabola,  the  abscisses  pIu 
pi,pk,  &c*orae,  bf,.cg,  &c.  whichare  the  spaces  described^ 
are.  as  the^  squares  of  the  ordinates  he,  if,  kg,  fltc.  or  pa,  pfa|» 
pc»  ^c,  which  represent  the  times  or  velocities. 

73.    And  because  the  laws  for  the  destruction  of  motiouj 

are 
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are  the  same  as  those  for  the  generation  of  it}  by  equal  ferceHi 
but  acting  In  a  contrary  direction  ;  thereforei 

Ut,  A  body  thrown  directly  upwardi  with  any  velocity 
wll  lose  equal  velocities  in  equal  time^. 

2di  If  a  body  be  projected  upward,  with  the  velocity  it 
acquired  in  any  tiine  by  descending  freely,  it  will  Lose  all  its 
velocity  in  an  equal ^ttraei  and  wUl  ascend  ju^t  to  the  same 
height  froi|i  which  it  fell,  and  will  describe  equal  spaces  in 
equal  times,  In  rising  aqd  falling,  but  in  an  inverse  order  ; 
and  it  will  have  equal  velocities  at  any  one  and  the  same  point 
of  the  line  described,  both  in  ascending  and  descending. 

S(/,  If  bodies  be  pro^ted  upward,  with  any  velocities,  the 
height  ascended  to,  will  be  as  the  8(|uares  of  those  velocitiesy 
'or  as  the  squares  of  the  times  of  ascending,  fBl  they  lose  M 
their  velocities. 

74.  To  iflustrate  now  the  roles  for  the  natural  descent  of 
bodies  by  a  few  examples,  let  it  be  required, 

It/f  To  find  the  space  descended  by  a  body  in  7  8econ4^ 
of  timsy  and  the  folocity  acquired. 

Ans.  788-^  space  ;  and235^veloci^, 
•  ^d,  To  find  the  time  of  generating  a  velocity  of  100  feet 
per  seeondi  and  ttafto  whole  space  descended. 

Ans.  8^f  ^  time  ;  155^  space. 

3di  To  find  the  time  of  descending.  400  feet,  and  the  ve« 
Ibcity  at  the  end  of  that  time* 

Aan.4''^  ume  $  and  160^  velocity. 


PROPOSITION  XIX. 

^75.  ^o  Body  be  projected  in  Free  Sfiaeeeilher  Parallel  to  the 

*     Horizon^  or  in  an  Oblique  Direction^  by  the  Force  qf  Gun^ 

Powdery  or  any  other  ImpuUe  ^  it  mil  by  thio  Motion,  in 

Conjunction  with  the  Action  q/*  Gravity  tieteribe,  the  Curv^ 

Line  of  a  Parabola* 


Let  the  body  be  projected  from  the  point  A,  in  the  di- 
rection adi  witb  any  umform  velocity :  then,  in  any  equal 
*  poruons 
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portiims  ortiirie,  it  would  by  prop.  4,  deftcribe  the  eqdal 
spaces  AB,  BC,  cd»  &c.  in  the  line  ad^  if  it  were  not  drawn 
continually  down  below  that  line  by  the  action  of  gravity* 
Draw  Bm^CF^DO  &c.  in  the  direction  of  gravity,  or  perpen- 
dicular to  the  horizon,  and  equal  to  the  spaces  through 
which  the  body  would  descend  by  its  gravity  In  the  same 
time  in  which  it  would  uniformly  pass  over  the  correspond- 
ing  spacer  as,  ac,  An,  &c.  by  the  projectile  motion.  Then» 
vince  by  these  two  motions  the* body  is  carried  over  the  space 
AB,  in  the  same  time  as  over  the  space  be,  and  the  space  ao 
In  the  same  time  as  the  space  of,  and  the  space  An  in  the 
same  time  as  the  space  nc,  fcc  ;  therefore,  by  the  compesi- 
tion  of  motions,  at  the  end  of  those  times*  the  body  will  be 
bund  respectively  in  the  points  b»  f,  g,  &c  ;  and  conee- 
queotly  the  retl  path  of  the  projectile  will  be  the  curve  line 
abfo  flee.  But  the  spaces  ab,  ac,  ad,  &c.  described  by 
uniform  motion,  are  aa  the  times  of  description ;  and  the 
spaces  bb,  cf,  no,  &c.  described  in  the  same  times  by  the 
accelerating  force  of  gravity,  are  as  the  squares  of  the  times  ; 
consequently  the  perpendicular  descents  are  as  the  squares 
of  the  spaces  in  ad,  that  is  bb,  cf,  no,  8cc,  are  respectively 
proportional  to  ab*,  ac«,  An^^,&c ;  which  is  the  property  of 
the  parabola  b^  theor.  8,  Con.  Sect.  Therefore  (he  path  of 
the  projectile  is  the  parabolic  line  axfo  &c,  to  which  An  ia 
U  tangent  at  the  point  a. 

76.  Coroi,  I.  The  horizontal  velocity  of  a  projectile,  is 
always  the  same  constant  quantity,  in  every  point  of  the 
curve  ;  because  the  horizontal  motion  is  in  a  consunt  ratio 
to  the  motion  In  ad,  which  is  the  uniform  projectile  motion. 
And  the  projectile  velocity  ia  in  proportion,  to  the  constant 
horizontal  velocity,  as  radius  to  the  cosine  of  the  angle  daik^i 
or  angle  of  elevation  or  depression  of  the  piece  above  or  be^ 
low  the  horizontal  line  ah. 

77.  CoroL  3.  The  Veloeity  of  the  projectile  in  the  direction 
of  the  curve,  or  of  its  tangent  at  any  point  a  is  as  the  secant 
of  its  angle  bai  of  direction  above  the  horizon.     For  the 

Viotion  in  the  horizontal  direction  At  is  constant,  and  ai  is 
to  ab,  as  radius  to  the  |ecant  of  the  angle  a  ;  therefore  the 
motion  at  a,  in  ab^  is  every  where  as  the  secant  of  the  an- 
gle a. 

78.  CoroL  3.  The  velocity  in  the  direction  no  of  gravityt 
^  perpendicular  to  the  horizon  ,  at  any  point  o  of  the'  curve, 
is  to  the  first  uniform  projectile  velocity  at  a,  or  point  of 
contact  of  a  tangent,  as  2gd  is  to  An.  For,  the  times  in  ad 
6nd  DO  being  eauiJi  and  the  velocity  acquired  by  freely  de- 
•       •  •  sccnding 
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at^aSskig  tiiroygb  fio>  being  such  9ft  would  cany  the  bodir 
UDiformly  over  twice  do  id  an  equal  time)  and  the  spaces  de« 
ftcribed  with  uniform  motions  being  as  the  velocities,  there** 
fore  the  space  ad  is  to  Ibe  space  3dg»  as  the  projectile  veloct*' 
tf  at  A)  to  the  perpendicular  velocity  at  o. 


PBO^OSmON  XX 


79.  ne  Velocity  in  the  DxrecHtm  of  the  Curves  at  any  Point  of 
ffV,  as  A,  is  egtuil  to  that  which  is  generated  by  Gravity  in 
freely  descending  through  a  Sftace  which  is  efual  toOne^ 
Fourth  of  the  Paranteter  <if  the  diqmeter  of  the  Paral^ola  at 

*  that  Point. 

Lbt  pa  or  AB  be  the  height 
due  to  the  velocity  of  the  projec- 
tile at  any  point  a,  in  the  direction 
of  the  curve  or  tangent  ac,  or 
she  velocity  acquired  by  falling 
through  that  height ;  and  com*  . 
plete  the  parallelogram  acdb. 
Then  is  en  a  ab  or  ap»  the 
height  due  to  the  velocity  in  the  curve  at  a  ;  and  cd  is  also 
the  height  due  to  the  perpendicular  velocity  at  d,  which 
must  be  equal  to  the  former  ;  but  by  the  last  corol.  the  velp- 
chy  at  A  is  to  the  perpendicular  velocity  at  b,  as  ac  to  2cd  ; 
and  as  these  velocities  are  equal,  therefore  ac  or  bd  is  equal 
to  3cD,  or  2ab  ;  and  hence  ab  or  A9  is  equal  to  ^bd,  or  X 
of  the  parameter  of  the  diameter  ab>  by  coroU  to  theon  13  of 

•the  Parabola. 

* 

$0.  Corol.  1.    Hence,  and  from  cor.  2,      jj  j£  h  HH 
theor.  13of  the  parabola,  it  appears  that,     •""] — TZXT"!     \ 
if  from   the  directrix   of  the   parabola 
which  is  the  path  of  the  projectile,  seve- 
ral lines  HE  be  drawn  perpendicular  to 
the  directrix,  or  parallel  to  the  axis ;  fhen 
the  velocity  of  the  projecdle  in  the  direction  of  the  curve,  at 
any  point  e,  is  always  equal  to  the  velocity  acquired  by  a  body 
falling  freely  through  the  perpendicular  line  he. 

8h  Corol  2.  If  a  body,  after  falling  through  the  height 
PA  (last  %.  but  one),  which  is  equal  to'AB,  and  when  it 
arrives  at  a»  have  its  course  changed,  by  reflection  from  an 
elastic  pltt)&  aii  or.  otherwise,  into  any  direction  ac*  without 
alteriog  the  velocity  \  and  Jf  ac  be  taken  =  2ap  or  2ab» 

and 
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<Dd  the  iMsrilelogratn  be  completed ;  then  tiie  bodf  nfiU  de- 
scribe the  parabola  passing  through  the  point  n. 

88.  CoroL  3*  Because  ac  a  2ab  or  3c d  or  2af,  therefore 
S£C*  s=s  3a9  X  3cD  or  AP  •  4cD ;  and)  because  all  the  perpen- 
diculars sr,  CD,  OB)  are  as  ab*«  ac',  ao*  ;  therefore  also 
AP  .4By  SB  AK*f  and  ap  .  4oh  s=ao*,  8cc  ;  and  because  tfat 
rectangle  of  the  extremes  is  equal  to  the  rectangle  of  the 
means  of  four  proportionals,  therefore  always 

it  is  AP  :  AB  : :  ak  :  4bf, 

and  AP  :  AC  • :  AC  :  4co, 

and  AP  t  Aa  : :  ao  :  4ob, 

and  so  on.  . 

PROPOSITION  XXL 

88.  Htsving  given  the  Direction^  and  the  Imfietue^  cr  Altitude 
due  to  the  Firtt  Velocity  of  a  Projectile  ;  to  determine  the 
GreatcBt  Height  to  which  it  will  rise^  and  the  Random  or 
Horizontal  Range. 


A 

and  draw 


Let  ap  be  the  height  due  to  the 
projectile  velocity  at  a,  ag  the  di- 
vection,  and  ar  the  horizon.  On 
AG  let  fall  the  perpendicular  pq, 
and  on  ap  the  perpendicular  qr  ;  so 
shall  AB  be  equal  to  the  greatest  alti- 
tude ev,  and  4qR  equal  to  the  hori- 
zonul  range  ah*  Or,  having  drawn 
pq  perp.  to  ag,  take  ag  =  4Aq, 
then  AH  is  the  range. 
For,  by  the  last  corollary,  ap  :  ag  : :  AG  :  4gh  ; 

and,  by  similar  triangles,  ap  :  ag  : :  Aq  :    gh, 

or     -      -     -     "     AP :  AG  ::  4Aq  :  4gh  ; 
therefore  ag  =  4Aq ;  and,  by  similar  triangles,  ah 

Also,  if  V  be  the  vertex  of  the  parabola,  then  ab 
=■  2Aq,  or  Aq  =  qn ;  consequently  ar  b  bv^ 
^y  the  property  of  the  parabola. 
.    84*   Corol,  1.    Because  the    angle 
q  is  a  right  angle,  which  is  the  angle 
in  a  semicircle,  therefore  if,  on    ap 
as  a  diameter,  a  semicircle  be   de* 
scribed,  it  will   pass    through    the 
point  q. 

85.  Coro/.  3.  If  the  horizontal  range 
and  the  projecule  velocity  be  given, 

the 


to  AH  I 


as4qR. 

or  Jag 
which  is  =cv 


Digitized  by 


Google 


t^  diMciioo  of  the  piece  90  as*  10  liii  the  object  Hf  «ilt  be 
thus  easily  ibund :  Take  ad  =  i  Aa>draw  pq  perpendiculikr 
to  AH)  meeting  the  seinicircle,  describecl  oo  the  diameter  ap* 
in  q  and  q  s  then  Aq  or  Aq  .will  be  the  direction  of  the  piece. 
And  iience  it  appeaMi  that  there  are  two  directions  ab,  Ab^ 
irhlch,  with  the  same  projectile  velocity,  give  the  very  <8amo 
horizontal  range  ah  And  these  two  directions  make  equal 
iBigles  qAD,  qAP  vdtb  ab  and  aF|  ttecaase  the  arc  pq  bb  the 
arc  Aq. 

86.  Ccroi.  3.  Or,  if  the  range  aH|  and  direction  ab,  be  giv« 
en ;  to  find  the  altitude  and  velocity  or  impetus.  Take  ad  cb 
^AH«  and  erect  the  perpendicular  oq,  meeting  ab  in  q ;  bo 
shall  oq  be  equal  to  the  greatest  altitude  cv.  Also,  erect  ap 
perpendicular  to  aB)  and  qp  to  Aq ;  so  shall  ap  be  the  height 
due  to  the  velocity.  ^ 

87.  CoroL  4.  When  the  body  is  protected  with  the  sara» 
velocity,  but  in  different  directions :  the  horizontal  ranges 
AH  will  be  as  the  sines  of  double  the  angles  of  elevaiibn.— « 
Or,  which  is  the  same,  as  the ,  rectangle  of  the  sine  and  co« 
sine  ofelevadon.  For  ad  or  &q,  which  ia  ^ah,  is  the  sin^ 
of  the  arc  Aq^  which  measures  double  the  angle  qAD  of  eleva* 
tion. 

And  when  the  directioD  is  the  same,  but  the  velocities  diC* 
ferent ;  the  horizontal  ranges  9/te  as  the  square  of  the  veloci* 
ties,  or  as  the  height  ap,  wliich  is  as  the  square  of  the  veloci* 
ty  ;  for  the  sine  ad  or  aq  or  (ah  is  as  the  radios  or  as  the  dia- 
meter A  p. 

Therefore,  when  both  are  different,  thci  ranges  are  in  the 
compound  ratio  of  the  sqCkares  of  the  velocities,  and  the  sines 
of  double  the  angles  of  elevation. 

88.  Corol.  f.  The  greate'st  range  is  when  the  angle  of  elC'* 
vation  is  45^,  or  half  a  right  angle;  for  the  double  of  45  la 
90,  which  has  the  greatest  sine.  Or  the  radius  os,  wbich  is 
J  of  the  range,  b  the  greatest  sine.  ,  ^ 

And  hence  the  greatest  range,  or  that  at  an  elevation  of  45% 
ts  just  double  the  altitude  ap  which  is  due  to  the  velocity,  or 
equal  to  4vc.  Consequently,  in  that  case,  c  is  the  focus  of  the 
{Mrabola,  and  ah  its  parameter.  Also,  the  ranges  are  eqoal» 
at  angles  equally  above  and  below  4S«'. 

89.  Corol,  6.  When  the  elevation  is  150,  the  double  of 
which,  or  30^,  has  its  sine  equal  to  half  the  radius ;  conse- 
quently then  iu  range  will  be  equal  to  ap,  or  half  the  greatest 
range  at  the  elevadon  of  45^" ;  that  is,  the  ran^eat  isMs 
equal  to  the  iropelus  or  height  due  to  the  projecule  vehEK:ity. 

90k  CoroU  7. 
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9<K  Coroi,  7.  The  grOfttett  tkitode  ct,  being  equal  to  jm, 
is  as  the  vened  sine  of  doable  the  angle  of  elevation,  an€ 
«lao  as  A  p  or  the  square  ot  the  velodty.  Or  as  the  squave 
of  the  sine  of  elevation,  and  the  square  of  the  velocity ;  for 
the  square  of  the  une  is  as  the  versed  me  of  the  double  an- 
gle. 

9U  Coro/.  8.  The  dme  of  flight  of  the  projectile,  which  Is 
equal  to  the  time  of  a  body  falling  freely  through  oh  or 
4cv,  four  times  the  altitude,  is  therefore  as  the  square  root 
of  the  altitude}  or  as  the  projectile  velocity  and  sine  of  the  ele- 
vation. 

SGHOUUM* 

92.  From  the  last  proposition,  and  its  corollariea«  may  be 
deduced  the  fbllo^ng  set  of  theorems,  for  finding  all  the 
circumstances  of  projectiles  on  horizontal  planes,  haidng  any 
two  of  them  given.  Thus,  let  «,  c,  t  denote  the  sine,  coainoi 
and  taoffent  of  elevation ;  a,  v  the  sine  and  versed  sine  of 
the  double  elevation  ;  &  the  horizontal  range  ;  t  the  time  of 
flight ;  V  the  projeadle  velocity ;  h  the  greatest  height  of  the 
projecdle  ^=16^  feet,  and  a  ^e  impetus,  or  the  altitttde 
due  to  the  velocity  v.    Then, 


T=    --«2a^ -=  V7=V-:  =  2-/  -. 

gtt       J*  v'     wS       if 

*  4c         4^       Sj"       4 

And  from  any  of  these,  the  apgle  of  direction  may  be 
foimd*  Also,  in  these  theorems,  g  may,  m  many  cases,  be 
taken  s=  16,  without  the  small  fraction  ^,,  which  will  be  near 
enough  for  common  use* 


PROPOSITION  xxn. 

^3.  To  determine  the  Bange  on  an  Oblique  Plane  ;  having 
given  the  ImpetU9  or  Velocity ^  and  the  Angle  ^f  Direction. 

Lftf  AX  be  the  oblique  plane,  at  a  given  angle,  either 
above  or  below  the  horisontal  plane  ah  ;  ao  the  directioo 
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ot  Ae  ]»iec6,  and  ap  the  altl-. 
tude  due  to  the  pit>i«ctile  vela*' 
city  at  A- 

Sy  the  last  propoutioQ^  fiod 
the  honk.aiitiil  cange  ah  to  tht^ 
^ivH  velocity  and  direction  ; 
dniw  KB  perpendicular  to  ah, 
meeting  the  oblique  plane  in  £; 
draw  £F  parallel  to  aq,  and 
71  parallel  tOHB  s  sotshall  the 

projectile  paH!»  through  i.  and  the  range  on  the  o^Uqiie 
plane  will  be  ai.  As  is  evident  by  tbcor.  15  of  the  Para- 
bola, where  it  is  proved,  that  If  ah,  ai  be  any  two  lines  ter* 
ininated  at  the  curve,  and  iv.  be  parallel  to  the  ws ;  then 
is  sp  parallel  to  the  tangent  ao. 

94  Or Arfrwf«a^  without  the  Horizontal  Ranf^e. 

Draw  pq  perp.  to  ag.  and  qd  perp  lo  the  horiaontal 
plane  af-  meeting  the  inclined  pUne  in  & ;  uke  ab  s  4aK| 
draw  EF  parallel  to  a(>,  and  fi  parallel  to  ap  or  d^  ;  so  shall 
AI  be  the  range  on  ihe  oblique  plane.  For  ab  ca  4aD) 
Iherefore  y.a  U  parallel  to  vi,  and  so  on,  as  above. 

Othervue*. 

95  Draw  pq  making  the  angle  Al>q  ^  the  anj^le  6 At ; 
then  take  ao  a  4Aq9  and  draw  oi  perp.  to  Afi  Or,  draw 
qk  perp.  to  ah,  and  take  ai  «&  4Ai:.  Also  kq'  will  be  equal 
40  cv  the  greatest  height  above  the  plane* 

For,  by  cor.  2,  prop.  30,  ap  s  ag  .. :  ao  :  4oi 
and  by  aim.  triangles,  ap  :  ao  t  :  Aq  :  oi, 
or         -  .       -  -  AP  :    AG  s  :  4Aq  :  4ot; 

therefore  AG  =  4Aq  ;  and  by  sim.  triangles,  ai^r  4Ak, 
Al-^o  qk,  or  joi,  is  «  to  rv  by  theor.  13  of  the  Parabola. 


and 


96.  Coro/. 
VoB.  JL 


If  xo  be   drawn  perp.  to  the  plane  as, -^ 
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AP  be  bisected  by  the  perpendicular  sto  ;  then  with  t&e 
centre  o  describing  a  circle  through  a  and  f,  the  same  will 
also  pass  throoghq,  because  the  angle  gai,  formed  bfthe 
tangent  ai  and  ao,  is  eqaai  to  the  angle  APq,  which  wiU 
therefore  stand  oo  the  same  arc  Aq. 

97.  CoroL  3.  If  there  be  given  the  range  At  and  the  ve- 
locity, or  the  impetus,  the  direction  will  hence  be  easily 
found  thus :  Take  Ak  =s:  ^ai,  draw  kq  perp.  to  ah,  meeting 
the  circle  described  with  the  radius  ao  in  two  points  q  and 
q  ;  then  Aq  or  Aq  will  be  the  direction  of  the  piece.  And 
hence  it  Appears  that  there  are  two  directions,  which,  with 
the  same  impetus,  give  the  very  same  range  ax*  And  these 
two  directions  make  equal  angles  with  ai  and  ap,  because 
the  arc  pq  is  equal  the  arc  Aq.  They  also  make  equal  angles 
with  a  line  drawn  from  a  through  s»  because  the  arc  sq  is 
equal  the  arc  sq. 

98.  Cord.  3.  Or,  if  there  be  given  the  range  ai,  and  the 
direction  Aq  ;  to  find^the  velocity  or  impetus.  Take  Ak  =5 
i  AI,  and  erect  kq  perp.  to  ah,  meeting  the  line  of  direction 
inq;  then  draw  qp  making  the  Z  Aqp  s=  Z^hq ;  so^  shall 
AP  be  the  impetus,  or  the  altitude  due  to  the  projectile 
velocity. 

99.  CoroL  4.  The  range  on  an  oblique  plane,  with  a  »ven 
elevation,  is  directly  proportional  to  the  rectangle  of  the 
cosine  of  the  direction  of  the  piece  above  the  horizon,  and 
the  sine  of  the  direction  above  the  oblique  plane,  and  reci- 
procally to  the  square  of  the  cosine  of  the  angle  of  the  plaoje 
above  or  below  the  horizon. 

For,  put «  sa  sin.  ^IqAi  or  Apq, 

r  as  COS.  ZqAH  or  slu.  PAq, 

c  as  COS.  ZiAH  or  sin.  Akd  or  Akq  or  Aqp. 

Then,  in  the  triangle  Apq,  c  ;  ^  :  :  ap  :  Aq  ; 
and  in  the  triangle  Akq,  c  :  c  :  :  Aq  :  Ak  ; 
theref.  by  composition,      c*  :  c* :  :  ap  :  ak  as  jai. 

So  that  the  oblique  range  ai  «  ^  x  4ap. 

100.  The  range  is  the  greatest  when  Ak  bthe  greatest; 
ttiat  b,  wh^n  kq  touches  the  circle  in  the  middle  point  s ; 
«nd  then  the  line  of  direction  passes  through  s,  and  bisects 
the  angle  formed  by  the  oblique  plane  and  the  vertex.  Also, 
the  ranges  are  equal  at  equal  angles  above  and  below  this 
direction  for  the  maximum^ 

1©K  CoroL  5.  The  greatest  height  ev  or  kq  of  the  projcc- 
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tile,  above  Uie  plane,  is  equal  to  ^  X  ap.    And  therefore    it 

isaa  the  impetus  and  square  of  the  sioe  of  direction  above 
the  plane  directly)  and  square  of  the  cosine  of  the  plane's  in«> 
^ination  reciprocally. 

For     -  c  (sin,  Aqr)  2 1  (sin.  Apq^  t :  ap  :  Aq, 
and    c  (sin.  Akq)  •  9  (sin.  kAq)  : :  Aq  :  kq, 
tbcref.  by  comp  c *:#*::  ap  :  kq. 
102.  Corol.  6.  The  time  of  flight  in  the  curve  kvi  is  sc 

— \/ — t  where  ffss  \6  ^  feet     And  therefore  it  is  as  the 

velocity  and  sine  of  direction  above  the  plane  directly^  and 
cohine  of  the  plane's  inclination  reciprocally.  For  the  lime 
of  describing  the  curve,  is  equal  to  the  time  of  falling  freely 

through  01  or  4kq  or  —  x  ap.    Therefpref  the  time  bein^j^ 

as  the.  square  root  of  the  dutan6e, 

V<r--V^AP::  1":—^—,  the  time  of  flight. 


9CHOUUM. 

103.  From  the  foregoing  corollaries  may  be  collected  the 
fbllowing  set  of  theorems,  relating  to  projects  made  on  any 
g^ireo  iociined  planes,  either  above  or  below  the  horizontal 
plane.    In  which  the  letters  denote  as  before, namely^ 

e  =  cos.  of  direction  above  the  horizon^ 

c  &s  COS.  of  inclination  of  the  plane, 

«  ss  stn.  of  direction  above  the  plane, 

n      the  range  on  the  oblique  plane, 

T     the  time  of  flight, 

T      the  projectile  velodty, 

B      the  greatest  height  above  the  plane, 

a      the  impetus,  or  alt.  due  to  the  velocity  v, 

^=al6,Vfeet.    Then, 

c»  cSjr  *  * 

—  If   /I      —      '*^*       — '-B  «.iT« 

^~cs  -     ^       -4c  4^    • 

v  =  v^4a5r=cv'^    «Ct    --Vi^H- 

And  from  my  of  these,  tbe  angle  <rf  ^rectioo  Bwy  *»«p^« 
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PRACTICAL  GUNNERY. 

104.  THE  two  foregoing  propositions  contain  the  whole 
theoiy  of  projectiles,  with  theorems  lor  all  ilu- ca?>es  hru* 
larly  arranged  for  use,  both  for  oblique  and  horizontal  pUmcs. 
But»  before  they  can  be  applied  to  use  in  resolving  tiie  several 
cases  in  the  practice  ot  gunnery,  it  is  necessary  that  some 
more  data  be  laid  down,  as  derived  from  good  experiments 
made  with  balls  or  shells  discharged  from  cannon  or' mortars^ 
by  gunpowder,  under  different  circumsunces  For,  wiihuiit 
such  cxpcrimcntB  and  data,  thobc  theorems  can  be  of  very 
liule  use  in  real  practice,  on  account  of  the  in) perfections  aud 
irregularities  in  the  firing  of  gunpowder,  and  the  expulsion 
of  bails  from  guns,  but  more  Cbpecialiy  on  account  of  the 
enormous  resisiance  of  the  air  to  all  projecules  made  with 
any  velocities  that  are  considerable.  As  to  the  cases  in 
which  projectiles  are  made  with  small  velociiies,  or  such  as 
do  not  exceed  200,  or  300.  or  400  feet  per  second  of  time, 
they  may  be  resolved  tolerably  near  the  truth,  especially  for 
the  larger  shells,  by  the  parabolic  theory,  laid  do#n  above. 
But,  in  cases  of  great  projectile  velocities,  that  theory  is  quite 
inadequate,  without  the  aid  of  several  data  drawn  from  many 
and  good  experiments.  For  so  great  is  the  effect  of  the  re- 
sistance of  the  air  to  projectiles  of  considerable  velocity,  that 
some  of  those  which  in  the  air  range  only  between  2'  and  3 
miles  at  the  most,  would  in  vacuo  range  about  ten  times  as 
far,  or  between  20  and  30  miles. 

The  effects  of  this  resistance  are  also  various,  according  to 
the  velocity,  the  diameter,  and  the  weight  of  the  projectile. 
So  that  the  experiments  made  with  one  size  of  bull  or  shell, 
will  not  serve  for  another  size,  though  the  velocity  should  be  ' 
the  same  ;  neither  will  the  experiments  made  with  one  ve- 
locity, serve  for  other  velocities,  though  the  ball  be  the  same. 
And  therefore  it  is  plain  that*  to  form  proper  rules  for  prac- 
tical gunnery,  we  ought  to  have^good  experiments  made'wuh 
each  size  of  mortar,  and  with  every  variety  of  charge,  froi|i 
the  l^ast  to  the  greatest.  And  not  only  so,  but  these  ought 
also  to  be  repeated  at  many  different  angles  of  elevation, 
namely,  for  every  single  degree  between  SO**  and  60^  elevation, 
and  at  intervals  of  5^  above  60 <>  and  below  SO,  from  the  ver- 
tical direction  to  point  blank.  By  such  a  course  of  exper- 
iments it  will  be  found,  that  the  greatest  range,  instead  of  be- 
ing constantly  that  at  an  elevation  of  45',  as  in  the  parabolic 
theory,  will  be  at  ail  intermediate  degrees  between  45  and  SO  ; 
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being  more  or  Ie«s,  both  according  to  the  velooitj  and  the 
"weig-ht  of  the  projectile  ;  the  smaller  velocities  and  larger 
shells  ranging  farthest  vr hen  projected  almost  at  an  eievatton 
of  45*^  ;  while  the  greatest  velocities,  especially  with  the 
smaller  shells,  range  farthest  with  an  elevation  ^  about  SO^. 

105.  There  have,  at  different  times,  been  made  certain 
small  parts  of  such  a  course  of  experiments  as  is  hinted  at 
above.  Such  as  the  experimenta  or  practice  carried  on  in 
the  year,  1773,  op  Woolwich  Common  ;  in  which  all  the 
sizes  of  mortars  were  used,  and  a  variety  of  small  charges  of 
powder.  But  they  wei*e .  all  at  the  elevation  of  45^  ;  conse- 
quen^y  these  are  defective  iu  the  higher  charges,  and  in  all 
the  other  angles  of  elevation. 

Other  experiments  were  also  carried  on  in  the  same  place 
in  the  years  1784  and  1786*  with  various  angles  of  elevation 
indeed,  but  with  only  one  size  of  mortar,  and  only  one 
charge  of  powder,  and  that  but  a  small  one  too  :  so  that  all 
those  nearly  agree  with  the  parabolic  theory.  Other  experi- 
ments have  also  been  carried  on  with  the  ballistic  pendulum, 
at  differ  ent  times  ;  from  which  have  been  obtained  some  oi 
the  laws  for  the  quantity  of  powder,  the  weight  and  velbcity 
of  the  ball)  the  length  of  the  gun,  &c.  Namely i  that  the 
velocity  of  the  ball  varies  as  the  square  root  of  the  charge 
directly,  and  as  the  square  root  of  the  weight  of  ball  reel- 
'procaliy;  and  that,  some  rounds  being  fired  with  a  medium 
lecigtb  of  one-pounder  gun,  at  is®  and  45**  elevation,  and 
with  2^  4,  8,  and  12  ounces  of  powder,  gave  nearly^  the  ve- 
locities, ranges,  and  times  of  flight,  as  they  are  here  set  down 
in  the  ioUowiog  Table. 


Powder. 

Elevation 
ofguo. 

Velocity 
of  ball. 

Range. 

Time  of 

(light. 

oz. 

feet. 

feet. 

2 

15« 

860 

4100  . 

9'/ 

4 

15 

1230 

5100 

12 

8 

15 

1640, 

6000 

'    14J 

12 

15 

1680 

6700 

15^ 

2 

45 

860 

5100 

31 

106.  But  as  we  are  not  yet  provided  with  a  sufficient 
number  and  variety  of  cxperimems,  on  which  to  establish 
true  rules  for  practical  gunnery,  independent  of  the  parabolic 
tbeoryy  we  must  at  present  content  ourselves  with  the  data  of 
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texne  one  ceitiiiii  experimented  range  and  time  of  ffigbt.  at  m 
^▼eo  angle  of  elevation  ;  and  then  by  help  of  tfaettt:^,  ^li  the 
rules  in  the  parabolic  theory,  determine  the  like  circumM ances 
for  other  elevations  that  are  not  greatly  different  from  thp 
Ibrm^r,  a6»iB\jpd  by  the  following  practical  rule«.'«i» 

SOME  PRACTICAL  RULES  IN  GUNNERY. 

I.     Tojind  the  Velocity  of  any  Shot  or  Shell. 

'  RuLB.  Divide  double  the*  weight  of  the  charge  of  powder 
by  the  weight  of  the  shot,  both  in  lbs.  Extract  the  square 
root  of  the  quotient.  Multiply  that  root  by  1600,  and  the 
product  will  be  the  velocity  in  feeti  or  the  number  of  feet  the 
ahot  passes  over  per  second. 

Or  tay— As  the  root  of  the  weight  of  the  shot,  is  to  the  root 
of  double  the  weight  of  the  powder,  so  is  1 600  feet,  to  the 
velocity. 

II.  Given  the  range  at  One  Elevation  ;  tojind  the  Range  at 

Another  Elevation. 

Rule.  As  the  sine  of  double  the  first  elevation,  is  to  its 
range  ;  so  is  the  sine  of  double  another  elevation>  to  its 
range. 

III.  Given  the  Range  for  One  Charge  ;  tojind  the  Range  far 
Another  Charge^  or  the  Charge  for  Another  Range, 

Rule.  The  ranges  have  the  same  proportion  as  the  charg* 
es ;  tliat  is,  as  one  range  ia  to  its  charge*  so  is  any  other  range 
to  its  charge  :  the  elevation  of  the  piece  being  the  same  in 
both  cases. 

107.  ExamfUe.  1.  If  a  ball  of  1  lb.  acquire  a  velocity  of 
1600  feet  per  second,  when  fired  with  8  ounces  of  powder  ; 
it  is  required  to  find  with  what  velocity  each  of  the  several 
kinds  of  shells  will  be  discharged  by  the  full  charges  of  pow- 
der, viz. 

Nature  of  the  shells  in  inches 
Their  weight  in  lbs.    - 
Charge  of  powder  in  lbs. 

Ans.  The  velocities  are     - 

108.  Exam.  3.  If  a  shell  be  found  to  range  1000  yardSf 
when  discharged  at  an  elevation  of  45^  ;  how  far  will  it 

range 


13 

196 

9 

10 
90 

4 

8 

48 
3 

16 

I 

485 

477  462 

566 

566 
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range  vhen  the  eleratkui  is  30^  16',  the  charge  of  powder 
being  the  same  ?  Ans.  26 13  feet,  or  87 1  yards^* 

109.  Exam.  3.  The  range  of  a  shell,  at  45^  elevatioQ^ 
being  found  to  be  3750  feet  ;  at  what  elevation  must  the 
]iiece  be  set,  to  strike  an  object  at  the  distance  of  3810  feet^ 
with  the  same  charge  of  powder  > 

Ans.  at  340  16'  or  at  65«  44^ 
110   Exam,  A.    With  what  impetus,  yolocity,  and    charge 
of  powder,  must  a  lS*inch  shell  be  fired,  at  an  elevation  of 
33*  13^  to  strike  an  object  at  the  distance  of  3^50  Feet  \ 

Ans.  impetus  1803,  veloc.  340  >  charge  4lb.  7402. 

lli«  Exam.  5.  A  shell  being  found  to  range  3500  feet 
when  discharged  ai  an  elevation  of  35**  12';  how  far  thea 
will  it  range  at  an  elevation  of  36^  15'  with  the  same  charge 
of  powder  ?  Ans.  4333  feet. 

112.  Exam  6«  If,  with  a  charge  of  9 lb.  of  powder,  a  shell 
range  4000  feet ;  what  charge  will  suffice  to  throw  it  3000 

.feet,  the  elevation  being  45^  in  both  cases  ? 

Ana.  6|lb,  of  powden 

113.  Exam.  7.  What  will  be  the  time  of  flight  for  any 
given  range,  at  the  elevation  of  45®  ? 

Ans.  the  time  10  sees,  is  j  the  sq.  root  of  the  range  in  feet 

1 14.  Exam.  8.  In  what  time  will  a  shell  range  3350  feet, 
at  an  elevation  of  32<>  \  Ans.  I  l|sec.  nearly* 

Its.  Exam.  9.  How  far  will  a  shot  range  on  a  plane  whick 
ascends  S^  15' ;  and  another  which  descends  8^  15' ;  the  inn 
petus  being  3000  feet,  and  the  elevation  of  the  piece  33^  30^! 

Ans.  4344  feet  on  the  ascenli 
and  6745  feet  on  the  descent. 

116.  Exam.  10.  How  much  powder  will  throw  a  13-lnch 
shell  4244  feet  on  an  inclined  plane,  which  ascends  8^  \$\ 
the  elevation  of  the  mortar  being  33<>  30'  ? 

Ans.  7'3f  65lb,  or  71b.  6oz. 

,  117.  Exam.  11.  At  what  elevation  must  a  iS-inch  mortar 
be  pointed,  to  range  6745  feet  on  a  plane  which  descends 
S**  15' ;  the  charge  7|lb.  of  powder  ?  Ans.  33<>  3$'. 

118.  Exam,  13.  In  what  time  will  a  13-inch  shell  strike  a 

'  plane  which  rises  80  30',  when  elevated  45**,  and  discharged 

with  an  impetus  of  ?504  feet  ?  Ans.  14|.  seconds. 
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THE  DESCENT  OF  BODIES  ON  INCLINED  PLANES 
AND  CURVE  SURFACES.— THE  MOTION  OF 
PENDULUMS. 


PROPOSITION  XXItt 

119,  I/a  weight  w  beSuatained  on  an  Inclined  Plane  ku  by  a 
Fower  y acting  in  a  Direction  vri*^ Parallel  to  the  Plane,  Then 


The  Weight  of  the  Body^  w 
The  Sustaining  ^ower  P.  and 
The  Preaaurc  on  the  Plftncy  fi, 
are  regfiectively  as 


The  length  ab, 
7  he  Height  HQ^and 
The  Base  AC, 
of  the  Plane, 


For,  draniT  cd  perpendicular 
to  tl>e  plane  Now  here  are 
three  forces,  keeping  one  an- 
other in  equilibrio  ;  namelyt  the 
weight,  or  torce  of  gravity,  act- 
ing perpendicular  to  ac,  or  pa-        ^ , 

raiiei  to  bc  ;  the  power  acting       A  C 

parallel  tons  ;  and  the  pressure  perpendicular  to  AB,or  pa* 
rallel  to  DC  :  but  when  three  forces  keep  one  another  in  equi- 
librio, they  are  proportional  to  the  sides  of  the  triangle  cbd, 
made  by  lines  in  the  direction  of  those  forces,  by  prop.  8  ^ 
therefore  those  forces  are  to  one  another  as  bc,  bd,  cd.  But 
the  two  triangles  abc,  cbd,  are  equiangular,  and  have  their 
like  sides  proportional  ;  therefore  the  three  bc,  bd,  cd,  are  to 
one  another  respectively  as  the  three  ab,bc,  ac  ;  which  there- 
fore are  as  the  three  forces  w,  v^p. 

120.  CoroL  !•  Hence  the  weight  w,  power  p,  and  pressure 
Pj  are  respectively  as  radius,  .  sine,  and  cosine^ 
of  the  plane's  elevation  bac  above  the  horizon. 

For,  since  the   sides  of  triangles  are  as  the  sines  of  their 
opposite  angles,  therefore  the  three  ab,  bc»  ac, 
are  respectively  as     -        -         -     sin  c,  sin.  a,  sin  b, 
or  as         -        -        •         -        -     radiusf  sine,  cosine, 

of  the  angle  a  ofelevation* 

Or,  the  three  forces  arc  as  ac,  cd,  ad  ;  perpendicular  to 
ijmt  directions. 

121.  Corol,  2,  The  power  or  relative  weight  that  urges  a 

BC 

body  w  down  the  inclined  plane,  is  =a  — '  x  w  ;  or  the  force 

A6 

with 
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US 


t^ith  which  it  descends,  or  endeavours  to  descendy  is  sis  th0 
sine  ot  the  angle  a  of  inclinaiion. 

1 22.  CoroL  3.  Hence,  if  there  be 
two  planes  of  the  same  height,  and 
two  bodies  be  laid  on  them  which 
are  proportional  to  the  lengths  of 
the  planes  ;  they  will  have  an  equal 
tendency  to  descend  down  the  planes. 
And  connequenily  they  will  mutually  sustain  each  other  if 
they  be  connected  by  a  string  acting  parallel  to  the  planes. 

123.  CoroL  4.  In  like  manner*, 
when  the  power  p  acts  in  any 
other  direction  whiiteyer,  wl?  ;  by 
drawing  cde  peipendicular  to  the 
direction  wp,  the  three  forces  in 
equilibrio,  namely,  the  weight  w, 
the  power  p,  and  the  pressure  on 
the  plant;,  will  siill  be  respectively 
as  AC,  CD.  AD,  drawn  perpendicular 
to  the  dureclion  of  those  forces. 


PROPOSITION  XXIV. 

134.  I/a  Weighf  w  on  an  Inclined  Plane  ab,  be  in  EqtdHbtio 
wKh  another  Weight  p  hanging  freely  :  ihrn  if  they  be  tet 
a-moving^  iheir  Perfiendirular  Felocitiee,  in  that  Placcj  noill 
be  Reei/irocaily  at  those  Weights 
Lbt  the  weight  w  descend  a  very 

small  space,  from  w  to  a^  along  the 

plane,   by    which  the  ^xxm^  pfw  will 

conne  into  the  position   pfa*     Draw 

WH  perpendicular  to  the  honzon  AC, 

and  wo  perpendicular    to    af  :  then 

WB  VFiil  be  the  space  perpendicularly 

descended  by  the  weight  w  ^  and  ao, 

or  the  difference  between  fa  and  fw, 

will  be  the  space  perpendicularly  ascended  by  the  weight  p  ; 

and  their  perpendicular  velocities  are  as  those   spaces  wk 

snd  AO  passed  over  in  those  directions,  in  the  same  time* 

Draw  CDB  perpendicular  to  af,  and  di  perpendicular  to  ac« 
Then, 

ID  the  aim.  figs,  aowh  and  aedi» 

and  in  the  sim-  tri  aec^  dic^ 

but,  by  cor.  4.  prop  23, 

therefore,  by  equality, 

Vol..  II.  V  That 


AG 

:  WH  : 

:  AB 

• 

Di; 

AC 

:  CD   : 

:    AB 

: 

DXJ 

AC 

:  CD    : 

:  w 

.* 

1^; 

A« 

:  w»  8 

«  w 

2 

»i 
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146  OP  MOTION,  FORCES,  &c. 

That  is,  their  perpendicular  spaces,  or  velocities,  are  re^ 
ciprocally  as  their  weights  or  masses. 

125.  CoroL  1.  Hence  it  follows,  that  if  any  two  bodies  be 
in  equilibrio  on  two  inclined  planes,  and  if  they  be  set  a- 
moving,  their  perpendicular  velocity  will  be  reciprocally  aa 
their  weights  Because  the  perpendicular  weight  which  sus- 
tains the  ODe,  would  also  susuin  the  other. 

\U.  Coral,  2.  And  hence  also,  if  two  bodies  sustain  each 
other  in  equilibrio,  on  any  planes,  and  they  be  put  in  motion ; 
then  each  body  multiplied  by  iu  perpendicular  velocity,  win 
give  equal  products. 

PROFOSinOK  XXV. 

12?.  TTte  Velocity  acquired  by  a  Body  defending  freely  down 
an  Inclined  Plane  ab,  m  to  the  Velocity  acquired  by  a  Body 
falling  Per/iendicularly,  in  the  Mtne  Time  i  a«  the  Height  cf 
the  Plane  Be,  is  to  its  Length  ab. 
For  the  force  of  gravity,  both  per- 
pendicularly and  on   the  plane,  is  con-  J> 

stant ;  and  these  two,  by  corol   2,  prop. 

23,  are  to  each  other  as  ab  to  bc.     Bui, 

by  art.  28,  the  velocities  generated  by 

any  constant  forces,  in  the  same  time, 
^  are  as  those  forces.     Therefore  the  velocity  down  ba  is  to 

the  velocity  down  bc,  in  the  same  time,  as  the  force  on  ba  XM 

the  force  on  bc  :  that  is,  as  bc  to  ba. 

128.  CoroL  I.  Hence,  as  the  motion  down  an  incHned 
plane  is  produced  by  a  constant  force,  it  will  be  a  motioa 
uniformly  accelerated ;  and  therefore  the  laws  before  laid 
down  for  accelerated  motions  in  general,  hold  good  for  mo- 
tions on  inclined  planes  ;  such,  for  instance,  as  the  following  i 
That  the  velocities  are  as  the  times  of  descending  from  rest ; 
that  the  spaces  descended  are  as  the  squares  of  the  velocitieaT, 
or  squares  of  the  times  ;  and  that  if  a  body  be  thrown  up  an 
inclined  plane,  with  the  velocity  it  acquired  in  descending,  it 
will  lose  all  its  motion,  and  ascend  to  the  same  height,  in  the 
same  time,  and  will  repass  any  point  of  the  plane  with  the 
same  velocity  as  it  passed  it  in  descending. 

129.  CoToL  2.  Hence  also,  the  space  descended  down  an 
inclined  plane,  is  to  the  space  descended  perpendicularly,  in 
the  same  time,  as  the  height  of  the  plane  cb,  to  its  length 
AB*  or  as  tho  une  ef  incjination  to  radiu?.    For  the  spaces 

•  described 
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described  by  any  fotce^in  the  same  time,  are  as  the  forcesy  op 
as  the  volocities.  '  ' 

120.  Corol*  3  Consequently  the  velocities  and  s|>aces  de- 
cended  by  bodies  down  different  inclined  planes,  are  as  the 
sines  of  elevation  of  the  planes. 

13  U  Corol  4  If  CD  be  drawn  perpendicular  to  ab  :  then 
while  a  body  falls  freely  through  the  perpendicular  space  BC, 
another  body  will*  in  the  same  time,  descend  down  the  part 
of  the  plane  BO  For  by  similar  trian^les»  -  •  .  • 
Bc  :  BD  :  :  0A  :  bc^  that  is,  as  the  space  descended,  by 
corol.  2. 

Or,  in  any  right-anglec*  triangle  bdc, 
having  its  hypothenuse  bc  perpendicular 
to  the  horizon,  a  body  will  descend  down 
any  of  its  three  sides  bd,  bc<  dc,  in  the 
same  time.  \nd  therefore,  if  on  the  dia* 
meter  bc  a  circle  be  described,  the  time 
of  descending  down  any  chords  bd,  be,  bf, 
DC  8Ci  re,  &c,  will  be  all  equal,  and  each 
equal  to  the  time  of  falling  freely  through 
the  perpendicular  diameter  bc. 


PBOFOSinOirXXVL 

132.  TAe  Time  of  descending  down  the  incHned  Plane  ba,  t>  to 
the  Time  of  falling  through  the  Height  of  the  Plane  bc,  ae 
the  length  ba  t«  to  the  Height  bc. 

Draw  cd  perpendicular  to  ab. 
Then  the  times  of  describing  bd  and 
BC  are  equal,  by  the  last  corol.  Call 
that  time  r,  and  the  time  of  describr 
ing  ba  call  t. 

Now,  because  the  space  descfib* 
ad  by  constant  forces,  are  as  the  squares  of  the  times ;  there- 
fore r*  :  T*  : :  BD  :  ba. 

But  the  three  bd,  bc,  a  a,  are  in  continual  proportioq  { 
therefore  bd  :  ba  :  :  bc*  : :  ba^  $ 
hence,  by  equality.  /*  :  t«  : :  bc*  :  ba*, 
or  -        -  / :  T  : :  bc   :  ba. 

133.  Corol.  Hence  the  times  of  desoeoding  down  different 
planes  of  the  same  height,  are  to  one  another  as  the  lengthii 
of  the  planes. 

PROPOSITION 
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PROPOSITION  xxvn. 

154.  ji  Body  (LCfuires  the  Same  Velocity  in  dcBcending  dovm 
any  Inclined  Plane  ba»  a«  by  falling  perftendicular  through 
the  Height  of  the  Plane  bc. 

For,  the  velocities  generated  by  any   constant  forceSy  are 
in  the  compound  ratio  of  the  torces  and  times  of  acting* 
But  if  we  put. 

y  to  dei>otc  the  whole  force  of  gravity  in  bc^ 

yihe  force  on  the  plane  ab, 

t  the  time  of  describing  bc,  and 

T  the  time  of  descending  down  ab  ; 

then  by  art.   1 19,  y  :  /  ;  j  ba    bc  ; 

and  by   art    1S2,  r  :  t  :  ;  bc  :  ba  ; 

theref,  by  comp.  f^  :/t  : :    1:1. 

That  is  the  compound  ratio  of  the  forces  and  times,  or  the 
ratio  of  the  velocities,  is  a  ratio  of  equality. 

135.  Corol.  I.  Hence  the  velocities  acquired,  by  bodies 
descei'ding  down  uny  plates,  from  the  same  height,  to  the 
same  boiizontalline  are  equal. 

136,  CoroL  2.  If  the  velocities  be  equal,  at  any  two  equal 
altitudes,  d,  e  ;  they  will  be  equal  at  all  other  equal  alti« 
tudes  a,  c. 

137  CoroL  3.  Fo  ice  also  the  velocities  acquired  by  de- 
acendmg  down  any  planes,  are  as  the  square  roots  of  the 
heights. 

PROPOSITION  xxvni. 

138.  ]fa  Body  descend  down  any  Number  of  Contiguous  Plant$^ 
AB,  BC,  CD  ;  if  will  at  last  acquire  the  Same  Veiocity,  as  a 
Body  falling  fierfiendicularty  through  the  &ame^  Height  HD^ 
9U/tfiosing  the  Velocity  not  altered  by  changing  from  one 
Plane  to  another. 

Produce  the  planes  dc,  cb,  to 
meet  the  honzcntal  line  ea  pro- 
duced m  F  aid  o,  Thtn,  by 
art.  1^5,  the  velocity  at  b  is  the 
Bame  whether  the  body  descend 
through  AB  or  fb  And  therefore  - 
the  \oluciiy  at  c  will  be  the  same, 
VbeUiV  the  body   descend  through  abc   or   through  vo. 
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which  18  also  again,  by  art.  135,  the  same  as  bf  descending 
through  GC.  Consequently  it  will  have  the  same  velocity 
at  o,  by  descending  through  the  planes  ab^  bc,  cd,  as  by  de- 
scending through  the  pUne  en  >  supposing  no  obstruction 
to  the  motion  by  the  body  impinging  on  the  planes  at  b  and 
c  ;  and  this  agsdn,  is  the  same  velocity  'as  by  descending 
through  the  same  perpendicular  height  ed. 

139.  Corol.  1.  If  the  lines  a bc d,  &c,  be  supposed  inde* 
finitely  small,  they  will  form  a  curve  line«  which  will  be  the 
path  of  the  body ;  from  which  it  appears  that  a  body  ac- 
quires also  the  same  velocity  in  descending  along  any  curve^ 
as  in  falling  perpendicularly  through  the  same  height. 

140.  Corol  3.  Hence  also^  bodies  acquire  the  same  velo- 
city by  descending  from  the  same  height*  whether  they 
descend  perpendicularly,  or  down  any  planes,  or  down  any 
curve  or  curves.  And  If  their  velocities  be  equal,  at  any  one 
height,  they  will  be  equal  at  all  other  equal  heights.  There- 
fore the  velocity  acquired  by  descending  down  any  lines  or 
€urves,  are  as  the  square  roots  of  the  perpendicular  heights. 

141.  Corol.  3.  And  a  body,  after  its  descent  through  any 
curve,  will  acquire  a  velocity  which  will  carry  it  to  the  same 
height  through  an  equal  curve,  or  through  any  oiher  curvei 
either  by  running  up  the  smooth  concave  side,  or  by  being 
retained  in  the  curve  by  a  string,  and  vibrating  like  a  pen- 
dulum :  Also^  the  velocities  will  be  equal,  at  all  equal  alti- 
tudes ;  and  the  ascent  and  descent  will  be  performed  in  the 
same  time,  if  the  curves  be  the  same. 

PROPOSITION.  XXIX 

143.     7%e  THmes  in  which  Bodies  descend  through   Similar 

Parts  of  Simitar  Curves    ABC  ^SoCy  placed  alike^  are  as  the 

Square  Roots  of  their  Lengths. 

That  is,  the  time  in  ac  is  to  the  time  in  ac,  as  ^  ac 
to  »/  ac. 

For,  as  the  curves  are  similar,  they  may 
be  considered  as  made  up  of  an  equal 
number  of  corresponding  parts,  which  are 
every  where,  each  to  each,  proportional  to 
the  whole.  And  as  they  are  placed  alikey 
the  corresponding  small  similar  p^rts  will 
also  be  parallel  to  each  other.  But  the 
time  of  describing  each  of  these  pairs  of  corresponding  pa- 
ndlei  parts,  by  art.    1289  are  as  the  square  roots  of  their 

lengths^ 
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lengths,  which  by  the  supposition*  are  sis  ^Z  ac  to  ^  ac,  the 
roots  of  the  whole  curves.  Therefore,  the  whole  times  are 
in  the  same  ratio  of  v^  ac  to  v^ac. 

143.  Carol  I.  Because  the  axes  do,  do,  of  similar  curves, 
are  as  the  lengths  of  the  similar  parts  ac,  ac  ;  therefoi*e  the 
times  of  descent  in  the  curves  ac,  ac,  are  as  v'  dc  to  ^  dc^ 
or  the  square  roots  of  their  axes. 

144.  Corol.  2.  As  it  is  the  same  thing,  whether  the  bodies 
nm  down  the  smooth  concave  side  of  the  curves^  or  be  made 
to  dt'scribe  those  curves  by  vibrating  like  a  pendulum,  the 
lengths  being  dc,  dc  ;  therefore  the  times  of  the  vibration 
of  pendulums  in  similar  arcs  of  any  curves,  are  as  the  squ{ire 
roots  of  the  lengths  of  the  pendulums. 

SCHOUUXt 

145.  Having  in  the  last  corollary,  mentioned  the  pen- 
dulum, it  may  not  be  improper  here  to  add  some  remarks 
concerning' it 

A  pendulum  consists  of  a  ball,  or  any 
dtber   heavy    body  b-    hun^  by   a  fine 
string  or  thread,  moveable  about  a  cen- 
tre A,  and  describing  the  arc  cbd  $  by 
which  vibration  the  same  motions  hap- 
pen to  this  heavy  body,  as  would  happen 
to  any  body  descending  by  its  gravity 
along   the  spherical  superficies  cbo>  if 
that    superficies  were  perfectly   hard    and  smooth.     If  the 
pendulum  be  carried  to  the  situation  ac,  and  then  let  fall, 
the  bail  in  descending  will  describe  the  arc  cb  ;     and  in  the 
point  B  it  will  have  that  Vl^o^ty  which  is  acquired  by  de- 
cending  through  Cb,  or  by  ft^^  falling  freely  through  eb. 
This  velocity  will  be  sufficlerii  ^to.^use  the  ball  to  ascend 
through  an  equal  arc  bd,  to  the'^kmi^  height  d  from  whence 
it  fell  at  c  ;  hciving  there  lost  all  its  motion,  it  will  again  be- 
gin to  descend  by  its  own  gravity  ;  and  in  the  lowest  point  B 
it  will  acquire  the  same  velocity  as  before  ;  which  will  cause 
it  to  re*ascend  to  c  ';  and  thus,  by  ascending  and  descendingy 
it  will  perform  continual  vibrations  on  the  circumference  cbd. 
And  if  the  motions  of  pendulums  met  with  no  resistance 
from  the  air,  and  if  there  were  no  friction  at  the  centre  of 
motion  a,  the  vibrations  of  pendulums  would  never  cease. 
But  fram  these  obstructions,  though  small,  it  happens,  that 
the  velocity  of  the  ball  in  the  point  b  is  a  little  diminished 
in  every  vibration ;  and  consequently  it  does    not   return 
precisely  to  the  same  points  c  or  n,  but  the  arcs  described  con- 
tinually 
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tinually  become  shorter  and  shorter^  till  at  length  they  are 
insensible  ;  unless  the  motion  be  assisted  by  a  mechanioal 
contrivance,  as  in  clucks,  called  a  maintaining^  power. 
BBFIMITION. 

146.  If  the  cir- 
ctmiference  of  a 
circle  be  rolled  on 
a  right  line,begin- 
ing  at  any  point 
Ay  and  continued 
till  the  same  point 
Aarriyeattbeline 
agun,  making  just  one  revolution,  Und  thereby  measuring; 
out  a  straight  line  aba  equal  to  the  circumference  of  the  cir- 
cle, while  the  point  a  in  the  circumference  traces  out  a  curve 
line  acaoa  ;  then  this  curve  is  called  a  cycloid ;  and  some 
of  its  properties  are  contained  in  the  following  lemma* 

L£MMA. 

147.  If  the  generating  or  revolving  circle  be  placed  in  the 
middle  of  the  cycloid,  its  diameter  coinciding  with  the  axis 
AB,and  from  any  point  there  be  drawn  the  tangent  cv,  the 
ordinate  CD B  perp.  to  the  axis, 'and  the  chord  of  the  circle 
AD  :  Then  the  chief  properties  are  these  : 

The  right  tine        co  »  the  circular  arc  ai>  ; 
The  cycloiddl  arc   ac  «s  double  the  chord  ad  ; 
The  semi-cycloid  aca  »  double  the  diameter  ab,  and 
'  The  tangent  cf  is  parallel  to  the  chord  ad. 

PROPOSITION  XXX. 

148.  When  a  PendtUum  vibratea  in  a  cycloid  i  the  Time  of  one 
Vibration^  U  to  the  Time  in  which  a  Body  falU  through  Half 
the  Length  of  the  PendtUum^  as  the  Circumference  of  a  Oir^ 
cle  u  to  its  Diameter, 

Let  ABa  be  the  cycloid  ; 
SB  its  axis,  or  the  diameter 
of  the  generatingsemicircle 
DEB  ;  cB  act  3db  the  length 
of  the  pendulum,  or  radius 
of  curvature  at  b.  Let  the 
ball  descend  from  f,  and, 
in  vibrating,  describe  the 
arc  FBf.  Divide  fb  into  in- 
numerable small  partSi  one 
of  which  is  Gg  ;  draw  fbl, 
oil «  gm^  perpendicular  is 
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DB.  On  LB  describe  the  se- 
micircle LMB,  whose  cen- 
tre is  o  ?  draw  MP  parallel 
to  DB  ;  also  draw  the  chords 
BE,  BH,  EH,  and  the  radius 

CM. 

Now  the  triangles  beh> 
BHK>  are  equiangular;  tht  re- 
fore  BK  :  BH  :  :  BH  :  BE,  or 

BH*  =s  BK  .  BE,  or  BH  a*  %/ 

(bk  '  be)' 

And  the  equiangular  triangles  Mmp,  mon.  give 

up  :  Min  :  :  Mil :  MO.     Also,  by  the  nature   of  the   cycloid^ 

h1>  is  equal  to  eg. 

If  another  body  descend  down  the  chord  ee,  it  will  have 
the  same  velociiy  as  the  ball  in  the  cycloid  has  at  the  same 
height.     So  that  %k  and  Gg  are  passed  over  with  the  same 
velocity,  and  consequently  the  time  in  passing  them  will  be 
as  their  lengths  og,  Kk,  or  as  Hh  to  Ek,  or  bh,  to  bk  by 
similar  triangles,  orv^(  be  .  be)  to  be,  or  v^  be  to  v  »»»  or  as 
y  bl  to  \/  BE  by  BimiUr  triangles. 
That  is,  the  time  in  og  ;  time  in  Ek  :  :  V  b^/  V  »«• 
Again,  the  time  of  describing  any  space  with  a  uniform 
motion,  is  directly  as  the  space,  and  reciprocally  as  the  ve- 
locity ;  also,  the  velocity  in  e  or  Ek,  is  to  the  velocity  at  a, 
as  v^  EE  to  y  EB,or  as  v^  ln  to  ^^  lb  ;  and  the  uniform  ve- 
locity for  EB  18  equal  to  half  that  at  the  point  b,  ihereiore  the 

Kk        EB  Nn  i.b 

thneinEkitimeinEB::— ^:^^^:;-^    :  -^-^ 

(by  sim.  tri  ) : :  »n  or  Mp  '•  2  v^  (bl  .  ln.) 

That  is,  the  time  in  Ek  :  time  in  eb  : :  Mp :  2  ^  (bl  .  ln.) 

But  it  was,  lime  in  Gg  :  time  in  Ek  : :  ^  bl  :  v^  bn  ;  theref. 

by  corop  time  in  og :  time  in  kb  :  :  Mp  :  2  y'  (bn  .  wl)  or  2km. 

But,  by  sim  tri.  Mm  :  2om  or  bl  : :  Mp ;  2nm. 

Theref.  lime  in  co  :  time  in  eb  :  :  Mm  ••  bl. 

Consequently  the  sum  of  all  the  times  in  all  the  Gg's,  is  to 
the  time  in  eb,'  or  the  time  in  db,  which  is  the  same  thing, 
as  the  sum  of  all  the  Mm's,  is  to  lb  ; 
that  is,  the  time  in  Fg  :  time  in  db  : :    Lm    :  lB) 
and  the  time  in       fb  *.  time  in  db  :  :  lmr  :  lb, 
or  the  time  in         FBf :  titne  in  db  : :  2lmb  :  lb. 

That  is,  the  time  of  one  whole  vibration, 

is  to  the  time  of  falling  through  half  cb, 
as  the  circumference  of  any  circle, 
is  to  its  diameter. 

H9.  Coroi. 
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149.  CoroL' I.  Hence  all  the  vibrations  of  a  {>enduluin  ih 
a^  cycloid,  whether  great  or  amali,  arcy  perfbrtned  in  the  same 
time,  which  time  la  to  the  lime  of  falliag  through  the  axiSf 
or  half  the  length  of  the  peadultirn,aB  31416,  to  1,  the  ratio 
of  the  circamference  to  h«  dtumeter  V  and  hence  that  timO 
is  easily  found  thus.  Put  fi  j^  3U16^  andi  the  length  of 
the  pendulum^  also  g  the  space  fallen  by  a  heavy  t>ody  in 
I"  of  time. 

then  v'  5" !  -/i^  :  •  ^^-  V  5"  thie  time  of  falling  through  4/, 

•,5 

theref.  I  ;/>  a  V  ^  '-  fi  V'— » which  therefore  is  the  time  of 

One  yibriati6n  of  the  pendulum- 

150.  And  if  the  pendulum  vibrate  in  a^smalt  arc  cfi  circle  y 
because  that  small  arc  nearly  coincides  with  the  stmall  cy- 
c1oid$il  arc  at  the  vertex  a  ;  therefore. the  time  of  vibration  in 
the  small  arc  of  a  circloyis  nearly  equal  to  the  time  of  vibra-  . 
lion  in  thecycloidal  arc;  consequently  the  time  of  vibration  . 

*in  a  small  circular^  arc  is  equal  Xofi  s/  --iwhere  /  is  the  radius 

of  the  circle. 

151.  So  that,  it  one  of  thesei  jr  orf,  be  found  by  expert- 
mem,  this  theorem  vrill  give  the  other.  Thus,  if  g,  o\e  x\xt 
space  fidlen  through  by  a  hea^y  body  in  1 "  of  time,  be  founds 
t^en  this  theorem  will  give  tJtit  length  of  the  second  pendu- 
lum. Or,  if  the  length  of  the  second  pendulum  be  ob- 
served by  experiment,  which  is  the  easier  way,'  this  theorem 
will  give  g  the  descent  of  gravity  in  1".  Now,  in  the  lati- 
tude of  London,  the  length  of  a  pettdulum  which  vibrates, 
seconds,  has  been  found  to  be  39i  inches  ;  and  this  botng 

'39^ 
written  for  /in  theorem,  it  gives /t  ^  — i-  =«   1''  s  hence  i^ 

found  5"=  i/k*  /  «  J/i<  X  39i  e:  19307  inches  «s  IO^t  feet, 
br  the  descent  of ,  gravity  in  i";  which.it  has  al«o  been 
found  t9  be,  very  nearly*  by  man^  accurate  experiments.  - 

SCH^LIUH. 

152.  Hence  is  found  the  length  of  a  pendulum  that  shall 
make  any  number  of  vibrations  in  a  given  time.  Or,  the. 
number  of  vibrations  that  shfill  be  made  by  a  pendulum  of 
a  given  length.  Thus,  suppose  ii  were  required  to  find  th6 
length  of  a  half-seconds  pendulum,  or  a  quarter-seconds 
pendulum  ;  that  is,  a  pendulum,  to  vibrate  twice  in  a  second, 
or  4  times  in  a  second.  Then  smce  the  time  of  vibration 
is  as  the  square  root  of  the  length,     ^ 

Vovll.  X  <horeferf 
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therefore  l :  J : :  ^  39| :  V A 

39  J 
or    -    -    1 ;  i  : :  39  J  s «=  9  J  inches  nearly,  the  length 

••       ■■  4 

of  the  half-seconds  pcndulani.     Again  1  :  A  •  •  ^H  •  H  ^" 
chcs,  the  length  of  the  quarter-seconds  pendulum. 

Again,  if  it  were  required  to  find  how  many  vibrations   a 
pendulum  of  80  inches  long  will  make  m  a  minute.    Here 

.  29* 

-v/80:  •39i::flO"  or  1'=  eOv'— ^— « '^tV'31-3«    -    - 

80 
41*95987,  or  almost  43  vibrations  in  a  minute. 

153.  In  these  propositions,  the  thread  is  supposed  to  be 
very  fine,  or  of  no  sentiibie  weight,  and  the  ball  very  small, 
or  all  the  matter  united  in  one  point  i  also,  the  length  of 
the  pendulum,  is  the  disunce  from  the  point  of  suspension, 
or  centre  of  motion,  to  this  point,  or  centre  of  the  small 
ball.  But  if  the  ball  be  large,  or  the  string  very  thick,  or 
the  vibrating  body  be  of  any  other  figure  ;  then  the  length  • 
of  the  pendulum  is  different,  and  is  measured,  from  the 
centre  of  motion,  not  to  the  centre  of  magnitude  of  the 
body,  but  to  such  a  point,  as  that  if  all  the  matter  of  the 
pendulum  were  collected  into  it,  it  would  then  vibrate  in 
the  same  time  as  the  compound  pendulum  ;  and  this  point  is 
called  the  Centre  of  Oscillation ;  a  point  which  will  be  treated 
of  in  what  follows^ 


THE  MECHANICAL  t>OWERS,  &c. 

154.  WEIGHT  and  Power,  when  opposed  to  each  other, 
signify  the  body  to  be  moved,  and  the  body  that  moves  it; 
or  the  patient  and  agent.  The  power  is  the  agent,  which 
moves,  or  endeavours  to  move,  the  patient  or  weight. 

155.  Equilibriuift,  is  an  equality  of  action  or  force,  be- 
tween two  or  more  powers  or  weights,  acting  against  each 
other,  by  which  they  destroy  each  other's  effects,'  and  remain 
at  rest. 

156.  Machine^  or  Engine,  is  any  Mechanical  instrument 
contrived  to  move  bodies.  And  it  is  composed  of  the  me- 
chanical powers. , 

157.  (Mechanical  Powers,  are  certain  simple  instruments, 
commonly  employed  for  raising  greater  weights,  or  overcom- 
ing greater  resistances,  than  could  be  effected  by  the  natural 
strength  without  them,    These  are  usually  accounted  six  » 

*  number, 
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uuniber,  viz.  the  Lever,  the  Wheel  and  Axle,  the  Polly)  the 

lAclroed  Plane,  the  Wedge,  and  the  Screw. 

^    158.  Mechanics,  is  the  science  of  sprees,  and  the  effects 

they  produce,  when  appiied  to  machines,  in  the  motion  of 

bodies. 

.    159  Statics,  is  the  science  of  weights,  especially  when 

considered  in  a  state  of  equilibrium. 

1 60.  Centre  of  Motion,  is  the  fixed  point  about  which  a 
body  moves.  And  the  Axis  of  Motion,  is  the  fixed  line  about 
which  it  moves. 

161.  Centre  of  Gravity,' is  a  certain  point,  on  which  a  body 
being  freeJy  suspended,  it  will  rest  in  any  position. 


OF  THE  LEVER. 
1 63;  A  Levsr  is  any  inflexible  rod^  bar,  or  beam,  whiph 
serves  to  raise  weights,  while  it  is  supported  at  a  point  by  a 
fulcrum  or  pi^P)  which  is  the  centre  of  motion.  The  lever  . 
is  supposed  to  be  void  of  gravity  or  weight,  to  render  the 
demonstrations  easier  and  simpler.  There  are  three  kinds 
of  levers. 


163.  A  Lever  of  the  First 
kind  has  the  prop  c  be- 
tween the  weight  w  and 
the  power  p.  And  of  this 
kind  are  balances,  scales, 
crows,,  hand-spikes,  scissors, 
pinchers,  &c. 

164.  A  Lever,  of  the  Se* 
cond  kind  has  the  weight 
between  the  power  and  the 
prop.  Such  as  oars,  rud- 
ders, cutting  knives  that  are 
fixed  at  one  end,  &c. 


W, 


C 


-4- 


2 


JL 


0 


c   -w 


^ 


t-f 


165.  A  Lever  of  the 
Third  kind  has  the  power 
between  the  weight  and 
the  prop.  Such  as  tongs, 
the  bones  and  muscles  of 
animals,  a  man  rearing  a 
ladder,  «?c. 


S      4      3 
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)66«  A  Poartli  kind  is  some- 
times addedy  called  the  beaded      W^ 
Lever.    As  a  bammer  drawing     Vr 
^nalL 

16T.  In  all  these  instruments  the  power  may  be  re  {ire- 
sented  by  a  weight,  which  is  its  most  natural  measure,  acting 
downward :  but  having  its  direction  changed,  when  necessary, 
by  meana  of  a  fixed  pulley. 

PROPosrnoN  xxKL 

168.  When  the  Weight  and  Power  keefi  the  Lever  in  Equilibrio. 
they  are  to  each  other  Reci/irocally  ae  theDutancea  of  their 
Linee  of  Direction  from  the  Frofi.  That  £«,  p  :  w  :  :  cd  : 
CS  i  where  co  and  CB  are  fierftendicular  to  wo  and  ao.  the 
JDireciiona  qfthe  two  Weightt^  or  the  Weight  and  Power 
w  and  A* 

FoR>  draw  cr  parallel  to  ao,  wd 
GB  parallel  to  wo :  Also  join  co, 
which  will  be  the  direction  of  the 
pressure  on  th^  prop  c  j  L.v  their 
cannot  be  aa  equlUbrium  unless  the 
directions  of  the  three  forces  all  tneet 
ini  or  tend  tO}  the  same  point,  as  o. 
Then,  because  these  three  forces 
keep  each  other  in  equilibrio,  they 
are  proportional  to  the  sides  of  the 
triangle  cbo  or  cfo,  drawn  in  the 
direction  of  those  forces  ;  there-* 
*re 

But,  because  of  the  parallels,  the 
two  triangles  cdf,  cbb  are  equiangu** 
lar»  therefore        -  -  * 

Hence,  by  equality,  -  - 

That  is  each  force  is  reciprocally  proportional  to  the 
distance  of  Us  direction  from  the  fulcrum. 

And  It  will  be  found  that  this  demonstration  will  serve  for 
all  the  other  kinds  of  levers,  by  drawlQg  the  lines  as  directedi 

169.  CoroU  I.  When  the  angle  a  is  »  the  angle  w»  tlien 
is  CD  :  cB  : :  cw  :  CA  : :  p  :  w.  Or  when  the  two  forces  act 
perpendicularly  on  the  lever,  as  two  weights.  Sec;  thenv  in 
case  of  an  equilibrium,  d  coincides,  with  w,  and  b  with  p  f 
consequently  then  the  above  proportion  becomes  also  p :  w  : : 
cw  :  GA,  or  the  distances  of  the  two  forces  from  the  fulcruflfJi 
taken  on  thelcTer^  arc  reciprocally  proportional  to  those 

forces.  ,  ^     , 

iro.  Corah 


?  :  w 

. . 

CF 

:  FO  or  CB 

CD  : 

CB 

.  . 

CF  :  CB. 

p  : 

W 

•  • 

CD  :  CB. 
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170.  Cor4L  2.  If  any  force  p  be  applied  to  a  le?er  at  a;  iu 
effect  eD  the  lereri  to  turn  it  about  the  eeatre  of  motion  g» 
is  as  the  length  of  the  Jeyer  ca^  aadihe  sine  of  tlie  angle  of 
direction  cas*    For  tlie  perp.  c«.is  as  ca  x  s.  Z.  a. 

J71.  Coroi.  3.  Because  the  product  of  the  extremes  is 
equal  to  the  product  of  the  means,  thetefpre  the  product  of 
the  power  by  the  distance  of  its  direction^  is  equal  to  the 
product  of  the  weight  by  the  distance  of  iu  direction. 

That  is,  p  X  CJE  a>  w  X  co. 

172.  0>roL  4»  If  the  Fever,  with  tbe  weight  and  power 
fixed  to  it,  be  made  to  move  about  the  centre  c  ;  tbe  mo» 
xneQtom  of  the  power  will  be  equal  to  the  momentum  of  the 
33reig,ht;  and  their  velocities  will  be  in  reciprocal  proportion: 
to  each  oltier.  For  the  weight  and  power  will  describe  cir<* 
cles  wh«se  radii  are  the  distances  en,  ce  ;  and  since  the  cir* 
cumferences  or  spaces  described,  are  as  the  radii,  and  also 
aa  the  velocities,  therefore  the  velocities  are  as  the  radii  cd, 
CB  ;  and  the  momenta,  which  are  as  the  masses  and  velocities, 
are  as  the  masses  and  radU  ;  tbat  is,  as  p  x  cs  and  w  x  cb^ 
which  arc  equal  by  cor.  3.  ' 

173.  CoroL  5.    In  a  strsd^t  lever,  kept  in  equilibrio  by  a 
weight  and  power  acting   perpendicularly ;  '^then,  of  these 
three,  the  power,  weight,  and  pressure  on  the  prop^  any  one  . 
ifi  as  the  distance  of  ihe  other  two. 

174.  Cord.  6.  I£  A  B  C  1>  '  E 
several  weights  p,.  q,  '  ^ 
B^  s,  act  on  a  straigbt 
lever,  and  keep  it  in 
e^quilibrio ;  then  the 
sum  of  the  products 
on  one  ^de  of  the 
prop,  will  be  equal  to     ' 

tlie  sum  on  the  otlier  side,  made  by  multiplying  each  weight 
t|y  its  distance »  namely, 

S  X  AC  +  q  X  BC  as  R  X  OC  +  S  X   KC 

For,  the  effect  of  each  weight  to  turn  the  lever,  is' as  the 
weight  multiplied  by  its  distance  $  and  in  the  case  of  an 
4M)uilibrium,  the  sums  of  the  effects,or  of  the  products  on  both 
aides,  are  equal. 

175.  CoroL  T*   Because,  when    g  q  -jy 

two  weights    q   and    r    are  in "^ 

equilibrio,  q  :  r  :  :  cd  :  cb  ; 


♦d 


*R      *5 


^bereCore,  by  composition,  q  +  b  :  q  ' 
andj  ct  4*  R  :  B 


R 


i 


:  Bn 

:  BO 


c», 

:  0B» 
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That  is,  tke  sum  of  the  weights  is  to  either  of  them^  as  the 
sum  of  their  distances  is  to  the  distance  of  the  other. 


SCHOLIUM. 

176.  On  the  foregoing  prin- 
ciples depends  the  nature  of 
scales  and  beamS)  for  weigh- 
ing all  sorts  of  goods.  For, 
if  the  weights  be  equal,  then 
-will  the  distances  he  equal 
also,  which  gives  the  construe* 
tion  of  the  common  scales, 
which  ought  to  have  these 
properties : 

Ur,  That  the  points  of  suspension  of  the  scales  and  the 
centre  of  motion  of  the  beam,  a,  b,  c>  should  be  in  a  straight 
line  :  2(/,  That  the  arms  ab,  bc,  be  of  an  equal  length  :  Sdy 
That  the  centre  of  gravity  be  in  the  centre  of  motion  By 
or  a  little  below  it :  4/A,  ThaA  they  be  in  equilibrio  whcti 
ettipty  :  Sth^  That  there  be  as  little  friction  as  possible  at  the 
centre  b.  A  defect  in  any  of  these  properties,  makes  the 
scales  either  imperfect  or  false.  But  it  often  happens  that 
the  one  side  of  the  beam  is  made  shorter  than  th%  other,  and 
the  defect  covered  by  making  that  scale  the  heavier,  by  which 
means  the  scales  hang  in  equilibrio  when  empty  ;  but  when 
they  are  charged  with  any  weights,  so  as  to  be  still  in  equili- 
hrio,  those  weights  are  not  equal ;  but  the  deceit  will  be 
<letected  by  changing  the  weights  to  the  contrary  sides,  for 
then  the  equilibrium. will  be  immediately  destroyed. 

177.  To  nnd  the  true  weighs  of  any  body  by  such  a  &Iae 
balance  i — First  weigh  the  body  in  one  scale,  and  afterwards 
weigh  it  in  the  other  ;  then  the  mean  proportional  between 
these  two  weights,  will  be  the  true  weight  required.  For»  if 
any  body  b  weigh  w  pounds  or  ounces  in  the  scale  n^  and 
only  w  pounds  or  ounces  in  the  scale  s  :  then  we  have  these 
two  equations,  namely,  ab  .  6  »  bc  .  w. 

and  BC  .  6  sa  ab  .  ti^ ; 
the  product  of  the  two  is  ab  .  bc  .  6'  =s  ab  .  bc  .  Wf&  ; 
hence,  then  -        -        -  ^s  ss  wt^, 

and  -        -        -  ^i^^y^^^ 

the  mean  proportional,  which  is  th6  true  weight  of  the  body  6» 

1 78.  The  Roman  Statera,  or  Steelyard,  is  also  a  lever,  but 
of  unequal  brachia  or  arms,  so  contrived,  that  one  weight 
only  may  serve  to  weigh  a  great  many,  by  sliding  it  back- 
ward 
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-MM  and  forward,  to  different  distauces,  on  the   l^ger  arm 
•f  the  lever ;  and  it  i»  thus  coostmcted  s 


Let  AB  be  the  steetyard,  and  cits  centre  of  motion,  whence 
the  diWsions  mQ5t  commence  if  the  two  arms  just  balance 
each  other;  if  not,  slide  the  constant  moveable  weight  t 
along  fromB  towards  c,  till  it  just  balance  the  other  end 
witln^ut  a  weight,  and  there  make  a  notch  in  the  beam, 
xnarkitig  it  with  a  cipher  0.  Then  hang  on  at  a  a  weight  w 
equal  to  x,  and  slide  i  bach  towards  b  till  they  balance  each 
other  ;  there  notch  the  beam^  end  mark  it  with  i.  Then 
make  the  weight  w  double  of  i,  and  sliding  i  back  to  balance 
itf  there  mark  it  with  8.  Do  the  same  at  3,  4,  5,  Sec.  bf 
making  w  equal  to  3,  4,  i,  &c«  times  i ;  and  the  beam  is 
finished.  Then,  to  find  the  weight  of  any  body  b  by  the 
steelyard;  takeoff  the  weight  w,  and  hang  onahe  body  6 
at  A  ;  then  slide  the  weight  i  backward  and  forwad  till  it 
just  balance  the  body  6,  which  suppose  to  be  at  the  number 
5  s  then  is  b  equal  to  5  times  the  weight  of  i.  So,  if  i  be  one 
pound,  then  6  is  5  pdunds  -,  but  if  i  be  2  pounds,  then  b  is  10 
pounds ;  and  so  on. 


OF  THE  WHEEL  AND  AXLE. 
PROPOSITION  XXXII. 


** 


179.  In  the  Wheel-and'Axle  ;  the  Weight  and  Power  wHbe 
.  in  EquiUbriOj  when  the  Power  p  is  to  the  Weight  w,  Red* 
pTOcaHy  aa  the  Radii  of  the  Circles  where  they  act ;  that  w, 
as  the  Radiu9  of  the  Axle  ca,  where  the  Weight  hangg,  l# 
the  Radius  of  the  Whee^Bj  where  the  Power  acU.  That 
isf  p  :  w  s  :  ca  :  CB. 

HERE  the  cord,  by  which  the  power  p  acts,  goes  about 
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MECHANICS. 


the  circutnfcrencc.of  the  wheel,  while 
that  of  the  weight  w  goes  round  its 
axle,  or  another  Binaller  wheel,  attach-  .. 
ed  to  the  larger,  and  having  the  sanie  ^[| 
axis  or  centre  c  So  that  a  a  is  a  lever 
moveable  about  the  point  c«  the  power 
p  acting  always  at  the  distance  BCf 
and  the  weight  w  at  the  distance  ca  ; 
therefore  p  :  w : :  ca  :  cb. 

180.  CoroL  1.  If  the  wheel  l^  put 
in  motion  ;  then,  the.  spaices  moved 

being  as  the  circumferences,  or  as  the  radii,  the  velocitj  ot 
wwill  be  to  the  velocity  of  p,  as.  ca  to  cb  ;  that  is,  the 
weight  is  moved  as  much  slower,  as  it  is  heavier  than  the 
power ;  so  that  what  is  gained  in  power,  is  lost  in  time. 
And  this  is  the  umversal  property  of  all  machines  and  en- 
gines. 

181.  Copoi^  3.  If  the  power  do  not  act  at  right  angles 
to  the  radius  cb»  hut  obliqueljf;  draw  cB  perpendiculap  to 
th«  direction  of  she  power  i  then,  by  the  nature  ef  the  lerer» 
p»w-sca:cd» 


SCHOLIUM. 

183.  To  this  power  be- 
long all  turning  or  wheel 
machinesjof  different  radii. 
Thus,  in  the  roller  turning 
on  the  axis  or  spindte  cbi 
by  the  handle  cbb  ;  the 
power  applied  at  b  is  to 
the  weight  w  on  the  roller 
as  the  radius  of  the  roller 
is  to  the  radius  cb  of  the 
handle 

183.  And  the  same  for  all  cranes,  capstans,  wmdlasses,  ana 
such  ly&e  ;  the  power  being  to  the  weight,  klways  as  the  ra- 
dius ohever  at  which  the  weiglit  acts,  to  that  at  which  the 
power  acts ;  so  that  they  are  always  in  the  reciprocal  ratio 
of  their  velocities.  And  to  the  same  principle  may  be  re- 
ferred the  gimblet  and  augur  for  boring  holes. 

184.  But  all  this,  however,  is  on  supposition  that  the  ropes 
or  chords,  sustaining  the  weightSf^re  of  oo  sensible  thickness. 
For,  if  the  thickness  be  considerable,  or  if  there  be  several 
folds  of  them,  over  one  another,  on  the  roller  or  barrel ;  then 
we  must  measure  to  the  middle  of  the  outermost  rope,  for 
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ihc  radius  of  the  roller  ;  or,  to  the  radius  of  ^  the  roller  we 

must  add  half  the  thickness  of  the  cord,  when   there  is  but 

one  fold 

185.  The  wheel-and-axle  has  a  great  advantage  over  the 

simple  lever*  in  point  of  convenience.  For  a  weight  can  be 
raised  but  a  little  way  by  the  lever  ;  whereas,  by  the  continual 
turning  of  the  wheel  and  roller,  the  weight  may  be  raised  to 
any  heij^ht^  or  from  any  depth. 

1S6.  By  increasing  the  number  of  wheels  too,  the  power 
may  be  multiplied  to  any  extent,  making  always  the  less 
wheels  to  turn  greater  ones,  as  hr  a?  we  please  ;  and  this  is 
commonly  called  Tooth  and  Pinion  Work,  the  teeth  of  one 
circumference  working  in  the  rounds  or  pinions  of  another^ 
to  turn  the  wheel.  And  then,  in  case  of  an  equilibrium,  the 
power  is  to  the  weight,  as  the  continual  product  of  the  radii 
of  all  the  axles,  to  that  of  all  the  wheels.     So,  if  the  power  p  , 


turn  the  wheel  q,  and  this  turn  the  small  wheel  or  axle  r^ 
and  this  turn  the  wheel  3,  and  this  turn  the  axle  t,  and  'hi» 
turn  the  wheel  v  ;  and  this  turn  the  axle  x,  which  raises  the 
weight  w ;  then  p  :  w  :  :  cb  .  de  FO  :  ac  .  bd  .  ef.  And 
in  the  same  proportion  is  the  velocity  of  w  slower  than  that 
Qfp.  Thus,  if  each  wheel  be  to  its  axle,  as  10  to  I  ;  then 
p  :  w  :  :  I* :  10*  or  as  I  to  1000.  So  that  a  p<^wer  of  ORtt 
pound  will  balance  a  weight  of  !000  pounds;  but  theii,. 
when  put  in  motion,  the  power  will  move  1000  times  faster 
than  the  weight. 

VoL.IL  t  OP, 
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162  MECHANICS. 

OF  THE  PULLEY.  ' 

isr.  A  Pullet  is  a  small  wheel,  commonly  made  of  wood 
or  brass,  which  turns  about  an  iron  axis  passing  through  the 
centre,  and  fixed  in  a  block,  by  means  of  a  cord  passed  round 
its  circumference,  which  serves  to  draw  up  any  weighty 
The  pulley  is  either  bingle,  or  combined  together,  to  Increase 
the  power.  It  is  also  either  fixed  or  moveable,  according  a& 
it  is  fixed  to  one  place^  or  moves  M^  and  down  with  the 
weight  and  power. 

PROPOSITION  xxxm. 

188.    Jf  a  Power  tuatain  a  Weight  by  meuriM  of  a  JPix^ 
Pulley  :  the  Power  and  Weight  are  EquaU 

For,  through  the  centre  c  of  the  pulley 
draw  the  horizontal  diameter  ad  :  then 
wil^  AB  represent  a  lever  of  the  first  kind, 
its  prop  being  the  fixed  centre  c  ;  from 
which  the  points  a  and  b,  where  the 
power  and  weight  act,  being  equally 
distant,  the  power  p  is  consequently  equal 
to  the  weight  w. 

i  89  CoroL  Hence,  if  the  pulley  be  put 
in  motion,  the  power  p  will  descend  as 
fast  as  the  weight  w  ascends.  So  that 
the  power  is  not  increased  by  the  use  of 
the  fixed  pulley,  even  though  the  rope  go  over  several  of 
them.  It  is,  however,  of  great  service  in  the  raising  of 
weights,  both  by  changing  the  direction  of  the  force,  for  the 
convenience  of  acting,  and  by  enabling  a  person  to  raise  a 
weight  to  any  height  without  moving  from  his  place,  and 
also  by  permitting  %  great  many  persons  at  once  to  exert 
their  force  on  the  rope  at  p,  which  they  could  not  do  to  the 
weight  iuelf ;  as  is  evident  in  raising  the  hammer  or  weight 
of  a  pil^river,  as  well  as  on  many  other  occasions. 

PROPOSITION  XXXIV. 

190.  Ifd  Power  8ustai7i  a  Weight  by  means  of  One  Moveable 
Pulley  ;  the  Power  is  but  Ha{fthe  l^  eight. 

FoRy  here  ji^b  may  be  considered  ais  a  le.ver  of  t(|e  second 
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&«3 


klndi  tbe  pow«r  acting  at  A9 
the  weight  at  c,  ax>d  the  prop 
or  Bxed  point  at  B  ;  and  be- 
cause F  :  w  :  :  CB  :  aB| 
and  CB  «=3  4ab,  therefore 
p  ss  ^w,  or  w  =8  2p. 

191.  CeroL  1.  Hence  it  is 
evident,  that  when  the  pul- 
ley is  put  in  motion,  the  ve« 
locity  of  the  power  will  bjC 
double  the  velocity  of  the 
weight,  as  the  point  r  moves 
twice  as  fast  as  the  point  c  and  weight  w  rises.  It  is  als^ 
evident,  that  the  fixed  pulley  w  makes  no  difference  in  the 
IIDwer  F,  but  is  only  usjed  to  change  the  direction  of  it,  from 
upwards  to  downwards. 

192.  CoroL  2.  Hence  we  may  estimate  the  effect  of  a  combi- 
nation of  any  number  of  fixed  and  moveable  pulleys  ;  by 
which  we  shall  find  that  every  cord  going  over  a  moveable 
pulley  always  adds  2  to  the  powers  ;  since  each  moveable  pul- 
ley's rope  bears  an  equal  share  of  the  weight;  while  each  rope 
that  is  fixed  to  a  pulley,  only  increases  the  power  by  unity. 
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OF  THE  INCLINED  PLANE. 

193.  THE  Inclined  Plans,  is  a  plane  inclined  to  the 

horizon,  or  making  an  angle  with  it.     It  is  oftan  reckoned 

one  of  the  simple  mechanic  powers  ;  and  the  double  inclined 

plane  makes  the  wedge.     It  is   employed  to  advantage  in 

raising  heavy  bodies  in  certain  situations,  diminishing  theic 

weights  by  laying  them  on  the  inclined  planes. 

^  ^     '    **  '  PROP0SITION 
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IS^  MECHANICS. 

PROPOSITION  XXXV, 
194,  nc  Pover  gained  by  the  Inclined  Piane^  u  in  Proportion 
0^  the  Length  of  the  PUme  is  to  its  Height,     That  isy  when  a 
Weight  w  i>  sustained  on  an  Inclined  Plane  ;  Bn^bya  Power 
T  acting  in  the  Direction  dw,  fiaraUcl  to  the  Plane  ;  then  the 
Weight  Vr^  is  inproftortion  to  the  Power  p,  as  the  Length  qf 
the  Plane  is  to  its  Height  ;  that  m,  w  :  p  :  :  bc  :  ab. 
For,  draw  k%   pcrp.  to 
the  plane   bc,    or   to    dw. 
Then    we  are  to   consider 
that  the  body  w  is  sustained 
by  three  forces,  viz.  1st,  its 
own  weight  or  the  force  of 
gravity,  acting  perp.  to  ac,  or  parallel  to  ba  ;   9d,  by  the 
power  p,  acting  in  the   direction  wd,  parallel  lo  bc,  or  be  ; 
and  3dly,  by  the  re-acuon  of  the  plane,  pcrp.  to  its  face,  or 
parallel  to  the  line  ea.     But  when  a  body  is  kept  in  equili- 
brio  by  the  action  of  jthree  forces,  it  has  been  proved,  that 
the  intensities  of  these  forces  are   proportional  to  the  sides 
of  the  triangle  a  be,  made   by  lines  drawn  in  the  directions 
of  their  actions ;  therefore  those  forces  are  to  one  another  as 
the  tliree  lines         -        -         -        -        ab,  be,  ab  ;  that  is," 
the  weight  of  the  body  w  is  as  the  line     ab, 
the  powcV  p  is  as  the  line         -        -  be, 

and  tne  pressure  on  the  plane  as  the  line  ae. 
But  the  two  triangles  abe,  abc  are  equiangular,  and  have 
therefore  their  like  sides  proportional  i  that  is, 
the  three  lines        -        -      .  -        -        ab,  be,  ae, 
^re  to  each  other  respectix-ely'as  the  three  bc,  ab,  ac, 
or  also  98  the  three  ...        bc,  ae,  ce, 

which  therefore  are*  as  the  three  forces  w,  p,    fit 
where  fi  denotes  the  pressure  on  the  plane,    that  is,  w  :  f  • : 
Bc  :  AB,  ot  the  weight  is  to  the  power,  as  the  length  of  the 
^lane  is  to  its  height. 
See  more  on  the  Inclined  Plane,  at  p.  144,  &c. 

195.  SchoUum.  The  Inclined  plane  comes  intqusc  in  some 
situations  in  which  the  other  mechanical  powers  cannot  be 
conveniently  applied,  or  in  combination  with  them.  As,  in 
sliding  heavy  weights  either  up  or  down  a  plank  or  other 
plane  laid  sloping :  or  letting  large  casks  down  into  a  cellar^ 
or  drawing*  them  out  of  it.  Also,  in  removing  earth  from  * 
lower  situation  to  a  higher  by  means  of  wheel-barrows,  or 
otherwise,  as  in  making  fortifications,  &c  ;  inclined  planes, 
made  of  boards^  laid  aslope,  serve  for  the  ^barrows  to  run 
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Of  all  the  varitMis  directions  of  drawing  bodies  up  an  in- 
c&ied  plane,  or  sustaining  them  on  it,  the  most  favourable 
ia  where  it  is  parallel  to  the  plane  bc,  and  parsing  throiigh 
the  centre  of  the  weight ;  a  direction  which  is  easily  given 
(ait,  bj  fixing  a  pulley  at  n,  so  that  a  chord  passing  over  it, 
and  fixed  to  the  weight,  may  act  or  draw  parallel  to  the  plane. 
In  every  other  position,  it  would  require  a  greater  power  to 
support  the  body  on  the  plane,  or  to  draw  it  up.  For  if  one 
end  of  the  line  be  fixed  at  w,  and  the  other  end  inclined  down 
towards  b,  below  the  direction  wd,  the  body  would  be  drawn 
down  against  the  plane,  and  the  power  must  be  increased  in 
proportion  to  the  greater  difficulty  of  the  traction.  And,  on 
the  other  hand,  if  the  line  were  carried  above  the  direction 
of  the  plane,  the  ^wer  must  be  also  increased  ;  but  here  only 
in  proportion  as  it  endeavours  to  lift  the  body  off  the  plane. 

If  the  length  bc  of  the  plane  be  equal  to  any  number  of 
times  its  perjx  height  ab,  as  suppose  3  times ;  then  a  power 
p  of  1  pound  hanging  freely,  will  balance  a  weight  w  of  S 
pounds^  ktid  on  the  plane  ;  and  a  power  f  of  9  pounds,  will 
balance  a  weight  w  of  6  pounds  ;  and  so  on,  always  3  times 
as  much.  But  then  if  they  be  set  a-moving,  the  perp.  descent 
of  the  power  p  ,  will  be  equal  to  3  times  as  much  as  the  perp. 
ascent  of  the  weight  w.  For,  though  the  weight  w  ascends 
up  the  direction  of  the  oblique  plane,  bc,  just  as  fast  as  the 
power  F  descends  pejgjendicularly,  yet  the  weight  rises 
only  the  perp.  height  ab,  while  it  ascends  up  the  whole 
length  of  the  plane  bc,  which  is  3  times  as  much  ;  that  is, 
fi>r  every  foot  of  the  perp.  rise,  of  the  weight,  it  ascends  3  feet 
up  in  the  direction  of  the  plane,  and  the  power  f  descends 
as  much,  or  3  feet. 


OF  THE  WEDGE. 


196.  THE  Wbpgb  is  a  piece  of 
wood  or  metal,  in  form  of  half  a  rec« 
ui^ular  prism,  af  or  bo  is. the 
breadth  of  its  back  ;  cs  its  height 
0C9  BC  its  sides  ;  and  its  end  obc  is 
composed  of  two  equal  inclined 
planes  ocs»  bck. 
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1^  MECHANICS, 

PROPOSinON  xxxvt 

197.  When  a  Wedge  is  in  £guilidrio  ;  the  Power  acting  a^aime 
the  Back^  is  to  the  Force  acting  Perfitndicutariy  against 
either  Sidcy  as  a  he  Breadth  of  the  Back  ab,  is  to  the  Length 
of  the  Side  ac  or  bc. 

F0R9  any  three  forces,  which  sustain  one 
anoth<^r  in  equilibria*  are  as  the  correspond* 

ing  si  ies  01  a  triangle  dravm   perpendicular  T?'f^;,||l' 

to  the  oircctiDns  in  which  they  act.     But  /-^fOA^Ii^fp^ 

AB  is  perp.  to  the  force  acting  on  ihe  back,  ^^^i^ 

to  urge  the  wedge  forward  ;  and  the  sides  "^^Avi^ffi^ 

AC,  BC   are   perp.  10  the  forces  acting  on  i^H^'^l^'m 

them  ;  therefore  the  three  forcos  are  as  ab,  ^^E^^f^ 

Ac,Bc.  'imH'^ 

19«,  CoroL  The  force  on  the  back,  -.  ab,        *  S!;'*^!  J'^V 
Its  effect  in  direct,  perp.  to  ac,  I  ac»  ^    *  '   -• 

And  its  effect  parallel  to  ab  ;      1  dc, 

are  as  the  three  lines  ^  which  are  per. to  them. 

And  therefore  the  thinner  a  yvedgc  is,  the  greater  is  its 
effect,  in  splitting  any  body,  or  in  overcoming  any  resistance 
against  the  sides  of  the  wedge. 

SCHOUUM.  • 

199.  Bttt  it  imust  be  observed,  that  the  resistance,  or  the  - 
forces  above-tnentioned,  respect  one  side  of  the  wedge  only* 
For  if  those  against  both  sides  be  taken  in,  then,  in  the  fore- 
going proportions,  we  roust  take  only  half  th^  back  ad,  or 
else  we  must  take  double  the  line  ac  or  dc. 

In  the  wedge,  the  friction  against  the  sides  is  very  greats 
at  least  equal  to  the  force  to  be  overcome,  because  the  wedg^ 
retams  any  position  to  which  it  is  driven  ;  and  therefore  the 
resistance  is  double  by  the  friction.  But  then  the  wedge 
has  a  great  advantage  over  all  the  other  powers,  arising  fronk 
the  force  of  percussion  or  blow  with  which  the  back  is  struck, 
which  is  a  force  incomparably  jgreater  than  any  dead  weight 
or  pressure,  such  as  is  employed  in  other  machines.  And  ac- 
cordingly we  Hnd  it  produces  effects  vastly  superior  to  those 
of  any  other  power  {  such  as  the  splitting  and  raising  the 
largest  and  hardest  rocks,  the  raising  and  liftipg  the  largest 
ship,  by  driving  a  wedge  below  it,  which  a  man  can  do 
by  the  blow  of  a  mallet :  and  thus  it  appears  that  the  small 
blow  of  a  hammer,  on  the  back  of  a  wedge,  is  incomparably- 
greater  than  any  mere  pressure,  and  will  overcome  it. 
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OF  THE  SCREW. 

900.  THE  Screw  is  one  of  the  Mx  mechanical  powers, 
chiefly  used  in  pressing  or  squeezing  bodies  close^  thougk 
sometimes  also  in  raising  weights. 

The  screw  is  a  spiral  thread  or  groove  cut  round  a  cylin- 
der, and  every  where  making  the  same  angle  with  Uie  length 
of  it.  So  that  if  the  surface  of  the  cylinder,_with  this  spirat 
thread  on  it,  were  unfolded  and  stretched  into  a  plane^  th» 
spiral  thread  would  form  a  straight  iiiciined  plane,  whoso 
length  would  be  to  its  height,  as  the  circumference  of  the 
cylinder,  is  to  the  distance  between  two  threads  of  the 
screw:  as  is  evident  by  considering  that,  in  niaking  one 
round,  the  spiral  rises  along 'the  cylinder  the  distance  be- 
tween the  two  threads. 

pfioposrrfON  xxxvil 

201.  The  Force  of  a  Power  afifiUed  to  turn  a  Screw  round^U  tp 
the  Force  with  which  it  ftreaaes  upvtard  or  downward^  setting 
tmde  the  Friction^  a«  the  Distance  between  two  Threads^  i» 
to  the  Circumference  where  the  Power  U  cpt^lied, 

m 

Thb  screw  being  an  inclined  plane,  or  half  wedge,  whose 
height  is  the  distance  between  two  threads,  and  its  base  the 
circumference  of  the  so-ew  ;  and  the  force  in  .the  horisopittai 
direction,  being  to  that  in  the  vertical  one,  a§  the  lines  per* 
pendicular  to  Uiem,  namely,  as  the  height  c£  the  plane,  or 
distance  of  the  two  threads,  is  to  the  base  of  the  plane^  or. 
circumference  of  the  screw  5  therefore  the  power  is  to  the 
pressure,  as  the  distance  of  two  threads  is  to  that  circumfer- 
ence. But,  by  means  of  a  handle  or«lever,  the  gain  in  poweir 
is  increased  in  the  proportion  of  the  radius  of  the  screw  to 
the  radius  of  the  power,  or  length  of  the  handle,  or  as  their 
circumfereaces.  Therefore,  finally,  the  power  is  torthe  pres- 
sure, as  the  distance  of  the  threads,  is  to  the  circumference 
described  by  the  power,  ■ 

202,  Corol  When  the  screw  is  put "  in  tnotion  ;  then  the 
power  is  to  the  weight  which  would  keep  it  in  equilibrio,  as 
the  velocity  of  the  latter  is  to  that  of  the  former ;  and  hence 
their  two  momenta  are  equal,  which  are  produced  by  mul- 
tiplying each  weight  or  power  by  itd  owri  velocity.  So  that 
this  is  a  general  property  in  all  the  mechanical  powers, 
namely,  that  the  momentum  of  a  power  is  equal  to  that  of 
the  weight  which  would  balance  it  in  equilibrio;  or  that 
each  of  them  is  reciprocally  proportional  to  its  velocity. 
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203.  Hence  we  can  easily 
compute  the  force  of  any  ma- 
chine turned  by  ^  screw.  Let 
the  annexed  figure  represent  a 
press  driven  by  a  screw,  whose 
threads  are  each  a  quarter  of-^ 
an  inch  asunder  ;  anil  let  the 
screw  be  turned  by  a  handle 
iof  4  feet  long)  from  a  to  b  ; 
then,  if  the  natural  force  of 
a  roan,  by  which  he  can  lift, 

pull,  or  draw,  be  150  pouhds  ;  and  it  be  required  to  deter- 
mine with  what  force  the  screw  will  press  on  the  board  at  D, 
when  the  man  turns  the  handle  at  a  and  b,  with  Jiis  whole 
force.  Then  the  diameter  ABofthe  power  being  4  feet,  or 
48  inches, its  circumference  is  48  x  3- 14 16  or  1 50^  nearly; 
and  the  distance  ofthe  threads  being  ^  of  an  anch  ;  there- 
fore the  power  is  to  the  pressure  as  1  to  60S|  |  but  the 
power  is  equal  to  1501b  ;  theref.as  1  :  603|  •  :  ISO  :  90480 ; 
and  consequently  the  pressure  at  b  is  equal  to  a  weight  of 
90480  pounds,  independent  of  friction. 

204,  Again,  if  the  end- 
lead  screw  AB  be  turned  by 
a  handle  ac  of  20  inches, 
the  threads  of  the  screw 
being  distant  half  an  inch' 
each ;  and  the  screw  turns 
a  toothed  wheel  e,  whose 
pinion  l  turns  another 
wheel  F,  and  the  pinion  m 
of  this  another  wheel  o,  to 
the  pinion  or  barrel  of 
which  is  hung  a  weight  w ) 
it  is  requii^ed  to  determine 
what  weight  the  man  will 
be  able  to  raise,  workinjg^  at 
the  handle  c  ;  supposingthe 
diameters  of  the  wheels  to 
be  18  inches,  and  those  of 
the  pinions  and  barrel  2 
inches  ;  the  teeth  and  pin- 
ions being  all  of  a  size* 
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Here S0x3l416Xli>B  195*664,  i»  the  circumference 
of  Oie  power. 

And  135*664  to  4,  or  351-338  to  1,  it  the  force  of  the  scre# 
a]one. 

Al8<s  18  to  3»  or  9  to  1,  ;being  the  propordon  of  the 
irbeels  to  the  pmions;  and  as  there  are  three  of  them, 
^ere4ore9'  to  1»,  or  739  to  1,  is  the  poi^er  gained  by  the 
ivheels 

Conaec^uently  951-398  X  799  to  l,or  1839  ?8{  to  1  nearly, 
is  the  ratio  of  the  power  to  the  weight,  arising  from  (he  ad^ 
vantage  both  of  the  screw  and  the  wheels. 

fiot  the  power  is  1501b;  therefore  150  x  183318),  or 
S7 4887 16  pounds,  is  the  weight  the  man  can  sustain,  wldch 
is  equal  to  13369  tons  weight. 

But  the  power  has  to  overcome,  net  only  the  weight,  but 
also  the  fiiction  of  the  icrew,  which  is  very  great,  in  sonl^ 
eases  equal  to  the  weight  itself^  since  it  b  sometimes  suffi- 
cient to  sustam  the  weight,  when  the  power  is  taken  off. 


ON  THE  CENTRE  OF  GRAVITY.  . 

SOi.  THE  Cjbntbb  of  Gxavity  of  a  body,  is  a  certain 
point  within  it,  on  which  the  body  being  freely  suspended,  it 
'will  rest  in  any  position  ;  and  it  will  always  descend  to  the 
lowest  place  to  which  it  can  get,  in  other  positions. 

PBOPOSmON  XXXTHI. 

206.  If  a  Perfiendicular  to  the  Htrnzofij/rom  the  centre  qf 
Gravity  qfany  body j  fall  within  the  Base  of  the  Body^  it  witi 
rest  in  that  Potfition  ;  but  if  the  FerpendietUar  fall  withoui 
the  BaMc\  the  Body  vill  not  rett  in  that  Poeitton,  but  vtU 
tumble  down. 
For,  if  CB,  be  the  pcrp.  ^ — -^j^    ,.'—'*-% 

from  the  centre  of  gravity  c,  m M    ^^\ 

within  the  base :  then    the         J^        I     \k    \ 
body  cannot  lall  over  towards         E^r^*>.c  ,1        /^»^  X 
a;  because,  in  turning  on  the  l/j     |      ^   ^.    X 

pMnt  A,  the  centre  of  gravity  tj  --^1  ~-  ^ .  !%-  -^y  j 

«  would   describe     an    arc  AA\H>^-  '♦^         }^is^::.j^ 

which  BiiQld  rise  from  c  to  b;  \  .  .       ,   «..♦. -i.-^ 

contiary  to  the  nature  of  that  ce»tre,  which  ^^^y^*^*  .^T"^ 
•Id  the  lowest  pli^e,     Fo.    'be  same  reason,  the  body  wjj^ 
&11  towards  p.    And  therefore  it  wiU  -imiA  m  that  posiuon^ 
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But  if  the  perpen£cular  bll  without  the  base,  as  cb;  tbea 
the  body  will  tumble  over  on  that  side:  berjiuse  in  tumn>|; 
on  the  pmnt  a,  the  centre  c  descends  by  describing^  the  de- 
scending arc  ce. 

307.  Corol  1.  If  a  perpendicular,  drawn  from  the  centra 
of  gravity,  fall  just  on  the  extremity  of  the  base  ;  the  body 
may  stand  ;  but  any  the  least  (brce  will  cause  it  to  fall  that 
way.  And  the  nearer  the  perpendicular  is  to  any  side,  or 
the  narrower  the  base  is,  the  easier  it  will  be  made  to  fall^ 
or  be  pushed  over  that  way  ;  because  the  centre  of  gravity 
has  the  less  height  to  rise :  which  is  the  reason  that  a  globe 
is  made  to  roll  on  a  smooth  plane  by  any  the  least  force* 
But  the  nearer  the  perpendicular  is  to  the  middle  of  the 
base  or  the  broader  the  base  is,  the  firmer  the  body  stands. 

380  (^oroL  2.  Hence  if  the  centre  of  gravity  of  a  bod  j 
be  supported,  the  whole  body  is  supported.  And  the  plaee 
of  the  centre  of  gravity  must  be  accounted  the  place  of  the 
body ;  for  into  that  point. the  whole  matter  of  the  body  may 
be  supposed  to  be  collected,  and  therefore  all  the  force  alse 
with  which  it  endeavours  to  descend. 

309.  Corol.  3  From  the  property  which 
the  centre  of  gravity  has,  of  always  de»» 
cending  to  the  lowest  point,  is  derived  an 
easy  mechanical  method  of  finding  that 
eentre. 

Thus,  if  the  body  be  hung  up  by  any 
point  A,  and  a  plumb  line  ab  be  hung  by 
the  same  point^t  will  pass  through  the  cen- 
tre  of  gravity ;  because  that  centre  is  not  in 
the  lowest  point  till  it  fall  in  the  |^umb 
line  Mark  the  line  ab  on  it.  Then  hang 
the  body  up  by  any  other  point  d,  with  a 
plumb  line  nB,which  will  also  pass  through 
the  centre  of  gravity*  for  the  same  reason 
as  before  ;  and  therefore  that  centre  must 
be  at  c  where  the  two  plumb  lines  cross 
each  other. 


310.  Or,  if  the  body  be  suspended  by 
two  or  more  cords  gf,  gh,  &c.  then  m 
plumb  line  from  the  point  o  will  oot  the 
body  In  its  centre  of  gravity  c« 


.311.  Like- 
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311.  Likewise;  because  a  body  rests  wh«ii  Its  centre  of 
-l^ravitf  is  supported,  but  not  else  ;  we  hence  derive  another 
msay  method  uf  finding  that  centre  mecbanicaliy.  For,  if 
tho  body  be  laid  on  the  edge  of  a  prismy  or  over  one  side  of 
a  table,  and  moyed  backward  and  forward  till  it  rest,  or  ba* 
lance  itself ;  then  is  the  centre  of  gravity  jost  over  the  line  of 
the  edge.  And  if  the  body  be  then  shifted  into  another  po« 
viti^n,  -ctnd  baUiiced  on  the  edge  againf  this  line  will  also 
pasa  by  the  centre  of  gravity ;  and  consequently  the  inter- 
section of  the  two  will  give  the  centre  itself 

ntoposmoN  xxxrc 

1213.  The  common  Centre  qf  Ortnnty  c  of  any  two  Bodies  a,  B| 
'    divideM  the  Line  joining  thetr  Centretf  into  two  Partt^  which 
are  Rtcifirocady  as  the  Bodies, 

That  is,  AC  :   bc  : :  b  ;  A. 

Fob,  if  the  centre  of  gravity  c  be  supported,  the  two 
bodit^!^  A  and  b  will  be  supported,       ^          t  m 

and   will  rest  in  equiUbrio.     But       ^^      C  5 

by  the  nature  of  the   lever,  when      -^  ,  *" 

two  bodies  are  in  equilibrio  about  a  fixed  point  c,  they  are 
reciprocally  as  their  distances  from  that  point;  therefore 
A  .  B  :  :  CB  :  ca. 

213.  CoroL  I.  Hence  ab  :  ac  :  :  a  +  b  :  B  ;  or,  the  whole 
distance  between  the  two  bodies^  is  to  the  distance  of  either 
of  the*in  from  the  common  centre,  a»  the  sum  of  the  bodies  is 
to  the  other  body. 

S14.  CoroL  3.  Hence  also,  ca  .  a  s  cb  .  b  ;  or  the  two 
products  are  equal,  which  are  made  by  multiplying  each  body 
by  its  distance  from  the  centre  of  gravity. 

315.  CoroL  3.  As  the  centre  cis  pressed  with  a  force  equal 
to  both  the  weights  a  and  b,  while  the  points  a  and  b  are 
each  pressed  with  the  respective  weights  a  aiui  b.  There* 
fore,  if  the  two  bodies  be  both  united  in  their  common 
centre  c,  and  only  the  ends  a  and  b  of  the  line  ab  be  sup- 
ported, each  will  still  bear,  or  be  pressed  by  the  same  weig|its 
A  and  a  as  before  So  that,  if  a  weight  of  tOOlb.  be  laid  on 
a  bar  at  c,  supported  by  two  men  at  a  and  b,  distant  from  c* 
thfi  one  4  feet,  and  the  other  6  feet ;  then  the  nearer  will 
tear  the  weight  of  601b,  and  the  farther  only  40lb.  weight. 

jiia.  Cord/. 
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iri6.  Corpi.  4.  Suice  the 
effect  of  any  body  »  tun    ^      ^  ^     _ 

%  lever  about    the    fixeo    A.        B  D      E    * 

poiBt  c,  is  as  that  body  and    ^^ 

aa  itf  distance  from  that  point ;  therefore,  if  c  be  the  com* 
moD  centre  of  gravity  of  ail  the  bodies  a,  b^  d^  b,  f,  placed  in 
the  straig^t  line  av  ;  then  is  ca  a  +  cb  b  sr  cd  .  d  + 
OB  .  E  +  cr  .  9  s  or)  the  sum  of  the  products  on  one  «ide 
equal  to  the  sum  of  the  products  on  the  other,  made  by  mul- 
tiplying each  body  by  its  distance  from  that  centre.  And 
if  ajueral  bodies  be  in  equilibrium  on  any  straight  lever,  then 
the  prop  is  in  the  centre  of  gravity. 

311,  Carols,    And  though                 ^^  ^,^— 

the  bodies  be  not  situated  in                 O^   G        ^ 
a  straight  line,  but  scattered     "P    a     \ d     I 


^ 


about  in  any  promiscuous  man-  J     i       0    I      '^      ] 

iier,ihe  same  property  as  in  the         ^|L  A^       yA 

last  corollary  still  holds  true,         ^^A  ^^ 

if  perpendiculars  to  any   line 
whatever,  af  be  drawn  through 

the  several  bodies,  and  their  common  centre  of  gravity^  name- 
ly, that  ca :  a  +  cb  =s  cd  .  x>  -f  ce  .  b  +  cf  .  f  For  the 
bodies  have  the  same  effect  on  the  line  af,  to  turn  it  about  the 
point  c,  whether  they  are  placed  at  the  points  a,  b,  d,  e,  ^  or 
in  any  part  of  the  perpendiculars  Aa,  sb,  nd,  Be,  fF. 


PROPOSITION  XL. 


318.  1/ there  be  three  or  more  Bodiee^  and  if  a  tine  be  drofon 
from  any  one  Body  n  to  the  Centre  of  Gravity  qf  the  regt  c  ; 
then  the  Common  Centre  cf  Gravity  Eo/aU  the  Bodies, dividet 
the  Une  cd  into  two  PartM  in  e,  which  are  Reci/irocaliy  Fro* 
fiortional  aa  the  Body  »  go  the  <ttm  o/all  the  other  Bodies* 


That  is,  CB  :  BO  : :  D  :  A  +  B  &c. 


Fob,  suppose  the  bodies  a  and  b  ^      g ^ 

to    be    collected  into  the    common  9       \  ^ 

centre  of  gravity  c,  and  let  their  sum  ^       eV  ^ 

be  called  s.     Then,  by  the  last  prop.  \ 

CB :  BD  : :  D  :  s  or  A  4-  B  &c.  j^w 

217.  Corol.  Hence  vre  have  a  method  of  finding  the  com- 
mon centre  of  gravity  of  any  number  of  bodies  ;  namclyt  by 
first  finding  the  centre  of  any  two  of  them,  then  the  centre 
of  that  centre  and  a  third,  and  so  on  for  a  fourth,  or  fifth, 
kc. 

PROPOSITIOK 
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PROPOSITION  XLt 

!220.  If  there  be  faken  any  Point  Ft  in  the  Line  fiaaaing  through 
the  Cent r CM  of  two  Bodiea  s  then  the  aum  of  the  two  Pro-' 
ductay  of  each  Body  multifiHcd  by  ita  Distance  from  that 
Pointy  ia  equal  to  the  Product  of  the  Sum  of  the'Bodiea  mul" 
tifilied  by  the  Diatance  qf  their  Common  Centre  of  Gravity  c 
from  the  ^ame  Point  p. 


I  That  i8>  PA  /A  +  PB  .  B  es  FG  .  A  +  B. 

!  FoK,  bythe  38th,  CA  .  AcsrCB  .  By 

I  that  is,  PA— PC  •  A  M  PC— PB  .  B  ;     ©        c      p     §      p 

I  thererore^  by  adding,  -^ 

PA  .  A  +  PB  .  B  as  PC  .  A  +  B. 

221.  CoroL  1.  Hence,  the  two  bodies  a  and  b  have  the 
same  force  to  turn  the  lever  about  the  point  p,  as  li  they 
were  both  placed  in  c  their  common  centre  of  gravity. 

Or,  if  the  line,  with  the  bodies,  move  about  the  point  p  j 
the  sum  of  the  momenta  of  a  and  b^  is  equal  to  the  mo- 
mentum of  the  sums  or  a  +  b  placed  at  the  centre  c. 

222.  Carol.  2.  The  same  is  also  true  of  any  number  of 
bodies  whatever,  as  will  s^ppear  by  cor.  4,  prop.  39,  namelyi 

]*A  .  A  +   ra  .  B    +    PP  .  D  &C.  ssr  P«  -  A  +  B  +  D  &C.    whorc 

7  is  in  any  point  whatever  in  the  line  ac* 

And,  by  cor.  5,  prop  39,  the  same  thing  is  true  when  the 
bodies  are  not  placed  in  that  line«  but  any  where  in  the  per- 
pendiculars passing  through  the  points  a,  b-  p%  fcc ;  namely, 

pa  .  A+  Pb  .B  +  Pd  .D&C,  ess  PC  .  A-j-  B  +  D  &C 

223.  CoroL  3.  And  if  a  plane  pass  through  the  point  p  per- 
pendicular to  the  line  cp  ;  then  the  distance  of  the  common 
centre  of  gravity  from  that  plane,  is 

PC  »  'JLJL±^J±±I±i£l^,  that  is.  equal  to  the  sum 

A  +  B   -h  B  «C 

of  all  the  forces  divided  by  the  sum  of  all  the  bodies.  Or, 
if  A,  B,  D,  Sec.  be  the  several  particles  of  one  mass  or  coifi- 
pound  body  ;  then  the  distance  of  the  centre  of  gravity  of  the 
body,  below  any  given  point  P;  is  equal  to  the  forces  of  all 
the  panicles  divided  by  the  whole  mass  or  body,  that  is,  equal 
to  all  the  PA  •  A,  pb  .  B,  Pd  «  D,  &c.  divided  by  the  body  or  sum 
of  particles  a,  b,  d,  Sec. 
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PROPOSITION  XLEL 

234.  Tojind  the  Centre  of  Gravity  of  any  Body,  or  qfmty  Stftf^ 
tern  of  Bodice- 


F  a 


r 


T% 


®D     ?• 


&c.  draw  innu- 


TattOUGH  any  point  f  draw 
a  plane,  and  let  pa,  pb,  pd.  &c, 
be  the  distance  of  the  bodies 
A,  B%  i>i  &c.  from  the  plane  ; 
then,  by  the  last  cor.  the  dis- 
tance of  the  common  centre  of 
•ravily  from  the  plane,  will  be 

F« .  A  +  pb.  a  4.  Fd.  d8cc 

FC    «=  -^  B  +  D&C 

225.  Or,  if  6  be  any  body,  and  qpr  any  plane ;  draw  pab 
Stc  perpendicular  to  ^r,  and  through 
merable  sections  of  the  body  b  parallel 
to  the  plane  qa,  Let  «  denote  any  of 
these  sections,  and  d  =  pa,  or  pb,  8cc. 
its  distance  froni  the  plane  qR.  Then 
■will  the  distance  of  the  centre  of  gra- 
vity of  the  body  from  the  plane  be 
j,c  «  ^^J^.s!J^J^!1J^.     And    if  the 

distance  be  thus  found  for  two  intcr- 
accting  planes,  they  will  give  the  point 
in  which  the  centre  is  placed. 

226.  But  the  distance  from  one  plane  is  sufficient  for  any 
tegular  body,  because  it  is  evident  thai,  in  such  a  figure,  the 
centre  of  gravity  is  in  the  axis,  or  line  passing  through  the 
centres  of  all  the  parallel  sections. 

Thus,  if  the  figure  be  a  parallelogram,  or  a 
cylinder,  or  any  prism  whatever  ;  then  the  axis 
or  line,  or  plane  ps,  which  bisects  all  the  sec- 
tions parallel  to  qR,  will  pass  through  the 
centre  of  gravity,  of  all  those  sections,  and 
consequently  through  that  of  the  whole  figure 
c.  Then,  all  the  sections  e  being  equal,  and 
the  body  6  sa  ps  .  «,  the  distance  of  the  centre 
will  be  PC  = 


i 


UJ 


PA  .  .y  4-  ^*Q 


+  &c 


PA  4*  PB  +^n&c. 
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But  JPA  +  PB  +  &c.  is  the  sum  of  an  arithmetical  proi* 
gression,  beginning  at  0,  and  increasing  to  the  greatest  term 
PS,  the  number  of  the  terms  being  also  equal  to  ps  i  there* 
fore  the  sum  pa.  -f-  'b  -f  &c.  a  ^  ps  .  ps  ;  and  consequently 

X  p5       pa 

PC  ■»  2 — : —  aa  ^ps  ;  "that  is,  the  centre  of  gravity  is.  in 

the  middle  of  the  axis  of  any  figure  ivhose  parallel  sections 
4ire  equal. 

327.  In  other  figures,  whose  parallel  sections  are  not 
equal,  but  varying  according  to  some  general  law,  it  will  not 
be  easy  to  find  the  sum  of  all  the  p  a  .  #,  p  b  .  #^  pd  . «",  Scc« 
except  by  the  general  method  of  Fluxions  ;  which  casei 
therefore  will  be  best  reserved,  till  we  come  to.  treat  of  that 
doctrine.  It  will  be  proper  however  to  add  here  some  ex- 
amples of  another  method  of  finding  the  centre  of  gravity  of 
a  triapgle>  or  any  other  right-lined  plane  figure* 


PBOPosmoN  xun. 

22S.  Tojind  the  Centre  of  Gravity  of  a  Triangle. 

From  any  two  of  the  angles  draw 
lines  AD,  CB,  to  bisect  the  opposite 
sides,  so  will  their  intersection- o  be 
the  centre  of  gravity  of  the  triangle. 

For, because  ad  bisects  BCt  it  bisects 
also  all  its  parallels,  namely,  all  the 
parallel  sections  of  the  figure  ;  there- 
fore AD  passes  through  the  centres  of 
gravity  ol*  all  the  parallel  sections  or  component  parts  of  the 
figure  5  and  consequently  the  centre  of  gravity  of  the  whole 
figure  lies  in  the  line  ad.  For  the  same  reason,  it  also  lies 
b  the  line  ex.  Consequently  it  is  in  their  common  point  of 
intersectioivo. 

229.  CoroL  The  distance  of  the  point  o,  is  ao  a<i  |  ad^ 
and  cG  es  |.cBeor  ao  «»  3od,  and  cg  =»  2gb, 

For,  draw  bv  parallel  to  ad,  and  produce  cb  to  meet  it 
in  F.  Then  the  triangles  aeg,  bbf  are  similar,  and  also 
equal,  because  ae  a»  be  ;  consequently  ag  =  by.  But 
the  triangles  CDG.  CBP  are  also  equiangular,  and  cb  being 
OB  2cD,  therefore  bv  as  2od.  But  bf^  is  also  »  ao  ; 
consf^qaently  a#  =  2#B  or  |ad.    In  like  inaniier,  cg  »  ^o« 
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230.  Tojind  the  Centre  of  Gravity  <fa  Trafiezium. 

DiviDS  the  trapezium  abcd  into  A_ 

two  trnmgles,  bj  the  diaj^onal  bd,  and 
find  E,  F,  the  centres  of  gravity  of 
these  two  triangles  i  then  shall  the 
centre  of  gravity  of  the  trapezium  lie 
in  the  line  kf  connecting  them.  And 
therefore  if  ef  bedivided>  in  o,  in  the 
ftlternate  ratio  of  the  two  triatigles, 
namely,  so  :  os  : :  triAngle  bcd  :  triangle  abd,  then  o  HiH 
be  the  centre  of  mvity  of  the  trapezium. 

331.  Or,  having  found  the  two  points  b,  f,  if  the  trape^ 
zinm  be  divided  into  tWo  other  triangles  bac,  dac,  by  the 
other  diagonal  ac,  and  the  centres  of  gravity  u  and  x  of  thett 
two  triangles  be  also  found ;  then  the  centre  of  gravity  of 
the  trapezium  will  also  lie  in  the  line  hi. 

So  that,  lying  in  both  the  lines,  bf,  hi,  it  inust  necessanljr 
lie  in  their  intersection  o. 

233.  And  thus  we  are  t6  proceed  for  a  figure  of  any 
greater  number  of  sides^  finding  the  centres  of  their  com- 
ponent triangles  and  trapeziums^  and  tKen  finding  the  com* 
mon  centre  of  every  two  of  thesci  till  they  be  all  reduced 
into  one  only. 

Of  the  use  of  the  place  of  the  centre  of  gravity,  and  the 
nature  of  forces,  the  following  practical  problems  are  added ; 
viz.  to  find  the  force  of  a  bank  of  the  earth  pressing  against  a 
wall  and  the  force  of  the  wall  to  support  it ;  also  the  push  of 
an  arch,  with  the  thickness  of  the  piers  necessary  to  support 
it ;  also  the  strength  and  stress  of  beams  and  bars  of  timber 
and  metal»  &c. 

f^ROPOSITION  XLV. 

233.    To  determine  the  Force  vnth  vfaeh  a  Bank  of  Earthy  or 
suchlikcy  firetiea  againat  a  Watty  and  the  Bimenaiona  tfthe 
Watl  neceaaary  to  Sufi/iort  it. 
Let  acde  be  a  vertical  section  of  a 

bank  of  earth  ;  and  suppose,  that  if  it 

were  not  supported,  a  triangular  part  of 

it,  as  ABB,  would  slide  down,  leaving 

it  at  what  is  called  the  natural  slope  be  ; 

but  that,  by  means  of  a  wall  abfg,  it 

is  supported,  and  kept  in  its  place.— It 

is  required  to  find  the  force  of  abe, 

to  slide  down,  and  the  dimensions  of 

the  wall  Aava»  to  support  it* 
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Let  H  be  tbeccatre  of  graTitjT'Of thetrt^g^  jiBb,  through 
which  draw  khi  parallel  to  the  slope  face  of  the  earth  bb* 
Now  (he  centre  of  gravity  h  may  be  accounted  the  place  of 
the  triangie  abb,  or  the  point  into  which  it  is  ail  coHected4 
Draw  ah  parallel,  and  rp  perpendicular  to  as,  also  kl  prep* 
to  IK  or  BE  Then  if  hl  represent  the  force  of  the  triangle 
ABE  in  its  natural  direction  hl,  iiiL  will  denote  its  force  in 
its  direction  hk,  and  pk  the  same  force  in  the  direction  rCy 
perpendicular  to  the  iever  ek,  on  which-  it  acts.  Now  the 
three  triangles  bab>  hkl.  ukp  are  all  similar ;  therefore 
KB  :  lU  ; :  (hi.  '  HtL  ^:}w  the  weight  of  the  triangle  bab; 

-^w,  which  will  be  the  force  of  the  triangle  in  the  direc- 
SB     '  ^ 

tion  AK.  Then,  to  find  the  effect  of  this  force  in  the  direc- 
tion PB,  it  will  be*  as  HK  :  PK  :  :  eb  :  ab  :  : w  :  '- —  «;, 

EB  .        .    Ea*         . 

the  force  at  K«  in  direction  pk,  perpendicularly  on  the  lever 
MKt  which  is  equal  to  ^ae.  But  j^  as  .  ab  is  the  area  of  the 
triangle  abb  ;  and  if  m  be  the  specific  gravity  of  the  earthy 
then  ^  AB. .  AB    m  is  as  its  weight.    Therefore 

XA  .  AS     ,  EA«  AB^         •      ^       r  ^-  ^         t 

—.  ikJt .  AB  «=s  -—  -J— m  IS  t^c  force  acting  stt  k  in 

direction  p&.  And  the  effect  of  this  pre^uve  to  ovenura 
ihe  wall,  is  also  as  the  length  of  the  lever  kv  or  j^AK^  :  coa- 


*  The  principle  now  employed  in  the  solution  of  this  45Ch  prop* 
Is  a  little  different  fW>m  that  formly  used  ;  viz.  by  considering  the 
trian^^le  of  earth  A  be  as  acting  by  lines  ik,  &c.  parallel  to  the  face 
ef  the  slope  be,  instead  of  acting  in  directions  parallel  to  the  horiEon 
AB  ;  an  alteration  which  gives  the  length  of  the  lever  ek,  only  the 
half  of  what  it  was  in  the  former  way,  viz.  ek  =s  •}  ab  insteatd  of^-AS  : 
^lit  every  thing  else  remaining  the  same  as  before,  fodeedthis  prob* 
lem  has.  formerly  been  treated  on  a  variety  of  different  hypotheses,  by 
Mr.  Muller,  &a  in  this  country,  and  by  many  French  and  other  au- 
tl|ors  IB  other  countries.  And  this  his  been  cbiefiy  owing  to  the  lit*-' 
certain  way  in  which  loa<te  earth  may  be  supposed  :o  act  in  such  a 
oase  3  which  on  account  of  its  various  circumstances  of  tenacity,  hie- 
tion^  &c.  will  not  pe^-haps  ^dmit  of  u  strict  mechanical  certainty.  On 
these  acounts  it  seems  probable  that  it  is  to  good  experiments  only, 
nsde  on  different  kinds  of  earth  and  walls,  that  we  may  probably 
hope  for  a  just  and  satisfactory  solution  of  the  problem. 

The  above  solution  is  given  only  m  the  most  simple  case  of  the 
problem.  But  the  same  principle  may  easily  be  extended  to  ^y 
other  case  that  may  be  required,  either  in  theory  or  practice,  eithe^ 
with  walls  or  banks  of  earth  of  different  figives^  and  in  different 
situations. 

VoB.IIr  A  a  sequently 
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secpiently  its  elTeet  is **    '  *'  m,  for  the  tMrpeo^cuUr  fairce 

against  k,  to  overset  the  wall  aefg.  Which  must  be  ba» 
ianced  by  the  counter  resistance  of  the  wallf  in  order  that 
it  may  at  least  be  supported. 

.  NovT,  if  M  be  the  centre  of  graTity  of  the  wall,  into  whicK 
its  whole  matter  may  be  supposed  to  be  collected,  and  acting 
in  the  direction  mnw,  its  effect  will  be  the  same  as  if  a  weight 
w  were  suspended  from  the  point  n  of  the  lever  fn»  Hencei 
if  A-be  put  for  the  area  of  the  wall  a]|fo»  and  n  its  specific 
gravity ;  then  a  .  n  will  be  equal  to  the  weight  w,  and  a  . 
n  FN  its  eifect  on  the  lev^r  to  prevent  it  from  turning  about 
the  point  n.  And  as  this  effort  must  be  equal  to  that  of  the 
triangle  of  earth,  that  it  may  just  support  it^  which  was 

before  found  equal  to- >  ^    ' m  ;  therefore  a  .  n  .  rir  ■» 

ae^     ab  ^ 
■  ■    '  ^ — m,  in  case  of  an  equilibriunou 

234.  But  now,  both  the  breadth  of  the  wall  fx,  and  the 
lever  F]f,or  place  of  tifc- centre  ef.  gravity  m,  will  depend  00 
the  figure  of  the  wall.  If  the  wall  be  rectanguhir,  or  as 
broad  at  top  as  bottom  ;  then  fv  ae  |  fb,  and  the  area  a  » 
Aft  .  FB  ;  consequently  the  effort  of  the  wall  a  .  n .  fk  is  » 

ab'     ab^ 
Jfe*  .  Aft  .  n  ;  which  must  be  c=s — g~j — w,    the    effort  of 

the  earth*    And  the  resolution  of  this  equation  gives  the 

breadth  of  the  wall  fe  =  — '- —  ^^-easAq  i/r?,  drawins:  A^ 

EB  o»  3» 

perp.  to  FB«  So  tKat  the  breadth  of  the  wall  is  always  pro- 
portional to' the  prep,  depth  Aq  of  the  triangle  abe.  But  the 
breadth  must  be  made  a  little  more  than  the  above  value 
of  it,  that  it  may  be  more  than  a  bare  balance  to  the  earth.— 
If  the  angle  of  the  slope  e  be  45**,  as  it  is  nearly  in  most  cases; 

then  Fft  =  T^Vai—  ae  v'  g^  «  |ae  v  -  ^ry  nearly. 

235.  If  the  wall  be  of  brick,  its  specific  gravity  is  aboat 
2000,  and  that  of  the  earth  about  1984  j  namely,  « to  »  as  1984 

to  2000  ;  or  they  may  be  taken  as  equal ;  then  ./  —  a  I  very 

nearly ;  and  hence  fs  =ttA«>  ^^  t^»  nearly.  That  is, 
whenever  a  brick  rectangular  wall  is  made  to  support  earthy 
its  thickness  must  be  at  least  |  or  -j^  of  its  height.    But  if 

the 
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the  waO  bo  of  sH>iie9  whose  apecifk;  gravity  is  about  2530  ; 

I  then  -  es  A  and  -^^  ~  «=  V  t  =  '895  ;  hence  fe  «  -35^8  as 

I  n        '  *  ^     n  ^     ^ 

ea  /f  AE  t  thsit  IS,  when  the  rectangular  wall  is  of  8toQ0»  the 

breadth  must  be  at  least  -fj  of  its  height. 
336.    But  if  the  figure  of  the  wall 
j         be  a  triangle,  the  outer  side  tapering 
I         to  a  point  at  top.     Then  the  lever 
:  7n=|fb,  and  the  area  A=4yE  .  ae  ; 

h        consequently  its  effort  a  .  n  .  Fir  is  ea 
[         }fe^  .  ae  •  n  ;  which  being  put  8=3 

r        t^  '  g'-  »»>  the  equation  gives  fe  bb 

I         ii-i^V^  =  AciV'P  for  the  breadth 
I  EB  2n  2n 

of  the  wall  at  the  bottoni,  for  an  equilibrium  in  this  case  also. 

I         — If  the  angle  of  the  slope  e  be  4^^  ;  then  will  fe  be  = 

— -  v^—  aai  jAEv/— .    And  whcu  this  wall  is  of  brick,  then 

f  £  .ss.  ^AB  nearly..   But  wheo  it  is  of  stone  ;  then  i  ^  —    » 

•447  »^  nearly;  that  is,  the  triangular  stone  wall  inust 
have  its  thickness  at  bottom  equal  to  |  oi  its  height*  And 
in  like  manner,  fdr  other  figures  of  the  wall  apd  alio  for 
tither  figures  of  the  earth. 


PROPOSmOK-XLVI. 

"237.     To  determine  the  Thickneat  of  a  Pier^  necessary  to  9ufi* 
port  a  given  Arch^ 

Let  ABCD  be  half 
the  arch,  and  dbfo  the 
pier.  From  the  centre 
of  gravity  &  of  the  haFf 
arch  draw  kl  perp.  oa  ; 
.also  oKRf  and  TKCiP. 
perp.  io  it;  also  draw 
Lq  and  GP  perp.  to  tp, 
or  parallel  to  okr. 
Then  if  &l  represent 
the  weight  of  the  arch 

BCDA,  in  the  direction  oif  gravity,  this  will  resolve  into  K^t 
the  force  acting  against  the  pier  perp.  to  the  joint  sr,  and 
x.<i  tlie  part  of  the  force  parallel  to  the  same.    Now  kq  de- 
notes 
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BDtM    }M  «oly  -force' 

ftctingperp  on  the  arm 
GP>  of  the  crooked  lever 
WOP,  to  tarn  the  pier 
ftbout  the  point  o  ;  con- 
seq.  Kq  X  op  will  de- 
note the  cfficttciou* force 
of  the  areh  to  overturn 
the  pier. 

Again,  the  weight  of 
the  pier  14  as  the  area 
DFXFG  ;  therefore  DF. 

to  .  4fo,  or  JDF  FG*,  is  its  effect  on  the  lever  Jfo,  to  pre- 
vent  the  pier  from  being  overset  ;  supposing  the  length  of 
the  pier,  from  point  to  point)  to  be  no  more  than  the  tiiick- 
ness  of  the  arch. 

But  that  the  pier  and  the  arch  may  be  in  equilibiio,  these 
two  i'fforts  must  be  equaL     Thereiore  we  have  ^df  .  fg  '  ss 

•SS:  ^JLlJt,  an  equation,  by  which    win    be  determined  the 

thickness  of  the  pier  fg  >  a  denoting  the  area  of  the  half 
arch  BCDA*. 

Example  1 .  Suppose  the  arc  abm  to  be  a  semicircle ;  and 
that  CD  or  OA  or  ob  »  45.  bc  =^  7  feet,  af  zz  20*  Hence  ad  ss 
52  DF  «■  G&  :=  72.  Also  by  measurement  are  found  ok  ss 
50  3,  KL  »  40  6,  Lo  =  29-7,  TD  =  30  87,  KQ  =  24,  the 
area  bcda  a  750  »  a  ;  and  putting  fg  =  x  the  breadth 
of  the  pier. 

Then  tb  =r  td  +  de  =  30*87  +  x,  and  kl  :  lo  :  •  te  i 

BV  =  22-58  -#-  0  73j:* 
then  GE— £v  ss  Gv  =  49  42 — *73x, 
lastly  o&  :  KL  : :  Gv  :  GP  =  39  89 — 59x. 
These  values  being  now  substituted  in  the  theorem  {df. 
FO»  =  ^^    OF.A^   g.^^    2^^,  _  j^^g^  ^  261-5J?,  or  x«  -+r 


*  Ifote.  As  it  rs  commonly  a  troiibleBome  thing  to  calculate  the 
place  of  the  centre  of  gravity  k  of  the  half  arch  adcb,  it  may  be 
^asilvt  and  sufficiently  near,  found  mechanically  in  the  manner  des- 
cribed in  art.  211,  thus  :  Construct  that  space  adcb  accurately  by  a 
scale  to  the  given  dimensions,  on  a  plate  of  any  uniform  flat  sub- 
stimce,  or  even  card  paper  ^  then  cut  it  nicely  out  by  the  extreioe 
Sines,  and  balance  H  over  anv  edge  or  th^  sides  of  a  table  in  two  posK 
tiona«  and  the  intersection  of  the  two  places  will  give  the  situation  oif 
the  point  k  ;  then  the  distances  or  lines  may  be  measured  by  the  seale. 
except  those  depending  on  the  breadth  of  the  pier  fg,  viz.  the  lines 
as  mmtioned  in  the  examples. 

7-26X 


Digitized  by 


Google 


STRENGTH  AND  STRE^  OF  BEAMS,  Sec.     mt 

9^tx  =  490-7  ;  tbc  root  oi  which  quadratic  equalion  givc% 
;r  tas  18  8  feet  «=  Ds  or  70,  the  Ibickness  of  the  pier  soughu 
Example^  Suppose  the  span  to  be  100  feef,  the  height 
40  feet,  the  thickness  at  the  top  6  feetvand  the  height  of  th« 
pier  to  the  springer  30  feet,  as  before. 

Here  the  fig. 
may  be  coi>sidered 
as  a  circular  seg- 
ment- having  the 
Tersed  sine  ob  a 
40,  and  the  right 
sine  OA  or  oc  qp 

50  ;  also  BD  CB  6,  • 

CF  ss  20,  and  SFCB 
66.  Now,  by  the 
nature  of  the  cir- 
cle, whose  centre  is  w,  the  radms  wb  tss 

OB»  -f  oca         40«  +  50*         .,  ' 

2^ =  ^ ^  51J  ;  hence ow  «  51J-.4O  =  llj;^ 

and  tne  area  of  the  semi-segment  obc  is  found  to  be  i  4^  1 ; 
ivhichis  taken  .from  the  rectangle  odecsbod  .  ocssa46  X  50:= 
2300,  there  remains  809  s  a>  the  area  of  the  space  bo£CB. 
Hence,  by  the  method  of  balancing  this  space,  and  measur- 
ing the  lines,  there  will  be  found,  kc  ssa  18>ik  s  34*6,  ix  as 
42.  Kx  =  24,  ox  =  8.iq  :b  19-4,  tk  ss  356,  and  th  :i^ 
35»6  +  jT,  putting  X  =5  EH,  the  breadth  of  the  pier.  Then 
IK  :  KX  : ;  TH  :  H?  =  24-7  +  Q'7x ;  hedce  oh  —  hv  s 
41"3— 0*7  =  Ov,  and  ix  :  ix  : :  -ov  :  op  =  34  02  —  0-58;r, 
These  values    being  now  substituted  in  the   theorem  ^f. 

yo*  salSi:-^^i-±,  gives  33x«  ss  15431-47  —  263x,  or  x*  + 

Zx  ^  467  68,  the  root  of  which  quadratic  equation  gives 
jT  =s  18  =  EH  or  FG,  the  breadth  of  the  pier,  and  which  is 
probably  very  near  the  truth. 


ON  THE  STRENGTH  AND  STRESS  OF  BEAMS  OR 
BARS  OF  TIMBER  AND  METAL,  kc. 

238.  Another  use  of  the  centre  of  gravity,  which  may  be 
llere  considered,  is  in  detei  mining  the  strength  and  tiie 
Aress  of  beams  and  bars  of  timber  and  metal,  kc.  in  differ^ 
ent  positions  ;  that  is,  the  force  or  resistam:e  which  a  beam 
or  bar  makes,  to  oppose  any  exertion  or  endeavour  made  to 
break  it ;  and  the  ftyrce  or  exertion  iendine  to  break  it  i 

both 
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!>oth  of '  which  H^m  be  different,  accorffing  (o  the  plaee  Wrf 
positloD  of  the  centres  of  gravity. 

PROPOSITIOK  XLVTI. 

H39,  TheAhaolute  Strength  of  any  Bar  in  the  Direcnon  ofiu 
Lengthy  ia  Directly  Proportional  (o  the  Area  of  ua  Trans- 
'  verse  Section, 

Suppose  the  bar  to  be  suspended  by  one  end>  and  hanging 
freely  in  the  manner  of  a  pendulum  ;  and  suppose  ii  to  be 
atpained  in  direction  of  its  length,  by  ^ny  force,  or  weight 
acting  at  the  lower  pan,  in  the  direction  oi  that  lengtii.  buf- 
ficient  to  break  the  bar,  or  to  separate  all  its  particle:*  Now, 
as  the  straining  force  acts  in  the  dii-eciion  of  the  lenj^ih,  iill 
the  particles  in  the  transverse  section  of  the  body,  where  it 
breaks,  are  equally  strained  at  the  same  time  ;  awl  they  must 
all  separate  er  break  togethcrf  as  the  bar  is  supposefl  to  be  of 
uniform  texture.  Thus  then,  the  particles  all  adherlnj-  and 
Insisting  with  equal  force,  the  united  strength  of  the  wliOiC, 
will  be  proportional  to  the  number  of  them,  or  as  the  trans- 
verse section  at  the  fracture. 

240  CoroL  I.  Hence  the  vaiious  shapes  of  bars  make  no 
difference  in  their  absolute  strength ;  this  dei)ending  only 
on  the  areaofthes'ection,  and  musi  be  the  same  in  all  equsd 
areas,,  whether  round,  or  square,  or  oblong,  or  solid,  or  hoi* 
low,  ?tc. 

"  341.  CoroL  3.  Hence  also,  the  absolute  strengths  of  dif* 
fereotbars,  of  the  same  meteriaU,  are  to  each  other  as  their 
transverse  sections,  whatever  their  shape  or  form  may  be. 

342.  CoroL  3.  The  bar  is  of  equal  strength  in  every  part 
of  it,  when  of  any  uniform  thickness,  or  prismatic  shapei 
and  is  equally  liable  to  be  drawn  asunder  at  any  part*  of  its 
length,  whatever  that  length  may  be, by  a  weight  acting  at 
the  bottom,  independent  of  the  weight  of  the  bar  itself;  bat 
ivhen  considered  with  its  own  weight,  it  is  the  more  disposed 
to  breaki  and  with  the  less  additional  appended  weight,  the 
longer  the  bar  is  on  account  of  its  own  weight  increasing 
with  its  length.  And,  for  the  same  reason)  it  will  be  more 
and  more  liable  to  be  broken  at  every  point  of  its  length,  all 
the  way  in  ascending  or  counting  from  the  battora  to  the 
top,  where  it  may  always  be  expected  to  part  asunder.  And 
bence  we  see  the  reason  why  longer  bars  are,  in  this  waf 
more  liable  to  break  than  shorter  ones,  or  with  less  ap- 
pended weights.  Hence  also  we  perceive  that>  by  graduaJIjT 
increasing  these  weights,  tiU  the  bar  separates  and  ^^^^^ 


Digitized  by 


Google  * 


STRENGTH  ANI>Sa?RESS  OF  BE AMSi  ate.    MQ 

tben  tlie  last  or  grei^iest  weighti  ta  the.  proper  measure  ol 

the  absolute  strength  of .  the  bar.  And  the  same  is  the  case 
wjth  a  rope,  or  cord,  &c. — So  much  then  for  the  longitudt- 
ual  strength  and  stress  of  bodies.  Proceed  we  now  to  con- 
sider those  of  their  transverse  actions. 


PROPOSITION  XLVm 

243.  The  Strenglh  of  a  Beam  or  £ar,  of  Wood  or  MetaU  ^r. 
.  in  a  Lateral  or  Tranaveae  Direction^  to  reaiat  a  Potceacling 
Laterally^  ia  Proftortionai  to  the  Area  or  Section  qf  the  Beam 
in  that  Place^  Vravfn  into  the  Diatance  efita  Centre  of  Gra^ 
-vityfrom  the  Place  nuhere  the  Force  acta^  or  Vfhtre  the  Praot 
ture  will  end. 

Let  AB  represent  the  beam 
or  bar^  .supported  at  its  two 
ends,  and  on  which  is  laid  a 
'weight  w,  to  cause  a  iraps- 
yerse  fracture  abee  The  i 
force  w  acting  downwards 
there,  the  fracture  will  com- 
snence  or  open  across  the 
fibres,  in  the  opposite  or 
lowest  line  ab  ;  from  thence,  as  the  weight  presses  down  the* 
upper  line  ee^  the  fracture  will  open  more  and  more  belo\r» 
and  extend  gradually  upwards,  successiyely  to  the  paraOel 
lines  of  fibres  rr,  dd^  &c.  till  it  arrive  at,  and  finally  open  ia 
the  last  line  of  fibres  ee,  where  it  ends ;  when  the  whole 
fracture  is  in  the  form  of  a  wedge,  widest  at  the  bottom,  an4 
ending  in  an  edge  or  Une  ee  at  top.  Now  the  area  ae  con* 
tains  and,  denotes  the  sum  of  all  the  fibres  to  be  broken  or 
torn  asunder  ;  and  as  they  are  supposed  to  be  all  equal  to 
one  another,  in  absolute  strength,  that  area  will  denote  the 
aggregate  or  whole  strength  of  all  the  fibres  in  the  longitu- 
dinal direction,  as  in  the  foregoing  proposition.  But,  with 
regard  to  lateral  strength,  each  fibre  must  be  considered  as 
acting  at  the  extremity  of  a  lever  whose  centre  of  motion  ia 
in  the  line  ee  :  thus,  each  fibre  in  the  line  eby  will  resist  the 
fracture,  by  a  force  proportional  to  the  pix)duct  of  its  indi- 
vidual strength  into  its  distance  ae  from  the  centre  of  motion  ; 
consequently  the  resistance  of  all  tne  fibres  in  ab,  will  be 
expressed  by  ab  x  ae.  In  like  manner,  the  aggregate  re- 
sistance of  another  course  of  fibres,  parallel  to  ab,  as  tc,  witt 
be  denoted  by  cc  X  ce  5  and  a  thira,  as  dd^  by  dd  x  de  ;  and 
so  on  throughout  the  whole  fracture.  So  that  the  sum  of 
811  these  products  will  express  the  total  strength  or  resist- 
ance 
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aoce  of  all  the  fibres  or  of  the  besern  ip  that  part  But,  bf 
axt.  222,  the  sum  of  all  these  products  is  equai  to  the  pro* 
duct  of  the  dresLaeeb^  into  the  distance  of  its  centre  of  gra« 
viiy  from  ec*    Hence  the  proposition  is  manifest. 

244  Corot,  1.  Hence  it  is  evident  that  the  lateral  strength 
of  a  bar,  must  be  considerably  less  than  the  absolute  longi- 
tudinal strength  considered  in  the  former  profposition,  and 
yill  be  broken  by  a  much  less  force,  than  was  there  neces« 
^ry  to  draw  the  bar  asunder  length \^ays..  Because,  in  the 
one  case  the  fibres  must  be  all  separated  at  once,  in  an  in** 
Stant ;  but  in  the  other,  they  are  overcome  and  broken  suc- 
cessively, one  alter  another,  and  in  some  portion  of  tiitae. 
For  instance,  take  a  walking  stick,  and  stretching  it  length- 
ways, it  will  bear  a  very  great  force  before  it  can  be  drawtl 
asunder  ;  but  ascain  taking  such  a  stick,  apply  the  middle  c^ 
it  to  the  bended  knee,  and  with  the  two  hands  drawing  the 
end  towards  you,  the  stick  is  broken  across  by  a  small  force* 

245.  Corol.  3.  In  square  beams,  the  lateraf  strengths  are 
as  the  cubes  of  the  breadths  or  depths* 

246.  Corol.  3.  And  in  general,  the  lateral  strengths  of  any 
bars,  whose  sections  are  similar  figures,  are  as  the  cubea  <^ 
the  similar  sides  of  the  sections. 

247  Carol  4.  In  cylindrical  beams,  the  lateral  strengths 
iU*e  as  the  cubes  of  the  diameters. 

248.  Corol  5.  In  rectangular  beams,  the  lateral  strengths 
are  to  each  other,  as  the  breadths  and  square  of  the  depths. 

249.  Corol,  6.  Therefore  a  joist  laid  on  its  narrow  edge,  is 
stronger  than  wlien  laid  on  its  flat  side  horizontal,  in  propor- 
tbn  as  the  breadth  exceeds  the  thickness.  Thus  if  a  joist  be 
10  inches  broad,  by  2^  thick,  then  it  will  bear  4  times  more 
when  laid  on  edge,  than  when  laid  flat.  Which  shows  the  pro- 
priety of  the  modern  method  of  flooring  with  very  thin,  but 
deep  joints. 

250.  CdroL  7.  If  a  beam  be  fixed  firmly  by  one  end  into  a 
vail,  in  a  horizontal  position,  and  the  fracture  be  caused  by  a 
weight  suspended  at  the  other  end,  the  process  would  be  the 
8ame»  only  that  the  fracture  would  conmence  aboveiand 
terminate  at  the  lower  aide;  and  the  prop,  and  all  the  co* 
rollaries  would  still  hold  good. 

25  K  Carol  S.  When  a  cylinder  or  prism  Is  made  hollow,  it 
is  stronger  than  when  solid,  with  an  equal  quantity  of  mate* 
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rials  and  length,in  the  same  proportion  as  its  outer  diameter 
Is  greater.  Which  shows  the  wisdom  of  Providence  in  mak* 
.  inj^  the  stalks  of  corn,  and  the  feathers  and  bones  of  animals, 
&c.  to  be  hoUoW.  Atso,  if  the  hoHow  beam  have  the  hoUovT 
or  pipe  not  m  the  middle,  but  nearest  to  that  side  where  the 
fracture  is  to  end,  it  wiH  be  so  much  the  stronger 

252.  CwroL  9  If  the  beam  be  a  triangulur  prism,  it  wiH  be 
strongest  when  Uid  with  the  edge  upward^,  if  the  fracture 
commence  or  open  first  on  the  under  side  ;  otherwise  with 
the  fiat  aide  upwards ;  because  in  either  case  the  centre  of 
gravity  is  the  farther  from  the  ending  of  the  fracture.  And 
the  same  tbiag  is  true,  and  for  the  same  reason,  for  any  othet 
shape  of  the  prism.  On  the  same  account  also,  a  square  beam 
is  stronger  when  laid,  or  when  acting  angle-wise^  than  when 
on  a  fiat  side. 

PBOPOSITlOJf  XUX. 

353.  T/ke  Lateral  Strengths  of  Prismatic  Brams^  bf  the  Mrkt 
materials^  are- Directly  as  the  Area*  of  the  Sections  and  the 
jyistanves  of  their  Centres  of  Gravity  ;  and  Inversely  at 
their  Lengths  and  Weights. , 

Let  ab  and.cp  represent  the 
two  beams  fixed  hdiizon tally, 
hy  cheir  ends,  ifklo  an  upright 
wall  AC.  liovr^  by  the  last 
prop,    the    atreogth    of  either  .——--^^^^ 

beam,  considered  as  without  or  ^^^^^^^^D 

independent  of  weight,  is  as  its  section  drawn  into  the  dis« 
tance  of  its  centre  of  gravity  from  the  fixed  point,  viz  as  sC^ 
where  a  denotes  the  transverse  section  at  a  or  c,  and  r  the 
distance  of  its  centre  of  gravity  above  the  lowest  point  a  or 
c.  But  the  effort  of  their  weight,  w  or  w,  tending  to  sepa^* 
rate  the  fibres  and  break  the  beam,  are,  by  the  principle  of 
the  lever,  as  the  weight  drawn  into  the  distance  of  the  place 
where  it  may  be  supposed  to  be  collected  and  applied,  which 
is  in  the  middle  of  the  length  of  the  beam  ;  that  is,  the  effort 
of  the  weight  upon  the  beam  is  as  wx  {ab.  Hence  the  prop. 
is  manifest 

254.  CoroL  1.  Any  eztraoeous  weight  or  force  also,  any- 
where applied  to  the  beam,  will  have  a  similar  effect  to  break 
tlie  beam  as  its  own  weight ;  tliat  is,  its  effect  will  be  as  o  x 
4l|  as  the  weight  drawn  into  the  length  of  lever  or  distance 
from  A  where  it  b  applied. 

25i.  Cm-Ql, 
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srss.  Oifol  3.  When  the  beam  is  fixed  at  both  ends,  the 
same  property  wUi  hold  good,  with  this  difference  only,  that 
in  this  case  the  beam  is  of  the  same  strength » as  another  of  an 
equal  section,  and  only  half  the  length,  when  fixed  only  at  one  ' 
end.  For,  if  the  longer  beam  were  bisected,  or  cut  in  halveS} 
each  halfwould.be  in  the  same  circumstances  with  respect  to 
its  fixed  end,  as  the  shorter  beam  of  equal,  length. 

356.  CovqI.  3.*  Square  prisms  and  cylinders  have  their 
lateral  strengths  proportional  to  the  cubes  of  the  depths, 
or  diameters,  directly,  and  to  their  lengths  and  weights  in- 
versely. 

Carol.  4  Similar  prisms  and  cylinders  have  their  strengths 
inversely  proportional  to  their  like  linear  dimensions,  the 
smaller  being  comparatively  larger  in  that  proportion  For 
their  strength  increases  as  the  cube  of  the  diameter  or  of 
their  length  ;  but  their  stress,  from  their  weight  and  length 
of  lever,  as  the  4th  power  of  the  length.   ,  , 

357.  SchoHum.  From  the  foregoing  deductions  it  follows 
that,  in  similar  bodies  of  the  same  texture »  the  force  which 
tends  to  break  them,  or  to  make  them  liable  to  injury  by  ac- 
cidents, in  the  larger  bodies,  increases  in  i.  higher  propor- 
tion than  the  force  which  tends  to  preserve  them  entire,  or 
to  secure  them  against  such  accidents  ;  tlitfir  disadvantage,  or 
tendency  to  break  by  their  own  weight,  increabing  in  the 
same  proportion  as  their  length  increases :  so  that,  though  a 
smaller  beam  may  be  firm  and  secure,  yet  a  large  and  similar 
one  may  be  so  long  as  to  break  by  its  own  weight.  Hence, 
it  is  justly  concluded,  that  what  may  appear  very  firm  and 
successful  in  a  model  or  small  machine,  may  be  weak  and  in- 
firm, or  even  fall  in  pieces  by  its  own  weight,  when  it  is  ex- 
ecuted on  large  dimensions  according  to  the  model. 

For,  in  similar  bodies,  or  efkgines,  or  in  animals,  the 
greater  must  be  always  more  liable  to  accidents  than  the 
smaller,  and  have  a  less  relative  strength,  that  is,  the  greater 
have  not  a  strength  in  so  great  a  proportion  as  their  magni^ 
tude.  A  greater  column,  for  instance,  is  in  much  more  dan- 
ger of  breaking  by  a  fall,  than  a  similar  smaller  one.  A 
fnan  is  in  niore  danger  from  accidents  of  this  kind  than  a 
diild.  An  insect  can  bear  and  carry  a  /load  many  times 
heavier  than  itself;  whereas  a  larger  animal,  as  a  horse,  for 
instance,  can  hardly  support  a  burden  equal  to  his  own 
weight. 

From  the  same  principal  it  is  also  justly  inferred,  that 
there  are  necessarily  limits  in  all  the  works  of  nature  and 

art. 
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art)  which  they  catnnot  surpass  in  magnitude.  Thus,  for  in- 
stance, were  trees  to  be  of  a  very  enormous  size,  their  branch- 
es would  break  and  fall  off  by  their  own  weight.  Large  an- 
imals have  not  strength  in  proportion  to  their  size  :  .and  if 
there  were  any  land  animals  much  larger  than  those  we  know, 
they  would  hardly  be  able  to  move,  and  would  be  perpetually 
subjected  to  most  dangerous  accidents. 

As  to  the  sea  animals  indeed,  the  case  is  different,  as  the 
pressure  of  the  water  in  a  great  measure  sustains  them ;  and 
accordingly  we  find  they  are  vastly  larger  than  land  animals. 

From  what  has  been  said  it  clearly  follows  that  to  make 
bodies  or  engines,  or  animals,  of  equal  relative  strength,  the 
lai^cr  ones  must  have  grosser  proportions,  or  a  higher  de« 
giee  of  thickness,  than  they  have  of  length.  And  this  senti- 
ment being  suggested  to  us  by  continual  experience,  we  natu- 
rally join  the  idea  of  greater  strength  and  force  with  the  gross* 
er  proportions,  and  of  agility  with  the  more  delicate  ones.  In 
architecture,  where  the  afifiearance  of  solidity  is  no  less  re- 
garded than  real  firmness  and  strength,  in  order  to  satisfy  a 
judicious  eye  and  taste,  the  various  orders  of  the  columns 
secve  to  suggest  different  ideas  of  strength.  But,  by  the 
«ame  principle,  if  we  should  suppose  animals  vastly  large, 
from  the  gross  proportions  a  heaviness  and  unwieldiness 
would  arhe,  which  would  make  them  useless  to  themselveSi 
and  disagreeable  to  the  eye.  In  this,  as  in  all  other  cases, 
whatever  generally  pleases  taste,  not  vitiated  by  prejudice 
of  education,  or  by  fabulous  and  marvellous  relations, 
may  be  traced  till  it  appears  to  have  a  just  foundation  in 
nature. 

PROPOSmON  u  • 

258.  Jf  a  Weight  be  placedy  or  a  Force  act,  on  any  fiart  of  a 
Horizontal  Seam,  sufifiorted  at  both  endv^  the  Stress  ufion  that 
fiart,  vnll  be  as  the  Rectangle  or  product  of  its  two  Distant 
cesjrom  the  sufifiorted  ends* 

That  is,  the  stress  upon  the 
beam  ab«  at  c,  by  the  weight  w, 
is  as  AC  X  Bc.  For,  by  the  na- 
ture of  the  lever,  the  effect  of 
the  weight  w,  on  the  lever  ac, 
is  AC  •  w  ;  and  the  effect  of  this 
force  acting  at  c,  ob  the  lever 
BC,  isAc  .  w.  BCs  AC  .  BC  .  nr.  . 

And,  the  weight  w  being  given,  the  effect  or   stress  w  as  ac  . 

•^-         *  259.  Coro^. 
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259.  Corol.  I  The  greatest  stress  is  vhcn  the  weight  w* 
is  at  the  middle  :  for  ihen  the  rectangle  of  the  two  halves, 
AC  .  AC  =  Jab  .  iAB  s=  *|AB*,  is  the  greatest.  And  from  the 
middit  poini,  the  stress  is  less  and  less  all  the  way  to  the  ex- 
tremities A  and  B|  where  it  is  nothing. 

260  Cdrol  2.  The  same  thing  will  obtain  from  the  weight 
of  the  beam  itself,  or  from  any  other  weight  diffused  equally 
all  over  it  ;  the  stress  in  this  case  bting  the  half  of  the 
£)rmer  So  that,  in  all  structures,  we  should  avoid  as  much 
as  possible,  placing  weights  or  strains  in  the  middle  of 
beams. 

261.  CoroL  3  If  w  be  the  greatest  weight  that  a  beam  can 
Wstain  at  its  middle  point ;  and  it  be  required  to  find  the 
place  where  it  will  support  any  greater  weight  w  ;  that  point 
Will  be  (bund  by  making,  as  w  :  w  s :  -jAB  .  ^ab,  or  Jab*  : 

4C.BC  or  AC   X  (aB  -    AC)    »  AB  .  AC  —  AC«. 

PROPOSITION  U. 

S62.  WluM  a  Seam  i$  placed  tulofiej  Ub  Strength  in  that  fio^i" 
•    tion,  u  to  itk  Strength  when  Horizonial'i  to  rcMt  a    Vertical 

Force,  a%  the  Square  ^f  Radiu9  is  to  the  Sguare  of  the  Co- 

nne  qf  the  Elevation, 

Lbt  ab  be  the  beam  standing  aslope,. 
CF  prep,  to  the  horizon  afo  ;  then  cd 
is  the  vertical  section  of  the  beam,  and 
GB,  prep,  to  AB,  is  the  transverse  sec* 
tion,  and  is  the  same  as  i^hen  in  the 
horiaontal  position.  Now»  the  strength, 
in  both  positions,  is  as  the  section  drawn 
into  the  distance  of  its  centre  of  gravity 
JFrom  the  point  c.  But  the  sections,  be- 
ing of  the  same  breadth*  are  as  their 
depthS)  CD,  c£ ;  and  the  distances  of  the  centres  of  gravity 
^re  as  the  same  depths  ;  therefore  the  strengths  arc  as  cd  . 
cp  to  cE  .  cs,  or  CD*  to  CE*.  But,  by  the  similar  triangles 
CDB,  AFD,  it  is  CD  :  cE  '•  :  AD  I  AFi  as  radius  to  the  cosine  of 
the  elevaiion.  Therefore  the  oblique  strength  is  to  the  trans- 
verse strength,  as  ad*  to  af*,  the  square  of  radius  to  the 
square  of  the  cosine  of  elevation. 

263.  CoroL  1.  The  strength  of  a  beam  increases  from  the 
horizontal  position,  where  it  is  least,  all  the  way  as  it  revolves 
to  the  vcrucal  position)  where  it  is  the  greatest. 
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PROPOSITION  UI. 

264  When  Beams  %tand  Anlofie^  or  ObtiqUely^  and  sustaining 
Weights^  (it her  at  the  Middle  Point Sy  or  in  any  other  Simitar 
Situalionsj  or  Equally  Diffused  over  their  Lengths  ;  the 
Strains  ufion  them  are  Directly  as  the  Weights^  and  the 
JLengthsj  and  the  Cosines  0/ Elevation* 

PoR,  by  the  inclined  plane,  the  weight  is  to  the  pressure 
on  the  plane,  as  ac  to  af,  as  radius  to  the  cosine  of  elevation  : 
therefore  the  pressure  is  as  the  weight  drawn  into  the  cosine 
of  the  elevation.  Hence  the  stress  will  be  as  the  length  of 
the  beam  and  this  force  ;  that  is,  as  the  weight  x  length  x 
cosine  of  elevation. 

265.  CoroL  1.  When  the  lengths  and  weights  of  beami 
are  the  same,  the  stress  is  as  the  cosine  of  elevation  ;  and  it 
is  therefore  the  greatest  when  it  lies  horizontal. 

266.  CoroL  2-  In  all  similar  positions,  and  the  weights  vary- 
ing as  the  lengths,  or,  the  beams  uniform  ;  then  the  stress 
varies  as  the  squares  of  the  lengths. 

267.  Corol.  3.  When  the^eigbts 
are  equal,  on  the  oblique  beam  ab> 
and  the  horizontal  one  ac,  and  bc 
is  vertical ;  the  stress  on  both  tieams 
is  equal  For,  the  length  into  the 
cosine  of  elevation  is  the  same  in 
both  ;  or  ab  X  cos.  a  cs  ac  x  ra- 
£us. 

268.  CoroL  4.  But.  if  the  weights  on  the  beams  vary  as 
their  lengths ;  then  the  stress  will  also  vary  In  the  same 
ratio. 

269.  Ceroi.  5.  And  traiversally,  tlie  stress  upon  any  point 
of  an  oblique  beam,  is  as  the  rectangle  of  the  segments  of 
the  beam,  and  the  weight,  and  cosine  of  inclination,  directly  ; 
and  the  length  inversely. 
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PROPOSITION  un. 

270.  When  a  Beam  is  toaustain  any  Ifriffht,  or  Pressure^  or 
Fore f J  acting  Laterally  ;  then  tht  Strength  ought  to  be  ag 
the  Stress  ufion  it  ;  that  w,  the  Breadth  multifilied  by  fhe 
Square  of  the  Defithy  or  in  similar  sections^  the  Cube  of  the 
Diameter^  in  every  /ilace,  ought  to  be  firofiortional  to  the 
Length  drawn  into  the  Weight  or  Force  acting  on  it.  And 
the  same  is  true  of  several  Different  Pieces  of  timber  compare 
ed  together.- 

For  every  several  piece  of  timber  or  metal,  as  well  as 
every  part  of  the  same,  ought  to  have  its  &treD«:ih  propor- 
tioned to  the  weight,  force,  or  pressure  it  is  to  support.  And 
therefore  the  strength  ought  to  be  universally,  or  in  every 
purt  as  the  stress  upon  it.  Bui  the  strength  i§  as  the  breadth 
into  the  square  of  the  depth  ;  and  the  stress  is  as  the  weight 
or  force  into  the  distance  it  acts  at.  Thei-cfore  these  nti^st 
be  in  constant  ratio.  This  general  property  wiil  give  rise  lo 
the  effect  of  different  shapes  in  beams,  according  to  particu- 
lar circumstances  ;  as  in  the  following  corollaries, 

371.  CoroL  1.  If  abc  be  a  hori- 
zontal beamt  fixed  at  the  end  ac, 
and  sustaining  a  weight  at  the  other 
end  B.  And  if  the  .sections  at  all 
places  be  similar  figures  ;  and  db  be 
the  diameter  at  any  place  n  i  then 
An  will  be  every  where  as  o&^.  So  that  if  adb  be  a  right 
line,  then  bec  will  be  cubic  parabola.  In  which  case  f  of 
sQch  a  beam  may  be  cut  awayt  without  any  diminution  oE 
the  strength  -^But  if  the  beam  be  bounded  by  two  parallel 
planesy  perpendicular  to  the  horizon ;  then  bx>  will  be  as 
SE^  ;  and  then  bec  will  be  the  common  parabola,  in  wnich 
case  a  3d  part  of  the  beam  may  be  thus  cut  away. 

272.  CoroL  2.  But  if  a  weight  press  uniformly  on  every 
part  of  ab  ;  and  the  s'ectiona  in  all  points,  as  d,  be  similar  i 
then  BD*  will  be  every  where  aa  de^  :  and  then  bbc  is  the 
se^micubical  parabola. 

But,  in  this  disposition  of  the 
weight,  if  the  beam  be  bounded  by 
parallel  planes,perpendicular  to  the  ««^^«i 

horizon  ;  then  bd  will  be  always  as  Wp^^^ 

DB  ;  and  bec  a  right  line,  or  abc  a  I13G 

wedge.    So  that  then  half  the  beam 
may  be  cut  away,  without  diminution  of  strength. 

273.  Coffoh 
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273.  Corol.  S.     If  the  beam  ad 
be  supported  at  both  ends;  and 
if  it  sustain  a  weight  at  any  va- 
riable point  D,  OP  uniformly  on  Jtt 
all  parts  of  its  length  ;   and  if  all  the  sections  be  similar 
figures  ;  then   will  the  diameter  de^  be  every  where  as  the 
rectangle  ad  .  db. 

But  if  it  be  bounded  by  two  parallel  planes,  perpendicular 
to  the  horizon ;  then  will  be*  be  every  where  as  the  rect- 
angle AD  .  DB,  and  the  curve  akb  an  ellipsis. 

274.  Coroi.  4.     But  if  a  weight 
be  placed   at    any    given  point  f, 

and  all  the  sections   be  similar  fig-        A.     P    JF  B 

ures ;    then  will    ad    be    as   dks,  ^_^^^_^ 

and  Ao,  BG  be  two  cubic  parabo-       ^      S    0- 
las. 

But  If  the  beam  be  bounded  by  two  parallel  planes,  per<« 
pendicular  to  the  horizon  ;  then  ad  is  as  de*,  and  ag  and 
BG  are  two  common  parabolas. 

375.  Scholium,  The  relative  strengths  of  several  sorts  of 
wood,  and  of  other  bodieS|  as  determined  by  Mr.  Emersoti) 
are  as  follow : 

Iron             ..-..--  10? 

Brass 50 

Bone            .-.....-  22 

Box,  Yew,  Plamtree,  Oak    .        -        -        -  H 

Elm,  Ash    --.--•--  •! 

Walnut,  Thorn '^t 

Red  fir,  Hdly,  Elder,  Plane,  Crabtree,  Applctrce        7^ 

Beech,  Cherrytree,  Hazle     .         -         -         -  ^?r 

Lead -  ^4 

•       Alder,  Asp,  Birch,  White  fir.  Willow           -  ^ 
Fine  freestone      -----' 

A  cyVmdric  rod  of  good  clean  fir,  of  \  inch  circumference, 
drawn  lengthways,  will  bear  at  extremity  400  lbs ;  and  a 
spear  of  fii^  2  inches  diameter,  will  bear  abom  7  tons  m  that 
direction. 

A  rod  of  good  iron,  of  an  inch  circumference,  wiU  bear 
a  stretch  of  near  3  tons  weight. 

A  good  hempen  rope,  of  a»  ind,  clrcmnfcrence,  wUl  bear 
JOOO  lb»at  the  most.  •       ^  ^  fi^,  or  ot 

Hence  Mr.  Emerson  concludes,  that  «  a  ^  j^^ 
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iron,  or  a  rope  of  d  inches  diametery  were  to  lift  ^  of  the  ex« 
tremc  weight ;  theti 

Th'e  fir  would  bear  8|  d^  hundred  weights. 

The  rope      -     -      23  «/*  ditto. 

The  iron      -    -    .  6J  d«  tons. 

Mr.  Banks,  an  ingenious  lecturer  on  mechanics,  made 
many  experiments  on  the  strength  of  wood  and  metal; 
whence  he  concludes,  that  cast  iroa  is  from  3}  to  44  times 
stronger  than  oak  of  equal  dimensions  ;  and  from  5  to  6^ 
times  stronger  than  deal.  And  that  bars  of  cast  iron,  an 
inch  square,  weighing  9  lbs.  to  the  yard  in  length,  suppoiied 
at  the  extremities,  bear  on  an  average*  a  load  of  970  IbSr 
laterally.    And  they  bend  about  an  inch  before  they  break. 

Many  other  experiments  on  the  slrengih  of  different  ma- 
terials, and  curious  results  deduced  from  them,  may  be  seen 
in  Dr.  Gregory's  and  Mr.  Emerson's  Treatises  on  Mechanics, 
as  well  as  some  more  propositions  on  the  strength  and  stress 
bf  different  bars. 


ON   THE   CENTRES   OF  PERCUSSION,  OSCILLA- 
TION, AND  GYRATION- 

876.  THE  Centre  of  PeRcussiov  of  a  body,  or  a 
system  of  bodies,  revolving  about  a  point,  or  axis,  is  that 
point,  which  striking  an  immoveable  object,  the  whole  mass 
shall  not  incline  to  either  side,  but  rest  as  it  were  in  equi- 
librio,  without  acting  on  the  centre  of  suspension. 

277.  The  Centre  of  Oscillation  is  that  point,  in  a  body 
vibrating  by  iis  gravity,  in  which  if  any  body  be  placed,  or  if 
the  whole  mass  be  collected,  it  will  perform  its  vibrations  in 
the  same  time,  and  with  the  same  angular  velocity,  as  the 
whole  body,  about  the  same  point  or  axis  of  suspension. 

278.  The  Centre  of  Gyration,  is  that  point,  in  which  if 
the  whole  mass  be  collected,  the  same  angular  velocity  will 
be  generated  in  the  same  time,  by  a  given  force  acting  at  any 
place,  as  in  the  body  or  system  itself.  '  < 

379.  The  angular  motion  of  a  body,  or  system  of  bodies, 
is  the  motion  of  a  line  connecting  any  point  and  the  centre 
or  axis  of  motion  ;  and  is  the  same  in  all  parts  of  the  same 
revolving  body.  And  in  different  unconnected  bodies,  each 
revolving  about  a  cenpe,  the  angular  velocity  is  as  the  abso- 
lute velocity  directly,  antl  as  the  distance  from  the  centre 
inversely  ;  so  that,  if  their  absolute  velocities  be  as  their 
radii  or  distances,  the  angular  velocities  wtll  be  equal. 
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28d.    Tojind  the  Centre  of  Percu98i%n  of  a  Body^  or  Sytem 
ilf  Bodies, 

Let  the  body  revolve  about  an  axis 
passing  Uirough  any  point  s  in  the  line 
tCK>>  passing  through  the  centres  of  gra- 
vity and  percussion,  o  and  o.  Let  uv 
be  the  section  of  the  body,  or  the  plane 
in  which  the  axis  sgo  moves.  And 
conceive  all  the  particles  of  the  body  to 
be  reduced  to  this  plane,  by  perpendi- 
€ulars  let  fall  from  them  to  the  plane  :  a 
supposition  which  will  not  affect  the 
centres  o,  o,  nor  the  angular  motion  of 
the  body« 

Let  k  be  the  place  of  one  of  the  particles,  so  reduced  ; 
join  SA,  and  draw  ap  perpendicular  to  as,  and  Aa  perpendi* 
calar  to  soo :  then  af  will  be  the  direction  of  a's  motion  ai 
it  revolves  about  s ;  and  the  whole  mass  being  stopped  at  0| 
the  body  a  will  urge  the  point  p,  forward,  with  a  force  pro- 
portional  to  its  quantity  of  matter  and  velocity,  or  to  its 
matter  and  distance  from  the  point  of  suspension  s  ;  that  is, 
as  A  .  SA  ;  and  the  ef&cacy  of  this  force  in  a  direction  per- 
pendicular to  so,  at  the  point  p,  is  as  a  «  sa,  by  similar  tri- 
angles ;  also»  the  effect  of  this  force  on  the  lever,  to  turn  it 
about  o,  being  as  the  length  of  the  lever,  is  as  a  .  sa  •  po  ae 
A  •  sa  .  (so  ~  sp)  =s  A  .  sa  .  so  —  a  .  sa  .  sp  as  a  •  sa  .  so  -« 
A.  SA*.  In  like  manner,  the  forces  of  sand  c,  to  turn  the 
system  about  o,  are  as 

B  •  sb .  so— >B  •  SB^,  and 

c  .  so  .  so-«c  .  sc*,  &€• 

But,  since  the  forces  on  the  contrary  sides  of  o  destroy 
one  another,  by  the  definition  of  this  force,  the  sum  of  the 
positive  parts  of  these  quantities  must  be  equal  to  the  sum  of 
the  negative  parts, 

that  is,  A  .  sa  .  so  -f-  B  «  sb  .  so  -f  c.  sc «  so  Sec.  s 
A  .  SA<-f  B  .  SB*  +  c  .  8C*  8cc  ;  and 

-   A  .  SA*  +  B  .  SB*  +  C  .  SC*  fee 

hence  so  =s 


A  •  sa 


Voi#  if. 


4-  B  .  sb 


•I-  c  •  sc   kc 


Vhi^h 
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which  18  the  distance  of  the  centre  of  percussion  below  the  ^ 
axis  ef  motion. 

And  here  it  may  be  observed  that,  if  any  of  the  points 
ai  bf  Ice.  fall  on  the  contrary  side  of  s,  the  corresponding 
product  A  .  sat  or  B  .  sb,  Sec.  must  be  made  negative. 

281.  Corot  I.  Since,  by  cor.  S,  pr.  40,  a  -f  B  +  c  8cc, 
or  the  body  b  x  the  distance  of  the  centre  of  gravity,  so, 
is  OB  A  .  sa  4-  B  sb  +  c  .  sc  &c.  which  is  the  denominator 
of  the  value  of  so ;  therefore  the  distance  of  the  centre  of 

A  .  SA*  4-  B  .  RB^    4-    C   .  vc2  &c 

percussion,  is  so« ,o  x  uody  6 • 

382.  Corol.  2.  Since,  by  Geometry,  theor.  36,  37, 

it  is  SA*   na  8G*   -f  OA*   —   2SG  .  Oa, 

and  SB*  8=  .sG*  -f-  GB*  4-  28g    cb, 
and  sc*  s»  SG*  +  Gc»  -f-  2sg  .  oc,  &c  ; 

and,  by  cor  5,  pr.  40,  the  sum  of  ihe  last  terms  is  nothing. 

namely,  —   2sg  .  oa  +  Ssg  .  Gb  -f  2sg  .  gc  &c.   =   o  ; 

therefore  the  sum  of  the  others,  or  a   .  sa*  +b  .  sb'  &c^    I 

is  ={a  +B  &C.)  .BG*   +   A  .  GA*  +  *^B      GB*   +  c  .  GC»     &C. 
or  as  6     bG*   +   A  .  GA*  +  B  .  CJB*  +  c  .   GC»  &C.  5 

trhich  being  substituted  in  the  numerator  of  the  foregoing 
talucof  so,  gives 

6  .  SG»   -I-    A  .  GA«    +  B  .  CB«  +  &C 
SO  C»'  -  , 

or^ni.  in    I  ^  •  «^a»  V  ».  cb«  +  c  .  gc»&c 

6  .  SO 

283.  CoroL  3.  Hence  the  distance  of  the  centre  ofper^ 
cussion  always  exceeds  the  distance  of  the  centre  of  gravitv, 
and  the  excess  is  always  go  =  ^' ^^^  +  b  .  gb^&c^ 


264.    And    hence    also,  sg  .  go  » 


■  CA*  -f  B  .  GB«  &C 


the  body  d  * 

that  is  SG  .  GO  is  always  the  same  constant  quantity,  where- 
cver  the  point  of  suspension  a  is  placed  i  since  the  point  o 
and  the  bodies  a,  b,  Sec.  are  constant.  Or  <3o  is  always 
Reciprocally  as  so,  that  is  go  is  less,  as  so  is  greater  ;  and 
consequently  the  point  o  rises  upwards  and  approaches  to- 
wards the  point  g,  as  the  point  s  is  removed  to  the  greater 
distance  ;  and  they  coincide  when  so  is  infinite.  But  when 
8  coincides  With  Oy  then  go  is  infinit^j  or  o  is  a\  an '  infinite 
ditftance.  '  *     ^ 

PBOPOSlTIOJf 
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285.  If  a  Body  A*  ai  the  Distance  Skfrom  an  axti  fiasm^ 
fhrough  s,  be  made  to  revolve  about  that  axU  .by  any  Force 
acting  at  p  in  the  Line%^.  Per/iendicuiar  to  the  Axis  0/ Mo  don: 
It  £9  required  to  determine  the  Quantity  or  Matter  of  another 
Body  f^^vfhich  being  placed  at  Tythe  Point  where  the  Force 
act9^  it  shall  br  accelerated  fn  the  Same  Manner^  as  vfhen  A 
revol-ved  at  the  Distance  sa;  and  consegueritly^that  thr  Angular 
Velocity  ofk  and  q  about  Sy  may  be  the  Same  in  Both  Caxes. 
By  the  nature  of  the  lever,  sa  :  sp  :  :/• 

—  .y;  the  effect  of  the  force/,  acting  at  p, 

OD  the  body  at  a  ;  that  is,  the  force/acting  at 

Vj  ^'y\\  have  the  same  effect  on  the  body  a,  as  | 

the  force  — /,  acting  directly  at  the  point  A.  -^ 

But  as  asp  revolves  altogether  about  the  axis  at  Sythe^  abso- 
lute velocities  of  the  points  a  and  b,  or  of  the  bodies  a  and 
Q,  will  be  as  the  radii  sa^  sp>  of  the  circle  described  by  them. 
Here  then  we  have  two  bodies  a  and  q,  which  being  urged 

SP 

•directly  by  the  forces/ and — fi  acquire  velocities  which  are 

asspaodsA.  And  since  the  motive  forces  of  bodies  are  as 
their  mass  and  velocity :  therefore        -        -        -        . 

9A* 


:  Q  .  SP,  and  sp*  :  sa^ 


—jfif  s  :  A   .  SA 

which  therefore  ext>resses  the  mass  of  matter  which,  being 
placed  at  p.  would  receive  the  same  angular  motion  from  the 
action  of  any  tbrce  at  p,  as  the  body  a  receives.  So  that  the 
resistance  of  any  body  A|  to  a  force  acting  at  any  point  p^  is 
directly  as  the  square  of  its  dUtance  sa  from  the  axis  of  mo- 
tion, and  reciprocally  as  the  square  of  the  distance  sp  of  the 
point  where  the  force  acts* 

386.  CoroL  1.  Hence  the  force  which  accelerates  the  point 

p,  is  to  the  force  of  gravity,  asr^ ^  to   1>  or  as  /  :  %t^ 


A  .SA 


to  A      SA' 


aar.  CoroL  2.  if  any  nutnber  of  bodies 
A>  B,  c,  be  put  in  motion,  about  a  fixed 
axis  passing  through  s,  by  a  force  act- 
ing at  p  ;  the  point  p  will  be  accele- 
rated in  the  same  manner,  and  conse-^ 
quently  the  whole  system  will  have  the 
same  angular  velooity>  if  instead  of  the 


^ 


bodied 
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bodies  a>  By  o,  placed  a  the  distances  sa,  sb>  se,  there  be 

.       .  3      ^       I-    J-       «A*        SB*        SC* 

substituted  the  bodies— ;  A, -—5 B, — -cj  these  bcme  coj- 
lected  imo  the  point  p.  And  hence,  the  moving  force  be* 
ing/,  and  the  matter  moved  being  ^    '^*  "^  'pj'^  "*"  *^'^^1 

/*    BP' 

theref. --r-^ r-i ^*    ^^e    accelerating    force  ; 

which  thereiore  ib  to  the  accelerating  force  of  gravity,  a« 

/  .  SP*  to  A  .  SA*  +  B  .  SB*  +  C  .  SC». 

S88.  Coro/.  3.  The  angular  velocity  of  the  whole  sjrstea 

of  bodies,  is  as  7:iX^{;'B.+  c..cf  ^^'  ^^^  "^^^^'^^^ 
velocity  of  the  point  P|  is  as  the  accelerating  force,  or  di- 
rectly as  the  motive    force  /,  and    inversely  as  the  mass 

^^^ — :  but  the  angular  velocity  is  as  the  absolute  velo* 

city  directly,  and  the  radius  sp  inversely ;  therefore  the  an- 
gular velocity  of  p,  or  of  the  whole  system,  which  is  the  same 

/*    SB 

things  is  aB  ,  ,    '    ^4, ^ 

*'  A.SA«+B.  SB*  +  C.8C» 


PROPOSITION  LVI. 

389«     To  determine  the  Centre  of  Oscillation  of  any  Compound 
M(U8  or  Body  liw,  or  of  any  System  of  Bodies  a,  b,  c>  ^c. 

LsT  MN  be  the  plane  of  vibration,  to  which  let  ell  thci 
matter  be  reduced,  by  lettmg  fall  perpendiculars  from  every 
particle,  to  this  plane.  Let 
<»  be  the  centre  of  gravity, 
and  o  the  centre  of  oscilla- 
tion ;  through  the  axis  s 
draw  sGo,  and  the  horizon- 
IbI  line  ug  $  then  from  every 
particle  a,  b,  c,  8cc.  let  fall 
perpendiculars  Aa,A/^<B6|B9, 
cc,cr,to  these  two  lipes;  and 
join  SA|  SB,  S6  ;  also,  draw 
om,  on,  perpendicular  to  s^. 
Kowthe  forces  of  the  weights 
A,  B,  c,  to  turn  the  body 
about  the  axis,  are  a  .  s^,  b  . 
S7%  —  C  .  sr  ;  therefore,  by 
oer.  3}  prop.  S5)  the  ang\ilar 

inotigp. 
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modem  generated  by  all  these  forces  isAlfL±  '  •  *?  7.il2: 

Also,  the  angular  veloc.  any  particle  fi^  placed  in  o,  generates 

in  the  system,  by  its  weight,  is  ^  '  *"*   or  -^,  or  -^!!^,  be- 

cause  of  the  similar  triangles  som,  son.  But-  by  the  prob- 
lem, the  vibrations  are  performed  alike  in  both  cases,  and 
therefore  these  two  expressions  must  be  equal  to  each  other^ 

that  IS,    ■'■'«■ y-r —— r— — r;  and  hence 

Bm        A   .  HA>4-    B     8B^  +  C.SC* 

ao  ^  — >t L « 

so        A  .  sp  -f     B.  89  -  C  •  Sr  ^ 

But,  by  cor.  3,  pr.  41,  the  sum  a  •  s/k  -f  b.  s^  ^  c  .  sr  est 
(a  +  B  +  c)  .  sw;  therefore  the  dhtance  io  =s      -     -      -     - 

A.8A*  +  B      SB*  -f-  C    .  SC*       A      SA^-f-B       bB*  +  C  .   SO* 
SO   .    (A    +   B   +  C)  A  .  Sa  +  B  .  &A  +  C   .  SC 

by  prop.  43,  which  is  the  distance  oi  the  centre  of  oscillation 
o,  belo V  the  axis  of  suspension  j  where  any,  of  the  products 
A.  sa,  B  .  8^,  must  be  nagative,  when  a,  b  &c.  lie  on  tbe 
other  side  of  s.  So  ihat  this  is  the  same  expression  as  that 
for  the  distance  of  the  centre  of  percussion,  found  in  prop.  54. 

Hence  it  appears,  that  the  centres  of  percussion  and  of  ps- 
dilation,  are  in  the  very  same  point.  And  therefore  the  prop* 
erties  in  all  the  corollaries  there  found  tor  the  former,  are  to 
to  be  here  understood  of  the  latter. 

290.   Carol.   1«  If  p,  be  any  particle  of  a  body  by  and  d  its' 

distance  from  the  axis  of  motion  s  ;  aUo  o,  o  the  centres  of 

gravity  and  oscillation.     Then  the  distance  of  the  centre  of 

oscillation  of  the  body,  from  the  axis  of  motiooj  is      -     <•      ** 

sum  of  all  the  pfl 

SG  X   the  body  6 


^1.  Corol.  2.  If  b  denote  the  matter  in  any  compound 
body,  whose  centres  of  gravity  and  ocillatien  are  o  and  o  9 
the  body  f,  which  being  placed  at  f,  where  the  force  acts  as 
in  the  last  proposition,  and  which  receives  the  same  motion 

from  that  force  as  the  compound  body  «^,  is  p  es — ^  ,  b* 

For,  by  corol.  2,  prop.  54,  this  body  p  is  aa     -    •    -    « 

A  .  tA*    +     B     .  8B«     4  C    .    8C>  «    ^     l  it  ** 

^   ■■  ■!     ■      <    ^        -    ■.    But)  by  coroL  I,  prop.  5  3» 
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so    .    so    .     ^    =   A   * 

aA«    +  B  .  SB»  +  c  . 

«C» 

•  g    .    so    . 
V  = r-.  0, 

8P 

8GHOI1UM. 

thereibrt 


392.  By  the  method  of  Fluxions,  the  centre  of  oscillation, 
for  a  re^ularbodj,  will  be  found  from  cor.  1.  But  for  an 
irregular  one  ;  suspend  it  at  the  given  point  i  and  hang  up 
also  a  simple  pendulum  of  such  a  length,  that  making  them 
both  vibrate,  they  may  keep  time  together.  Then  the 
length  of  the  simple  pendulum,  is  equal  to  the  distance  of 
the  centre  of  oscillation  of  the  body,  below  the  point  of  sus- 
pension. 

293.  Or  it    will  be  still  better  found  thus :  Suspend  the 

body  rery  freely  by  the  given  point,  and  make  it  vibrate   in 

small  arcS)  counting  the  number  of  vibrations  it  makes  in 

any  time,  as  a  jminute,  by  a  good  stpp  watch  ;  and  let  that' 

number  of  vibrations  made  in  a  minute  be  called  n  :  Then 

1408S0 
shall  the  distance  of  the  centre  of  oscillation,  be  so  ss 

fin 

inches.  For  tlie  length  of  the  pendulum  vibrating  seconds^ 
or  ao  times  in  a  minute,  being  39}  inches  ;  and  die  lengths 
of  pendulums  being  reciprocally  as  the  square  of  the  number 
of  vibrations  made  in  the  same  time  ;  therefore    •    -    .     « 

„.:60.  «  :  39J  :  «°i2<-iH  _  ^i2!»   ^  the  length  of  the 

*  nn  fin  ^' 

pendulum  which  vibrates  n  times  in  a  minute,  or  the  distance 
of  the  centre  of  oscillation  below  the  axis  of  motion* 

294.  The  foregoing  determination  of  the  point,  into  which 
all  the  matter  of  a  body  being  collected,  it  shall  oscillate  iif 
the  same  manner  as  before,  only  respects  the  case  in  which 
the  body  is  put  in  motion  by  the  gravity  of  its  own  particles, 
and  the  point  is  the  centre  of  oscillation  :  but  when  the  body 
is  put  in  motion  by  some  other  extraneous  force,  instead  of 
its  gravity,  then  the  point  is  different  from  the  former,  and 
is  called  the  Centre  of  Gyration  ;  which  is  determined  in  the 
foilowmg  manner  ^ 
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PROPOsmoi?  Lvn. 

295>  To  determine  the  Centre  of  Gyration  of  a   Compound 
Body  or  of  a  System  of  Bodies^ 


Let  r  be  the  centre  of  gyration,  or 
the  point  into  which  all  the  particles  a, 
9)  c,  &c.  being  collected)  it  shall  re- 
ceive the  same  angular  motion  from  a 
force  y  acting  at  P|  as  the  whole  system 
receives. 

Now,  by  cor.  3  pr  54,  the  angular 
velocity  generated  in  the  system  by  the 


force  y*  15  as- 


/.»p 


— ^,  and 


A    ,    8A»     4-   B  .  SB*  &c. 

by  the  same,  the  angular  velocity  of  the  system  placed  in  r, 
isr---r — \  ^\    ■ .-then,  by  making  these  two  expres  - 

CA    -f-  B  +  C  &C.)  .  SR2  I/O 

sions  equal  to  each  other,  the  equation  gives        -        -      '  - 
SR  =  ^A.sA»  -hB.sB>  +  c.se*^   ^^^  ^^^^  distance  of th? 

A  +    B   +  C 

centre  of  gyration  below  the  axis  of  motion. 

296.  CoroL  I.  Because  a  •  sa^  +  B  •  sb*  &c.  s  so  .  so  .  ^^ 
where  gis  the  centre  of  gravity,  o  the  centre  of  oscillationy 
and  d  the  body  a  +  b  -{*  c  &c ;  therefore  sr*  «  sg  .  so  ; 
that  Is,  the  distance  of  the  centre  of  gyration,  is  a  mean  pro* 
portional  between  those  of  gravity  and  oscillation. 
297.  CoroL  2.  U/i  denote  any  particle  of  a  body  6»at  d  dis- 

f         .1  •      r-«  *•  u  *        sum  of  all  the  *<i« 

tance  from  the  axis  of  motion  j  then  sr*  =s  — i-  ^  »     ,  -£■• — • 

body  b 

.      PROPOSITION    LVm. 
29S,  To  determine  the  velocity  with  which  a  Ball  moveg^  which 

^eing'  shot  against  a  Ballistic  Pendulum^  causes  it  to  vibrate 

through  a  given  jingle. 

The  Ballistic  Pendulum  is  a  heavy  block 
of  wood  Mw,  suspended  vertically  by  a 
Strong  horizontal  iron  axis  at  s,  to  which 
it  is  connected  by  a  iirm  iron  stem.  This 
problem  is  the  application  of  the  last  pro- 
position, or  of  prop  54,  and  was  invented 
by  the  very  ingenious  Mr  Robins,  to  deter- 
mine the  initial  velocities  of  military  pro- 
jectiles; a  circumstance  very  useful  in  that 
science  ;  and  it  is  the  best  method  yet 
known  for  determining  them  with  any  de- 
gree of  accuracy. 

Let 


Digitized  by 


Google 


tOd  STATICS. 

Let  o,  K|  »  be  the  centreB  of  gravity,  gyration,  and  oscil- 
lation, as  deiermined  by  the  foregoing  propositions  ;  and  let  p 
be  the  point  where  the  ball  sirilces  the  face  of  the  pendulum  ; 
the  momeDium  of  which,  or  the  product  of  its  weight  an4 
velocity,  is  expressed  by  the  force/,  acting 
at  P,  in  the  rore|»oin»5  propositions.  Now, 
Put  fi  ca  the  whole  weight  of  the  pendui. 

b  am  the  weighs  of  the  ball, 

^  ea  so  the  dist.  of  the  cen-  of  gray, 

0  BB  HO  the  dist.  of  the  cen.  of  osciila. 

r  es  sii  «  ^go  the  dist  of  cen  of  gyr. 

«  SK  sp  the  dist.  of  the  point  of  impact, 

V  OB  the  velocity  of  the  ball, 

ti  ts  that  of  the  point  of  impact  p, 

e  wa  chord  of  the  arc  described  by  o. 

By  prop.  56,  if  the  mass  fi  be  placed  all  at  r,  the  pen- 
dulum will   receive  the  same  motion  from  the  blow  in  the 

point  P  •  and  as  sp*  :  sr*  ii/i--  ~.  fi  or--/ior  ^/i,(prop.54), 

*  SP*  I*  ft       ^*       • 

the  mass  which  being  placed  at  p^  the  pendulum  will  still 
receive   the   same   motion   as   before.     Here  then  are  two 

quantities  of  matter,  namely,  S  and^/^,  the   former  movii^ 

with  the  velocity  t>,  and  striking  the  latter  at  rest ;  to  deter- 
flstne  their  common  velocity  «,  with  which  they  will  jointly 

groceed  forward  together  after  the  stittke.    In  which  caaei 
y  the  law  of  the  impact  of  non-elastic  bodies,  we   have 

?^fi  +  b  :  b  :iv  lu,  and  therefore  v  »  — rr^  «  the  velo- 

city  of  the    ball    in  terms  of  u,  the  velocitv  of  the  point  Py 
and  the  known  dimensions  and  weights  of  the  oodles. 

But  now  to  determine  the  value  of  t^,  we  must  have  re- 
course to  the  angle  through  which  the  pendulum  vibrates*; 
for  when  the  pendulum  descends  down  again  to  the  vertical 
position,  it  will  have  acquired  the  same  velocity  with  which 
it  began  to  ascend,  and,  by  the  laws  of  falling  bodies,  the 
velocity  of  the  centre  of  oscillation  is  such,  as  a  heavy  body 
would  acquire  by  freely  falling  through  the  versed  sine  of 
the  arc  described  by  the  same  centre  o.  But  the  chord  of 
that  arc  is  c,  and  its  radius  is  o  ;  and,  by  the  nature  of  the 
circle,  the  chord  is  a  mean  proportional  between  the  versed 

sine  and  diameter,  therefore  2o  :  c : :  c  :  ^,  the  versed    sine 

of  the  arc  described  by  o.    Then,  by  the  laws  of  falling  bodies 
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•  16^V  •  ^  2o'*'  ^^^  *^  ^  T"  ^^"^  velocity  acquired  by  tljft 
point  o  ID  descending  through  the  arc  whose  chord  is  Cj 
where  a  =a  16-.^  feet :  and  therefore  oziz:  c  %/  —  :  —  \/  -^, 

which  is  the  velocity  w.  of  the  point  f 

Tnen,  by  substituting  thi^i  value  for  u^  the  velocity  of  the 

ball  before  found,  becomes  v  =s    '*  ^  ^^  x  c  \/  A    So  that 

the  velocity  of  the  ball  is  directly  as  the  chord  of  the  arc  de» 
scribed  by  the  pendulum  in  its  vibration* 

SCHOUUBl 

399.  Ir  the  foregoing  solution,  the  change  in  the  centre 
of  oscillation  is  omitred,  which  is  caused  by  the  ball  lodginj^ 
in  the  point  p  But  the  allowance  for  that  small  changei 
and  that  of  some  other  small  quantities,  muy  be  seen  in  my 
Tracts,  where  all  the  circumstances  of  this  method  are 
treated  at  full  length. 

300.  For  an  example  In  numbers  of  this  method,  suppose 
tbe  weights  and  dimensions  to  be  as  follow  :  namely, 
p  sa  570lb,  Then 

d»lSoz.l|dr.    3tt+goAy^^l'lSlx94  3«+y8|xgH^^y9 

"^  iJ/?^^»         ~Tio  1131  X94Xx84| 

sr  « rsf  inc.         i^,^;^  TV     -9 

f =3  656  56, 


Q  ss  B4|  inc. 

=a  7065  feet 
i   «=  94^  inc. 
c  as  18*73  inc. 


12 

Andv^??«^^«V-f-  «  2-1337, 
^   o      ^  7-065      ^  42-39 

Therefore  656-56  x  21337  or   1401  feet,    is  the  velocity, 

per  second,  with  which  the  ball  moved  when  it  struck  th^ 

pendulum. 


OF  HYDROSTATICS, 

301.  Htdrostatics  is  tbe  science  which  treats  of  the 
pressure,  or  weight,  and  equilibrium  of  water  and  other 
fluids,  especially  those  that  are  nou-eUhUC. 

302.  A  fluid  is  clasUc,  when  it  can  be  reduced  into  a  less 
volume  by  compression,  and  which  reotoret*  uself  to  us  former 
bulk  agaiii  when  the  pressure  is  removed  ;  a.  air.  Ar^  "^ 
non^^CwhenkisnotcomprcssiDle  by  5uch  force,  a» 

water,  &c.  ^^^ 

V*u»  »4  '^ 
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PROPOSITION  UX. 

303.  If  any  Part  of  a  Fluid  be  raised  higher  than  the  rest^  by 
any  Force^  and  then  left  to  itself;  the  higher  Par*  9  will  de^ 
acendto  thelov)er  Places^  and  the  Fluid  will  not  rett,  till  its 
Surface  be  quite  even  and  leveL 

For,  the  parts  of  a  fluid  being  easily  moveable  every  way, 
the  higher  parts  will  descend  by  their  superior  graviiy,  and 
raise  the  lower  parts,  till  the  whole  come  to  rest  in  a  level  or 
horizontal  plane. 

304.  Coro/.  1.  Hence,  water  that  com- 
municates with  other  water,  by  means  of 
a  close  canal  or  pipe,wiH  stand  at  the  same 
height  in  both  places.  Like  as  water  in 
the  two  legs  of  a  syphon. 

305.  Corol.  2.  For  the  same  reason,  if 
a  fluid  graviute  towards  a  centre  ;  it  will 
dispose  itself  into  a  spherical  figure,  the 
centre  of  which  is  the  centre  of  force. 
Like  the  sea  in  respect  of  the  earth. 

PROPOSITION  tX. 

306.  IVhen  a  Fluid  m  at  Rest  in  a  Vessel,  the  Base  of  which  ». 
Parrallel  to  the  Horizon  ;  Equal  Parts  of  the  Base    arc 
Equally  Pressed  by  the  Fluid. 

FoEf  on  every  equal  t>art  of  this  base  there  is  an  equal 
column  of  the  fluid  supported  by  it.  And  as  all  the  columns 
are  of  equal  height,  by  the  last  proposition  they*  are  of  equal 
weight,  and  therefore  they  press  the  base  equally  i  that  is, 
equal  parts  of  the  base  sustain  an  equal  pressure. 

307.  Corol.  I.  All  parts  of  the  fluid  press  equally  at  the 
same  depth.  For,  if  a  plane  parallel  to  the  horizon  be  con- 
ceived to  be  drawn  at  that  depth  ;  then  the  pressure  being 
the  same  in  any  part  of  that  plane,  by  the  proposition,  there- 
fore the  parts  of  the  fluid,  instead  of  the  plane,  sust^n  the 
same  pressure  at  the  same  depth. 

308.  CoroL  ^.  The  pressure  of  the  fluid  at  any  depth,  is 
as  the  depth  of  the  fluid.  For  the  pressure  is  aa  the  weigh^^ 
and  the  weight  is  as  the  height  of  the  fluid. 

3§9.  Coroi. 
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309.  Corol  5.  The  pressure  of  the  fluid  on  any  horizontal 
surfdcc  or  pLme,  is  equal  to  the  weight  of  a  column  of  the 
fluid,  whose  base  is  equal  to  that  plane,  and  altitude  is  1^,8 
depth  below  the  upper  surface  of  the  fluid. 

PROPOSITION  LXL 

310.  When  a  Fluid  u  Pressed  by  its  own  Weighty  or  by  any 
other  Force  ;  at  any  Point  it  Preasee  Equally y  in  all  Direc* 
tions  IV  hat  ever. 

This  arises  from  the  nature  of  fluidity,  by  which  it  yields 
to  any  force  in  any  direction.  If  it  cannot  recede  from  any 
force  applied,  it  will  press  against  other  parts  of  the  fluid  in 
the  direction  of  that  force  And  the  pressure  in  all  direc- 
tions will  be  the  same  :  for  if  it  were  less  in  any  part,  the 
fluid  would  move  that  way,  till  the  pressure  be  equal  everjf 
way. 

311.  CoroL  1.  In  a  vessel  containing  a  fluid;  the  pressure 
is  the  same  against  the  bottom,  as  against  the  sides,  or  even 
upwards  at  the  same  depth. 

312,  Corol,2  Hence,  and  from 
the  last  proposition,  if  abcd  be  a 
vessel  of  water,  and  there  be  taken, 
in  the  base  produced,  o£,  to  repre- 
sent the  pressure  at  the  bottom  ; 
joining  ae,  and  drawing  any  pa-, 
rallels  to  the  base,  as  fo,  hi  ;  then 
shall  ¥a  represent  the  pressure  at 

the  depth  ao,  and  hi  the  pressure  at  the  depth  ai,  and  so 
on  ;  because  the  parallels        -        vg,  hi,  ed,    . 
by  sim.  triangles  are  as  the  depths  ao,  ai,  ad  :  4 

which  are  as  the  pressures,  by  the  proposition. 

And  hence  the  sum  of  all  the  fg,  hx»  &c.  or  area  of  the 
triangle  ade,  b  as  the  pressure  against  all  the  points  o,  i, 
&c.  that  is,  against  the  line  ad.  But  as  every  point  in  the 
line  CD  is  pressed  with  a  force  as  de,  and  that  thence  the 
pressure  on  the  whole  line  cd  is  as  the  rectangle  ed  .  DC, 
while  that  against  the  side  is  as  the  triangle  ade  or  ^ad  •  de  ; 
therefore  the  pressure  on  the  horizontal  line  dc,  is  to  the 
pressure  against  the  vertical  line  da,  as  dc  to  ^da.  And 
hence,  if  the  vessel  be  an  upright  rectangular  one,  the  pres- 
sure on  the  bottom,  or  whole  weight  of  the  fluid,  is  to  the 
pressure  against  one  side,  as  the  base  is  to  half  that  side. 
Therefore  the  weight  of  the  fluid  is  to  the  pressure'agabst 

an 
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aUthefenr  upright  sides^  as  the  base  is  to  half  the. upright 
surface  And  the  same  holds  true  also  in  any  upright  vessely 
whatever  the  sides  be,  or  in  a  cylindrical  vessel.  Or  in  the 
cylinder,  the  weight  of  ihe  fluid,  is  to  the  pressure  against 
the  upright  surface,  as  the  radius  of  the  base  is  to  double  the 
altitude. 

Also,  when  the  rectangular  prism  becomes  a  cube,  it  ap- 
pears that  the  weight  of  .the  fluid  on  the  base,  is  double  the 
pressure  against  one  of  the  upright  sides,  or  half  the  pressMre 
against  the  whole  upright  surface. 

313.  C^roL  3.  The  pressure  of  a  fluid  against  any  upright 
surface,  ab  the  gate  ot  a  bluice  or  i<i)di,  is  equal  to  hail  the 
weight  of  a  column  of  the  fl  id  whi  so  babe  is  equal  fo  the 
surface  pressed,  and  its  altitude  the  sanie  as  the  altitude  of 
that  surface.  For  the  pressui  c  on  a  horizontal  base  equal 
to  the  uprighi  surface,  is  equal  lo  that  colun;n  ;  afd  the  pres- 
sure on  the  upright  surface,  is  but  hall  tnaton  the  base,  oi  the 
same  area. 

So  that,  if  b  denote  the  breadth,  and  d  the  depth  of  such 
a  gate  or  upright  surtvce  ;  then  the  pressure  against  it^  is 
equal  to  the  weight  of  the  fluid  whose  magnitude  is  JAd*  = 
}ab  ad*  .  Hence,  if  the  fluid  be  water,  a  cubic  foot  of 
which  weighs  lOOO  ounces,  or  62^  pounds;  and  if  the 
depth  AD  be  12  fed*  the  breadth  ab  20  feet  ;  then  the 
content,  or  ^ab  •  ad^,  is  1440  feet;  and  the  pixssure  is 
1440000  ounces,  or  90000  pounds,  or  40^  tons  weight 
nearly. 

PROPOSITION  L.XIL 

314.  Thepresatire  of  a  Fluid  on  a  Surface  any  hovf  immemed 
in  it^  either  Perfiendicu(ar^  or  Horizontal j  or  Oblique  ;  i> 
Equal  to  the  Weight  of  a  Column  of  the  Fluids  whvae  Base  f> 
equal  to  the  Sun/ace  pressed,  and  ita  Mntude  equal  to  the 
Drfifh  of  the  Cen'tre  qf  Gravity  of  the  Surface  fire^acd  ^e- 
fow  the  Top  or  Swface  of  the  Fluid. 

For,  conceive  the  surface  pressed  to  be  divided  into  innu«. 
merable  sections  parallel  to  the  horizon  ;  iand  let  a  denote 
siny  one  of  those  horizontal  sections,  also  d  its  distance  or 
depth  below  the  top  surface  of  the  fluid.  Then,  by  art  30^, 
the  pressure  of  the  fluid  on  the  section  is  equal  to  the  weight 
oldax  consequently  the  total  pressure  on  the  whole  surface 
is  equal  to  all  the  weights  da.  But,  if  b  denote  the  whole 
suriace  pressed,  and  g  the  depth  of  its  centre  of  gravity  be- 
low the  top  of  the  fluid ;  then,  by  art.  2^6  or  259,  bg  is  equal 

to 
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to  the  Bum  (^  all  the  ^.  Consequently  the  whole  pressure 
of  the  fiuid  on  the  body  or  surface  b  is  equal  to  the  weight 
of  the  bulk  bg  of  the  fluid,  that  is,  of  the  c^limn  whose  base 
is  the  given  surface  6,  and  its  height  is  g  the  depth  of  the 
centre  of  gravity  in  the  fiuid. 


PROPOSITION  LXHL 

315.  The  PreaBureofa  Fluids  on  the  Base  qfthe  Vewel  in  which 
it  fa  contained^  is  as  the  Base  and  Perfiendicular  Miitude  ; 
nohatever  be  the  Figure  of  the  Vessel  that  contains  it. 

If  the  sides  of  the  base  he  uprighty  so  that 
it  be  a  prism  of  a  uniform  width  throughout ; 
then  the  case  is  evident  ;  for  then  the  base 
supports  the  whole  fluid,  and  the  pressure  is 
just  equal  to  the  weight  of  the  fluid. 

But  if  the  vt^ssel  be  wider  at  top  than  bot- 
tom ;  then  the  bottom  sustains  or  is  pressed 
by,  only  the  part  contained  within  the  op- 
riv;ht  lines  ac,  bo  ;  berause  the  parts  ACa» 
Bi>b  are  supported  by  the  sides  ac,  bd  ; 
and  those  parts  have  no  other  effect  on  the 
part  abac  than  keeping  it  in  its  portion,  by 
the  lateral  pressure  against  ac  and  bn,  wiiich 
does  not  alter  its  perpendicular  pressure  downwards.  And 
thus  the  pressure  on  the  bouom  is  less  than  the  weight  of 
the  contained  fluid. 

And  if  the  vessel  be  widest  at  bottom  ;  then 
the  bouom  is  still  pressed  with  a  weight  which 
is  equal  to  that  of  the  whole  upright  column 
abnc.  For,  as  the  parts  of  the  fluid  are  in 
equillbrio,  all  the  parts  have  an  equal  pressure 
at  the  same  depth  ;  so  that  the  parts  within  cc 
and  dm  press  equally  as  those  in  cd,  and  there- 
fore equally  the  same  as  if  the  sides  of  the  vessel  had  gone 
upright  to  a  and  b,  the  defect  of  fluid  in  the  parts  Aca 
and  bd6  being  exactly  compensated  by  the  downward  pres- 
sare  or  resistance  of  the  sides  Ac  and  bd  against  the  con- 
tiguous fluid  And  thus  the  pressure  on  the  base  may  be 
nuude  to  exceed  the  weight  of  the  contadned  fluid,  in  any  pnK* 
jKntion  whatever. 

So  that,  in  general,  be  the  yessels  of  any  figure  whatever, 
regular  or  irregular,  upright  or  sloping,  or  variously  wide 
and  narrow  in  differetit  parts,  if  the  bases  and  perpcndicnlar 
altitudes  be  but  equal,  the  bases  always  sustain  the  same 
pressure.    And  as  that  pressure,  in  the   regular  upngfat 
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vessel,  is  the  yrhole  column  of  the  fluid,  which  is  as  the  base 
and  altitude  ;  therefore  tlie  pressure  in  all  figures  is  in  that 
same  ratio.         ^ » 

316.  Corel.  1.  Hence,  when  the  heights  are  equal,  the 
pressures  are  as  the  bases.  And  when  the  bases  are  equal, 
the  pressure  is  as  the  height.  But  when  both  the  heights 
and  bases  are  equal,  the  pressures  are  equal  in  all,  though 
their  contents  be  ever  so  different. 

317.  Corol  3.  The  pressure  on  the  base  of  any  vessel,  is 
the  same  as  on  that  of  a  cylinder,  of  an  equal  base  and  height. 

318.  CoroL  3.  If  there  be  an  inverted  sy- 
phon, or  bent  tube,  abc,  containing  two  dif- 
&renc  fluids  cd<  abd?  that  balance  each  other, 
or  rest  in  equilibrio ;  then  their  heights  in 
the  two  legs,  ae^  cd,  above  the  point  of  meet- 
ing will  be  reciprocally  as  their  densities. 

For,  if  they  do  not  meet  at  the  bottom> 
the  part  bd  balances  the  part  be,  and  there- 
fore the  part  cd  balances  the  part  ak  ;  that 
is,  the  weight  of  cd  is  equal  to  the  weight 
of  AS.  And  as  the  surface  at  d  is  the  same 
where  they  act  against  each  other,  therefore 
AB  :  CD  :  :  density  of  co  :  density  of  ak. 

So,  if  CD  be  water,  and  ae  quicksilver,  which  is  near  14 
times  heavier  ;  then  co  will  be  =  14ab  ;  that  is,  if  ae  be 
1  inch.  CD  will  be  14  inches;  if  ae  be  2  inches,  cd  will 
be  28  inches  ;  and  so  on. 

PROPOSITION  LXIV. 

319.  If  a  Body  be  Immersed  in  a  Fhdd  of  the  same  Density 
or  S/ifcific  Gravity  ;  it  will  Rest  in  any  Place  where  it  is 
fiut.  But  a  Body  of  Greater  Density  will  Sink  ;  and  one  of 
a  Less  Density  will  Rise  to  the  Tofiy  and  Floa  t. 

The  body,  being  of  the  same  den- 
sity, or  of  the  same  weight  with  the 
like  bulk  of  the  fluid,  will  press  the 
fluid  under  it,  just  as  much  as  if  its 
space  was  filled  with  the  fluid  itself.^ 
The  pressure  then  all  around  it  will 
be  the  same  as  if  the  fluid  were  in 
its  place  ;  consequently  there  is  no 
force,    neither    upward  nor  down-      ' 
ward,  to  put   the   body   out  of  its      j 
place.    And  therefore  it  will  remain 
wherever  it  is  puj.  i 
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But  if  the  body  be  lighter  ;  its  pressure  c1owi||bird  wUl  be 
leas  than  before,  and  less  than  the  water  upward  at  the  same 
depth  ;  therefore  the  great  force  will  overcome  the  Jess,  and 
push  the  body  upward  to  a. 

And  If  the  body  be  heavier  than  the  fluid,  the  pressure 
downward  will  be  greater  than  the  fluid  at  the  same  depth  ; 
therefore  the  greater  force  will  prevail^  and  carry  the  body 
down  to  the  bottom  at  c. 

330.  Corol.  f .  A  body  immersed  in  a  fluid,  loses  as  much 
weightt  as  an  equal  bulk  of  the  fluid  weighs.  And  the  fluid 
^ins  the  same  weight.  Thus,  if  the  body  be  of  equal  densi- 
ty with  the  fluid,  it  loses  all  its  weight,  and  so  requires  no 
force  but  the  fluid  to  sustain  it.  If  it  be  heavier,  its  weight 
in  the  water  will  be  only  the  difference  between  its  own  weight 
and  the  weight  of  the  same  bulk  of  water ;  and  it  requires  a 
force  to  sustain  it  just  equal  to  that  difference.  But  if  it  be 
lighter,  it  requires  a  force  equal  to  the  same  difference  of 
-weights  to  keep  it  from  rising  up  in  the  fluid. 

321.  Corol  2.  The  weights  lost,  by  itmnerging  the  same 
body  in  difFerent  fluids,  are  as  the  specific  gravities  of  the 
^uids.  And  bodies  of  equal  weight,  but  different  bulk,  lose, 
in  the  same  fluid,  weights  which  are  reciprocally  as  the  spe- 
clfic  gravities  of  the  bodies,  or  directly  as  their  bulks. 

322.  Corol.  3.  The  whole  weight  of  a  body  which  will  float 
in  a  fluid,  is  equal  to  as  much  of  the  fluid,  as  the  immersed 
part  of  the  body  takes  up,  when  it  floats.  For  the  pressure 
under  the  floatinf«  body,  is  just  the  same  as  so  much  of  the 
rfiuid  as  is  equal  to  the  immersed  part ;  and  therefore  the 
^eights  are  the  same. 

323.  Corol.  4.  Hence  the  magnitude  of  the  whole  body,  is 
to  the  magnitude  of  the  part  immersed,  as  the  specific  gravity 
of  the  fluid,  is  to  that  of  the  body.  For,  in  bodies  of  equal 
weight,  the  densities,  or  specific  gravities,  are  reciprocally  as 
their  magnitudes. 

324.  Corof.  5.  And  because  when  the  weight  of  a  body 
taken  in  a  fluid,  Is  subtracted  from  its  weight  out  of  the  fluids 
the  diff'erence  is  the  weight  of  an  equal  bulk  of  the  fluid ;  this 
therefore  is  to  its  weight  in  the  air,  as  the  specific  gravity  of 
the  fluid,  is  to  that  of  body. 

Therefor^  if  w  be  the  weight  of  a  body  in  air, 
V  its  weight  in  water,  or  any  fluid, 
a  the  specific  gravity  of  the  body,  and 
a  the  specific  gravity  of  the  fluid ; 

then 
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then  w— fl^w  :  :  »  :  s,  which  proportion  will  give  either  oi* 
those  specific  gravities,  the  one  from  the  other. 

Thus  s  s  »,  the  specific  gravity  of  the  body  ; 

and  8  ss  — —  s,  the  specific  granty  of  the  fluid. 

So  that  the  specific  gravities  of  bodies,  are  as  their  weights 
in  the  air  directly,  and  their  loss  in  the  same  fluid  inversely. 

325.  CoroL  6.  And  hence,  for  two  bodies  connected  togeth- 
er, or  mixed  together  into  one  compound,  of  different  specific 
gravities*  we  have  the  following  equations,  denoting  their ' 
weights  and  specific  gravities,  as  below,  viz* 

H  ==  weight  of  the  heavier  body  in  air,     J  ,  .^,  ^^^^      ^^ . 
h  ta  weight  of  the  same  m  water,  >  i-      «   ,     / 

1  =  weight  of  the  lighter  body  in  air,       >.,  .^^  • 

I  xss  weight  of  the  same  in  water,  \         ^      ^        ^ 

c  =  weight  of  the  compound  in  air,  K-^  ^^ 

c  sr  weight  of  the  same  m  water,  y         «^       o        / 

w  sa  the  specific  gravity  of  water.    Then, 
1st,  (H^h)s^  Kftft  I      From    which    equations     may    be 
2d,  (L  —  /)  «  ss  i«i.  i  found  any    of  the    above  quantities, 
"  *  ^  "  in  terras  of  the  rest. 

Thus,  from  one  of  the  first  three 
equations,  is  found   the  specific  gra- 


3d,  (c  —  c)/^cw, 
4th,  H    +  t  =  c, 
5th,  A    +  /  =  c, 

H  L  C 

6th,— +  —  =  - 


vity  of  any  body,   as  «  =s  -^,  by 


dividing  the  absolute  weight  of  the 
body  by  its  loss  in  water,  and  multiplying  ny  the  specific  gra- 
vity of  water. 

But  if  the  body  l  be  lighter  than  water  >  then  /  will  he 
negative,  and  we  must  divide  by  l  +  /  instead  of  l—/,  and 
to  find  /  we  must  have  recourse  to  the  compound  mass  c  ;  and 
because,  from  the  4th  and  5th  equations,  l— /  =  c— c-* 

H— A,  therefore  9  =- ^'^ rvJ   that    is,     divide    the 

{c  -  c)  -  (H  -  A) 

absolute  weight  of  the  light  body,  by  tbc  diflerence  be- 
tween the  losses  in  water,  of  the  compoimd  and  heavier  body, 
and  multiply  by    the   specific   gravity  of  water.    Or  thus, 

'  "^  TTITh?'  ^  fo*ind  from  the  last  equation. 

Also,  if  it  were  required  to  find  the  quantities*of  two  ingre- 
dients mixed  in  a  compound,  the  4th  and  6th  equauons  would 
give  th€ir  values  as  follows,  viz. 
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the  quantities  of  ihe  two  ingredients  fit  and  !.»  m  tbe  con^- 
pound  c.    And  so  for  any  other  demand. 

PROTOSmON  LXV. 

to 'find  the  Sfiecific  Gravity  (^a  Body. 

o36.  Case  i,-—  fnen  the  body  is  heavier  than  water  :  weighs 
it  both  in  water  and  out  of  water,  and  take  the  difference, 
which  will  be  the  weight  lost  in  water.    Tben»  by  corol.  6, 

prop.  64,  «  =5  — -,  where  a  is  the  weight  of  the  body  out 

^r  water,  b  its  weight  in  water,  *  its  specific  gravityj  and  «i 

the  specific  gravity  of  water.    That  is. 
As  the  weight  lost  in  water, 
Is  to  the  whole  or  absolute  weight. 
So  is  the  specific  gravity  of  water, 
To  the  specific  gravity  of  the  body. 

ExAMFLB.  If  a  piece  of  stone  weigh  10  lb,  but  in  water 
only  6|  lb,  required  its  specific  gravity,  that  of  water  being 
1000  ?  Ans.  507r. 

327.  Case  il. —  When  the  body  is  lighter  than  water^  so  that 
it  mill  not  sink  :  annex  to  it  a  piece  of  another  body,  heavier 
than  water,  so  that  the  mass  compounded  of  the  two  may 
^ink  together.  Weigh  the  denser  body  and  the  compound 
mass,  separately,  both  in  water  and  out  of  it ;  then  find  how 
much  each  loses  in  water,  by  subtracting  its  weight  in  water 
from  its  weight  in  air ;  atKi  subtract  the  less  of  these  re- 
mainders from  the  greater.   Then  say,  by  proportion, 

As  the  last  remainder. 

Is  to  the  weight  of  the  light  body  in  air, 

So  is  the  specific  gravity  of  water. 

To  the  specific  gravity  of  the  body. 

That  is,  the  specific  gravity  is  ^  =s x^^, Tti 

by  cor.  6,  prop.  64.  . 

Example.  Suppose  a  piece  of  elm  weighs  15  lb  in  air  ^ 
and  that  a  piece  of  copper,  which  weighs  1 8  lb  in  air  and 
16  lb  in  water,  is  affixed  to  it,  and  th.^t  the  compound  weighs 
6  lb  in  water  s  required  the  specific  gravity  of  the  elm  I 

Ans.  600^ 

VoL.ir.  Be  f^i.  Cas? 
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328.  Case  hi. — For  ajluid  qf  any  sort. — ^Take  a  piece  of 
a  body  of  known  specific  gravity ;  weigh  it  both  in  and  out 
of  the  fluid,  finding  the  loss  of  weight  by  taking  the  differ^ 
ence  of  the  two  ;  then  8ay> 

As  the  whole  or  absolute  weighty 
Is  to  the  loss  of  weighty 
So  is  the  specific  gravity  of  the  solid, 
To  the  specific  gravity  of  the  fluid* 

.That  is,  the  spec.  grav.  w  =  — Il-«,  by  cor.  6,  pr.  6.4. 

ExAMPLK.  A  piece  of  cast  iron  weighed  35^  ounces 
in  a  fluid,  and  40  ounces  out  of  it ;  of  what  specific  gravity  is 
that  fluid  ?  Ans.  (000. 

PROPOSITION  LXVlL 

329.     To  find  the  Quantities  of  Two  Ingredients  in  a  Given 
Compound, 

Tare  the  three  differences  of  every  pair  of  the  three  spe- 
cific gravities,  namely,  the  specific  gravities  of  the  compound 
and  each  ingredient ;  and  multiply  each  specific  gravity  by 
the  difference  of  the  other  two*    Then  say,  by  proportibo, 

As  ihe  greatest  product. 
Is  to  the  whole  weight  of  the  compouncl, 
So  is  each  of  the  other  two  products, 
To  the  weights  of  the  two  ingredients. 

That  is,  H  ass     ""*  'c  :^  the  one,  and  l  =  ,  "  -^  *  c,  t6c 

(8-0/  (8  -  /)  /   ' 

other,  by  cor.  6,  prop.  64. 

Example.  A  composition  of  112  lb  being  made  of  tin 
and  copper,  whose  specific  gravity  is  found  to  be  8784 ;  re- 
quired the  quantity  of  each  ingredient,  the  specific  gravity 
of  tin  being  7320,  and  that  of  copper  9000  \ 

Answer,  there  is  100  lb  of  copper,?  .      .     ^       ^.w;^ 
and  consequently  12  lb  of  UiT    S       ^    co°>PO««ti<m> 

SCHOLIUM. 

330.  The  specific  gravities  of  severe  sorts  of  matteri  a$ 
found  from  experiments,  are  expressed  by  t&e  numbers  am* 
nexed  to  their  names  \Sk  the  following  Table  : 

ATabit 
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i^n 


23000|CIay      .......  2160 

19400|Brick 3000 

17724lCoreinon  earth    -    •    -  1984 


JTadle  qfSfiecific  Gravitiea  of  Bodies. 

Platiiw  (pure)    -    - 
Fine  gold      -    -    . 
Standard  g;old    -    -     • 
Quicksilver  (pure)  - 
Quicksilver  (cominoD) 

Lead 11325 

Fine  silver  -  -  -  -  11091 
Sundard  silver  *  -  -  10535 
Copper     -     -    -    -    .     900( 


140)0 
13600 


Copper  halfpence 

Gun  metal    -    - 

Cast  brass     ••    - 

Steel   -     .     -    . 

Iron     -     -  .  -     - 

Cast  Iron       -     - 

Tin      -     -     .     . 

Clear  crystal  glass 

Granite     -----     soOi; 

Marble  and  hard  stone      2700 

Common  green  glass   -    2600 

Flint 2570 

Common  stone  -    -    -    2520 


8915 
8784 


764^ 
7425 
7S20 
3150 


Nitre 1900 

Ivory     - 1825 

Brimstone       *    -    .     •1810 
Solid  gunpowder      •    .  1745 

Sand 1520 

Coal 1250 

Box-wood  -----  1030 

Sea-water  -----  loSO 

8iKX)<:ommon-water    -    -    -  looo 

7850  Oak 925 

Gunpowder,  close  shaken  937 
Ditto,  in  a  loose  heap     -    936 

Ash 800 

xMapIe  -.-.--    755 
Elm      -    .     .    ^    .     .     600 

Fir -    -     550 

Charcoal    -    -    .    -    - 
Cork 240 


Air  at  a  mean  state 


331.  No:e.  The  several  sorts  of  wood  are  supposed  to  be 
dry.  Also,  as  a  cubic  foot  of  water  weighs  just  1000  ounces 
avoirdupois,  the  numbers  in  this  table  express,  not  only  the 
specific  gravities  of  the  several  bodies,  but  also  the  weight  of 
a  cubic  foot  of  each,  in  avoirdupois  ounces;  and  therefore^ 
by  proportion,  the  weight  of  any  other  quantity,  or  the 
quantiiY  of  any  other  weight,  may  be  known,  as  in  the  next 
two  propositions. 

PROPOSITION  LXm 

332.  To  find  t^e  Magnitude  qfany  Body^from  irt  Weight. 

As  the  tabular  specific  gravity  of  the  body» 
Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot,  or  1728  cubic  incheS| 
To  its  content  in  feet,  or  inches,  respectively, 

JLxamftle  1.  Required  the  content  of  an  irregular  block  of 
common  s^one,  which  weighs  1  cwt.  or  1 12  lb  ? 

Ans.  1228|f||  cubic  inches* 

MxamfUe,  2.  How  many  cubic  inches  of  gunpowder  are 
there  in  1  lb  weight  ?  Ans.  294  cubic  inches  nearly. 

Examaple  3. 


Digitized  by 


Google 


^13  HYDRAULICS. 

Example  S.  How  many  cubic  feet  arc  there  in  a  ton  weight 
ff  dry  oak  ?  Ans.  3S4||  cubic  fecu 

FROPOSITIOK  LXVm. 

9 

3S3.  Tojlnd  the  Wdght  of  a  Body  from  its  Magnitude. 
As  one^ pubic  foot,  or  1728  cubic  inches, 
Is  to  the  content  of  the  body, 
So  is  the  ubular  specific  gravity, 
To  the  weight  of  the  body. 
Mxample  I.  Required  the  weight  of  a  block  of  marble^ 
^hose  length  is  63  feet,  and    breath   and  thickness  each 
12  feet ',  being  the  dimensions  of  one  of  the  stones  in  the 
trails  of  Balbeck? 

Ans.  683^^  ton,  which  is  nearly  equal  to  the  burden  ot 

an  East-India  ship. 

Example  2.  What  is  the  weight  of  1  pint,  ale  measure,  of 

ffunpowder  ?  Ans  i9  oz.  nearly. 

Example  3.    What  is  the  weight  of  a  Wock  of  dry  oak, 

which  measures  10  feet  in  length,  3  feet  broad,  and  2i  feet 

deeportluck?  Ans.4335^flb. 


OF  HYDRAULICS. 

334.  Htdraulics  is  the  science  which  treats  of  the 
notion  of  fluids,  and  the  forces  with  which  they  act  upon 
bodies.  , 

' '  ■  • 

PROPOSITION  LXIX 

335.  If  fl  J^vid  Hun  through  a  Canal  or  River^  or  Pipe  of 
vaHou9  Widthu,  aivfaysfUling  it  ;  the  Velovity  of  the  Fluid 
in  different  Part%  of  it  ab,  cd,  vnll  be  reciprocally  as  the 
Transverse  Sections  in  those  Parts. 
That  is,  veloc.  at:  veloc. 

at ^c  : :  CD :  AB ;  where  ab  and 

CD  denote,  not  the  diameters 

at  A  and  b,  but  the  areas  or 

sections  there. 

For,  as  the  channel  is  always  equally  full,  the  quantity  of 

neater  running  through  ab  ia  cqu  •   to  the  quanUty  running 

through  CD,  in  the  same  time  ;  that  is»  the  column  through 

AS 
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AB  iseqaal  to  the  column  through  ci>,  in  the  same  lime  ; 
or  AB  X  length  of  its  column  =a  cd  X  lengtll  of  119 
column ;  ther^ore  ab  :  cd  :  :  length  of  column  through 
CD  r  length  of  column  through  ab.  But  the  uniform  ve- 
lociiy  of  the  waier^  is  as  the  space  run  over,  or  length  of 
the  columns;  therefore  ab  *  cd  : :  velocity  through  cd  :  velo- 
city through  ab. 

336  Carol  Hence,  by  observing  the  velocity  at  anyplace 
ab,  the  quantity  of  water  discharged  in  a  second,  or  any 
other  time,  will  be  founds  namely,  by  multiplying  the  section 
ab  by  the  velocity  there. 

But  if  the  channel  be  not  a  close  pipe  or  tunnel,  kept 
always  full,  but  an  open  canal  or  river ;  then  the  velocity  in 
all  parts  of  the  section  will  not  be  the  same,  because  the 
velocity  towards  the  bottom  and  sides  will  be  diminished  by 
the  friction  against  tBe  bed  or  channel ;  and  therefore  a  me^ 
dium  among  the  three  ought  to  be  taken.  So  if  the  velo- 
city at  the  top  be  -  100  feet  per  minute, 
thatat  the  bottom      -  60 

and  that  at  the  sides  -  50 

3)  210 sum: 
dividing  Ahelr  sum  by  3  gives  70  for  the  mean  velocity,  which 
28  to  be  multiplied  by  the  secdon,  to  give  the  quantity  dis- 
charged in  a  minute. 

PROPOSITION  LXX. 

337.  The  Velocity  with  vihich  a  Fluid  Runs  out  by  a  Hole  in  the 
Bottom  or  Side  of  a  Veasel^  is  Equal  to  that  which  is  GenC' 
rated  by  Gravity  through  the  Height  qfthe  Water  above  the 
Hole  ;  that  it,  the  Velocity  qf  a  Heavy  Body  acquired  by 
Falling  freely  through  the  Height  ab. 

Divide  the  altitude  ab  into  a  great 
number  of  very  small  parts,  each  being  1| 
their  number  a,  or  a  es  the  attitude  ab. 

Now»  by  prop.  61,  the  pressure  of  the 
fluid  against  the  hole   b,  by  which  the 
motion    is   generated,  is  equal    to   the 
weight  of  the  column  of  fluid  above  it, 
that  is,  the  column  whose  height  is  ab 
or  a,  and    base    the   area  of    the  hole  b.     Therefore   the 
pressure  on  the  hole,  or  small  part  of  the  fluid  I,  is  to  its 
weight,  or  the  natural  force  of  gravity,  as  a  to   1.     But,  by 
art.  28,  the  velocities  generated  in  the  same  bo<fy  in  any 
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time  are  as  those  forces  ;  and  because  gravity  generates  the 
velocity*^  in  descending  through  the  smali  space  1,  therefore 
1  :  a  : :  2  :  2a,  the  velocity  generated  by  the  pressure  of  the 
column  of  fluid  in  the  same  time.  But  2a  is  also,  by  corol.  I| 
prop.  6,  the  velocity  generated  by  gravity  in  descending 
through  a  or  ab«  That  is>  the  velocity  of  the  issuing  water, 
is  equal  to  that  which  is  acquired  by  a  body  in  falling  through 
the  height  ab. 

The  9ttme  othtrwhe. 

Because  the  momenta,  or  quantities  of  motion  generated 
in  two  given  bodies,  by  the  same  force,  acting  during  the 
same  or  an  equal  time,  are  equal  And  as  the  force  in  this 
rase,  is  the  weight  of  the  superincumbent  column  of  the 
fiuid  over  the  hole.  Let  the  one  body  to  be  moved,  b«  that 
column  itself,  expressed  by  aA,  where  a  denotes  the  altitude 
AB,  and  h  the  area  of  the  hole  ;  ahd  the  other  body  is  the 
column  of  the  fluid  that  runs  out  uniformly  m  one  second 
suppose,  with  the  middle  or  medium  velocity  of  that  interval 
of  time,  which  is  ^Av, :  v  be  the  whole  velocity  required. 
Then  the  mass  iAv,  with  the  velocity  v.  gives  the  quantity 
of  motion  \hv  X  v  or  \Kv^^  generated  in  one  second,  in  the 
spouting  water :  also  2^,  or  32^  feet,  is  the  velocity  generated 
in  the  mass  aA,  during  the  same  interval  of  one  second  ;  conse- 
quently ah  X  2^,  or  ^hgy  is  the  motion  generated  in  the 
column  ah  in  the  same  time  of  one  second.  But  as  these 
two  momenta  must  be  equal,  this  gives  ^v^  ss  ^uhg  :  hence 
then  V*  S3  4a^,  and  v  =  ^\/agy  for  the  value  of  the  velocity 
sought  ;  which  therefore  is  exactly  the  same  as  the  velocity 
generated  by  the  gravity  in  falling  through  the  space  a,  or  the 
vehole  height  of  the  fluid. 

For  example,  if  the  fluid  were  ^r,  of  the  whole  height  of 
the  atmosphere,  supposed  uniform,  which  is  about  5}  miles, 
or  27720  feet  =  a:  Then  2-^/0^  »  2  y'  27720  X  16^'^  ca 
1335  feet  aa  v  the  velocity,  that  is,  the  velocity  with  which 
common  air  would  rush  into  a  vacuum. 

338.  Corol  1  The  velocity,  and  quantity  run  out,  at  dif* 
ferent  depths,  are  as  the  square  roots  of  the  depths.  For  the 
velocity  acquired  in  falling  through  aB)  is  as  V  ab. 

339.  Corol,  2.  The  fluid  spouts  out  with  the  same  velocityi 
whether  it  be  downward  or  upward,  or  sideways ;  because 
the  pressure  of  fluids  is  the  same  in  all  directions,  at  the 
same  depth.  And  therefore,  if  an  adjutage  be  turned  up- 
ward, the  jet  will  ascend,  to  the  height  of  the  surface  of  the 
water  in  the  vessel.  And  this  is  conflrmed  by  experience, 
by  whioh  it  is  found  that  jets  really  ascend  nearly  to  the 
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height  of  the  reservoir,  abating  a  small  quantity  only,  for  the 
friction  against  the  aides,  and  some  resistance  from  the  air  an4 
from  the  oblique  motion  of  the  fluid  in  the  hole. 

340.  Carol.  3  The  quantity  run  out  in  any  time,  is  equal 
to  a  column  or  prism,  whose  base  is  the  area  of  the  hole,  and 
Its  length  the  space  described  in  that  time  by  the  velocity 
acquired  by  Calling  through  the  altitude  of  the  fluid.  And  the 
quantity  is  the  same,  whatever  be  the  figure  of  the  orifice,  if 
it  is  of  the  same  area. 

Therefore,  if  a  denote  the  altitude  of  the  fluids 

and  A  the  area  of  the  orifice, 

also^  aa  16^'ij  feet,  or  193 inches; 
t£[en  2h  ^/  c^  will  be  the  quantity  of  wa^er  discharged  in  a 
second  of  time  ;  or  nearly  S^\hy/a  cubic  feet,  when  a  and  ^ 
are  taken  in  (eet. 

So,  for  example,  if  the  height  a  be  35  inches»  and  the  ori- 
lice  A  39  I  square  inch  ;  then  2A  y^ajr  »  2\/25  x  193  s=s  139 
cubic  inches,  which  is  the  quantity  that  would  be  discharged 
per  second. 

SCHOLTUM. 

341.  When  the  orifice  is  in  the  side  of  the  vessel,  then  the 
velocity  is  different  in  the  different  parts  of  the  hole,  being  less 
in  the  upper  par^  of  it  than  in  the  lower.  However,  when 
the  hole  is  but  small,  the  difference  is  inconsiderable,  and  the 
altitude  may  be  estimated  from  the  centre  of  the  hole,  to 
obtain  the  mean  velocity.  But  when  the  orifice  is  pretty  large, 
then  the  mean  velocity  i»  to  be  jnore  accurately  computed  by 
other  principles,  given  in  the  next  proposition. 

342.  it  is  not  to  be  expected  that  experiments,  as  to  the  ' 
quantity  of  water  run  out>  will  exactly  agree  with  this  theory, 
both  on  account  of  the  resistance  of  the  air,  the  resistance  of 
the  water  against  the  sides  of  the  orifice,  and  the  oblique 
motion  of  the  particles  of  the  water  in  entering  it.  For,  it 
iSDOt  merely  the  particles  situated  immediately  in  the  column 
over  the  hole,  which  enter  it  and  issue  forth,  as  if  that  column 
only  were  in  motion ;  but  also  particles  from  all  the  sur- 
rounding parts  of  the  fluid,  which  is  in  a  commotion  quite 
aroimd ;  and  the  particles  thus  enterinp^  the  hole  in  all  direc- 
tions, strike  against  each  other,  and  impede  one  another^l 
motion  :  from  which  it  happens,  that  it  is  the  particles  in  the 
centre  of  the  hole  only  that  issue  out  with  the  whole  velo- 
<citydueto  the  entire  height  of  the  fluid,  while  the  other 
particles  towards  the  sides  of  the  orifices  pass  out  with  de- 
creased velocities  ;  and  hence  the  medium  velocity  through 
the  orificei  is  somewhat  less  than  that  of  a  single  body  only, 
urged  with  the  same  pressure  of  the  superincumbent  column 
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of  the  fluid.  And  experiments  on  the  quantity  of  water  dis- 
charged through  apertures,  show  that  the  quantity  must  be 
diminished,  by  those  causes,  rather  more  than  the  fourth  part 
when  the  orifice  is  small,  or  such  as  to  make  the  mean  veloci- 
ty nearly  equal  to  that  in  a  body  falling  through  i  the  height 
of  the  fluid  above  the^orifice. 

343.  Experiments  have  also  been  made  on  the  extent  to 
Which  the  spout  of  water  ranges  on  a  horizontal  plane,  and 
compared  with  the  theory*  by   calculating  it  as  a  projectile 
discharged  with  the  velocity  acquired  by  descending  through 
the  height  of  the  fluid.     For,  when  the  aperture  is  in   the 
aide  of  the  vessel,  the  fluid    spout  out  horizonully  with,  a 
uniform  velocity,  irhich,  combined  with  the  perpendicular 
velocity  from  the  action  of  gravity,  causes  the  jet  to  form 
the  curve  of  a  parabola.     Then 
the  distances  to  which  the  jet  will 
spout  on  the  horizontal  plane  bo, 
will  be  as  the  roots  of  the  rect- 
angles of  the  segments  ac  .  cb^ 
AD  .  DB,  AB  .  SB.  For  the  spaces 
BF,  BG,  are  as  the  times  and  hori- 
zontal velocities ;  but  the  velocity 
is  as  V  A^  9  ^^^  ^^®  ^^^^  of  the 
fall, which  is  the  same  as  the  time 
of  moving,  is  as  V  cb  ;  therefore  the  distance  bt  is  as 

>i         ■■  ■ 

j/kc  .  cB  ;  and  the  distance  bo  as  y  ad  db.  And  hence, 
if  two  holes  are  made  equidistant  from  the  top  and  bottom, 
they  will  project  the  water  to  the  same  distance  ;  for  if  ac  as 
SB,  then  the  rectangle  ac  .  cb  is  equal  the  rectangle  ae  •  bb  : 
which  makes  ef  the  same  for  both.  Or,  if  on  the  diameter 
AB  a  semicircle  be  described ;  then,  because  the  squares  of 
the  ordinates  ch»  di,  ek  are  equal  to  the  recungles  ac  .  bb. 
Sec  i  therefore  the  distances  bf>  bo  are  as  the  ordinates 
cn,  DI.  And  hence  also  it  follows,  that  the  projection  front 
the  middle  point  d  will  be  farthest,  for  di  is  the  greatest  or- 
dinate. 

These  are  the  proportions  of  the  distances  :  but  for  the 
iibsolute  distances,  it  will  he  thus.  The  velocity  through 
any  hole  c,  is  such  as  will  carry  the  water  horizontally 
through  a  space  equal  to  2ac  in  the  time  of  falling  through 
AC  :  but,  after  quitting  the  hole,  it  describes  a  parabola,  and 
comes  to  f  in  the  time  a  body  will  fall  through  cb  ;  and 
to  find  this  distance,  since  the  times  are  as  the  roots    of 

the  spaces,  therefore  ^ac  :  ^cb  a:2Ac:  S'/ac.cb  oes 
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^B  a  BK,  the  space  ranged  on  the  horizontal  plane.    And 
the  greatest  range  bo  =  2di,  or  2AD,<or  equal  to  ab. 

And  as  these  ranges  answer  very  exactly  to  the  experi- 
tnentsy  this  confirms  the  theory,  as  to  the  velocity  assigned. 

PROPOSITION  LXXl. 

344.  If  a  Notch  or  Slit  eh  in  form  of  a  Parallelogram^  be  cut 
in  the  Side  of  a  Venel^  Full  of  IVater^  ad  ;  the  Quantity  of 
Water  flowing  through  it,  will  be  ^  of  the  Quantity  flotoing 
through  an  equal  Orifice ytdaced  at  the  Whole  Defith  eg,  or 
at  (he  Base  gq,  in  the  Same  Time  ;  it  being  aufifioted  that 
the  Vesicl  is  al<maya  ke fit  full. 

For  the  velocity  at  gh  is  to  the  velo- 
city at  iL,  as  v^  EG  to  V  'I '  ^^^  ^^'  ^^ 
GH  or  iL  to  IK,  the  ordinate  of  a  para- 
bola EKB|  whose  axis  is  eg.  Therefore 
the  sum  of  the  velocities  at  all  the  points  j 

I,  is  to  as  many  times  the  velocity  at  g,  "^ 

as  the  sum  of  all  the  ordinates  ix,  to  the  — 
sum  of  all  the  il's  ;  namely,  as  the  area 
of  the  parabola  eghi  is  to  the  area  sghf  ;  that  is,  the 
quantity  running  through  the  notch  eh,  is  to  the  quantity 
running  through  an  equal  horizontal  area  placed  at  oh,  as 
Aguxb,  to  EOHF,  or  as  2  to  3  ;  the  area ^f  a  parabola  being 
^  of  its  circumscribing  parallelogram. 

345.  CoroL  h  The  mean  velocity  of  the  water  in  th# 
BOtch,  is  equal  co  |  of  that  at  gh. 

S46.  Corol,  2.  The  quantity  flowing  through  the  holo 
ighl,  is  to  that  which  would  How  through  an  equal  orifica 
placed  as  low  as  q%,  as  the  parabolic  fru*ituia  10 hk  is  te 
the  rectangle  igbl.     As  appeai-s  from  the  demonstration. 


,  OF  PNEUMATICS. 

347.    Pmbumatics  is  the  science  which  treats  ofthcpnj^ 
perties  of  sdr,  or  elastic  fluids. 

PROPOSITION  I^JXU. 

348.  Airi»a  Heavy  Fluid  Body  ;  and  it  Surrmmd*  the  Earthy 
and  Gravitates  on  aU  Parts  of  its  Surface. 

Thesb  properties  of  air    are    pr  »ved  by    ^^IJf'JJI^ 
That  it  »  a  fluid,  »  evident  from  m  easily  yiei«»«it         J 
Vot.  II.  F«  . 
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the  least  force  impressed  on  iti  without  making  a  senaijbte 
resistance. 

B^t  when  it  is  moved  briskly,  by  any  means,  as  by  a  fan 
or  a  pair  of  bellows ;  or  when  any  body  is  moved  very  briskly 
through  it ;  in  these  cases  we  become  sensible  of  it  asa  bod^i 
by  the  resistance  it  makes  in  such  motions,  and  also  by  its 
impelling  or  blowing  away  any  light  substances.  Sothat, 
being  capable  of  resisting,  or  moving  other  bodies,  by  its 
impulse,  it  must  itself  be  a  body,  and  be  heavy,  like  all  other 
bodies  in  proportion  to  the  matter  k  contains  ;  and  therefore 
it  will  press  on  all  bodies  that  are  placed  uilder  it. 

Also,  as  it  is  a  fluid,  it  spreads  itself  all  over  on  the  earth. ; 
and,  like  other  fluids^  it  gravitates  and  presses  everywhere  on 
the  earth's  surface. 

349 .  The  gravity  AXid  pressure  of  the  air 
is  also  evident  from  many  experiments. 
Thus,  for  instance,  if  water,  or  quicksUver, 
be  poured  into  the  tube  ack,  and  the  air  be 
suffered  to  press  on  it,  in  both  ends  of  the 
tube,  the  fluid  will  rest  at  the  same  height 
in  both  legs :  but  if  the  dir  be  drawn  out  of 
one  end  as  x,  by  any  means  ;  then  the  air 
pressing  on  the  other  end  a,  will  press 
down  the  fluid  in  this  leg  at  B,  and  raise  it  up  in  the  other  tm 
]>,  as  much  higher  than  at  B,  as  the  pressure  of  the  air  is  equal 
to.  From  which  it  appears,  not  only  that  the  air  does 
really  press,  but  also  how  much  the  intensity  of  that 
pressure  is  equal  to.  And  this  is  the  principle  of  th» 
barometer. 

FBOPOSITION  LXXni. 

$iO.  The  ^ir  19  4tUo  an  JElaMtic  Fluids  being  Condetuiiie  and 
Exfianndie.  Afid  the  Lavttt  oBaervea  h  this^  that  U%  Den^i^ 
ty  and  Mlaaticity  are  firo0orfionai  to  the  Force  or  Weight 
Vfhich  Com/treesee  if. 

Tiris  property  of  the  air  is  proved  by  mai^  experiments. 
Thus,  if  the  handle  of  a  syringe  be  pushed  inward,  it  will 
condense  the  inclosed  air  into  less  space,  thereby  showing  its 
cpndensibility.  But  the  included  air,  thus  condensed  is 
Iblt  to  act  strongly  against  the  hand,  resisting  the  force  com- 
pressing it  more  and  more  ;  and,  on  withdrawing  the  hand^ 
the  handle  is  pushed  back  again  to  where  it  Was  at  first. 
Which  shows  that  the  air  is  etosUc. 

asl,  Agaio, 
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^K  Agaki^  fill  n. strong  bottle  half  Ml  of 
water ;  then  inseit  a  small  glass  tube  into 
it)  jmtting  its  lower  end  down  near  to  the 
bottoiDf  and  cementing  it  irery  close  round 
tbe  mouth  of  the  bottle.  Then,  if  air  be 
strongly  injected  through  the  pipe,  as  by 
blowing  with  t(ie  mouth  or  otherwise)  it 
win  pass  through  the  water  from  the  lower 
end,  ascending  .into  the  parts  before  .  occu- 
pied with  air  at  z,  and  the  whole  mass  of 
air  became  there  condensed^  because  the 
wuter  is  not  compi^ssible  into  a  less  spa$:e.  But,  on  remov« 
ing  the  force  which  injected  the  air  a,  the  water  will  begin 
to  rise  from  thence  in  a  jet,  being  pushed  up  the  pipe  by  the 
increased  elasticity  of  the  air  b,  by  which  it  presses  on  the 
surface  of  the  water,  and  forces  it  through  the  pipe,  till  as 
much  be  expelled  as  there  was  air  forced  in  }  when  the  air  at 
B  will  be  reduced  to  the  same  density  as  at  first,  and,  the  baU 
ance  being  restored,  the  jet  will  cease. 

352.  Likewise,  if  into  a  jar  of  water 
AB,  be  inTerted  an  empiy  glass  tumbler 
CD)  or  such-like,  the  mouih  downward  ; 
the  water  will  enter  it,  and  jpartly  fill 
it,  but  not  near  so  high  as  the  water  in 
the  jar,  compressing  and  condensing 
the  air  into  a  less  space  In  the  upper 
parts  c,  and  causing  the  glass  to  make  a 
sensible  resistance  to  the  hand  in  push- 
ing it  down.  Then,  on  removing  the  hand,  the  elasticity  of 
the  internal  condensed  air  throws  the  glass  up  again.  All 
these  showing  that  the  air  is  condensible  and  elastic 

353.  Again,  to  show  the  rate  or  proportion 
of  the  elasticity  to  the  condensation  :  take  a 
long  crooked  glass  tube,  eqfOally  wide  through- 
out, or  at  least  in  the  part  b-d^  and  open  at  a> 
bu(  close  at  the  other  end  b.  Pour  in  a  little 
quicksilver  at  a,  just  to  cover  the  bottom  to 
tbe  bend  at  cb,  apd  to  stop  the  communica- 
tion between  the  external  air  and  the  air  in 
BB.  Then  pour  in  more  quicksilver,  and 
mark  the  corresponding  heights  at  which  It 
stands  in  the  two  legs :  so,  when  it  rises  to 
H  ^n  the  open  leg  ac,  let  it  rise  to  e  in  the 
close  one,  reducing  its  included  air  from  tbie 
natural  bulk  bd  to  the  contracted  space  be, 
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by  the  pressure  of  the  column  hc  ;  and  when  the  quick- 
fiilver  siands  at  i  and  k,  in  the  open  leg,  let  it  rise  to  f  and  g 
in  the  other,  reducing  the  air  to  the  respective  spaces  bf, 
BO,  by  the  weights  of  the  columns  i/,  mg.  Then  ii'is  al* 
ways  found,  that  the  condensations  and  elasticities  are  ad 
the  compressing  weights  or  cotums  of  the  quicksilver^ 
and  the  atmosphere  together.  So,  if  the  natural  bulk  of 
the  air  bd  be  compressed  into  the  spaces  bb,  bf-  bg,  which 
are|,  J,  ^  ofno,  or  as  the  numbers  3,  3«  I  ;  then  the  at- 
mosphere, together  with  the  corresponding  columnsHr,  i/i 
K5^»  arc  also  found  to  be  in  the  same  proportion  reciprocally, 
viz.  a6  ^,  J,  |,  or  as  the  numbers  2,  3,  6.  And  then  ue  es 
yK,  If  sr  A,  and  Kg  sa  3k  ;  where  a  is  the  weight  of  atmos* 
pherc.  Which  show,  that  the  condensations  are  directly 
as  the  copipressing  forces.  And  the  elasticities  are  in  the 
aame  ratio,  since  the  colums  in  ac  are  sustained  by  the  elasti- 
cities in  BD. 

From  the  forgoing  principles  may  be  deduced  many  useful 
Ytmarks,  as  in  the  following  corollaries,  viz. 

S64.  Corol,  I.  The  space  which 
any  quantity  of  air  is  confined  in, 
is  reciprocally  as  the  force  that 
compresses  it.  So,  the  forces  which 
confine  a  quantity  of  air  in  the  cy- 
lindrical spaces  AG,  BO,  cg,  are 
reciprocally  as  the  same,  or  reci- 
procally as  the  heights  ai)«  bd,  cd. 
And  therefore   if  to  the  two  per^ 

pendicular  lines  da,  dh,  as  asymptotes,  the  hyperbola  ikz. 
be  described,  and  the  ordinates  ai,  bk,  cl  be  drawn  ;  thei| 
the  forces  which  confine  the  air  in  the  spaces  ag,  bg,  cm^ 
will  be  directly  as  the  corresponding  ordinates      ai,  bk,  cl, 
dince  these  are  reciprocally  as  the  abscisses  ad,  bd,  cd^ 

by  the  nature  of  the  hyperbola. 

355.  Corol.  2.  All  the  air  near  the  earth,  is  in  a  state  of 
compression,  by  the  weight  of  the  incumbent  atmosphere. 

356.  CoroL  3.  The  air  is  denser  near  the  earth,  than  in 
high  places ;  or  denser  at  the  foot  of  a  mountain,  than  at 
the  top  of  it.  And  the  higher  above  the  earthy  the  less  dense 
it  is. 

357.  Corol,  4.  The  spring  or  elasticity  of  the  air,  is  equal 
to  the  weight  of  the  atmosphere  above  it ;  and  they  will  pro- 
duce the  same  effects :  since  they  always  sustain  and  balaoce 
each  other. 

358.  CoroL  S, 
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35&.  Coroi.  5.  If  the  dfiaDftity  of  the  air  be  increased,  pre* 
serving  the  same  beat  or  temperature,  its  spring  or  elasticity 
is  also  increased,  and  in  the  same  proportion. 

359.  Carol.  6.  By  the  pressure .  and  gravity  of  the  atmos- 
phere, on  the  surface  of  the  fluids,  the  fluids  are  made  to  rise  in 
any  pipes  or  vessels,  when  the  spring  or  pressure  \yitbin  is 
decreas,ed  or  taken  pfil 

PBOPOSmON  LXXIV. 

^60,  Meat  IncreaacB  the  Elasticity  of  the  Mr^  and  Cold  Dimzn^ 
isAcs  it  •     Ovy  Heat  Expanda^  and  Cold  Condenses  the  Air* 

This  property  is  also  proved  by  experience. 

361.  Thi78»  tie  a  bladder  very  close  with  some  air  in  it ; 
and  lay  it  before  the  fire  :  then  as  it  warms,  it  will  more  and 
more  distend  the  bladder,  and  at  last  burst  it,  if  the  heat  be 
continued  and  increased  high  enough  But  if  the  bladder 
be  removed  from  the  fire,  as  it  cools  it  will  contract  again, 
as  before.  And  it  was  on  this  principle  that  the  first  air- 
balloons  were  made  by  Montgolfier  :  for,  by  heating  the  air 
-within  them,  by  a  fire  beneath,  the  hot  air  distends  them 
to  a  size  which  occupies  a  space  in  the  atmosphere,  whose 
weight  of  common  air  exceeds  that  of  the  balloon- 

363.  Also,  if  a  cup  or  glass,  with  a  little  air  in  it,  be  in- 
Terted  into  a  vessel  of  water ;  and  the  whole  be  heated  over 
the  fire,  or  otherwise i  the  air  in  the  top  will  expand  till  it 
fill  the  glass,  and  expel  the  water  out  of  it ;  and  part  of  the 
air  itself  will  follow,  by  continuing  or  increasing   the   heat. 

Many  other  ex^periments,  to  tte  same  effect,  might  be 
adduced*  all  proving  the  properties  mentioned  in  the  pro- 
position. 

• 
SCHOUUAf. 

363.  So  that,  when  the  force  of  the  elasticity  of  air  is 
considered,  regard  must  be  had  to  its  heat  or  temperature  ; 
the  same  quantity  of  air  being  more  or  less  elastic,  as  its 
heat  is  more  or  less.  And  it  has  been  found,  by  expenmem, 
tbat  the  elasticity  is  increased  by  the  435lh  part,  for  each  de- 
gree of  heat,  of  which  there  are  180  between  the  freezmg 
aad  boiling  heat,  of  water.  ..j^  ^^ch 

*  364.  M  B.  Water  expands  about  the  ,^yij  P*,r«uis.  1777, 
degree  of  heat.    (Sir  Geo.  Shuckburgh,  ttoilos.   Trans,  ^tt, 

1^.560,  &c) 
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Abo,  the 
Spec.  grav.  of  air  1  201  or  Ij")  when  the  barom.  is  29*5) 
Wdier     1000    land  the  therm,  is      55^ 
mercury  13592  j  which  are  their  mean  heights 
in  this  couniry, 
OrU.™,«rl-3Borin  ^^,„,^^, 


PROPOSITION  UCXV. 

o65.  The  Weight  or  Pressure  qfshe  Mmosfiherej  on  any  Ban 
at  the  Earth*  8  Surface^is  Equal  to  the  Weight  of  a  Column  of 
Qmcknlvery  of  the  Same  Baae^  and  the  Height  (f  which  is 
between  28  and  Z\  inches. 

Tflis  is  proved  by  the  barometer,  an  instrument  which 
measures  the  pressure  of  the  air,  and  which  is  described 
below.  For,  at  some  seasons^  and  in  some  places,  the  air 
sustsdns  and  balances  a  column  of  murcury,  oi  about  28 
inches :  but  at  other  times  it  balances  a  column  ot  29,  or  30^ 
er  near  31  inches  high;  seldom  iq  the  extremes  28  or  31, 
but  commonly  about  the  means  29  or  30.  A  variation  which 
depends  partly  on  the  different  degrees  of  heat  in  the  air  near 
the  surfbce  of  the  earth,  and  partly  on  the  commotions  and 
changes  in  the  atmosphere,  from  winds  and  other  caus^es,  bf 
which  it  is  accumulated  in  some  places,  and  dcpi  esst;d  in 
Others,  being  thereby  rendered  denser  and  heavier,  or  rarer 
and  lighter  ;  which  changes  in  its  state  are  almost  contiuUMlly 
happening  in  any  one  place.  But  the  medium  state  is  com^ 
Hionly  about  29^  or  30  bches. 

,  365.  CoroL  I,  Hence  the  pressure  of  the  aimosphere  on 
every  square  inch  at  the  earth's  surface,  at  a  medium,  is  very 
near  15  pounds  avoirdupois,  or  rather  14|  pounds.  For,  a 
cubic  foot  of  mercury  weighing  13600  ounces  nearly,  an 
ipch  of  it  will  weigh  7*866  or  almost  8  ounces »  or  neaily 
half  a  pound,  which  is  the  weight  of  the  atmosphere  for 
every  inch  of  the  barometer  on  a  base  of  a  square  inch ;  and 
therefore  30  inches,  or  tlie  medium  height,  weighs  very  near 
U|  pounds, 

367.  Corel,  2.  Hence  also  the  weight  or  pressure  of  the 
atmosphere,  is  equal  to  that  of  a  column  of  water  from  32 
to  35  feet  high,  or  on  a  medium  33  or  34  feet  high.  Fori 
Water  and  quicksilver  are  in   weight  nearly  as   1  to  13'6| 

so 
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ao  that  tXie  atmosphere  wUl. balance  a  coluifnn  o(  water    13-6 
times  as  high  as  one  of  quicksilver  ;  consequently 

'  1 3-6  tim^s  28  inches  =»  3^1  inches,  or  31 J  feet, 
13-6  times  29  inches  «  394  inches,  or  32|  feet, 
1 3*6  times  30  mches  »  408  inches,  or  34  feet| 
13-6  times  31  inches  a  422  inches,  or  35  j  feet. 

And  hence  a  common  sucking  pump  wlii  not  raise  water 
higher  than  about  33  or  34  feet.  And  a  siphun  will  not 
ran,  if  the  perpendicular  height  of  the  t(^  of  it  be  more 
than  about  33  or  34  feet« 

9 68.  CoroL  3.  If  the  air  wtre  of  the  same  uniform  den* 
sity  at  every  height  up  to  the  top  of  the  atmosphere,  as  at 
the  surface  of  the  earth ;  its  height  would  be  about  5^ 
miles  at  a  medium.  Far,  the  weights  of  the  Skiroe  bulk  of 
air  and  water,  arp  nearly,  as  1*222  to  1000 ;  therefore  as 
1-932:  1000  :  :  33|  feet  :  27600  feet,  or  5  J  miles  nearly. 
And  so  high  the  atmosphere  would  be,  if  it  were  all  of 
uni&irm  density,  like  water.  But,  instead  of  that,  from 
ks  expansive  and  elastic  quality,  it  bee  >mes  continually 
more  and  more  rare,  the  farther  above  the  earth,  In  a  cer« 
tain  proportion,  which  will  be  treated  of  beK>w»  as  also  the 
method  of  measaring  heights  by  the  barometer,  which  de- 
peoda  on  it. 

369.  Corol.  4.  From  this  proposition  and  the  last  it  fol« 
lows,  that  the  height  is  always  the  same,  of  an  uniform 
atmosphere  above  any  place,  woich  shall  be  all  of  the  uni- 
fiorm  density  with  the  air  there,  and  of  equal  weight  or 
pressure  with  the  real  height  of  the  atmosphere  above  that 
place,  whether  it  be  at  the  same  place,  at  different  dmes, 
or  at  «iy  dir£Eeent  places  or  heights  above  the  earth  ;  and 
that  height  is  always  about  5^  miles,  or  27600  feet,  as 
above  found.  For.  as  the  density  varies  in  exact  propor* 
lian  to  the  weight  of  the  column,  therefore  it  requires  a 
colnom  of  the  same  height  in  all  cases,  to  make  the  re- 
spective weights  or  pressures.  Thus,  if  w  and  w  be  the 
weighu  of  atmosphere  above  any  places,  o  and  d  theur 
densities,  and  h  and  A  the  heights  of  ihe  uniform  columns, 
ofthe  same  densities  and  wcij^hisi  Then  h  X  n  »  w,  and 
AX  d«a  mi  therefore^  or  His  equal  to  ^  or  A.   The  tern. 

pcratQic  bung  the  aame^ 

raorostriOK 
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S70,  Tht  DemXty  of  the  Atmosfihcre^  at  Different  Heights 
above  the  Earthy  Decreases  in  such  Sort,  that  when  the 
Heights  Increase  in  Arithmetical  Progression^  the  Dentin 
ties  Decrease  in  Geometrical  Progression, 


C 
B 

-A. 


Let    the  indefinite  perpendicular  line  af^  j]? 

erected  on  the  earth,  be  conceived  to  be  divided 
into  a  great  number  of  very  small  equal  parts, 
A,  B,  c,  Dy  Sec.  forming  so  many  thin  strata  of 
air  in  the  atmosphere,  all  of  different  deasity^ 
gradually  decreasing  from  tlfe  greatest  at  a  : 
then  the  density  of  the  several  strata,  a,  b,  c, 
JD,  &c.  will  be  in  geometrical  progression  de^ 
creasing. 

For  as  the  strata  a,  b,c,  Sec.  are  all  of  equal 
thickness^  the  quantity  of  matter  in  each  of  them,  is  as  the 
density  there  ;  but  the  density  in  any  one,  being  as  the  com- 
pressing force,  is  as  the  weight  or  quantity  of  sdl  the  matter 
from  that  place  upward  to  the  top  of  the  atmosphere  ;  there- 
fore the  quantity  of  matter  in  each  stratum,  is  also  as  the 
whole  qu&nticy  from  that  place  upward.  Now,  if  from  the 
whole  weight  at  any  place  as  b,  the  weight  or  quantity  in  the 
stratum  b  be  subtracted,  the  remainder  is  the  weight  at  the 
next  stratum  c  ;  that  is,  from  each  weight  subtracting  a  pare 
which  is  proportional  to  itself,  leaves  the  next  weight ;  or, 
which  is  the  same  thing,  from  each  density  subtracting  a 
part  which  is  proportional  to  itself^  leaves  the  next  den- 
sity. But  when  any  quantities  are  continually  diminished  by 
parts  which  are  proportional  to  themselves^  the  remainders 
form  a  series  of  continued  proportionals  s  consequently  these 
densities  are  in  geometrical  progression. 

Thus,  if  the  first  density  be  n,  and  from  each  be  taken 

Its  nih  part  j  there  will  then  iremain  its  -^  part,  or  the  — 

n  It 

part,  putting  m  for  n— I  ;   and  therefore  the  series  of  den- 

.  .         .,, ,         m      til*       mi      »n* 
totieswulbe  D,~i>,  — -  d,—-d,  — -to,  &c.  the  common  ratio 

n        n»       n*         »♦ 

of  the  seHes  being  that  of  o  to  m. 

SCHOLIUM. 

371.  Because  the  terms  of  an  arithmetical  series^  ace  piv>^ 
ponional  to  the  logarithms  of  the  terms  of  a  geometncal 
mfkOA :  therefore  different  altitudes  above  the  earth's  sur-- 


Digitized  by 


Google 


DENSITY  OF  TllE  ATMOSPHERE.  2^5 

face,  are  as  the  logarithms  of  the  deasities,  or  of  the  weighta 
of  air,  at  those  altitudes. 

So  that,  if  D  denote  the  density  at  the  altitude  A^ 
and  d    •    the  density  at  the  altitude  a ; 
then  A.  being  as  the  log.  of  d,  and  a  as  the  log.  of  dy 

the  dif.  of  alt.  (i— ^  will  he  as  the  log.  d— log.  d,  or  log.  ^. 

And  if  A  >a  0,  or  D  the  density  at  the  surface  of  the  earth  ; 

then  any  altitude  above  the  surface  a,  is  as  the  log.  of -^^ 

d 

Or,  in  general,  the  log.  of  ^  is  as  the  altitude  of  the  on^, 

place  above  the  other,  whether  the  lower  place  be  at  th<^ 
surface  of  the  earth,  or  any  where  else* 

And  from  this  property  is  derived  the  method  of  deter>- 
xnining  the  heights  of  mountains  and  other  eminences,  b^ 
the  barometer,  which  is  an  instrument  that  measures  the 
pressure  or  density  of  the  air  at  any  place.  For,  by  takings 
with  this  instrument,  the  pressure  or  density,  at  the  foot  of 
ai«Shill  for  instance,  and  again  at  the  top  of  it,  the  differ- 
ence Qj^^he  logarithms  of  these  two  pressures,  or  the  loga« 
rlihm  of  their  quotient,  will  be  as  the  difference  of  altitude^ 
or  as  the  height  of  the  hill  ;  supposing  the  temperatures  of 
the  air  to  be  the  same  at  both  places,  and  the  gravity  of  air 
not  altered  by  the  different  distances  from  the  earth's 
centre. 

372.  But  as  this  formula  expresses  only  the  relations  li»e'' 
tween  different  altitudes  with  respect  to  their  dendiies,  re* 
course  must  be  had  to  some  experiment,  to  obtain  the  real 
altitude  which  corresponds  to  any  given  density,  or  the  den- 
sity which  corresponds  to  a  given  altitude.  And  there  are 
various  experiments  by  which  this  may  be  done.  The  first, 
and  most  natural,  is  that  which  results  from  the  known  spe« 
cific  gravity  of  air,  with  respect  to  the  whole  pressure  of  the 
atmosphere  on  the  surface  of  the  earth  Now,  as  the  alti- 
tude a  is  always  as  log.  ~- ;  assume  h  so  that  a  ess  A  X  log.  -~-| 
a  d 

tf  here  h  will  be  of  one  constant  value  for  all  altitudes ;  and  to 
determine  that  value,  let  a  case  be  taken  in  which  we  knov 
the  altitude  a  corresponding  to  a  known  density  d  ;  as  for 
Instance,  take  a  sss  l  foot,  or  1  inch,  or  some  such  small  al- 
titude ;  then,  because  the  density  n  may  be  measured  by  thd 
pressure  of  the  atmosphere,  or  the  uniform  column  of  27600 
fteti  when  the  temperature  is  55*  ;  therefore  aretO  feet  will 
VeE.  n.  Q  g  ^«A?^, 
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denote  the  density  p  at  the  lower  placet  and  S7599  the  lesS 

27600 
density  d  at  1  foot  above  it ;  consequently  1  s  A  x  log.  t;=^* 

'434294^8 
which,  by  the  nature  of  logariihms,  is  nearly  «  A  X  -  ^^^^ 

-3s nearly  ;  and  hence  h  s=  63551  feet;  which  giveS| 

63531 
for  any  altitude  in  generalythis  theorem,  viz.  a  as  63551  X 

log.  -,  or  s   63551    X  log  ^    feet,  or  10593    X  log.    i 

bthoms  ;  where  m  is  the  cofunin  of  mercury  which  is  equal 
to  the  pressure  or  weight  of  the  atmosphere  at  the  bouona, 
and  m  that  at  the  top  of  the  altitude  a  ;  and  where  m  and  vt 
may  be  taken  in  any  measure,  either  feet  or  inches,  &c. 

373.  Note,  that  this  formula  is  adapted  to  the  mean  tem- 
perature of  the  idr  S5^.  But,  for  every  degree  of  tempe- 
rature different  from  this,  in  the  medium  between  the  tern* 
peratures  at  the  top  and  bottom  of  the  altitude  a^  that  ald- 
tude  will  vary  by  its  435th  part ;  i»hich  must  be  added«  when 
that  medium  exceeds  55°,  otherwise  subtracted. 

374.  Note,  also,  that  a  column  of  30  inches  of  inercury 
varies  its  length  by  about  the  j|^  part  of  an  inch  for  eveij 
degree  of  heat,  or  rather  ^^^^  of  the  whole  volume. 

375.  But  the  formula  may  be  rendered  much  more  con- 
venient for  use,  by  reducing  the  factor  10592  to  10000,  by 
changing  the  temperature  proportionally  from  55^  ;  thus, 
asthediff.  592  is  the  18th  part  ot  the  whole  factor  10593; 
and  as  18  is  the  24th  part  of  435  ;  therefore  the  correspond- 
ing change  of  temperature  is  34^,  which  reduces  the  55^  te 

SI*'.    So  that  the  formula  is,  a  a  10000  x  log.  ^  fathoma^ 

when  the  temperature  is  31  degrees  ;  and  for  every  degree 
above  that,  the  result  is  to  be  increased  by  so  many  times  its 
435th  part. 

376.  Exam.  1.  To  find  the  height  of  a  hill  when  the 
pressure  of  the  atmosphere  is  equal  to  39  66  inches  of  mer- 
cury at  the  bottom,  and  35  38  at  the  top  ;  the  mean  tem- 
perature being  50*>  ?  Ans.  4378  feet,  or  730  fathoms. 

377.  Jexaw.  2.  To  find  the  height  of  a  hill  whentba 
atmosphere  weighs  39*45  inches  of  mercury  at  the  bottom, 
and  26*83  at  thcf  top,  the  mean  temperature  being  S3*>  \ 

Ans.  398if  fipet^  or  397H«^^^^* 
378.  Mx^m,  5. 
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378.  B9am.  3.  At  what  altitude  is  the  density  of  the  at- 
monphere  ooly  the  4tb  part  of  what  it  is  at  the  earth's  sur- 
face ?  Ans.  6020  fathoms. 

By  the  weight  and  pressure  of  the  atmosphere^  the  effect 
and  operations  of  pneumatic  engines  may  be  accounted  for, 
and  explained  ;  such  as  siphons,  pumps »  barometers,  &c  ;  of 
which  it  aiay  not  be  improper  here  to  give  a  brief  description. 


OF  THE  SIPHON. 

379  The  Siphon,  or  Syphon,  is  any  — 

beni  tube,   having  itb  two  legs  either 
of  equal  or  of  unequal  length. 

If  it  be  filled  with  water,  and  then 
inverted,   with   the   two   open    ends 
downward,  and  held  level  in  that  po- 
sition ;  the  Wdter  will  remain  suspend- 
ed m  it,  if  the  two  legs  be  equal.  For 
the  atmosphere  will  press  equally  on 
the  surfkice  of  the  water  in  each  end, 
and  support  them,  if  they  are  not  more  than  34  feet  high  ;  and 
the  legs  being  equal,  the  water  in  them  is  an  exact  counter- 
poise by  their  equal  weights  ;  so  that  the  one  has  no  power 
to  move  more  than  the  other ;  and  they  are  both  supported 
by  the  atmosphere. 

But  if  now  the  siphon  be  a  little  inclined  to  one  side,  ao 
thai  the  orifice  of  one  end  be  lower  than  that  of  the  other  ; 
or  if  the  legs  be  of  unequal  length,  which  is  the  same  thing  ; 
then  the  equilibrium  is  destroyed,  and  the  water  will  all  de- 
scend out  by  the  lower  end,  and  rise  up  in  the  higher. 
ToTf  the  air  pressing  equally,  but  the  two  ends  weighing 
unequally,  a  motion  must  commence  where  the  power  is 
greatest,  and  so  continue  ull  all  the  water  has  run  out  by  ih^ 
lower  end  And  if  the  shorter  leg  be  immersed  into  a  vessel 
of  Water,  and  the  siphon  be  set  a  running  as  above,  it  will 
continue  to  run  till  all  the  water  be  exhausted  out  of  the 
vessel,  or  at  least  as  low  as  that  end  of  the  nphuo.  Or.  it 
nay  be  set  a  running  wiihoiu  filling  tlie  siphon  as  abeve.  by 
only  inverting  it,  with  its  shorter  leg  into  the  vessel  of  water  ; 
then,  with  the  mouih  applied  to  the  lower  orifice  a,  suck 
the  air  out ;  and  the  water  will  presently  follow,  being  lorced 
up  into  the  siphon  by  the  pressure  erf*  the  air  oD  the  water 
XD  gie  yessel.  ^^ 
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OF  THE  PUMP- 

380.  TpXJtK  are  three  aorta 
of  pumpa  :  the  Sucking,  the 
Lifting,  dnd  the  Forcing  Pump. 
By  the  firat,  wdder  can  be  raised 
only  to  about  34  feet,  viz.  by 
the  preasure  of  the  atroosptiere; 
bui  by  the  othera^  to  any  height ; 
but  then  they  require  more  ap- 
partttua  aiKi  power. 

The  annexed  figure  rcpreaenta 
a  common  aucking  pump  ab 
ia  the  barrel  oi  the  pump>  being 
a  hollow  cylinder,  made  of  me- 
tal, and  amooth  within,  or  of 
wood  ior  very  common  pur* 
poaea  cd  ia  the  iumdle,  move- 
able about  the  pin  E,  by  moving 
the  end  c  up  and  down,  of 
an  iron  rod  turning  about  a  pin 
Pi    which   connects  it  to  the 

end  of  the  handle.  This  rod  ia  fixed  to  the  piston,  bucket,, 
or  suckf.r,  ro«  by  which  this  is  moved  up  and  down  within 
th*;  barrel,  which  it  roust  til  very  tight  and  close,  that  no  air 
oi-  water  may  pass  briwcen  the  piston  and  the  aides  of  the 
barrel ;  and  for  this  purpose  ii  is  comn»onIy  armed  with 
leather.  The  piston  in  made  hollow,  or  it  has  a  perforation 
through  it,  the  oritice  of  which  is  covered  by  a  valve  h 
opening  upwards,  i  is  a  plug  firmly  fixed  in  the  lower  part 
of  the  barrel,  also  perforated,  and  covered  by  a  valve  &  open- 
ing upwards. 

381*  When  the  pump  is  first  to  be  worked,  and  the  water 
is  below  the  plug  i «  raise  the  end  c  of  the  handle,  then  the 
piston  descending,  compresses  the  air  in  hi,  which  by  its 
spring  shuts  fast  the  valve  k,  and  pushes  up  the  valve  h> 
and  so  enters  into  the  barrel  above  the  piston.  Then  put- 
ting the  end  c  of  the  handle  down  again,  raises  the  piston 
or  sucker,  which  lifta  up  with  it  the  column  of  air  above  it, 
the  external  atmosphere  by  its  pressure  keeping  the  valve  H 
shut :  the  ur  in  the  barrel  being  thus  exhausted,  or  rarefied, 
ia  no  Icmger  a  counterpoise  to  that  which  presses  on  the  sur- 
face of  the  water  in  the  well ;  this  is  forced  up  the  pipe,  and 
through  the  valve  k,  into  the  barrel  of  the  pump.  Then 
ptis^g  the  piston  down  again  into  this  water,  now  in  ibe 
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barrel  its  weight  shuts  the  lower  valve  k,  and  its  resistance 
forces  up  the  valve  of  the  piston,  and  enters  the  upper  part 
of  the  barrel,  above  the  piston.  Then,  the  bucket  being; 
raised,  lifts  up  with  it  the  water  which  had  passed  above  its 
valve,  and  it  runs  out  by  the  cock  l  ;  and  taking  off  the 
weight  below  it,  the  pressure  of  the  external  atmosphere  on 
the  water  in  the  well  agun  forces  it  up  through  the  pipe  and 
lower  valve  close  to  the  piston,  all  the  way  as  it  ascends,  thus 
keeping  the  barrel  always  full  of  water.  And  thus  by  re- 
pealing the  strokes  of  the  piston,  a  continued  discharge  is 
made  at  the  cock  i.. 


OF  THE  AIR  PUMP. 

S82.  NsASLT  on  the  same  principles  as  the  water  pump^ 
Is  the  invention  of  the  Air-pump,  by  which  the  air  is  draw  a 
out  of  any  vesseJ,  like^  as  water  is  drawn  out  by  the  former* 
A  brass  barrel  19  bored  and  polished  truly  cylindrical,  and  ex<*- 
acUy  fitted  with  a  turned  piston,  so  that  no  air  can  pass  l^ 
the  sides  of  it,  and  furnished  with  a  iH'Oper  valve   opening 
tip  ward.    Then  by  lifting  up  the  piston,  the  air  in  the  close' 
vessel  below  it  follows  the  piston,  and  fills  the  barrel ;  and 
being  thus  diffused  through  a  larger  space  than  before,  whea 
It  occupied  the  vessel  or  receiver  only,  but  not  the  barrel^ 
it  is  made  rarer  than  it  was  before,  in  proportion  as  the  ca- 
pacity of  the  barrel  and  receiver  together  exceeds  the  re-> 
ceiver  alone.     Another  stroke  of  the  piston  exhausts  another 
barrel  of  this  now  rarer  air,  which,  again  rarefies  it  in  the 
same  proportion  as  before.     And  so  on,  for  any  number  of 
strokes  of  the  piston,  still  exhausting  in  the  same  geometri- 
cal progression,  of  which  the  ratio  is  that  which  the  capacit|r 
of  the  receiver  and  barrel  together  exceeds  the  receiver,  till 
this  is  exhausted  to  any  proposed  degree,  or  fts  far  as  the  na« 
ture  of  the  machine  is  capable  of  performing  ;  which  happens 
when  the  elasticity  of  tlie  included  air  is  so  far  diminished,  by 
rarefying,  that  it  is  too  feeble  to  push  up  the  valve  of  the  piS" 
ton,  and  escape. 

383.  From  the  nature  of  this  exhausting,  in  geometrical 
progression,  we  may  easily  find  how  much  the  air  in  the  re- 
ceiver is  rarefied  by  any  number  of  strokes  of  the  piston  ;  or 
wrhat  number  of  such  strokes  is  necessary,  to  exhaust  the  re- 
ceiver to  any  given  degree.  Thus,  it  the  capacity  of  the  re- 
ceiver and  barrel  together,  be  to  that  of  the  receiver  alone> 

as 
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as  c  to  ri  and  1  denote  the  natural  density  of  the  air  at  iirat : 
then 

e  :  r  :  :  I  :  — i  the  densiiy  after  one  stroke  of  the  piston, 

^  ;  r  :.  :  —  ..  — j,  the  denshy  aficr  2  sirokes> 

c  ;  r  :  :~  :  — ,  the  density  after  three  strokes, 

Sec.  and  — ,  the  densiiy  after  n  strokes. 

So;  if  the  barrel  be  equal  to  ^  of  the  receiver  j  then  r  :  r  :  : 

5:4;  and  ~  »  0  8«  is  =  </  the  density  after  n  turns.     And 

if  n  be  20,  then  0-  8**  =  0 » 15  is  the  density  of  the  included 
air  after  20  sirok<  s  of  the  pUion  j  which  being  the  86^1^^  part 
of  1,  or  the  fii'st  densiiy,  it  follows  that  the  air  is  86 j?^  uroes 
rarefied  by  the  20  strokes. 

384.  Or,  if  it  were  required  to  find  the  nunibcr  of  strokes 
necessary  to  rarely  the  air  any  number  of  times  ;  because 

!!^  is  B  the  proposed  density  di  therefore,  taking  the  loga« 

rithms,  n  X  log  -1  =  log.  d,  and  »  =  j-^  ^  -^ ,    the    num* 

bcr  of  strokes  required.  So  if  r  be  |  of  c  ,  and  it  be  re- 
quired to  rarify  the  air   100  times:  then  d  = -^4^  or  01; 

and  hence  n  =  J2Ll1I^  »   20|   nearly.     So    that .  in    20| 

strokes  the  air  will  be  rarefied  100  times. 


OF  THE  DIVING  BELL  &  CONDENSING  MACHINE. 

• 

385.  On  the  same  principles  too  depend  the  opperations 
and  cfiect  of  the  Condensing  Engine,  by  which  air  may  be 
condensed  to  any  degree  instead  of  rarefied  as  in  the  air- 
pump.  And,  like  an  the  air-pump  rarefies  the  air,  by  ex- 
tracting always  one  barrel  of  air  after  another  ;  so,  by  this 
other^ machine,  the  air  is  condensed,  by  throwing  in  or  add- 
ing always  one  barrel  of  air  after  another  ;  which  it  is 
evident  may  be  done  by  only  turning  the  valves  of  the 
piston  and  barrel,  that  is,  making  them  to  open  the  con- 
trary way)  and    working  the  piston  in  the  same  manner ; 
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so  that»  ai^thejF  both  open  upward  or  outward  in  die  air-pump 
or  rarefier,  they  will  both  open  downward  or  inward  in  tho 
condenser. 

386.  And  on  the  same  principles,  namely,  of  the  com- 
pression and  elasticity  of  the  air,  depends  the  use  of  the 
Diving:  Bell,  which  is  a  large  vessel,  in  which  a  person  de- 
scends to  the  bottom  of  the  sea,  the  open  end  of  the  vessel 
bein^  downward  ;  only  in  this  case  the  air  is  T!ot  condensed 
by  forcing  more  of  it  into  the  same  space,  as  in  the  condens- 

•  ing  engine ;  but  by  compressing  the  same  quantity  of  air 
into  a  less  space  in  the  bell,  by  increasing  always  the  force 
which  compresses  it. 

387.  If  a  vessel  of  any  sort  be  inverted  into  water,  and 
pushed  or  let  down  to  any  depth  in  it ;  then  by  the  pressure^ 
.of  the  water  some  of  it  will  asce#d  into  the  vessel,  but  not 
so  high  as  the  water  without,  and  \%i]I  corv. press  the  air  into 
less  space,  according  to  the  difference  between  the  heights  of 
the  internal  and  external  water  ;  and  the  density  and  elastic 
force  of  the  dXr  will  be  increased  in  the  same  proportion,  aa 
its  space  in  the  vessel  is  diminished. 

So,  if  the   tube  gb   be  inverted,  and    pushed  down    into 
water,  till  the  external  water  exceed  the  internal,  by  the 
height  AB,  and  the  air  of  the  tube  be  reduced  to  the  space 
CD  ;  then  that  air  is  pressed  both  by  a  co- 
lumn of  water  of  the  height  ab,  and  by  the 
whole  atmosphere,  which  presses  on  the 
upper  surface  of  ihe  water  j  consequently 
the  space  cd  is  to  the  whole  space  c£,  as 
the  weight  of  the  atmosphere,  is  to   the 
weights  both   of  the  atmosphere  and  ihe 
column  of  water  ab.    So  that    if  ab   be 
about  34  feet,  which  is  equal  to  the  lorce 
of  the  atmosphere,  then  en  will  be  equal 
to  ^cs  ;  but   if  AB  be   double  of  that,  or 
68  feet,  then  cd  will  be  jce;    and  soon.     And  hence,  by 
knowing  the  depth  af,  to  which  the  vessel  is  sunk,   we  can 
easily  find  the  point  d,  to  which  the  water  will  rise  within  it 
at  any  time.     For  let  the  weight  of  the  atmosphere  at  that 
time  be  equal  to  .hat  of  34  feei  of  water ;  also,  let  the  depth 
Af  be  30  feet,  and  the  length  of  the  tube  ce  4  feet :  then  put- 
ting the  height  of  the  internal  water  de  s  x, 

it  is      S4  +  AB  :  34  : :  CB  :  en, 

that  is  34  Hh  AF  '•DB :  34 : :  CE  :  CE  •^  de, 

or  54— -a? :  34  ::  4  :4— a?  ; 

hencey  multiplying  extremes  and  means^  3 16  —  SSx  +  x^ 

=55  136, 
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cfi!  136,  and  the  root  is  x  aa  i/  2  very  nearly  sas  1*4U  of  t 
foot,  or  17  inches  nearly  ;  being  the  height  um  to  which  the 
water  will  rise  within  the  tube.  * 

S88.  But  if  the  vessel  be  not  equally 
wide   throughout,  but  of  any     other 
shape,  as  of  a  bell-like  form,  such  as 
is  used  in  diving  ;  then    the  altitudes  . 
will  not  observe  the  proportion  above,  ^P 
"buc  the  spaces  or  bulks  only   will  re-  01 
spect  that  proportion,  namely,    34  -f-  gl 
AB  :  34  :  :  Capacity    ckl   :    capacity      I 
CHI,  if  it  be  common  or  fresh  water;   pi 
and  33  +  AB :  33  :  :  capacity  ckb  : 
capacity  chi,  if  it  be  sea-water.    From 
which  proportion,  the  height  DB  may 
be  found,  wiiea  the  natuy  or  shape  of  the  vessel  or  beU  en 
is  known. 


OF  THE  BAROMETER. 

389.  THE  Barometer  is  an  instrument  for  measuring 
the  pressure  of  the  atmosphere,  and  elasticity  of  the  air,  at 
any  time.  It  is  commonly  made  of  a  glass  tube«  of  near 
3  feet  long,  close  at  one  end,  and  filled  with  mercury. 
W'aen  the  tube  is  fulli  by  stopping  the  open  end  with  the 
finger«  then  inverting  the  tube,  and  immersing  that  end  with 
the  finger  into  a  bason  of  quicksilver,  on  remo^ng  the 
finger  from  the  orifice*  the  fluid  in  the  tube  -will  descend 
into  the  bason,  till  what  remains  in  the  tube  be  <^the  same 
weight  with  a  column  of  the  atmosphere,  which  ^s  com- 
monly between  28  and  31  inches  of  quicksilver ;  andleav* 
ing  an  entire  vacuum  in  the  upper  end  of  the  tube  above 
the  mercury.  For,  as  the  upper  end  of  the  tube  is  qtiite 
void  of  air,  there  is  no  pressure  downwards  but  from  the 
column  of  quicksilver,  and  therefore  that  will  be  an  exact 
balance  to  the  counter  pressure  of  the  whole  column  of  at- 
mosphere, acting  on  the  orifice  of  the  tube  by  the  quick' 
silver  in  the  bason.  The  upper  3  inches  of  the  tube,  namclyf 
from  38  to  31  inches,  have  a  scale  attached  to  them  i  divided 
into  inches*  tenths,  and  hundredths,  for  measuring  the 
length  of  the  column  at  all  times,  by  observing  which  divi- 
sion of  the  scale  the  top  of  the  quicksilver  is  opposite  to  •  as 
it  ascends  and  descends  within  these  limits  according  to  the 
state  of  the  atmosphere. 
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^  ^  that  the  weight  of  the  quick- 
silver in  the  tube,  aboTe  that  in 
the  bason,  is  at  all  tiroes  equal  to 
the  weight  or  pressure  of  the  co- 
lumn of  atmosphere  above  it»  and 
of  the  same  luise  with  the  tube  ; 
and  hence   the  weight  of  it  may 
at  all  limes  be  computed  >  being 
neio'ly  at  the  rate  of  half  a  pound 
avoirdupois     for     every    inch    of 
quicksilver  in  the  tube,  on   every 
square    inch    of   base ;  or    more 
exactly  it   is  /^  of  a  pound   on 
the  square  inch,  for  every  inch  in 
the  altitudeof  thequicksilverweighs 
just  -^i^b,  or  nearly  k  a  pound,  in 
the  mean  temperature  of  55®  of 
heat.  And  consequently,  when  the 
barometer  stands  at  30  inches,  or 
H  feet  high,  which  is  nearly  the 
medium    or  standard  height,  the 
whole  pressure  of  the  aimosphefe 

is  equal  to  14-|  pounds,  on  every  square  idch  of  the  base ;  and 
so  in  proportion  for  other  heights. 


OF  THE  THERMOMETER* 

390.  THE  Thbbmomstmk  is  an  instrument  for  mea- 
sunng  the  temperature  of  the  air,  as  to  beat  and  cold. 

It  is  found  by  experience,  that  all  bodies  expand  by  heat, 
jmd  contract  by  cold  ;  and  hence  the  degrees  of  expansion 
become  the  measure  of  the  degrees  of  heat.  Fluids  are 
more  convenient  for  this  purpose  than  solids  :  and  quick- 
silver b  now  most  commonly  used  for  it.  A  very  6ne  glass 
^  having  a  pretty  large  hollow  ball  at  the  bottom,  is 
filled  about  half  way  up  with  quicksilver  :  the  whole  being 
then  heated  very  hot  till  the  quicksilver  rise  quite  to 
the  top,  the  top  is  then  hermetically  sealed*  so  as  perfectly 
toexcbde  all  communication  with  the  outwa.d  air.  Then, 
iBCooliiig,  the  quicksilver  contracts,  and  consequently  its 
sor&ce  descends  in  the  tube,  till  it  come  to  a  certain  poin^ 
correspondent  to  the  temperature  or  heat  oi  the  air.  And 
when  the  weather  becomes  warmer,  the  quicksUver  expi*n^«> 

VouII.  Hh  •"* 
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and  its  surface  rises  in  the  tube  ;  and 
again  contracts  and  descends  when  the 
weather  becomes  cooler.  So  that,  by 
placing  a  scale  of  any  divisions  against 
the  side  of  the  tnbCt  it  vill  show  the 
degrees  of  heat  by  the  expansion  and 
contraction  of  the  quicksilFer  in  the 
tube  ;  observing  at  vrhat  division  of  the 
scale  the  top  of  the  quicksilver  stands. 
And  the  method  of  preparing  the  scale, 
as  used  in  England,  is  thus  :^  Bring  the 
thermometer  into  the  temperature  of 
freezing,  by  immersing  the  ball  in  water 
just  freezing,  or  in  ice  just  thawing,  and 
mark  the  scale  where  the  mercury  then 
standsi  for  the  point  of  freezing.  Next, 
immerge  it  in  boiling  water  ;  and  the 
quicksilver  will  rise  to  a  certain  height 
in  the  tube  ;  which  mark  also  on  the 
scale  for  the  boiling  point,  or  the  heat 
of  boiling  water.  Then  the  distance  be- 
tween these  two  points,  is  divided  into 
1 80  equal  divisions,  or  degrees  ;  and  the 
like  equal  degrees  are  also  continued  to  any  extent  below  die 
freezing  point,  and  above  the  boiling  point.  The  divtsioiis 
are  then  numbered  as  follows  ;  name^,  at  the  freezing  point 
is  set  the  number  32,  and  consequently  313  at  the  bttttog 
point ;  and  all  the  other  numbers  in  their  order. 

This  division  of  the  scale  is  commonly  called  Fahrenheit's. 
According  to  this  division,  55  is  at  the  noean  temperature  of 
the  air  in  this  country  y  ami  it  is  in  this  temperature>  and  in 
an  atmosphere  which  sustains  a  column  of  30  inches  of 
quicksilver  in  the  barometer,  that  all  measures  and  specific 
gravities  are  taken,  unless  when  otherwise  mentioned  i  and 
in  this  temperature  and  pressure  the  relative  weights,  or 
specific  gravities  of  air»  water,  and  quicksilver,  are  as 

i|  tor  air,  fand  these  also  are  the  weights  of  a  cu- 

1000  for  water,  •<  bicfoot  of  each,  in  avoirdupois  ounces, 
13600for  mercury;  (^  in  that  state  of  the  barometer  and 
thermometer.  For  other  states  of  the  thermometer,  each 
of  these  bodies  expands  or  contracts  according  to  the  follow- 
ing  rate^  with  each  degree  of  heat,  viz. 

Air  about    -     ^f,  part  of  its  bulk; 

Water  about    ^^l^  part  of  its  bulk, 

Mercury  about  77^*  part  of  its  bulk* 

ON 
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ON  THE  MEASUREMENT  OF  ALTITUDES  BY  THB 
BAROMETER  AND  THfRMOMETER. 

391.  FROM  the  principles  laid  down  in  the  scholium  to 
prop  76^  concerning  the  measuring  of  altitudes  by  the  baro- 
SDeter»  and  the  forgoing  descriptions  of  the  barometer  and 
thermooieter,  we  may  now  collect  together  the  precepts  for 
the  practice  of  such  measurements,  which  are  as  follow  : 

I^irie .  Obserre  the  height  of  the  barometer  at  the  hottom 
of  any  height,  or  depth,  intended  to  be  measured  ;  with  the 
teatperature  of  the  qutcksilver,  by  means  of  a  thermometer 
attached  to  the  barometer,  and  also  the  temperature  of  the 
air  in  the  shade  by  a  deuched  thermometer. 

Setondly.  Let  the  same  thing  be  done  also  at  the  top  of  the 
said  height  or  depth,  and  at  the  same-  time,  or  as  near  the 
same  time  as  may  be.  And  let  those  altitudes  of  barometer 
be  reduced4o  the  same  temperature,  if  it  be  thought  neces- 
sary, by  correcting  either  the  one  or  the  other,  that  is,  aug- 
ment the  height  of  the  mercury  in  the  colder  temperature, 
or  diminish  t)^  io  the  warmer,  by  its  yy^-^part  for  erery  de- 
gree of  difference  of  the  two. 

Thirdly  Take  the  difference  of  the  common  logarithms 
of  the  two  heights  of  the  barometer,  corrected  as  above  if 
necessary,  cutting  off  S  ngures  next  the  rigbt  hand  for 
decimals,  when  the  log-tables  go  to  7  figures,  or  cut  off  only 
S  figures  when  the  tables  go  to  6  places,  and  so  on;  or  in 
general  remove  the  decimal  point  4  places  more  towards  the 
right  hand,  those  on  the  left  hand  being  fiithoms  in  whole 
aumbers. 

Fourthiy,  Correct  the  number  last  found  for  the  difference 
of  temperature  of  the  air,  as  follows  ;  Take  half  the  sum  of 
the  two  temperatures,  for  the  mean  one  :  and  for  every  de- 
gree which  this  differs  from  the  temperature  31*,  take  so 
aaany  times  the  .^  part  of  the  fathoms  above  found,  and 
add  them  if  the  mean  temperature  be  above  31  *,  but  subtract 
them  if  the  mean  temperature  be  below  3 1  <^  ;  and  the  sum  or 
^fference  will  be  the  true  altitude  in  iathoms  i  or,  being 
multiplied  bf  6,  it  will  be  the  altitude  in  feet. 

393.  ExamfUe  1,  Let  the  state  of  the  barometers  and 
thermometers  be  as  follows ;  to  find  the  altitude,  viz. 


BaroiiK 

Lbwer39'68 
UppcrSS-SS 


Thermom. 

attach.  I  detich. 

57  57 

43      j       4S 


Ans.  the  alt.  Is 


395.  Sxam. 


Digitized  by 


Google 


3S6         THE  RESISTANCE  OP  FLUIDS,  kc 

393.  £xam»  2.  To  find  the  altitude,  when  the  state  of  the 
biromctersand  thermoineterB  is  as  follows,  viz. 


Barom. 

Lower  39  45 
Upper  36"82 


Thennoin* 

atuch  I  detach. 

38    I      31 

41    I      35 


Ans  the  alt.  is 
409^^  fathoms, 
or  3458  feet. 


ON  THE  RESISTANCE  OF  FLUIDS,  WITH  THEIR 
FORCES  AND  ACTIONS  ON  BODIES 

PBOPOSmOK  LXXYIL 

S94.  If  any  Body  Move  through  a  Fluid  at  Rent^  or  the  Fltda 
Move  against  the  Body  at  Rett  ;  the  Force  or  Resistance  of 
the  Fluid  against  the  Body^  vnll  be  as  the  Squart  of  the  FelO' 
city  and  the  Density  qf  the  Fluid     That  is,  ^  qc.  </v" . 

FoK»  the  force  or  resistance  is  aa  the  quantity  of  matter 
or  pditicles  siruck,  and  the  velocity  with  which  they  arc 
struck.  But  the  quaotiiy  or  number  of  particles  struck  ia 
any  tin(ie»  are  as  the  velocity  and  the  denwty  of  the  fluid. 
Therefore  the  resistance,  or  force  of  the  fluid*,  is  as  the  deti- 
idty  and  square  of  the  velocity. 

395.  Coroi.  \,  The  resistance  to  any  plane,  is  alsomtffe 
or  less,  as  the  plane  is  f;:reater  or  less ;  and  therefore  the 
Teslstance  on  any  plane,  is  as  the  area  of  the  plane  a«  the 
density  of  the  medium,  and  the  square  of  the  velocity.  That, 
isROiadv*, 

396.  CoroL  3.  If  the  motion  be  not  perpendicular,  but 
oblique  to  the  plane,  or  to  the  face  of  the  body ;  then  the 
resistance,  in  the  direction  of  motion,  will  be  diminished  in 
the  tripllctttc  ratio  of  radius  to  the  sine  of  the  angle  of  in- 
clination of  the  plane  to  the  direction  of  the  motion,  or  as 
the  cube  of  radius  lo  the  qube  of  the  slpe  of  that,  angle.  So 
that  R  a  adv^s^^  putting  1  «  radius,  and  s  «-  sine  of  the 
angle  of  inclination  CAB. 

For,  if  AB  be  the  plane,  ac  the 
direction  of  motmnt  and  bc  perpen- 
dicular toAC;  then  no  more  particles 
meet  the  plane  than  what  meet  the 
perpendicu)arBC«and  therefore  their 
nuiMber  is  diminished  as  ab  to  bc  or 
as  1  to  9.   But  the  force  ofeachpar^ 
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tictef  sliikiog  the  plane  obliquely  in  the  direrdon  ca,  ick 
also  diniinubed  as  ab  to  bc,  or  a^  I  tQ«>  therefore  the 
reaiatance,  which  is  perpendicular  to  the  face  of'  the  pi.xie 
bjr  art  53,  is  as  i*  to  «^.  But  agaln»  this  resibtbnce  in  the 
duectioB  perpendicular  to  the  face  of.  the  plane^  is  ip  that 
in  the  direction  ac,  by  art.  51,  as  ab  to  bc^  or  as  1  to  9. 
Consequently,  on  all  these  accounts,  the  resistance  to  the 
plane  when  moving  perpendicular  to  its  face,  is  to  that 
when  moving  obliquely,  as  1^  to  «',  or  I  to  «*.  That  is, 
the  resistance  in  the  direction  of  the  motion,  is  dimtnished 
as  I  to  a  ^,  or  in  the  triplicate  ratio  of  radius  to  the  sine  of 
inclination.  • 

PROPOSITION  LXXYltl. 

39 f.  The  Real  Reshfance  to  a  Plane^  by  a  Fluid  acting  in  a 
Direction  fierfiendicular  to  it 9  Face^  it  equal  to  the  fVHght 
of  a  Column  of  the  Fluidy  tvhose  Bate  is  the  Plane,  and  Al- 
titude eqiuUto  that  mhich  ia  due  to  the  (Velocity  of  the  Mo" 
Hon  J  or  through  which  a  Heavy  Body  mu9t  fall  to  acquire 
that  Velocity. 

The  resistance  to  the  plane  moving  through  a  fluid,  ia 
the  same  as  the  force  of  the  fluid  in  motion  with  the  same 
velocity,  on  the  plane  at  rest  But  the  force  of  the  fluid  in 
motion,  is  equal  to  the  weight  or  pressure  which  generates 
that  motion ;  and  this  Is  equa^  to  the  weight  or  pressure  of  a 
column  of  the  fluid,  whose  base  is  the  area  of  the  plane,  and 
its  altitude  that  which  is  due  to  the  velocity. 

398.  CoroL  1.  If  a  denote  the  area  of  the  plane,  v  the 
velocity,  n  tlie  density  or  specific  gravity  of  the  fluid,  and 
g  s  16tt  i<^ct,  or   193  inches.     Then  the  altitude  due .  to 

the  velocity  v  being  ^,  therefore  a  x  «  X  r-  «=  ~-  will 

hp  the  whole  resistance,  or  motive  force  a. 

399.  CoroL  3.  If  the  direction  of  motion  be  not  perpen- 
dicular to  the  face  of  the  plane,  but  oblique  to  it,  ij)  any 
angle,  whose  sine  is  t.    Then  the  resistance  to  the  plane  will 

be  — ; — . 

400.  CoroL  3.  Also,  if  o  denote  the  weight  of  the  body, 
whose  plane  bee  a  ia  resisted  by  the  absolute  force  &  ;  then 
the  retarding  force  /,  or  ?  wili  be^^^'. 

401.  Carol.  4.    And  if  the  body  be  a  cylinder,  whose  face 

O' 
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or  end  is  a^  and  radius  r,  moying  b  the  direction  of  its  axis; 
because  then  f  n   1,  and  a  :^  fir^t  where /i  a  3-14)6  ;  then 

fm^  will  be  the  resisting  force  e,  and^\   '^  -  the  retardinir 

4^  «.  .     4gvf  •» 

force/. 

402.  Cord.  5.  This  is  the  value  of  the  resistance  when 
Hie  end  of  the  cylinder  is  a  plane  pcrpendicnlar  to  its  axis, 
or  to  the  direction  of  motion.  But  were  its  face  an  elliptic 
section,  or  a  conical  surface,  or  any  other  figure  everywhere 
cquiiUy  inclined  to  the  axis,  or  direction  of  motion,  the  sine 
or  inclination  being  <  :  then,  the  number  of  particles  of  the 
fluid  striking  the  face  being*  still  the  same,  but  the  force  of 
each,  opposed  to  the  direction  of  motion,  diminished  in  the 
duplicate  ratio  of  radius  to  the  sine  of  inclination,  the  resist- 

Sng  force  r  would  be  ^^-p---- 

PROPOSITION  LXXIX. 

403.  T/ie  ResUtance  to  a  S/ihere  movint^  through  a  FltUd^  U 
but  Half  the  Resutance  to  itn  Great  Circif,  or  to  the  .End 
of  a  Cylinder  of  the  %ame  Diameter^  movifig  with  an  Mguai 
Velocity, 

Let  afbb  be  half  the  sphere,  moving 
ia  the  direction  cbo-  Describe  the  para- 
boloid AiEKB  on  the  same  base  Let  any 
particle  of  the  oaiediuro  meet  the  semicir- 
cle in  F.  to  which  draw  the  tangent  yo^ 
the  radius  fc,  and  the  ordinate  fih  Then 
the  force  of  any  particle  on  the  surface  at 
w,  is  to  its  force  on  the  base  at  h,  as  the 
square  of  the  sine  of  the  angle  o,  or  its 
equal  the  angle  vch,  to  the  square  of  radius,  that  »,  as 
HF*tocF*.  Therefore  the  force  of  ail  the  particles,  or  the 
whole  fluid,  on  the  whole  surface,  is  to  its  force  ob  the 
circle  of  the  base,  as  all  the  hf*  to  as  many  times  cf^. 
But  CF*  is  Bs  CA*  a  AC  .  cB,  and  HF*  ae  AH  .  RB  by  the 
nature  of  the  circle  :  also,  ah  .  rb  :.  ac,  .  cb  :  :  hi  :  cb  by 
the  nature  of  the  parabola :  consequently  the  force  on  the 
spherical  sutlface,  is  to  the  force  on  its  circular  base,  as 
all  the  Hi's  lo  as  many  cE*St  that  is,  as  the  content  of  the 
.paraboloid  to  the  content  of  its  circumscribed  cylinder,  namely^ 
as  1  to  2 

404.    Corol  Hence,  the  resistance  to  the  sphere  is  b  ■» 

^~    ,  being  the  half  of  that  of  a  cyUnder  of  the  same 

diameter.. 
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diameter.  For  example)  a  9lb  iron  bally  whose  diameter  is 
4  inches,  when  moving  through  the  air  with  a  yeiocity  of 
1 600  feet  per  second,  would  meet  a  resistance  which  is  equal 
to  a  weight  of  I33|lb,  over  and  above  the  pressure  of  the  at- 
mosphere, for  want  of  the  counterpobe  behind  the  wall. 


PRACTICAL  EXERCISES  CONCERNING  SPECIFIC 
GRAVITY. 

The  St>ecific  Grsivitles  of  Bodies  are  their  relative  weights 
contained  under  the  same  given  magnitude  »  as  a  cubic  foot) 
or  a  cubic  inch,  &c. 

The  specific  gravities  of  several  sorts  of  matter,  are  ex- 
pressed by  the  numbers  annexed  to  their  names  in  the  Table 
of  Specific  Gravities,  at  page  211;  from  which  the  numbers 
are  to  be  taken,  when  wanted. 

JVbfe.  The  several  sorts  of  wood  are  supposed  to  be  dry. 
^Iso,  as  a  cubic  foot  of  water  weighs  just  1000  ounces 
avoirdupois,  the  numbers  in  the  table  express,  not  only  the 
specific  gravities  of  the  several  bodies,  but  also  the  weight 
of  a  cubic  foot  of  each  in  avoirdupcns  ounces;  and  hence, 
by  proportion,  the  weight  of  any  other  quantity,  or  the 
quantity  of  any  other  weight,  may  be  known,  as  in  the  follow* 
ing  problems. 

PROBLEM  L 

TQjtnd  the  MdgnUude  qfany  Body j /ram  its  Weight. 

As  the  tabular  specific  gravity  of  the  body, 
Is  to  its  weight  in  avoirdupois  ounces, 
So  is  one  cubic  foot,  or  1723  cubic  inches. 
To  its  content  in  feet,  or  inches,  respectively. 

KXAMPLES* 

GiAM.  1.  Reqiured  the  content  of  an  irregular  block  of 
common  stone,  which  ipreighs  Icwt  or  1 12lb> 

Ans.  1228|  cubic  inches. 

Exau.  3.  How  many  cubic  inches  of  gunpowder  are  there 

in  lib  weight  ?  Ans  29 )  cubic  inches  nearly. 

Exam   3.  How  many  cubic  feet  are  there  in  a  ton  weight  of 

dry  oak  ?  Ans,  88f||  cubic  feet. 

PROaUBM 
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PBOBLEM  n. 

To  find  the  Weight  of  a  Body  from  it9  Magnitude, 

As  one  cubic  foot,  or  1738  cubic  incheSi 
Is  to  ihe  content  of  the  body, 
So  i»  its  tabuUr  {Specific  gravit7> 
To  the  weight  of  the  body. 

EXAMPLE& 

Ex/iM.  1.  Required  the  weight  of  a  block  of  marble, 
whose  length  is  63  feet,  and  breadth  and  thickness  each  U 
feet  ;  nnng  the  dlnaensions  of  one  of  the  stones  In  the 
wails  of  Balbeck  ? 

Ans.  683^^  ton,  which  is  nearly  equal  to  the  burden 

of  an  East-Iodia  ship. 

ExAU    3    What  is  the  weight  of  1  pint,  ale  measure,  of 

gunpowder  ?  Ans.  19  oz.  nearly. 

Ex/kic-  3  What  is  the  weight  of  a  block  of  dry  oak,  which 

measures  10  feel  in  length,  3  feet  broad,  and  3}  feet  deep  { 

Ana.  4d35}flt. 

PBOBLBMIE. 

To  find  ihe  Specific  Gravity  of  a  Body. 

Casb  1.  When  the  body  is  heavier  than  water,  weigh  it 
both  in  water  and  out  of  water,  and  take  the  difference,  which 
will  be  the  weight  lost  in  water.    Then  say, 

As  the  weight  lost  in  water, 

Is  to  the  whole  weight, 

So  is  the  specific  gravity  of  water. 

To  the  specific  gravity  of  the  body. 

fix  AMPLE. 

A  piece  of  stone  weighed  101b,  but  in  water  only  6^Ib,  re- 
quired its  ijp' cific  gravity  ?  Ans.  2609. 

Cass  2  When  the  body  is  lighter  than  water,  so  that  it  will 
not  quite  sink,  affix  to  it  a  piecia  of  another  body,  heavier  th^ui 
water,  so  that  the  mass  compounded  of  the  two  may  sink  to- 
gether. Weigh  the  denser  body  and  the  compound  mass  se- 
parately, both  in  water  and  out  af  it ;  then  find  how  much  each 
loses  in  water,  by  subtracting  its  weight  in  water  from  its 
weight  in  air  ;  and  subtract  the  leas  of  these  remainders  from 
•the  greater,    Then  say,  As 
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As  the  last  remainder. 
Is  to  the  weight  of  the  light  body  in  air, 
Sols  I  he  specific  gravity  of  water, 
To  the  specific  gravity  of  the  body, 

EXAMPUS. 

Suppose  a  piece  of  elm  weighs  iSlb  in  air  ^  and  that  a  piece 
of  copper  which  weighs  IStbin  air,  and  161b  in  water,  is  affix- 
ed to  it,  and  that  the  compound  weighs  61b  in  water ;  required 
the  specific  gravity  of  the  elm  ?  Ans.  600. 

PROBLEM  rv. 

To  find  rheQuantitieB  of  Tiuo  Ingredients^  in  aGivenCom/iound^ 

Tare  the  three  differences  of  every  pair  of  the  three 
specific  gravities,  namely,  the  specific  gravities  of  the  com- 
pQurul  and  each  ingredient ;  and  multiply  the  difference  of 
every  iwo  specific  gravities  by  the  third.  Then  say,  as  the 
g^reatest4>roduct.  is  to  the  lyhote  weight  of  the  compound, 
so  u  each  of  the  other  products,  to  the  two  weights  of  the  in- 
gredients. 

EXAMPLE. 

A  composition  of  1121b  being  made  of  tin  and  copper, 
whose  specific  gravity  if  found  to  be  8784  ;  required  the 
qnantiiy  of  each  ingredient,  the  specific  gravity  of  tin  being 
7320,  and  of  copper  9000  ? 

Ans.  there  is  lOOlb  of  copper?    .      . 

and  consequently  I2lb  of  dn$    *"  *^  composiUon. 


OF  THE  WEIGHT  AND  DIMENSIONS  OF  BAIXS 
AND  SHELLS. 

Thb  weight  and  dimensions  of  Balls  and  Shells  might  be 
found  from  the  problems  last  given,  concerning  specific  gra- 
vity But  they  may  be  found  still  easier  by  means  of  the 
experimented  weight  of  a  ball  of  a  given  size,  from  the 
known  proportion  of  similar  figures,  namely,  as  the  cubes 
cif  their  diameters. 

PROBLEM  L 

To  find  the  Weight  of  an  Iron  BalUfrom  its  Diameter. 

An   iron  ball  of  4  inches  diameter  weighs  9lb,  and  the 

weights  being  as  the  cubes  of  the  diameters,  it  will  be,  as  64 

Vol.  II.  *         I  i  (which 
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(which  19  the  cuhe  of  4)  is  to  9  its  wsight,  so  is  the  cube  of 
the  diameter,  of  any  other  ball*,  to  its  weight.  Or,  take  J^  of 
tlie  cube  of  the  diameter,  for  the  weight.  Or,  take  J  of  the 
cube  of  the  diameter,  and  }  of  that  again,  and  add  the  two 
together,  for  the  weight. 

EXAMPLES. 

£x  AM.  1.  The  diameter  of  an  iron  shot  being  67  inches^ 
required  its  weight  ^  Ans.  42-294lb. 

Exam  3.  What  is  the  weight  of  an  iron  ball,  whose  dia* 
meter  is  5*54  inches  ?  Ans  24lb  searljr. 

PROBLEM.  U. 

Tojindthc  Weight  of  a  Leaden  Ball. 

A  leaden  ball  of  one  inch  diameter  weighs  ^^^  of  a  lb ;  there- 
fore  as  the  cube  of  1  is  to  ^\  or  as  14  is  to  3,  so  is  the  cube 
of  the  diameter  of  a  leaden  ball,  to  its  weight.  Or,  ^ke  ^^  ^f 
the  cube  of  the  diameter,  for  the  weight,  nearly. 

EXAMPLES. 

Exam,  1.  Reqmred  the  weight  of  a  leaden  ball  of  6*6  inches 
diameter  ?  Ans  61*6061b* 

Exam.  2.  What  is  the  weight  of  a  leaden  ball  of  5*30incheft 
diameter?  Ans. 321b  nearty. 

PROBI£M  HL 

To  find  the  Diameter  of  an  Iron  Ball, 

Multiply  the  weight  by  7|,  and  the  cube  root  of  the 
product  will  be  the  diameter. 

EXAMPLES, 

Exam.  1.  Required  the  diametei:  of  a  421b  iron  ball^ 

Ans.  6*685  inches.^ 
Exam.  2.  What  is  the  diameter  of  a  24lbiron  bail  I 

Ans.  5*54  inches* 

PROBLEM  IV. 
To  find  the  Diameter  of  a  Leaden  Ball, 

Multiply  the  weight  by  14,  and  divide  the  product 
by  3  i  then  the  cube  root  of  the  quotient  will  be  the  di« 
ameter. 

EXAMPUBSL 
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EXAMPLES. 

Exam.  1.  Required  the  diameter  of  a  641b  leaden  ball  f 

Ans  6^84  iuches. 

Exam.  2.  What  is  the  diameter  of  an  81b  leaden  ball  ? 

Ans.  3*343  incites. 

PROBLEM  V. 

To  find  the  Weight  of  an  Iron  Shell 

Take  ^%  of  the  difference  of  the  cubes  of  the  external  and 
intenidl  diameter,  for  the  weight  of  the  shell. 

That  is,  from  the  cube  of  the  external  diameter,  take  the 
cube  of  the  internal  diameter,  multiply  the  remainder  by  9^ 
and  divide  the  product  by  64. 

EXAMPLES. 
Exam.  1.  The  outside  diameter  of  an  iroi\  shell  being  12-8| 
and  the  inside  diameter  9- 1  inches  ;  reauired  its  weight  ? 

Ans*  188  9411b. 
Exam.  2  What  is  the  weight  qf  an  iron  shell,   whose  ex- 
ternal and  uiternal  diameter^  s^re  9  8. and  7  inches  ? 

An8.84|lb. 

PROBLEM  TL 

To  find  how  much  Powder  will  fill  a  Shell, 
Divide   the  cube  of  the  iniemal  diameter,  in  inches,  by 
57*3,  for  the  lbs  of  powder* 

EXAMPLES.^ 

Exam.  I  How  much  powder  will  fiH  the  shell  whose  in« 
tttPnal  diameter  is  9  I  inches  ?  ^         Ans.  IS^-^lb  nearly. 

Exam  3.  How  much  powder  will  fill  a  shell  whose  in- 
ternal diameter  is  7  inches  ?  Ans.  6lb. 

PROBLEM  VIL 

To  find  how  much  Powder  will  fill  a  'Rectangular  Box, 
Find  the   content  of  the  box  in  inches,  by  multiplying  th« 
lengib,  breadth,  and  depth  all  together.    Then  divide  by  30 
for  the  pounds  of  powder. 

EXAMPLES, 

Exam.  I.  Required  the  quantity  Jr  powder  that  will  fill 
a  box,  the  length  being  15  inches,  the  breadth  13,  and  the 
depth  10  inches  \  ^'  Ans  eolb. 

EXAM  ft 
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Exam.  2  How  .much  poiiird*r  wW  fill  a  cubical  box  vhose 
ttde  is  12  inches  ?  Ans.  57}lb. 

PROBLEM  VnZ. 

To  Jindhovf  much  Powder  wUlJiil  a  Cylinder, 
Multiply  the  square  of  the  diameter  by  the  length,  then 
divide  by  38  2  for  the  pounds  of  powder. 

EXAMPLES. 

EzAH.  !•  How  much  powder  will  the  cylinder  hold,  whoso 
diameter  is  10  inches*  and  length  20  inches?  Ans.52|.Ib  nearly. 

Exam  2-  How  much  powder  can  be  contained  in  the 
ftylinder  whose  diameter  is  4  inches,  and  length  12  inclu's  ? 

Ans.  5^f  ^Ih* 

PBOBLKMDC. 

To  find  the  Size  of  a  Shell  to  contain  a  Given  Weight  ofPowder* 
Multiply  the  pounds  of  powder  by   5f -3,  and  the    cube 
l^oot  of  the  product  will  be  the  diameter  in  inches. 

EXAMPLES. 

E^AM.  1.  What  is  the  diameter  of  a  shell  that  will  hold 
1 3{  of  powder  >  Ans.  9*  1  inches. 

Exam.  2.  What  is  the  diamoter  of  a  shell  to  contain  6Ib 
of  powder  \  Ans.  7  inches. 

PBOBLEM  X. 

To  find  the  Size  of  a  Cubical  Box  to  contain  a  given  Weighs  qf 
-  Powder. 

Multiply  the  weight  in  pounds  by  3CV  ani|  the  cube  root 
of  the  product  will  be  the  side  of  the  box  in  inches. 

EXAMPLES. 

Exam.  1.  Required  the  side  of  a  cubical  box,  to  hold  50lb 
of  gunpowder?  '   Ans.  11,44  inches^ 

Exam.  2.  Requifed  the  side  of  a  cubical  box,  to  hold 
400ib  of  gunpowder  i  Ans.  22  89  incbes* 

PROBLEM  XL 

To  find  what  Length  of  a  Cylinder  will  be  filled  by  a  given 
^eiMht  of  Gunfiowder. 

Multiply  the  weight  in  pounds  by  38*3,  and  divide  the 
Broduc^  by  the  square  ef  tho  diameter  in  inches  tor  the 
length.  EXAMPX^SI, 
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ExAK.  !•    What  length  of  a  36.pounder  gun^  of  6f  inches 
diafflcier,  will  be  filled  with  121b  of  gunpowder  ? 

Ans.  10  314  inches. 

Exam.  2      What  length  of  a  cylinder,  of  8  inches  dianieteri 
may  be  filled  with  20lb  of  powder  f  Ans.  i  l^l  inche^ 


OF  THE  PILING  OF  BALLS  AND  SHELLS. 

Iron  Balls  and  Shells  are  commonly  piled  by  horiawntal 
courses,  either  in  a  pyramidical  or  in  a  wedge-like  form  ;  the 
base  bemg  either  an  equilateral  triangle,  or  a  square,  or  a 
rectangle.  In  the  triangle  and  square,  the  pile  finishes  in  m 
single  ball ;  but  in  the  rectangle,  it  finishes  in  a  single  row  of 
t>alls,  like  an  edge. 

in  triangular  and  square  piles,  the,  number  of  horizontal 
rows,  or  courses,  is  always  equal  to  the  number  of  balls  in 
one  side  of  the  bottom  row.  And  in  rectangular  piles,  the 
number  of  rows  is  equal  to  the  numbea  of  balls  in  the  breadth 
of  the  bottom  row.  Also,  the  number  in  the  tmp  row,  or 
ipdge,  is  one  more  than  the  differeneo  bi^tween  the  length  mi 
breadth  of  the  bottom  row. 

PBOBI£M  I. 

To  find  the  JVUmber  of  BulU  in  a  Triangi^kir  PUt. 

Multipl't  continually  together  the  number  of  balls  in  one 

side  of  the  bottom  row,  and  that  number  increased  by  I,  also 

the  same  number  increased  by  2  \  then  ^  of  the  last  product 

will  be  the  answer. 

rr»L  ^  •     »«n  +  l*«+2.     -  .  , 

That  isy 2 IS  the  number  or  sum.  wher^  n  is 

o 

the  number  in  the  bottom  mw^ 

BKAHPLES. 

4 

Exam.  1.  Required  the  number  of  balls  in  a  triangular  pile, 

each  side  of  t(ie>ba»e  containing  30  balls  ?  .  Ans.  4960. 

^  ExAAf .  2.  How  many  balls  are  in  the  triangular  pile,  each 

side  of  the  base  containing  20  ?  Ans.  \$4^ 

FBOBUSIC 
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PROBLEM  a. 

To  find  the  JVumder  of  Bails  in  a  Square  Pile, 
Multiply  continually  tog:eihcr  th^  number  in  one  side 
•f  the  bottom  course,  that  number  increased  by  I,  and  double 
the  same  number  increased  by  I ;  then  ^.  of  the  last  preduct 
will  be  the  answer. 

That  is,  '*'~  +  ^'^»'*-^  is  the  number. 

EXAMPLES. 

Exam.  L  How  many  balls  are  in  a  sqiiare  pile  of  30  rows  > 

Ans.  9455. 
ExAtf .  2.  How  many  balls  ?ire  in  a  square  pile  of  20  rows  ? 

.•  Ans*  2870. 

PROBLEM  nt 

To  find  the  Mimber,  of  BalU  in  a  Rectangular  Pile. 
From  3  times  the  number  in  the   length  of  the  base  row 
subtract  one  less  than  die  breadth  of  the  same,  multiply  the 
remainder  by  the  same  breadth,  and  the  product  by  one  more 
than  the  same,  and  divide  by  6  for  the  answer. ' 

That  IS, — " —  IS  the  number  5    where  /  w 

o 

the  length,  and  b  the  breadth  of  the  lowest  course. 

liote.  In  all  the  p^les  the  breadth  of  the  bottom  is  equal  te 

the  number  of  courses.     And  in  the  oblong  or  rectangular 

pile,  the  top  row  is  one  more  than  the  difference  between  the 

length  and  breadth  of  the  bottom. 

EXAMPLES. 

EzAH.  1.  Required  the  number  of  balls  in  a  rectangular 
Bile,  the  length  and  breadth  of  the  base  row  being  46  and  15  ^ 

Ans.  4960. 

Exam.  2  How  many  shot  are  in  a  rectangular  complete 
pile,  the  length  of  the  bottom  course  bebg  59,  and  its  breadth 
20?.  Ans.  1106a. 

PROBLEM  IV. 

To  find  the  Number  of  BalU  in  an  Incomfilete  Pile. 

From  the  number  in  the  whole  pile,  considered  as  com« 
plete,  subtract  the  number4n  the  upper  pile  which  is  want* 

ins 
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ing  at  the  top,  both  computed  by  the  rule  for  their  proper 
form ;  and  the  remainder  will  be  the  number  in  the  frastum> 
or  incomplete  pile. 

EXAMPLES. 

^  Exam.  I.  To  find  the  number  of  shot  in  tlie  incomplete 
trianf^ular  pile,  one  side  of  the  bottom  coui^e  being  40,  and 
the  top  course  20  ?  Ana.  10150. 

Exam.  3.  How  many  shot  are  in  the  incomplete  triangular 
pile,  the  side  of  the  base  being  24,  and  of  the  top  8  f 

Ans.  2516. 

Exam.  3.  How  many  balls  are  in  the  incomplete  square 
pile,  the  side  oi  the  bas»e  being  24,  and  of  the  top  8  ? 

Ans.  4760; 

Exam.  4.  How  many  shot  are  in  the  incomplete  rectangu^* 
lar  pile,  of  \2  courses,  the  length  and  breadth  of  the  base  be<^ 
ing  40  and  20  ^  Ans.  6146. 


OF  DISTANCES  BY  THE  VELOCITY  OF  SOUND. 

Bt  various  experiments  it  has  been  fotmd,  that  sound  dies : 
thruugh  the  air,  uniformly  at  the  rate  of  about  1 142  feet  in 
1  second  of  time,  or  a  mile  in  4  f  or  y  seconds.  And  there- 
fore, by  proportion,  any  distance  may  be  found  corresponding 
to  any  given  time  ;  namely,  multiplying  the  given  time,  iu 
aeconds,  by  1142,  for  the  corresponding  distance  in  feet.; 
or  taking  <f',  of  the  given  time  for  the  diauince  in  miles.  Or 
dividing  any  given  distance  by  these  numbers,  to  find  the  cor? 
responding  time. 

Note.  The  time  for  the  passage  of  sound  in  the  interval  be- 
tween seeing  the  flash  of  a  gun,  or  lightning,  and  hearing 
the  report,  may  be  observed  by  a  watch,  or  a  small  pendulum. 
Or,  it  may  be  observed  by  the  beats  of  the  pulse  in  the  wrisf, 
counting,  on  an  avergp,  about  70  to  a  minute  for  persons  in 
moderate  health,  or  5^  pulsations  to  a  mile  ;  and  more  or  less 
Recording  to  circumstances! 

EXAMPLES. 

Exam.  1.  After  observing^  a  Sash  of  lightning,  it  was  IQ 
seconds  before  the  thunder  was  heard  ;  required  the  distance 
of  the  cloud  from  whence  it  came  ?  Ans.  9^  miles 

Exam.  2.  How  long,  after  firing  the  Tower  guns,  may 

the 
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the  report  he  heard  tci  Shooief'8-Hill,  supposing  the  distance 
10  be  8  miles  in  a  straight  line  ?  Ans,  37^  seconds* 

Exam  3.  After  observing  the  firing  of  u  large  cannon  at 
a  distance,  it  was  7  seconds  before  the  report  vas  heard  ; 
i^hat  was  its  distance  ?  Ans.  l^  mile. 

Exam.  4.  Perceiying  a  man  at  a  distance  hewing  down  a 
tree  with  antixe^I  remarked  that  6  of  my  pulsations  passed 
between  seeing  him  strike  and  bearing  the  report  of  the 
Mow ;  what  was  the  distance  between  us,  allowing  70  p\ilses 
to  a  minute  ?  Ans.  1  mile  and  198  jayAs, 

Exam.  5.  How  far  off  was  the  cloud  from  which  thunder 
issued,  whose  report  was  5  pulsations  after  the  flash  of  light- 
ming  ;  counting  75  to  a  minute  f  Ans.  1533  yards* 

Exam.  6.  If  I  see  the  flash  of  a  cannon^  fired  by  a  ship  in 
distress  at  sea,  and  hear  the  report  33  seconds  after,  how  far 
is  she  off  ?  Ans.  7^^  miles. 


PRACTICAL  EXERCISES  IN  MECHANICS,  STA-; 
TICS,  HYDROS  lATICS,  SOUND,  MOTION,  GRaV- 
TTY,  PROJECTILES,  AND  OTHER  BRANCHES  OF 
NATURAL  PHILOSOPHY. 

Question  1.  Required  the  weight  of  a  cast  iron  ball  of 
3  indhes  diameter,  supposing  the  weight  of  a  cubic  inch  of  the 
metal  to  be  O-SsSlb  avoirdupois  ?  Ans.  3  647391h, 

Quest  2.  To  determine  the  weight  of  a  hollow  spherical 
iron  shell,  5  inches  in  diameter,  the  thickness  of  the  meul  be- 
ing one  inch  ?  Ans.  13'3387lb. 

Quest.  3.  Being  one  day  ordered  to  observe  how  far  a  bat- 
tery of  cannon  was  from  me,  I  counted,  by  my  watch,  17  sec- 
onds between  the  time  of  seeing  the  flash  and  hearing  the  re- 
port ;  what  then  was  the  distance  ?  Ans.  5|  miles. 

Quest.  4.  It  is  proposed  to  determine'  the  proportionai 
quantities  of  matter  in  the  earth  aad  moon ;  the  density  of  the 
former  being  to  that  of  the  latter,  as  10  to  7,  and  their  diame- 
ters as  7930  to  2 160.  Ans.  as  71  to  I  nearif. 

Quest.  5.  What  difference  is  there,  in  point  of  weighty 
between  a  block  of  marble,  containing  1  cubic  foot  and  a  half> 
and  another  brasa  of  the  same  dimensions  ? 

Ans.  4961b  14oz. 

Quest.  6.  In  the  walls  of  Balbeck  in  Turkey,  tbe  ancient 
HelioppUsi  there  are  three  stones  laid  end  to  end,  now  in  sight, 

that 
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that  measure  in  length  6 1 3rard s  ;  one  of  which  in  particufar 
is  21  jards  or  63  feet  longt  ^^  ^^^t  thick«  and  12  feet  broad  : 
nonr  if  this  block  be  marble,  what  power  would  balance  it,  so 
as  to  pre]»are  it  for  moving  f 

Ans.  683/^  ions,  the  burden  of  an  East-India  dhi];»» 
Quest.  7.  The  battering-ram  of  Vespasian  weighed,  sup- 
pose 10,000  pounds;  and  was  moved,  let  us  jidniit,  with 
Auch  a  velocity,  by  strength  of  hand,  as  to  pass  through 
SO  feet  in  one  second  of  time  ;  and  this  was  found  sufficient 
to  demolish  the  walls  of  Jerusalem.  The  questien  is,  with 
what  velocity  a  321b  ball  must  move,  to  do  the  same  execu- 
tion ?  '  Aos.  6250  feet. 
Quest.  8.  There  are  two  bodies»  of  which  the  one  con* 
tains  S5  times  the  matter  of  the  other,  or  is  25  times 
heavier ;  but  the  less  moves  with  1000  times  the  velocity  oS 
th«  greater ;  in  what  proportion  then  are  the  momentai  or 
forces,  with  which  they  moved  ? 

Ans  the  less  moves  with  a  force  40  times  greater. 

QussT.  9>  A  body,  weighing  20lb,  is  impelled  by  such  a 

force,  as  to  send  it  through  a  100  feet  in  a  second ;  with  what 

velocity  then  would  a  body  of  81b  weight  move,  if  it  were 

impelled  by  the  same  force  ?  Ans.  ^50  feet  per  second. 

QUBST.  10.  There  are  two  bodies,  the  one  of  which  weighs 

lOOlb,  the  other  60  ^  but  the  less  body  is  impelled  by  a  force 

8  times  greater  than  the  other ;  the  proportion  of  the  veloci* 

ties,  with  which  these  bodies  move,  is  required  ? 

Ans.  the  velocity  of  the  greater  to  that  of  the  less,  as  3  to  40. 

QcBST.  11.  There  are  two  bodies^  the  greater  contains 
8  times  the  quantity  of  matter  in  the  less,  and  is  moved  with 
a  force  48  times  greater ;  the  ratio  of  the  velocities  of  these 
two  bodies  is  required  ? 

Ans.  the  greater  is  to  the  less,  as  6  to  1« 

QuBST*  13,  There  are  two  bodies,  one  of  which  moves 
40  times  swifter  than  the  other ;  but  the  swifterbody  h^l 
moived  only  one  minute,  whereas  the  other  has  been  in  mo- 
tion 3  hours  :  the  ratio  of  the  spaces  described  by  these  two 
bodies  is  required  ? 

Ans.  the  swifter  is  to  the  slower,  as  1  to  3, 

Quest.  18.  Supposing  one  body  to  move  §0  times  swifter 
than  another,  as  also  the  swifter  to  move  12  minutes,  the 
other  only  I  s  what  difference  will  there  be  between  the 
spaces  described  by  them,  supposing  the  last  has  moved  5 
feet  ?  Ans.  1795  feet. 

Quest.  14.    There  are  two  bodies  the  one  of  which  has 

passed  over  50  miies)  the  other  only  5  ;  and  the  first  haj 

Vol.  IL  Kk  nu)ved 
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moved  with  5  times  the  celeritjr  of  the  second  ;  -what  is  the 
ratio  of  the  times  they  have  been  in  describing  those  spaces  ? 

Ans.  as  2  to  I. 

QvKST.  15.     If  a  lever,  40  effective  inches  long,  wilUby 

a  certain  power  thrown    successively    on  it,    in    13  hours» 

raise  a  weight  104  feet ;  in  what  time  will  two  other  leversi 

each  18  effective  inches  longi  raise  an  equal  weight  73  feet  f 

Ans.  10  hours  8^  minutes. 
Quest.  16.  What  weight  will  a  man  be  able  to  raise,  who 
presses  with  the  force  of  a  hundred  and  a  half,  on  the  end 
of  an  equipoised  handspike,  100  inches  long,  meeting  with  a 
convenient  prop  exactly  7^  inches  from  the  lower  end  of  the 
machine  ?  Ans.  30721b, 

Quest.  17.  A  weight  of  Ijlb,  laid  on  the  shoulder  of  a 
man,  is  no  greater  burden  to  him  than  its  absolute  weight, 
or  24  ounces  :  what  difference  will  he  feel  between  the  said 
weight  applied  near  his  elbow,  at  12  inches  from  the  shoul- 
der, and  in  the  palm  of  his  hand,  28  inches  from  the  same ; 
and  how  much  more  must  his  muscles  then  draw  to  support 
it  at  right  angles,  that  is,  having  his  arm  stretched  right  out  \ 

Ans.  24lb  avoirdupois. 
Quest.  18  What  weight  hung  on  at  70  inches  from  the 
centre  oi  motion  of  a  steel-yard,  will  balance  a  small  gun  of 
9^  cwt,  freely  suspended  at  3  inches  distance  from  the  said 
centre  on  the  contrary  side  f  Ans.  SOJIb* 

Quest.  19.  It  is  proposed  to  divide  the  beam  of  a  steel- 
yard,  or  to  find  the  points  of  division  where  the  weights  of 
t,  2,  3, 4,  &c«  lb,  on  the  one  side«  will  just  balance  a  constant 
weight  of  95lb  at  the  distance  of  2  inches  on  the  other  side 
of  the  fulcrum  ;  the  weight  of  the  beam  being  lOlb,  and  its 
whole  length  36  inches  f 

Ans.  30,  15,  10,  74,  6,  5,  4^,  3J,  3j,  3,  2/^,  2},  &c 
Quest  20.  Two  men  carrying  a  burden  of  2001b  weight 
between  them,  bung  on  a  pole,  the  ends  of  which  rest  on  their 
sroulders  ;  how  much  of  this  load  is  borne  by  each  man,  the 
Weight  hanging  6  inches  from  the  middle,  and  the  whole 
length  of  the  pole  being  4  feet  I  Ans.  125lb  and  75lb. 

Quest.  31.  If,  in  a  pair  of  scales,  a  body  weigh  90lb  in 
one  scale,  and  only  40lb  in  the  other ;  required  its  true 
weight,  and  the  proportion  of  the  lengths  of  the  two  arms  of 
the  balance  beam,  on  each  side  of  the  point  of  suspension  .' 

Ans.  the  weight  601b,  and  the  proportion  3  to  3. 
Quest.  22.  To  find  the  weight  of  a  beam  of  timber,  or 
other  body,  by  means  of  man's  own  weight,  or  any  other 
weight.  For  instance,  a  piece  of  tapering  timber,  24  feet 
long,  being  laid  over  a  prop,  or  the  edge  of  another  beam, 
is  found  to  balance  itself  when  the  prop  is  i3  feet  Irom  the 
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^  Ibss  end;  but  remevlog  the  prop  a  foot  nearer  to  the  said 

ead,  it  ukes  a  mao*8  weight  of  21  Oib«  sunding  on  the  less 
*  end,  to  hold  it  in  equilibrium.    Required  the  weight  of  the 

tree  f  Ana.  252015. 

QuBST«  23.  If  AB  be  a  cane  or  walking-stick,  40  inches 
{ong>  suspended  by  a  string  sn  fastened  to  the  middle  point 
D  :  now  a  body  being  hung  on  at  e^  6  inches  distance  from 
Of  is  balanced  by  a  weight  of  2Iby  hung  on  at  the  larger  end 
.  A  ;  but  removing  the  body  to  f,  one  inch  nearer  to  n,  the 
3lb  weight  on  the  other  side  is  raoyed  to  g,  within  8  incliea 
of  D,  before  the  cane  will  rest  in  equilibrio.  Required  the 
weight  of  the  body  >  Ans.  24lb. 

Quest.  34  If  ab,  bc  be  two  inclined  planes,  of  the 
lengths  of  30  and  40  inches,  and  moveable  about  the  joint 
at  B :  what  will  be  the  ratio  of  two  weights  p,  q,  in  equi- 
librio on  the  planes,  in  all  positions  of  them  :  and  what  will 
be  the  altitude  bd  of  the  angle  b  above  the  horizontal  plane 
AC)  when  this  is  50  inches  long  P 
f  Ans.  BD  r=  24  ;  and  p  to  q  as  ab  tp  9Qd  or  as  3  to  4* 

\  Quest.  25.  A  lever,  of  6  feet  long  is,  fixed  at  right  angles 

I  in  a  screw,  whose  threads  are  one  inch  asunder,  so  that  the 
f  lever  turns  just  once  round  in  raising  or  depressing  the  screw 
f  one  inch.    If  then  this  lever  be  urged  by  a  weight  or  force 

of  50lb,  with  what  force  will  the  screw  press  ? 

Ans.  S2619ilb. 
Quest.  26.    If  a  man  can  draw  a  weight  of   1501b  up  the 
aide  of  a  perpendicular  wall,  of  20  feet  iiigh  ;  what  weight 
will  he  be  able  to  raise  along  a  smooth  plank  of  30  feet  long, 
laid  aslope  from  the  top  of  the  wall  ?  Ans.  2251b, 

Quest.  27*  If  a  force  of  1501b  be  applied  on  the  head  of 
a  rectangular  wedge,  its  thickness  being  2  inches,  and  the 
length  of  its  side  12  inches  ;  what  weight  will  it  raise  or  ba- 
lance perpendicular  to  its  side  ?  Ans.  900lb. 
Quest.  28.  If  a  round  pillar  of  30  feet  diameter  be  raised 
on  a  plane,  inclined  to  the  horison  in  an  angle  of  Tj*',  or  the 
shaft  inclining  15  degrees  out  of  the  perpendicular  :  what 
length  will  it  bear  before  it  overset  ? 

Ans.  30  {2+iv/3)or  111-9615  feet. 

Quest.  29.     If  the  greatest  angle  at  whicb-a  bank  of  na- 

.  tural  earth  will  stand  be  45** ;  it  is  proposed  to  determine  what 

thickness  an  upright  wall  of  stone  must  be  made  throughout, 

just  to  support  a  bank  of  12  feet  high  ;  the  specific  gravity  of 

the  stone  being  to  that  of  earth,  as  5  to  4. 

Ans.  Y  V^  for  4-29325  feet. 

Quest.  30.    If  the  stone  wall  be  made  like  a  wedge,  or 

|»viqg  iu  upright  section  a  triangle,  tapering  to  a  point   at 

.top, 
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lopi  but  its  side  next  the  bank  of  earth  perpendicular  to  the 
hoiizon  ;  \vJuit  is  its  thickneas  at  the  botloro,  so  as  to  sup* 
port  the  same  bank  ?  Ans.  12  V-}  or  5*36656  feet. 

QuEbT.  SI.  But  if  the  earth  will  only  stand  at  an  angle  of 
SO  degrees  to  the  horizontal  line  ;  it  is  required  to  determine 
the  ihickncbs  of  wall  in  both  the  preceding  cases  ? 

Ans.   the  breadth  of  the  rectangle   13^^^.  or  5*26656, 

but  the  base  of  the  triangular  bank  1 2  ^  ^,  or  6*53667. 

QuEbT.  32.    To  find  the  thickness  of  an  upright  recian- 

guur  wall,  necessary  to  support  a  body  of  water  ;  the  water 

being  10  feei  deep,  and  the  irall  12  feet  high  ;  also  the  speci* 

fie  gravity  of  the  wall  to  that  of  the*water,as  11  to  7. 

Ads  4-204374  feet. 

Quest.  33.  To  determine  the  thickness  of  the  wall  at  the 
botioiTMVtrhen  the  section  of  it  is  triangular,  and  the  altiiudeji 
as  before.  Ans.  5-149^866  feet. 

Quest.  34  Supposing  the  distance  of  the  earth  from  the 
SUD  lo  ha  95  millions  of  miles  ;  i  would  know  at  what  distance 
from  hni  ttuoiber  body  must  be  placed,  so  as  to  receive  light 
and  beat  quadruple  to  that  of  the  earth. 

Ans.  at  half  the  distance,  or  47$  milUona. 

QuE^T.  35.     If  the  mean  distance  of  the  sun  from  us  be 

106  of  his  diunieters  $  how  much  hotter  is  it  at  the  surface 
of  the  sun,  than  under  our  equator  i 

Ans.  1 1236  times  hotter. 

Quest.  36.     The  distance  between  the  earth  and  the  sua 

bclnj^  uccouiued  95  millions  of  miles,  and  between  Jupiter  and 

the,  sun  495  millions  ;  the  degree  of  light  and  heat  received 

by  Juiiiier,  compared  with  that  of  the  earth,  is  required  ? 

Ans  ^VVt»  o^  nearly  ^',  of  the  earth's  light  and  beat. 
Quest.  37.     A   cenain  body  on  the  surface  of  the  earth 
yreighs  a  cwt.   or    1 121b  ;  the  question  ii»  whether  this  bod^ 
must  be  carried,  that  it  may  weigh  only  lOlb  ? 

Ans.  either  at  3*3466  semi-diameters,  or  y^  oi  a  semi- 
diameter,  from  the  centre. 
Quest.  38.     If  a  body  weigh  1  pound,  or  16  ounces,  on  the 
surface   of  the  earth  ;   what  will  its  weight  be  at   50  miles 
above  it,  taking  the  earth's  diameter  at  7930  miles  ? 

Ans.  15oz.  9{dr.  nearly. 

Quest.  39.     Whereabouts,  in  the  line  between  the  earth 

and  moon,  is  their  commoi»  centre  of  gravity  ;  supposing  the 

earth's  diameter  to  be  7930  nuies>  and  the  moon's  3160  ;  also 
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the  density  of  the  former  to  that  of  the  latter,  as  99  to  6d,  or 
as  10  to  7  nearljTy  and  their  mean  distance  30  of  the  earth's 
diameters  ? 

Ads.  at  4{{  parts  of  a  diameter  from  the  earth's  centre, 
or  ^\  parts  of  a  diameter,  or  648  miles  below  the 
*    surface. 

QuKST.  40  Whereabouts,  between  the  earth  and  moon, 
are  itieir  attractions  equal  to  each  other  f  Or  where  must 
another  bodj  be  placed,  so  as  to  remain  suspended  in  equi- 
librio,  not  being  more  attracted  to  the  one  than  to  the  other 
or  having  no  tendency  to  fall  either  way  f  Their  dimensions  , 
being  as  in  the  last  question.  • 

Ans.  From  the  earth's  centre  26^^  1  ^^^^^  earth's 

From  the  moon*s  centre  3yV  j      diameters. 

Quest.  41.  Suppose  a  stone  dropt  into  an  abyss,  should 

be  stopped  at  the  end  of  the  lUh  second  after  its  delivery  ; 

what  space  would  it  have  gone  through? 

Ans.  1946YVfcet. 

Quest.  42.  What  is  the  difference  between  the  depths  of 
two  wells,  into  each  of  which  should  a  stone  be  dropped  at 
the  same  instant,  the  one  will  strike  the  bottom  a  6  seconds, 
the  other  at  10  f  Ans.  1029^  feet. 

Quest  43.  If  a  stone  be  19|  seconds  in  descending  from 
the  top  of  a  precipice  to  the  bottom,  what  is  its  height  t 

Ans.  6 115}^  feet. 

Quest*  44.  In  what  time  will  a  musket  ball,  dropped 
from  the  top  of  Salisbury  steeple,  said  to  be  400  feet  nigh, 
reach  the  bottom  ?  Ans.  5  seconds  nearly. 

Quest.  45.  If  a  heavy  body  be  observed  to  (all  through 
100  feet  in  the  last  second  of  time,  irom  what  height  did  it  fall, 
and  how  long  was  it  in  motion  ? 

Ans.  time  3||f  sec.  and  height  209  ^^  feet. 

Quest.  46.  A  stone  being  let  £Edl  into  a  well,  it  was  ob« 
served  thaty  after  being  dropped,  it  was  10  seconds  before  the 
sound  of  the  fall  at  the  bottom  reached  the  ear.  What  is  the 
depth  of  the  well  i  Ans.  1270  feet  nearly. 

Quest.  47.  It  is  proposed  to  determine  the  length  of  a 

pendulum  vibrating    seconds,    in    the    latitude  of  London, 

where  a  heavy  body  &lls  through  16^^,  feet  in  the  first  second 

of  time  I  Ans.  39  1 1  inches. 

By  experiment  this  length  is  found  to  be  39|  inches. 

Quest.  4S- 
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Quest.  48.  What  is  the  length  of  a  pendulum  ribrating  in 
H  seconda ;  also  in  half  a  secondhand  in  a  quarter  second  ? 
Ana.  the  2  second  pendulum  156j 
the  i  second  pendulum     9|| 
the  i  second  pendulum      3|V|  inches. 

Quest.  49.  What  difference  will  there  be  in  the  number  of 
vibrations,  made  by  a  pendulum  of  6  inches  long,  and  another 
of  12  inches  long,  in  an  hour's  time  ?  Ans.  2692  J. 

Quest.  50.  Observed  that  while  a  stone  was  descending:, 
to  measure  the  depth  of  a  well,  a  string  and  plummet,  that 
from  the  point  of  suspension,  or  the  place  where  it  was  heW, 
to  the  centre  of  oscillation,  measured  just  IS  inches,  had 
made  8  vibrations,  when  the  sound  from  the  bottom  return- 
ed.   What  was  the  depth  of  the  well  ? . 

Ans.  412-61  feet. 

Quest.  51.  If  a  ball  vibrate  in  the  arch  of  a  circle,  10  de- 
grees on  each  side  of  the  perpendicular  ;  or  a  ball  roll  down 
the  lowest  10  degrees  of  the  arch  ;  required  the  velocity  at 
the  lowest  point  ?  the  radius  of  the  circle,  or  length  of  the 
pendulum,  being  20  feet-  Ansr  4  42 1 3  feet  per  second. 

Quest.  53.  If  a  ball  descend  down  a  smooth  inclined 
plane,  whose  length  is  100  feet, .  and  altitude  10  feet  ;  how 
long  will  it  be  in  descending,  and  what  will  be  the  last  ve- 
locity ? 

Ans  the  veloc.  25*364  feet  per  see.  and  time  7*8852  sec. 

^  Quest.  53.  If  a  cannon  ball,  of  lib  weight,  be  fired 
against  a  pendulous  block  of  wood,  ^nd,  striking  the  centre  of 
oscillation,  cause  it  to  vibrate  an  arc  whose  chord  is  30  itiches ; 
the  radius  of  that  arc,  or  distance  from  the  axis  to  the  lowest 
pointof  the  pendulum,  being  118  inches,  and  the  pendulum 
vibrating  in  amali  arcs  40  oscillations  per  minute.  Required 
the  velocity  of  the  ball,  and  the  velocity  of  the  centre  of  osciN 
lation  of  the  pendulum,  at  the  lowest  point  of  the  arc  ;  the 
vrhole  weight  of  the  pendulum  being  5001b  ? 

Ans.  veloc.  ball  1956*6054  feet  per  sec- 
and  veloc.  cent,  oscil.  3*9054  feet  per  sec 

Quest.  54.  How  deep  will  a  cube  of  oak  sink  in  common 
water  ;  each  side  of  the  cube  being  1  toot  f 

Ans.  I  ly'^  inches. 

QussT.  55.  How  deep  will  a  globe  of  oak  sink  in  wa^er ; 
the  diameter  being  1  foot  ?  Ans.  9*9867  inchcs- 

QURST- 
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Quest.  56.  If  a  cube  of  wood^  floating^  in  common  water, 

have  three  inches  of  it  dry  above  the  water,  and  "4  -^j  inches 

dry  when  in  sea  water  ;  it  is  proposed  to  determine  the 

magnitude  of  the  cube,  and  what  son  of  wood  it  is  made  of? 

Ans.  the  wood  is  oak,  and  each  side  40  inches* 

Quest.  57.  An  irregular  piece  of  lead  ore  weighs,  in  air 
12  ounces,  but  in  water  only  7  ;  and  another  fragment 
weighs  in  air  14^  ounces,  but  in  water  only  9  ;  required  their 
comparative  densitiesi  or  specific  gravities  > 

Ans.  as  145  to  \Z2, 

QuisT.  58.  An  irregular  fragment  of  glass,  in  the  scalOf 
weighs  171  grains,  and  another  of  magnet  103  grains;  but 
in  water  the  first  fetches  up  no  more  than  120  grains,  and 
the  other  79  :  what  then  will  their  specific  gravities  turn  out 
to  be  ?  Ans.  glass  to  magnet  as  S93S  to  520^ 

.or  nearly  as  10  to  13. 

Qi7EST.  59.  Hlero,  king  of  Sicily,  ordered  his  jeweller  to 
make  him  a  crown,  containing  63  ounces  of  gold.  The 
workmen  thought  that  substituting  part  silver  was  only  a 
proper  perquisite  ;  which  taking  air,  Archimedes  was  ap* 
pointed  to  examine  it ;  who  on  puttting  it  into  a  vessel  of 
water,  found  it  raised  the  fluid  8-2245  cubic  inches :  and 
having  discovered  that  the  inch  of  gold  more  critically 
weighed  10*36  ounces,  and  that  of  silver  but  5*85  ounces,  ha 
found  by  calculation  what  part  of  the  king's  gold  had  been 
changed.    And  you  are  desired  to  repeat  the  process. 

Ans.  38-8  ounces. 

Quest.  6o*  Supposing  the  cubic  inch  of  common  glass 
weigh  1-4921  ounces  troy,  the  same  of  sea-water  -59542,  and 
of  brandy  -5S68  ;  then  a  seantan  having  a  gallon  of  this 
liquor  in  a  glass  bottle,  which  weighs  3'84ib  out  of  water* 
'  and,  to  conceal  it  from  the  officers  of  the  customs,  throws 
it  overboard.  It  is  proposed  to  determine,  if  it  will  sink^  how 
much  force  will  just  buoy  it  up  i 

Ans.  14*1496  ounces. 

Quest.  61. 'Another  person  has  half  an  anker  of  brandy, 
of  the  same  specific  gravity  as  in  the  last  question  ;  the  wood* 
of  the  cask  suppose  measures  j-  of  a  cubic  foot ;  it  is  proposed 
to  asdgn  what  quantity  of  lead  is  just  requisite  to  keep  the 
cask  and  liquor  under  water  ?  Ans.  89-743  ounces. 

Quest.  62.  Suppose,  by  measurement,  it  be  found  that  a 
man -oi-war^  with  its  ordnajice,  xiggingy  w<*  appointments, 
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sinks    so    deep    as  to    displace  50000  cubic  feet  of  freslt 
water  ;  wlial  is  the  whole  weight  ot  the  vessel  ? 

Ads.  1395y*^tons. 

Quest.  63.  It  is  required  to  determine  what  would  be  tfio 
height  of  the  atmosphere,  if  it  were  every  where  of  the 
same  density  as  at  the  surface  of  the  earth,  when  the  quick- 
silver in  the  barometer  stands  at  30  inches ;  and  also,  what 
would  be  the  height  of  a  water  barometer  at  the  same  time  ? 
Ans.  height  of  the  air  29  ^66^  feet,  or  5-5340  miles 
height  of  water  35  feet. 

Quest.  64.  With  what  velocity  would  each  of  those 
three  fluids,  viz.  quicksilver,  water,  and  air,  issue  througli 
a  smuil  orifice  in  tlie.  bottom  of  vessels^  of  the  respective 
heights  of  SO  inches,  35  feet,  and  5-5240  miles,  estimbting 
the  pressure  by  the  whole  altitudes,  and  the  air  rushing  into  a 
vacuum  ? 

Ans.  the  veloc.  of  quicksilver  13*681  feet> 
the  veloc.  of  water      -    47-447 
the  veloc.  of  air      -    -     1369'« 

Quest.  65.  A  very  large  vessel  of  10  feet  high  (no  mat* 
ter  what  shape)  being  kept  constantly  full  of  water,  by  a 
large  supplying  cock  at  the  top ;  if  9  small  circular  holes^ 
each  j.  of  an  inch  diameter,  be  opened  in  its  perpendicular 
side  at  every  foot  of  the  depth  ;  it  is  required  to  determine 
the  several  distances  to  which  they  will  spout  on  the  hori- 
zontal plane  of  the  base,  and  the  quantity  of  water  discharged 
by  all  of  them  in  10  minutes ) 

Ans.  the  distances  are 

V  36  or  600000 
v'  64  -  8000<K) 
V^  84     -     9-16515 

V  96  -  9-79796 
V'  'CO  -  10  00000 
>/  96  -  9  79796 
V^  84  -  916515 
V'  64  -  8-00000 
v/  36     -     6-00000 

and  the  quantity  discharged  in  10  min«  123-8849  gallons. 

JVbte.  In  this  solution,  the  velocity  of  the  water  is  supposed 
to  be  equal  to  that  which  is  acquired  by  a  heavy  body  in  falling 
through  the  whole  height  of  the  water  above  the  orifice,  and 
that  it  i&  the  same  in  every  part  of  the  holes. 

Quest. 
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QiTBST.  66   Jf  the  inner  axis  of  a  hoJlow  globe •  of  cop- 
L  per,  exhausted  of  air,  be  100  feet;  what  thickness  must  it 

i»  be  of,  that  it  may  just  float  in  the  air  ? 

r  Ans.  *0S688  of  an  mch  thick. 

r 

Quest  67  If  a  spherical  baUoop  of  copper,  of  ^  of  an 
inch  thick,  have  its  cavity  of  100  feet  diameter,  and  be  filled 
with  inflammable  air,  of  ^  o£  the  gravity  of  common  atr| 
what  weight  will  just  balance  it,  and  prevent  it  from  rising 
tip  into  the  atmosphere  ?  Ans.  2 )  3731b. 

Quest  68.  If  a  glass  tube.  36  inches  long,  close  at  top, 
be  sunk  perpendicularly  into  water,  till  it$  lower  or  open 
end  be  30  inches  below  the  surface  of  the  water  ;  how  high 
will  the  water  rise  within  the  tube^  the  quicksilver  in  the 
common  barometer  at  the  same  time  standing  ai  29|  incht;s  i 

Ans.  2-26545  inches. 

QUEST.  69.  If  a  dMng  bell,  of  the  form  of  a  parabolic 
conoid,  be  let  down  into  the  sea  to  the  several  depths  of 
5,  to,  15,  and  20  fathoms  ;  it  is  required  to  assign  the 
respective  heights  to  which  the  water  will  rise  within  it  t 
its  axis  and  the  diameter  of  its  base  being  each  S  feet, 
and  the  quicksilver  in  the  barometer  standing  at  3(i<9 
inches  ? 

Ans.  at    5  fathoms  deep  the  water  rises  2*03546  feet> 
at  10  ....  3('6393 

at  15  ....  3r.i26r 

*  at  20  ^        .        .  4 14653 
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ON  THE  NATURE  AND  SOLUTION  OF  EQtJA. 
tlONS  IN  GENERAL. 

1.  In  order  to  itiTestigate  the  general  properties  of  the 
higher  equations,  let  there  be  assumed  between  an  unknown 
quantity  x.  and  giTen  quantities  a,  6,  c,  d^  an  equation  con- 
stituted of  the  continued  product  of  uniform  bctors :  ^us 

(jp— a)  X  (Jp-^)  X  C^-O  X  («— rf)«o. 
This,  by  performing  the  multiplications,  ttid  arranging  Che 
final  product  according  to  the  powers  or  dimensions  of  or^  ' 
becomes 

ap4— a-^x«  +a3"\Jp*  '^abc\  x  +  abed  s^O.  •  ..(A) 


-dj        +Acf      --*cd> 


+6d\ 
+cd. 

Now  it  is  obvious  that  the  assemblage  of  terms  which  compoae 
the  first  side  of  this  equation  may  become  equal  to  nothing  In 
four  different  ways  ;  namely,  by  supposing  either  x  s  a>  or 
X  tn  6,  or  X  sssCf  or  X  f^  d  i  for  in  either  case  one  or  other 
ofthe&ctors  x— a,:ff— 6,  or— c,  ar-r(f,  wl&  be  equal  to  no* 
thing,  and  nothing  multiplied  by  any  quantity  whatever  wOI 
give  nothing  for  the  product.  If  any  other  value  e  be  pnt 
for  jr,  then  none  of  the  factors  «-*a,  e—  ^,  « —  r,  e— (/,  being 
equal  to  nothing,  their  continued  product  cannot  be  equid  xs$. 
nothing.  There  are  therefore^  in  the  proposed  equation,  four 
roots  or  values  of  x ;  and  that  which  characterizes  these  roou 
is,  that  on  substituting  each  of  them  successively  iosteadofjr, 
^^  Aggregate  of  the  terms  of  the  equation  vanishes  by  the 
opposition  of  the  signs  +  and  — « 

The  preceding  equation  is  only  of  the  fourth  power  or  de- 
gree ;  but  it  is  manifest  that  the  above  remark  applies  to 
equations  of  higher  or  lower  dimensions  :  viz.  that  in  geaeml 
an  equation  of  any  degree  whatever  has  as  many  roots  as  these 
lA'e  units  in  the  exponent  of  the  highest  power  of  the  un- 
known quantity,  and  that  each  root  has  the  property  of  ren- 
dering, by  its  substitution  in  phce  of  the  unknown  quaati^, 
the  aggregate  of  all  the  terms  of  the  equation  equal  to  no- 
thing. 

It  must  be  observed  that  we  cannot  have  all  at  once  x^sa, 
j7 «:  d,  a: »  c,  &c.  for  the  roots  of  the  equation  s  but  that  the 
particular  equations  x  —  a^^O^x  —  6s»0,'^— c«=0,  8cc. 
obtain  only  in  a  di^unctiv^  sense.    They  exist  as  foctors  in 
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the  same  equation^  because  algebra  gives,  by  one  and  the  tame 
formala,  not  only  the  solution  of  the  particular  problem  from 
which  that  formula  may  have  originated,  bdt  also  the  solution 
of  all  problems  which  have  similar  conditions.  The  differ- 
ent roots  of  the  equation  satisfy  the  respective  conditions  ; 
and  those  roots  may  differ,  from  one  another*  by  their  ^uan* 
tuy^  and  by  their  mode  o£  existence. 

It  is  true^  we  say  frequently  that  the  roots  oC  an  equation 
are  x  ss  a^x  =s  6,  x  s  c,  &c.  as  though  those  yalues  ot  x 
existed  conjunctively  s  but  ibis  manner  of  speaking  is  an  <ib<^ 
breviation,  which  it  is  necessary  to  understand  in  the  sense 
explained  above. 

3.  In  the  equation  a-  all  the  roots  are  positive  ;  but  if  the 
fiiotors  which  constitute  the  equation  had  been  x  -f-  o,  x  -f  3| 
^-f-  r,  X  -t-  d,  the  roots  would  have  been  negative  or  sub- 
tractive.     Thus 

^•+fl  X  x»  +ab^  jf*  +abc  \X+  abed  «  0.  •  .  .  (B) 
•f^/         +ccl         +abiit 

+tf)        -i-bcr       +6;cd> 
+bd\ 
+  cdj 

has  negative  roots^  those  roots  being  x  =i  —  a,  x  «  «-  5^ 
xss^c^xssz^di  and  here  again  we  are  to  apply  them  dis« 
juocdvely. 

3.  Some  equations  have  their  roots  in  part  positive,  in  part 
negative.    Such  is  the  following : 

jp«  — alxs^51x-f  a^cssP  •,...,..,.  (C) 


—  fll  x*«Hi51x4-< 
+0      -*^J 


Here  are  the  twa  poaidve  roots«  viz.  xss  o,  x  »  6 ;  and  one 
negative  root,  viz,  o^  ss  —  c :  the  equation  being  constituted 
of  the  continued  product  of  the  three  factors,  x  —  a  ss  0,  x  — ^ 

ss  0,  X  4.  C  ss  O. 

From  an  inspectioD  of  the  equations  a,  b,  c,  it  may  be  in« 
Serred,  that  a  complete  equation  consists  of  a  ntlmber  ol  terma 
exceeding  by  unity  the  ntomber  of  its  roots. 

4.  The  preceding  equations  have  been  considered  as  form* 
ed  from  equations  of  the  first  degree,  and  then  each  of  them 
contains  so  many  of  those  constituent  equations  as  there  are 
units  in  the  exponent  of  its  degree  But  an  equation  which 
exceeds  the  second  dimension,may  be  considered  as  composed 
of  one  or  more  equations  of  the  second  degree,  or  of  the 
thirdi  See  combined,  if  it  be  necessaryi  with  equations  of  the 
first  degree,  in  such  manner,  that  the  product  of  all  those 
coostitaeat  equations  shall  form  the  proposed  equation.    In' 
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deed  vben  an  equation  U  formed  by  the  Auccenire  multipU-r 
cation  ot  several  simple  equations,  quadratic  equations,  cubic 
equations,  &c.  are  formed  ;  which  of  course  may  be  re^^arded 
as  factors  ot  the  resulting  equation. 

5-  Jt  sometimes  happens  that  an  equation  contuns  imagi- 
nary roots  ;  and  thtn  they  will  be  found  also  in  its  const!* 
tueni  equations  This  clasa  of  roots  always  enters  an  equation 
by  pairs  ;  because  they  may  be  considered  as  containing^  in 
their  expression  at  least,  one  even  radical  placed  before  a  ne- 
Ipative  quantity,  and  because  an  even  radical  is  necessarily 
preceded  by  the  double  sign  ±  Let,  for  example,  the  equa- 
tion be  x*-.{2a-2c)j:^  -K«»+6«— 4ar«fc*+rf«>xa  +  (2fl«c+ 
5A»c  -  2cc*-  2ad*)  x+  {a»+d«)  .  (c»+  rf*  )  =  0  This  may 
be  regarded  as  conbtituted  of  the  two  subjmned  quadratic 
equations,  x'  —  2cx-*-a*  +  A*  ss  0,  x*+  2cx+  c*  +  rf*  =0  : 
and  each  of  these  quadratic  contains  two  imaginary  roots  ; 
the  first  giving  Xs=a±6v^  —  1,  and  the  second  x  <«>»  —  cdt 

In  the  equation  resulting  from  the  product  of  these  two 
quadratics,  the  coefficients  of  the  powers  of  the  unknown 
quantity,  and  of  the  last  term  of  the  equation,  are  real  quan- 
^tie^,  though  the  constituent  equations  contain  imaginary 
quantities ;  the  reason  is,  that  these  latter  disappear  by  means 
of  addition  and  multiplication* 

Tiie  same  will  take  place  in  the  equation  (x— ^)  .  (x  -f  6) « 
(X*  -f-  2cx  +  r'  4^*)  =  0,  which  is  formed  of  two  equations 
of  the  first  degree,  and  one  equation  of  the  second  whose 
roots  are  imaginary. 

These  remarks  being  premised,  the  subsequent  geaerai 
theorems  will  be  easily  established. 

THEOREM  I. 

Whatever  be  the  Species  of  the  Roots  of  an  Equation,  when 
the  Equation  is  arranged  according  to  the  Powers  of  the 
Unknown  Quantity,  if  the  First  Term  be  positive,  and 
have  unity  tor  its  Coefficient,  the  following  Properties  may 
be  traced  : 

I.  The  first  term  of  the  equation  is  the  unknown  quantity 
raised  to  the  power  denoted  by  the  number  of  roots. 

II.  The  second  term  contains  the  unknown  quantity  raised 
to  a  power  less  than  the  former  by  unity,  with  a  coefficient 
equal  to  the  sum  of  the  roots  taken  with  contrary  signs.    . 

IIL  The  third  term  contains  the  unknown  quantity  raised 
to  a  power  less  by  2  than  that  of  the  first  term,  with  a  coeffi- 
cient equal  to  the  sum  of  all  the  products  which  can  be  form- 
ed by.  multiplying  all  the  roots  two  and  two. 
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IV.  The  fourth  term  contains  the  unknown  quantity  raised 
to  a  power  less  by  3  than  that  of  the  first  term,  with  a  coeffi- 
cient equal  to  the  sum  of  all  the  products  which  can  be  made 
by  multiplying  any  three  of  the  roots  with  contrary  signs. 

V   Ai)d  so  on  lo  the  last  term,  which  is  the  continued  px*o*  . 
doct  of  all  the  roots  taken  with  contrary  signs. 

AJI  ihis  is  evident  from  inspection  of  the  equations  exhil>it- 
cd  in  arts.  1,  2,  3,  5. 

Cor.  I.  Therefore  an  equation  having  all  its  roots  real, 
but  some  positive^  the  others  negative,  will  want  its  second 
term  when  the  sum  of  the  positive  roots  is  equal  to  the  sum 
of  the  negauve  roots.  Thus,  for  examplej  the  equation  c 
will  want  its  second  term,  if  a  +  i>  =  c. 

Cor.  3.  An  equation  whose  roots  arc  all  imaginary,  witt 
want  the  second  term,  if  the  sura  of  the  real  quantities  which 
enter  into  the  expression  of  the  roots,  is  paiily  positive,  partly 
negative,  and  has  the  result  reduced  to  nothing,  the  imagina- 
ry, parts  mutually  destroying  each  other  by  addition  in. each 
pair  of  roots.  'Thus,  the  first  equation  of  art.  5  will  want 
the  second  term  if— 2a  +  2c  =  0,  or  a  =  c.  The  second 
equation  <»f  the  same  article,  which  has  its  roots  partly  real, 
partly  imaginary,  will  want  the  second  term  if  6  —  a  -f-  2c  ac 
6,  or  a — b  =  2c.    • 

Cor.  3.  An  equation  will  want  its  third  term,  if  the  sum 
of  the  products  of  the  roots  taken  two  and  two,  is  partly  po* 
^itive,  paitly  negative,  and  these  mutually  destroy  each  other. 

Remark.  An  incpmfUett  equation  may  be  thrown  into  the 
form  olcomfiteu  equations,  by  introducing,  with  the  coefficient 
a  cyfiher^  the  absent  powers  of  the  imkiiown  quantity :  thus, 
for  the  equation  x^  +  r  -^  0^  may  be  written  J7*+0x«-f  0 
or  4-  r  =s  0.    This  in  some  cases  will  be  useful. 

Cor.  4.  An  equation  with  positive  roots  may  be  trans- 
formed into  another  which  shall  have  negative  roots  of  the 
same  value^  and  reciprocally.  In  order  to  this,  it  is  only  ne- 
cessary to  change  (he  sign^  of  the  alternate  terms,  beginning 
with  the  second.  Thus^  for  example,  if  instead  of  the  equa- 
tion a:*  — 8a:*  +  17x— .10  =-0,  wluch  has  three  positive  roots 
1,  2,  and  5,  we  write  x^  +  fijr*  +  17jc  -f- 10  =,0,  this  latter 
equation  will  have  three  negative  roots  x  s=  — #  1,  j?  =  ^«.  2^ 
X  3=  —  5.  In  like  manner^  if  instead  of  the  equation  a: 3  -f. 
2j;*  —  1 3x  +  iO==0,  which  has  two  positive  roots  :r=  I ,  xzsi  2, 
and  one  negative  root  a?  ==  •*  s,  there  be  taken  a:^  —  2j;3-— 
13x  «-  10  =a  0,  this  latter  cqitation  will  have  two  negative 
roots,  X  =  .—  I ,  or  =  —  2,  and  one  positive  root  x  «  5. 

In  general,  if  there  be  taken  the  two  equations,  (jc  —  tf )  X 
(JT— ^)  X  \x^c)  X  U— rf)  X  &c  =s  0,  and  (^-f-.a)  X  (.x+b^.  X 
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(x-K)  X  (^+d)  X  &c  a  0,  of  which  the  roots  ikfe  the  ssine 
in  fnagnitude.  but  with  different  sig;n5  :  if  these  equations  be 
developed  by  actual  mukiplicationt  and  the  terms  arranged 
according  to  the  powers  of  x,  as  in  arts.  1,  2  ;  it  will  be  seen 
that  the  second  terms  of  the  two  equations  will  be  affected 
with  different  signs,  the  third  terms  with  tike  signs, the  fourth 
ternis  with  different  signs,  &c 

When  an  equation  nas  not  all  its  terms,  the  deficient  terms 
nyst  be  supplied  by  cyphers,  before  the  preceding  rule  can  be 
applied. 

Cor,  5.  The  sum  of  the  roots  of  an  equation,  the  sum  o£ 
their  squares,  the  sum  of  their  cubes,  &c.  may  be  found  with- 
out knowing  the  roots  themselves.  For,  let  an  equation  of 
any  degree  or  dimension,  m,  be  x»  +  /r"^*  +  gx^^~^  + 
Ajrm-3  ^  &c  aa  0,  its  roots  being  o,  by  c,  </,  Sec  Then  we 
shall  have, 

1st  The  sum  of  the  first  powers  of  the  ro^ts,  (hat  is,  of 
the  roou  themselves,  oro-f^  +  c  +  ficcss  — /;  since  the 
eoei&cient  of  the  unknown  quantity  in  the  second  termi  is 
equal  to  the  sum  of  the  roots  taken  with  different  signs. 

2dly.  The  sum  of  the  squares  of  the  roots,  is  equal  to  the 
square  of  the  coefficient  of  the  second  term  made  less  by 
twice  the  coefficient  of  the  third  term  :  viz,  a<  -f-  6*  -f  c*  ^ 
&c  ==/»  -^  25^.  For,  if  the  polynomial  a  +  *  +  e  +  &c.  be 
squared,  it  will  be  found  that  the  square  contains  the  sum  of 
the  squares  of  the  terms,  a,  A,  c,  fee.  filue  twice  the  sum  of 
-^he  products  formed  by  multiplying  two  and  two  all  the  roots 
a,  6,  c,  fee.  That  is,  {a+6^c+  &c)*  »  a^  +  6*  -f  r«  +  fee 
+  2{ab  +ac  +bc  +  fee).  But  it  is  obvious,  from  equa.  a,^  b, 
that  (a  4-  ^  +  c  +  &c)»  «/S  and  (ab  +  ac+  b€  +  fee)  »  g^ 
Tiiua  wc  have/*  =.  (a^  +  A«  +  c«  +  fee)  +  fig  ;  and  conse- 
quently «»  4-  ^a  +  ^*  +  fee  «=/»  —  S5^. 
* 

Gdly  The  sum  of  the  cubes  of  the  roots,  is  equal  to  S  times 
the  rectangle  of  the  coefficient  of  the  second  and  third  terms 
made  less  by  U\,e  cube  of  the  co-efficient  of  the  second  term* 
and  3  times  the  coefficient,  of  the  fourth  term  :  viz.  a^  +  6^ 
+  c»  +  &c  «-./3  +  ^g—  3h.  For  we  shall  by  actual  in- 
voluiiom  have  (a  +  d  +  c  +  fec)^  «  a»  +  d»  +  c»  +  fee  + 
3{a  +b  +  c)  X  iab  +  ac  +  be)  —  Sabc.  But («+*+c i-fec)* 
=  — /»,  ia^-b+c+  &c)  X  {ab.  +ac  -f  if  +  fee)  «—  ^, 
tibc  =  —  /i.  Hence  therefore,  —  y^  «'a«  +  A*  +  c*+  fee— • 
Sfg  +  3A  ;  and  consequently,  a»  +  i»  +  c3  +  &c  -^  — /»  + 
5fg  —  3  A.    And  so  on,  for  other  powers  of  the  roots. 

THEOREM 
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THEOBEM  IL 

In  Every  Equatign,  which  contam  only  Real  lloota ; 

I.  If  all  the  roots  are  positive,  the  terms  ofUie  equatioa 
will  be  4-  atid— alternately. 

II.  n  all  the  roots  are  negative,  aH  the  terms  will  have  tbe 
sign  +.  _ 

III.  If  the  roots  are  partly  posiUve,  partly  negative,  there. 
vrill  be  as  many  positive  roots  as  there  are  -uariatiotis  of  signsji 
and  as  many  negative  roots  as  there  are  fiermanenciea  of  signs; 
these  variations  and  permanences  being  observed  from  one. 
term  to  tbe  following  through  the  whole  extent  of  the  equa- 
tion* 

In  all  these,  either  the  equations  are  complete  in  their  termsj 
er  they  are  made  so* 

The  first.part  of  this  theorem  is  evident  from  the  examinar 
tion  of  equation  a  ;  and  the  second  from  equation  b. 

To  demonstrate  the  third,  we  revert  to  the  equation  c* 
(art.  3;,  which  has  twa  positive  roots,  and  one  negative  It 
may  happen  that  either  c  >  a  +  ^,  or  c  <  a  +  6. 

In  the  first  case,  the  second  term  is  positite,  and  the  third 
is  negative  ;  because,  having  c  >  a  +  ^,  we  shall  have  ac  + 
^r  >  (a  +  6)*  >  ab.  And,  as  tbe  last  term  is  positive,  we  sc;e 
that  from  the  first  to  the  second  there  is  a  permanence  of 
signs  ;  from  the  second  to  the  third  a  variation  of  signs  ;  and 
from  the  third  to  the  fourth  another  variation  of  signs.  Thus 
there  are  two  variations  and  one  permanence  of  signs ;  that 
iS)  as  many  variations  as  there  are  positive  roots,  and  as  many 
permanences  as  there  are  negative  roots. 

In  the  second  case,  the  second  term  of  the  equation  is  ne- 
gative} and  the  third  may  be  either  positive  or  negative.  If 
that  term  is  positive,  there  will  be  from  the  first  to  the  second 
a  variation  of  signs ;  from  the  second  to  the  third  another 
variation ;  from  the  third  to  tbe  fourth  a  permanence ;  making 
in  all  two  variations  and  one  permanence  of  signs.  If  the 
third  term  be  negative  i  there  will  be  one  variation  of  signs 
from  the  first  to  the  second ;  one  permanence  from  the  second 
to  the  third  ;  and  one  variation  from  the  third  to  the  fourth  : 
thus  making  again  two  variations  and  one  permanence.  The 
number  of  variations  of  signs  therefore  in  this  ca^e,  as  well  as 
in  the  former,  is  the  same  as  that  of  the  positive  roots  ;  and 
the  number  of  permanencies,  th^  same  as  that  of  the  negative 
roots. 

Corol.   Whence  it  follows,  that  if  it  be  known,  by  any 
means  whatever,  that  an  equation  contains  only  real  roots,  it 
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IS  also  known  how  many  of  them  are  positive,  and  how  many* 
negative.  Suppose,  for  example,  it  be  known  that,  in  the> 
equation  x«  +  3x*  —  23x»  -  27x«  +  I66jr  —  120  =  o,  all 
the  roots  are  real :  it  may  immediately  be  concluded  that  there 
are  three  positive  andVftro  negative  roots.  In  feci  this  equa- 
tion has  the  three  positive  roots  x  =s  \^  x  =  2,  j:^3;  and 
two  negative  roots,  x  =3  —  4,  x  s=  —  5. 

If  the  equation  were  incomplete,  the  absent  terms  must  be 
supplied  by  adopting  cyphers  for  coefficients,  and  those  terms 
must  be  marked  with  the  ambiguous  sign  ±.  Thus,  if  the 
equation  were 

x»  —  20x*  +  30x«  +  19x  —  SO  =r  0, 
all  the  roots  being  real,  and  the  second  term  wanting.    It 
must  be  written  thus  : 

x'  ±  Ox*  -  20x»  +  SOX*  +  ;  9x  —  30  =  0. 
Then  it  will  be  seen,  that,  whether  the  second  term  be  posi- 
tive or  negative,  there  will  be  3  variations  and  3  permanencies 
tH  signs  :  and  consequently  Che  equation  has  3  positive  and  2 
negative  roots.    The  roots  in  fact  are,  1,  2,  3,  —  I,  ~  5. 

This  rule  only  obtains  with  regard  to  equations  whose  roots 
bre  real.  If)  for  example,  it  were  inferred  that,  because  the 
equation  x*  +  2x-f5ss0  had  two  permanencies  of  t^gns,  it 
had  two  negative  roots,  the  concl^sion  would  be  erroneous  - 
fbr  both  the  roots  of  this  equation  are  imaginary. 

THEOREM  m. 

Every  Equation  may  be  Transformed  into  Another  whose 
Roots  shall  be  Greater  or  Less  by  a  Given  Quantity. 

In  any  equation  whatever,  of  which  x  is  unknown,  (the 
equations  a,  b,  c,  for  example)  make  x  »  z  -^m^z  being  a 
new  unknown  quantity,  m  any  given  quantity,  positive  or 
negative  :  then  substituting,  instead  of  x  and  its  powers,  their 
values  resulting  from  the  hypothesis  that  x  ==  z  4-  ^ }  so  shall 
there  arise  an  equation,  whose  roots  shall  be  greater  or  less 
than  the  roots  of  the  primitive  equation,  by-  the  assumed 
quantity  m. 

Corol  The  principal  use  of  this  transformation  is,  to  take 
away  any  term  out  of  an  equation.  Thus,  to  transfomi  an 
equation  into  one  which  shail  want  the  second  term,  let  m  bo 

ao  assumed  that  nm  —  a  «=  0,  or  »  a*  -,  n  beinf^  the  index  of 

fi 
the  highest  power  of  the  unknown  quantity,  and  a  the  cocffU 
cient  of  the  second  term  of  the  equation,  with  its  sign  changed : 
then,  if  the  roots  of  the  transformed  equation  can  be  found, 
the  roots  of  the  original  equation  may  also  be  found,  be- 


cause X  =s  z  4.  -• 
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STety  Equation  may  be  Tiwisfbrmed  into  Another,  whose 
Roots  shall  be  Equal,  to  the  Roots  of  die  First  Multiplied 
or  Divided  by  a  UiTeu  Quantity. 

1.  Let  the  equation  be  z*  +ax^  +  dt  -f*  r  a*  0  <  if  we  put 

/z  »  X,  or  z  ^  ^,  the  (ransibrmed  equation  will  be  «>  + 

fax*  +f*6jtf  +/^t  =  0,  of  which  the  roots  are  the  respective 
products  of  the  roots  of  the  primitive  equation  multiplied  into 
the  quantity/. 

By  means  of  this  transformatioa,  an  equation  with  frac- 
tional quantities,  may  be  changed  into  afiother  which  shall 

be  free  from  them*    Suppose  ifae  equation  n^ere  z'  -f  ^^  4* 

<^+jS5  0  s  multiplyiag  the  whole  bf  the  product  of  the 
denominators,  there  would  ^xisegkkz*  ^  hkaz*  +  gjtbz  + 
£hdmaOi\k^ik aasm>mgg**g— »  ar, orz aB»  ^ the  transfonii- 

ed  equa.  would  be  x?  4.  kkmx^^gn'^hbx^g^k^h^d  «=  0; 

The  sane  transfonnacion  majr  be  adopted,  to  exterminate 
the  radical  quantities  which  afiboi  certain  terms  of  an  eqi[ia« 
tlon.  Thus,  let  there  be  given  the  equation  z^+az*  \/  ^  -f- 
kz  +  c  ^  k  I  make  z^/k  wax\  then  will  the  transformed 
equation  be  ^*  -f  akx^-^Mx  +  ck^^a  0,  in  which  there  are 
DO  radical  quantities. 

a.  TMke,£or«oe  mere  example,  the  equation  z'  +az^  4. 

^z-fc«0.  Mafce^  »  x  ;  then    will  the    equatibn    be 

transformed  to  x^  +^^^+j^  »  0,  uk  which  the  roots 

are  equal  to  the  quotients  of  those  of  the  primitive  equations 
divided  by/. 

It  is  obvious  that,  by  snalogoua  methods,  an  equation  may 
be  transformed  into  another,  the  roots  of  which  shall  be  to 
those  of  the  proposed  equation,  in  any  required  ratio.  But 
the  subject  need  not  be  enlarged  on  here.  The  preceding; 
succinct  view  will  sufiBce  for  the  usual  purposes,  sofar  as  re-> 
lates  to  the  nature  and  chief  properties  of  equations*  We  shall 
therefore  conclude  this  chapter  with  a  summary  of  the  most 
useful  rules  for  the  solution  of  equations  of  different  degrees, 
lieiMes  thoae  already  given  in  the  first  velume. 

Vol..  U,  M  m  I-  ilw^^f 
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L  JivU$forthe  Solution  of  QvadraticB  by  Tablet  of  SincM  and 

Tangent9, 

1.  If  the  equation  be  of  the  form  x«  +^fix  ==  g : 

Make  tan  k  ^^V  g ;  then  mW  the  two  roots  be, 

P 
jT  B  +  tan  4av  9 a;  —  —  cot  J  Ayy. 

2.  For  quadrauca  of  the  form  jp»-  -1.  >ix  «  7. 

Make,  as  before,  tan  a  ==  -V  9  -  then  wiB 
P 
x  »  —  un  jAv^  y X  ssB  +  cot  ik^/9' 

3.  For  quadratics  oi  the  form  x»  +  y^x  =  —  g. 

Make  sm  a  s-V  9  >  then  will 

^ «  —  tan  ^  a V?  •  •  •  •  -  X  =  —  cot  JaV?- 
4«  For  quadratics  of  the  form  x*  —  /ix  =  —  5^, 

Make  sin  a  =  ^y^  s^ :  Acn  wiU 
P 
*  —  +  tan  ^k^g x  =s  +  cot  iki/g* 

in  the  last  two  cases,  if -V  9  ^^ceed  unity,  sin  a  is  imags- 

nary,  and  consequently  the  yalnes  of  x. 

The  logarithmic  application  of  these  formulae  is  very  sim- 
ple.   Thus,  in  case  1st.  Find  a  by  making 

10  +log  2  +  i  log  (T—  log/^  a-  log  tan  A. 
Thenioff  :r  =  $  +  ^8:  tan  4a  +  }  log  y  ^  10. 
Ihenlogx  -  ^^(logcoHA  +llog7  -  10). 
JVbte.  This  method  of  solving  quadratics,  is  chiefly  of  use 
when  the  quantities  fi  and  g  are  large  integers,  or  complex 
fractions. 


!!•  JRuUb  for  (he  Solution  of  Cubic  Mguations  by  tablet  gf 
SiTietj  TangerUfi  and  Secants. 

1.  For  cubicB  of  the  form  x*  +/uc  ±,g  ss  0»  » 
Make  un  b  «=  i?  3  ^^fi tan  a  «  ^  tan  ia. 

Then  X  =  :?:  cot  3  A  •  3v/ ^. 

2.  For  cubicB  of  the  form  x*  — /i^  ±  g  =a  0. 

Make  sin  b  =3£  .  2i/ jA tan  a  s*  y^tan  is. 

Then  x  =  ip  cosec  2a  .  2^jfi. 
Here,  if  the  value  of  sin  b  should  exceed  unity,  b  w6ald  be 
imaginary^  and  the  equation  would  &11  in  what  is  called 

the 
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tjie  irreducible  case  of  cubics.    la  that  case  we  must  make 
cosec  3a  a  JE .  2  v^  j/^ :  and  then  the  three  roots  would  be 

or  Bs  ±  sin  A  .  ^  \/  j^. 

X  «  ±  sin  (60«>— Aj    2  Vi/i- 

jp  «•  ±  sin  (60»+A>  .  2-v^  J/i. 
If  the  Talue  of  mn  b  were  I,  we  should  have  b  =  90^,  tan 
A  A  I ;  therefore  a  »  45«,  and  x  ==  q:  2  ^  ^/i.    But  this 
would  not  be  the  only  root.    The  second  aolutioQ  would  give 

cosec  3a  ^  I  :  thereibre  a  =  —  s  and  then  . 

a:  =  ±  sin  30«  .  2  ^^|/k  =  ±  ^^/i. 

X  =  ±  sin  30*»  .  2^'}/^  =5r  ±  ^^fi.  . 

X  =s  qp  sin  90** .  2^|/i  =  =p2v'4/i- 
Here  it  is  obvious  that  the  first  two  roots  are  equal,  that  their 
sum  is  equal  to  the  third  with  a  contrary  sign,  and  that  this 
third  is  the  one  which  is  produced  from  the  first  solution^. 

In  these  solutions,  the  double  si^s  in  the  value  of  Xy  re« 
late  to  the  double  signs  h)  the  value  of  7.  ' 

N.  -B.  Cardan's  rule  for  the  solution  of  Cubics  is  given  in 
the  first  volume  of  this  course. 


*The  tables  of  sines^  tai^ents.  Ice*  besides  their  use  in  tTlffooometry^ 
and  in  the  iQlutioa  of  the  equations,  are  slsa  Tdi^  useful  it  findinjif  the 
value  of  algebrsic  expressions  where  extractiOD  of  roots  would  be 
otherwise  required.    Thus*  if  a  snd  ^  be  any  twp  quantities,  of  which 

•b  b         ' 

a  is  the  gieater.  Find  x,  z,  Sec.  so,  that  tan  x  ts^  ^•'.sln^^^^  v^— ,8ee 

a  <x     N 

abb 
y^=^mm,Xuiu  =  -  and  sin  <  s=  —  :  then  will 
'       *        .  a    ■  ^  a 

log  ^(as- AS}«5loe  « -f-  logr  sinjr « log  ^  log  tan  y. 

log  ^(«*— *»)r:=J[l0R  (tf+*)+  loff  («-^)].     , 

log  ^(a^-^  b*):=:\of;  a-^-Xo^tcu^  log  A  +  log  cosec  u, 
log  ^(fl+A)  «i  log  a  +  log  sec  a? «  Jlog  a-Htog2+logco8  hfi 
iog\/(«-^)  r.{  log  a  +  log  cos  z^  ilog  a+ilog2  +  log  sin  fy 


log  ia±b)n  « —pog  a+  log  cps*+  log, tan  45»  ±J/)]. 
n 


The  first  three  of  these  forotulae  will  oilen  be  useful,  when  two  sides 
of  a  right-angkd  triangle  ar^  giveib  to  Jpd  the  third.     . 


III.  Solution 
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III.  8^H<m9f9igmdratie  Mqumhnw. 
Lei  the  prop««cdbiquadniUcl»  «♦  +?/k4P*  ==  f«p»  +  rx+9. 
Now  {:c^+/i;P+n)»  ^x^+^fix^  ^ffi^+2n)x*'^2finx+n*  :  if 
therefore  (/t*+2fi)  x^  -f  ^finss  -{v  »*  be  added  to  both  sides 
of  the  propoted  biquadratic*  tbe  firat  wUt  become  a  complete 
square  (jr*  +  /ix  +  n)»,  and  the  bitter  part  (A*  +  ^  -f-  y)  Jp* 
4»  (3/^  +  rja?  +  ti*  +  ♦♦  »•  *  compkta  aqnave  if  4(/>»  +  J*f» 
+  q) .  (»•  -1^)3^  Vi»  +  r* ;  tbat  b,  nmlciplyiiig  and  arranging 


lx*+fix  +  »)«  ?==  Qk»  +  a»  +  7)jr»  +  (ifin  +r)x  +  n«+«  ; 
<hen  extracting  tbe  aquare  root  on  both  aides« 

And  irom  tbeae  two  quadratics,  tbe  four  roou  of  tlie  gircii 
biquadratic  may  be  dftet mined  *• 

J^qU  Whenever)  by  taking  aWay  the  second  term  of  a 
biquadratic,  after  the  manner  described  in  cor.  th.  3,  the 
fourth  term  also  vanishes,  the  roots  may  immediately  be  ob- 
tained by  the  solution  of  a  quadratic  only. 

A  biquadratic  may  also  be  solved  independently  of  cuhicsy 
in  the  following  cases  ; 

1  Whaoi  the  difference  between  the  coefllcient  of  tbe 
ilurd  term)  and  tbe  squ«pe  of  half  that  of  the  second  term,  ia 
equal  to  the  coeficiem  of  the  fourth  termj  divided  by  half 
that  of  tbe  second.  Then  if  /k  be  the  coefBcrent  of  the  second 
term,  the  equation  will  be  reduced  to  a  quadratic  by  dividing* 
it  by  JT*  ±  iftx. 

3.  When  tbe  last  term  is  negative,  and  equal  to  the  square 
of  the  coefficient  of  the  fourth  term  divided  by  4  timea  that 
of  the  third  term,  minus  the  square  of  that  of  the  second  : 
then  to  complete  tbe  aquare«  subtract  the  terms  of  the  pro^ 
posed  biquadratic  from  Q^^  ii  ifixy^  arid  add  tbe  remainder 
to  both  its  sides. 

5.  When  the  qoefficiant  of  tlie  fourth  term  ^vVded  by 
that  of  the  second  term,  gives  for  a  quotient  the  square  root 
of  the  Ui^  term :  then  to  complete  the  square,  add  the  square 
of  half  the  coefilcientof  tlie  second  term,  to  twice  the  square 


•This  rule,  for  solving  biqundra^ics,  by  conceiving  each  to  be  the 
difTerence  of  two  squares,  is  frequently  ascribed  to  Dr.  tearing;  bat 
its  original  inventor  was  Mr.  Thomat  :iimp9ont  forxneriy  Professor  of 
Mfttbepitics  in  tbe  Royal  Military  Academy. 

toot 
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root  of  the  last  tenn,  inilltfpljr  the  som  by  x^^  from  the  pro* 
duct  uke  the  third  term,  and  add  the  retnaiiMler  to  both  odes 
of  the  biquadratica. 

4.  The  fourth  term  vrill  be  made  to  go  out  hf  the  usual 
oppenttioii  for  taking  away  the  aecbud  term,  when  the  diflbr* 
ence  between  the  cube  of  half  the  eoeScient  of  the  aecood 
term  and  hdf  the  product  of  the  coefficienta  of  the  second 
and  third  term,  ia  equal  to  the  coefficient  of  the  fourth  term* 

IV.  Eulef^9  Rule  for  the  Solution  o/ BiguadrBtki. 

Let  ar*—  ax*  — .  dx  —  c  =  0,  be  the  giren  biquadratic  equa- 
tion wantbg  the  second  term.  Take  /=  ja,^  jgs^^*+  ^^ 
and  h  »  ^\b*y  or  \/  h  mm  |^  •  whh  which  valuea  of/,  g,  h^ 
form  the  cubic  equation,  z»  -/z*  +  ^  —  A  ea  o.  Find  the 
roota  of  this  cubic  ei^uation,  and  let  them  be  caUed  ftj  ^,  t. 
Then  shall  the  (bur  roots  of  the  proposed  biquadratic  be  these 
following :  yiz. 


When  Y^  is  positive. 


When  j^  is  negative  i 


Note- 1  In  any  biquadratic  equation  having  ail  its  tenns, 
if  lofthesquare  of  the  coefficient  of  the  Sd  term  be  greater 
tlum  the  product  d  the  coeficients  of  the  Ist  amd  3d  terms, 
or  I  of  the  square  of  the  coefficient  of  the  4th  term  be  greater 
than  the  product  of  the  coefficients  e£  the  3d  and  fifth  terms, 
or  f  of  the  square  of  the  coefficient  of  the  3d  term  greater 
than  the  product  ef  the  coefficients  of  the  2d  and  4th  terms  ; 
then  all  the  roots  of  that  equation  will  be  real  and  unequal  ; 
but  if  either  of  the  said  pans  ot  those  squares  be  less  than 
either  of  those  products^  the  equation  wili  have  imaginary 
roots. 

9.  In  a  biquadvadc  jb^  -f  at^  4.  ^>  +  ex  +  d  mt  Of  o( 
which  two  roots  are  impossible,  and  d  an  affirmative  qUamity^ 
then  the  two  possible  roots  will  be  both  negative*  or  both  affiN 
native,  according  aa  a^  -^  4ab  +  8c,  is  an  affirmative  or 
a  negative  quantity,  if  the  signs  of  the  coefficients  a,  by  c,  d^ 
are  neither  all  affirmative,  nor  alternately  -^  and  -f  *• 


*  Various  gneral  rvSftft  for  the  solution  Of  equatioas  have  been  giy- 
en  by  Demoivre,  Bezout,  Lagninge>  &c  ;  but  the  most  uniTcrsaT  in 
their  application  are  approximating,  ruled  of  which  a  ^^^  simple  and 
itfeiul  one  is  given  ia  our  fim  toloine.  _  ^  ^._,  „. 

EX/lMJriJBo« 
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Ex.  I.  Fmd  the  roots  of  the  equation  *»  +  —  jp  »  i27ig' 
ty  bibles  of  smes  and  un^^nts. 

Here/k  ss^,  y"  •»  12716 '  ^^  ^®  equation  agrees  with  the 

88        169S  169S 

ist^fom.  Also  tan  A  «^  V^  12715  >  «°**  '"^i^^'v^i^le^ 
In  logarithms  thu3 : 

Log     1695  »  .3-239 1 69r 

Arith*com.log  isne  «   5  8956495 

sum  +  10  CB  191248192 

half  sum  »■    9*5^34096 

log  88  »     1-9444827 

Arith.  com.  log  7  «>    9*1549020 

sum  —  10  8»  log  tan  A  «3  i0*66i7943sglog  tan  r7<»42'3r'| ; 

logtaniAB.    9-906 i  il?  »  log  tan  sa*"  5 1  IS"!  ; 
log  V  7»  M  8bove  =3    9  5624096 
sum  —   10  «  logx  cat  ^     1  468531  re=  log  -3941176. 
This  value  of  x,  viz.  -294 1 1 76,  is  nearly  equal  to— .    To  find 

whether  that  b  the  exact  root,  take  the  arithmetical  compli- 
nent  of  the  last  logarithm,  viz  0-5314579^  and  conu4^r  i(<^ 
the  logarithm  of  the  denominator  of  a  fraction  whose  nume- 
rator is  unity  ;  thus  is  the  fraction  found  to  be -^  exactly, 

and  this  is  manifestly  equal  to  •^.    As  to  the  other    root  of 

.V  .-        •.  •  ,  1695         5  339 

the  equation,  it  is  equal  to  •  ~^  '^  i?  ""^  748 ' 

Ex*  2.  Find  the  roots  of  the  cubic  equation. 
403  46  " 

x^  —  —a:  +-j^  =  0,  by  a  table  of  sines. 

403       -        4^ 
Here  fi  «=  jjj-*  y  =  yy ,  the  second  term  is  negative,  and 

4yi^  >37y^:  so  that  the  example  fa)ls  underthe  irreducible  case. 

'  147    ^4UZ^        403         403        1611 

^v'a^l  ^1323 

The  three  values  of  x  thereforet  are 

,  1612 
*=       sb(60--A)^g. 

*=:-Mn(60«  +  A)v'^.  The 
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The  logarithniic  compiitation  is  subjoined. 

Log  1613  «  3-^073650 

Arfth.    com.    log    1333  aa  6-8784402 

sum   ^10 as  0  0858053 

half  sum  aa  00439026 const* log, 
Arith.  com.  const. log«  a  99^70974 

log  414  ..  .    «8  3*6170003    * 
Aritb.  com«  log  403  .  a  73946950 

log  SID  3a  .  .  .  ao  9  9687^37  as  log  sia  68*  32'  IS^fe 
Log  sin  A  se  9-5'89 1206 
const  log       n  0-0439026 

r.  sum— 10  «  log  ar  a.  ~  1  6g20'232  as  log  '4285714  ss:  logf . 

Log  sin  (60^— a)  —'  9  7810061 
const  log  •  •  .  •  =x  00429026 

2.  sum-  10  =  log  X  ss  -*  1  8239087aglog  6666666  «»  logf. 

Log  sin  (60<>+a)  «  9*9966660 

const,  log =  0  0429026 

'3.  sum  «•  10  ss  log  -  X  S8  00395086s=log  l*095238as1og.|f . 
So  that  the  three  rooU  are  ^,  ^  and  —  H  ;  of  which  the 
first  two  are  together  equal  to  the  third  with  its  sign  chang€4» 
aft  they  Qught  to  be. 

£x,  3.    Find  the  roots  of  the  biquadratic  x^  »-  25:r*  -f* 

60j?  -^3$  -*  A  t>f  Eulcr^s  Rule. 

Here  a  s=s  25,  ^  =  —  60,  and  c  ==  36 ;  therefore 

.    -^       25  625  ,  „        769        ,  .       225 

/« -51  jr  =  ^ +9  «  _,and  A  «-j.. 

Consequently  the  cubic  equation  will  be 
.     25    »  ,  769^       225        ^ 

^•--2^  +T6*-T-=^- 

The  three  roots  of  which  are 

9  25 

.  zsB-;.syk9and2ss4  cca,  andzB^  ss  r; 

4  4 

the  square  roots  of  these  are  V/>  =  l»  v'  ^  =  ^  or  ^,  ^  r  ==={. 
Hence,  as  the  value  of  |^  is  negative,  the  four  roots  are 

isux^,  i+4-t«:  I. 
9d.  x^  4-i+fc=  2, 
3d.  x«  -  4+4+4  «  3, 
4ih.x=» -*§-|-.^=- 6. 

£x.  4.    Produce  a  quadratic  equation  whose  roots  shall  be 
|and|.  Ans.a?*.-|^  +  f  =s  o« 

£x>  5.  Produce  a  cubic  equation  whose  roots  shall  be  2,  5, 
and— 3.  Ana.  x^  —  4x«  —  1  lar+30  *  0. 

Ex.  6, 
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Ex.  6.  Produce  a  bi^uadrntic  which  shall  have£ir  the  roots 
1, 4|-5,  and  6  respectively. 

Ana.  jp«— 6xs«.31:t^  +  U6ar— 120  —  O. 

Ex.  7.    Rnd  x,  when  *»  +  S^7x  «  921 10. 

Ans.  X  —  5$»ar«K  —  403. 

Ex.B.    Rod  the  rooucf  the  quadratic  «« -—a>s= -^.• 

$5 
Ans.  jr  aa  10,  jr  es  — — • 

Ex.  9*    Solve  the  equation  «*  -  —  x  =  -.  ~. 

139 

Ans.  X  sa  5fX  ss    — •• 

Kr.  10.   Given  4C«  ^  3411  S;p       —  481S60,  tofind:r. 

Ans.  X  »  30.  X  ss  24095. 

Jfx.  11.   Find  the  roou  of  the  equation  x*—  Sx—  1  =  O. 
Ans.  the  roots  are  sin  70«,  —  sin  50^,  and  —  sin  10*,  to  a 
radius  =3  3  ;  or  the  roots  are  twice  the  sines  of  those  area  as 
given  in. the  tables. 
Ex.  12.  Find  the  teal  root  of  jF»-jr-e  «  O. 

Ans   |vs  X  sec  54'>  44'  2Q^^ 
Ex.  13.  FiBdtherealiootof3$x»4-75:t-46— o, 

Ans.3Got74<'  27' 4S'* 
Ex'  14-    Giyea  x^^ga?a— 12x^  +84jc-63«  0,  to  findx 

by  quadratics.  Ans.  a:  o  3+^7±  V  H+V^^* 

jSjbw  15.  CSiven  jr*  +  36x»-400aF*-3l68jr+  7r44«0,ts 

findx,  by  quadratics.  Ans.jrMi  ll-f-\/  909.^ 

Ex.  16. Given  x*  +  24x^  —  1  I4x«— 34x  -f*  I  «=  O  to  fin$i  x. 

An%.x^±V  I97-I4,a:*«3  ±  ^  5. 

Ex.  17.  Fmd  *,  when  a?*—  12dP— 5  —  0. 

An<.jir«l  ±  v^2,x»—  1  ±  3v/-l- 
jEx.  18.  Find x,  when  x*-13jr»  +  47x»-71r  +36  •*  0. 

Ans*  X  ca  ly  or  3^  or  3^  or  e. 
Ev.  19.  Qiveiix*— 5ax*-80«*x»-68a«x«+7a*x+a*-«0> 
to  find  X. 

Ans.x=  .i*c,x=»fia±  0^37, xsb  ±a  ^  IO-Sa» 
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eK  TOB  NATURE  AND  FBOPERTQ&S  OF  CURYE8»  AMD  THR 
CCXNBTEWnON  op  JfiQUATI0N9^ 


SECTION  I, 
stature  and  Proficrtiea  of  Curva, 


Dsf .  1.  A  curve  is  a  line  whose  seversl  parts  proceed  in 
tf  ffbrent  dirtcuons»  and  are  successively  posited  towards  dif- 
ferent potnu  in  spaee,  which  also  may  be  cut  by  one  right 
line  in  two  or  more  points. 

If  all  the  points  in  the  eiirve  may  be  included  in  one  plane^ 
the  eurre  is  called  a  filane  curve :  but  if  they  cannot  all  be 
comprised  in  one  plane,  then  is  the  curve  one  of  double  cur* 

Since  the  word  direction  Implies  straight  lines,  and  In  strict- 
ness no  part  of  a  curve  is  a  right  line,  some  geometers  prefer 
defining  curves  otherwise :  thus,  in  a  straight  line,  to  be  called 
the  fine  of  the  abscissas,  from  a  certain  point  let  a  line  arbi« 
tmrily  taken  be  called  the  abscissa,  and  denoted  (comfnoaif) 
bf  :c :  at  the  several  points  correspoadmg  to  the  ^ffereat 
values  of  jr,  let  straight  lines  be  continually  drawn,  making  « 
certain  angle  with  the  Une  of  the  absclssaa  $  these  straight  lines 
b^ing  regulated  in  length  according  to  a  certain  law  or  equa- 
Uon,  are  called  ordinates  ;  and  the  line  or  figure  in  which 
their  eatremlties  are  continually  found  is,  in  general,  a  curve 
tine.  This  definition  however  is  not  free  from  objection  ; 
for  a  right  line  may  be  denoted  by  afi  equfttieh  between  its 
fdMcissas  and  ordinates,  such  as  y  »>  ex  ^  6* 

Curves  are  distinguished  into  algeimocal  or  geometrical^ 
said  transcendental  or  mechanical. 

Def.  2.  Algebroieal  or  geometrical  curves,  are  those  in 
which  the  relations  of  the  abscissas  to  the  ordinates  can  be 
denoted  by  a  common  algebraical  es^pressien ;  such,  for  ex* 
ample,  as  the  equations  to  the  conic  lectio&i,  given  in  page 
tf33fcc.ofvoL3. 

Def.  %.  Tranacendentol  or  mecfaaniciU  curvesi  are  such  as 
4ilDii9t  be  so  defined  or  <sxpressed  by  a  pure  algebraical  equa- 
^n  i  or  when  they  aro  expressed  by  aQ  equatioo^  having  one 

Vox,.  H  Nn  ef 
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of  its  terms  a  Tariable  quantitfy  or  a  curve  line  Th«8»  y  tss 
log  :r,  y  Bs  A  .  sin  X,  y  SB  A  .  cos  J?,  y  BB  ▲',  are  equatkms to 
transcendental  curves  ;  and  the  latter  in  particular  la  an  eqi»- 
tioo  to  an  exfionential  curve. 

De/,  4.  Curves  that  turn  round  a  fiated  pobtor  centrcy 
gradually  receding  from  ity  are  called  aftirat  or  n^tiai  corves. 

Def.  5  Family  or  tribe  of  curvesi  is  an  assemblage  of 
several  curves  of  different  kinds,  all  defined  bf  rbt  same 
equation  of  an  indeterminate  degree ;  but  differentlyt  acc(H*cU 
ing  to  the  diversity  of  their  kind.  For  example,  suppose  an 
equation  of  an  indeterminaie  degree,  fl"«"<x=  y"»;  if  m  «  3, 
then  will  ax  ■■  y*  ;  if  m  »«  3,  then  will  a«x  =  y  *  ;  if  m  «8  4, 
then  is  a'x  a  y^  &c :  all  which  curves  are  said  to  be  of  the 
same  family  or  tribe. 

2></:  6.  TheaxttofafigureisarightUnepasungthroufi^ 
the  centre  of  a  curve,  when  it  has  one :  if  it  bisects  the  ordi- 
nate s,  it  is  called  a  diameter. 

Def.  7.  An  atym/itote  is  a  right  line  which  continually  ap- 
proaches towards  a  curve,  but  never  can  touch  it*  unJeas  tlie 
curve  could  be  extended  tp  an  iiifinite  distance. 

Def,  8.  An  abscissa  and  an  ordinate,  whether  right  or 
oblique,  arc,  when  spoken  of  together,  frequently  termed  co- 
ordtMatet, 

Art  1 .  The  most  convenient  mode  of  classing  algebrMcai 
.  curves,  is  according  to  the  orders  or  dimenuons  of  the  equa- 
tions which  express  the  relation  between  the  co-ordinates. 
For  then  the  equation  for  the  same  curve,  remaining  always 
of  the  same  order  so  long  as  each  of  the  assumed  systems  of 
co-ordinates  is  supposed  to  retain  constantly  the  same  inclina- 
tion, of  ordinate  toabscbsa,  while  referred  to  different  points 
of  the  curve,  however  the  axis  and  the  origin  of  the  abscissas* 
or  even  the  inclination  of  the  co-ordinates  in  different  system^ 
may  vary  ;  the  same  curve  will  never  be  ranked  under  dii^ 
.  ierent  orders,  according  to  this  method.  If  therefore  we 
take,  for  a  distinpiive  character,  the  number  of  dimensions 
which  the  corOrdinates,  whether  rectangular  or  obilque,  form 
in  the  equation,  we  shall  not  disturb  the  orde^r  of  the  ckssesy 
by  changing  the  axis  and  the  origin  of  the  abscissas,  or  by  va- 
rying the  inclination  of  the  co-ordinates. 

2.  As  algebraists  call  orders  of  different  kinds  of  equations, 
those  which  constitute  the  greater  or  less  numbei:  of  dimenr- 
stons,  they  distinguilth  by  the  same  name  the  different  kinds 
of  resulting  lines.  Consequently  the  general  equation  of  the 
first  order  being  0  «  •  +  ^x  +  yy ;  we  may  refer  to  the 
iirst  order  all  the  lines  which,  by  taking  x  and  y  for  the  co^ 
ordinates,  whether  rectangular  or  oblique,  give  rise  to  thia 

'  ■'  equation. 
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equation.  But  thiB  equation  comprises  the  right  lino  a)one« 
which  la  the  most  simple  of  all  lines  ;  and  since,  for  this  rea- 
S01I9  the  name- of  carve  does  not  properly  apply  to  the  first  or- 
dcr,  we  do  not  usually  distinguish  the  dtlTerent  orders  by 
the  name  of  curve  lines,  but  simply  by  the  generic  term  of 
lines :  hence  the  first  order  of  lines  does  not  comprehend  any 
curves,  but  solely  the  right  line. 

As  for  the  rest,  it  is  indifferent  whether  the  co-ordinates 
are  perpendicular  or  not ;  for  if  the  ordioates  make  with  the* 
axis  an  angle  p  whose  sine  is  /»  and  cosine  f.  we  can  refer*  the  . 
equation  to  that  of  the  rectangular  coordinates,  by  making 

y  M  2,  and  x  »"'  +  / ;   which  will  give  for  an  equation 

between  the  perpendiculars  t  and  u, 

Thus  it  follows  evidently,  that  the  signification  of  the 
equation  is  not  limited  by  supposing  the  ordinates  to  be  rightly 
applied:  and  it  will  be  the  same  with  equations  of  superior 
orders,  which  will  not  be  less  general  though'  the  co-ordinates 
are  perpendicular.  Hence,  since  the  determinaiion  of  the  in- 
clipation  of  the  ordinates  applied  to  the  axis,  ukes  nothing 
from  the  generality  of  a  general  equation  of  any  order  what- 
ever, we  put  no  restriction  on  its  signification  by  supposing 
the  co-ordinates  rectangular  ;  and  the  equation  will  be  of  the 
same  order  whether  the  co-ordinates  be  rectangular  or  oblique. 

3.  All  the  lines  of  the  second  order  will  be  comprised  in  the 
general  equation. 

0  «  •  +  /Jx  -I-  yy  +  ^x«+  $xy  +  ?!/» 
that  is  to  say,  we  may  class  among  lines  of  the  second  order 
all  the  curve  lines  which  this  equation  expressesi  x  and  y  de- 
notiojg  the  rectangular  co-ordinates.  These  curve  lines  are 
therefore  the  most  simple  of  all,  since  there  are  no  curves  in 
the  first  order  of  lines  ;  it  is  for  this  reason  that  some  writers 
caU  them  curves  of  the  first  order.  Btft  the  curves  included 
in  this  equation  are  better  known  under  the  name  of  conic 
sacTiONS,  because  they  all  result  from  sections  of  the  cone. 
The  different  kinds  of  these  lines  are  the  ellipse,  the  circle, 
or  ellipse  with  equal  axes,  the  parabola,  and  the  hyperbola  ; 
the  properties  of  all  which  may  be  deduced  with  facility  from 
the  preceding  general  equation.  Or  this  equation  may  bo 
transformed  into  the  subjoined  one  : 

ix  +  y        J'x«  +  ffjr  +  » 
i/»  +  — — y  + -^ at  0  : 
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and  thii  again  maf  be  rcdnced  to  the  still  more  linipltt'Com 

Here,  when  the  fir  it  itrmfx^  is  affirmative^  %\tt  cun^«  cjs^ 
pressed  by  the  equation  is  a  hyperbola  ;  ivhcii/jr*  Is  negative 
the  curve  is  an  ellipse  ;  when  that  term  is  ctBent^  the  curve 
1%  a  parabola.  When  x  is  taken  upon  a  dianuier^  tlie  eq««^ 
tions  reduce  to  thone  already  giten  in  sect.  4  ch.  t 

The  mode  of  effecting  these  transformatifms  is  endcied  Ibr 
the  sake  of  brevity.  This  section  contains  a  tviMHuiff ,  not  Ala 
invcsitigatidn  of  properties  :  the  latter  would  require  fntnjr 
volumes,  instead  of  a  section. 

4.  Under  lines  of  the  third  order,  or  curves  of  the  secc»idf 
are  classed  all  those  which  may  be  expressed  by  the  equaiion 
O  8  a+fijc+yy  +  ^x^+ixy+^y*  +nx^  +  ir^y  +  tXy*+xy^. 
And  in  like  manner  we  regard  as  lines  of  the  fourth  order^ 
those  curves  which  are  furnished  by  the  general  equation 

O  «  •  +  /IJ?  +  yy  +  ^j:*-f  •-ry-f-^J, »  +  ijx'  +  ix^y  -f  i^*+ 

*y*  +  ^^*  -j-  .«*^*y  +  *x*y^  -f-  {.ry'  +  #y*  ; 
taking  always  x  and  y  for  rectangular  co-orcKnaces.  In  the 
most  general  equation  of  the  third  order,  there  are  I  a  con- 
stant quantities,  and  in  that  of  the  fourth  order  15,  which, 
may  be  determined  at  pleasure  ;  whence  it  results  that  the 
kinds  of  lines  of  the  third  order,  and,  much  more,  those  of  the 
fourth  order,  are  considerably  more  numerous  than  those 
of  the  second. 

5.  It  will  now  be  easy  to  conceive,  from  what  has  gotie  he-* 
fore,  what  are  the  curve  lines  that  appertain  to  the  fifth,  sixth* 
seventh,  or  any  higher  order ;  but  as  it  is  necessary  to  add  to 

^  the  general  equation  of  the  fourth  order,  the  terilis 

with  their  respective  constant  co-efiicients,  to  have  the  freneral- 
equation  comprising  all  the  lines  of  the  fifth  order,  this  fatter 
will  be  composed  of  31  terms  :  and  the  general  equation  com- 
prehending all  the  lines  of  the  sixth  order,  will  have  ^8  terms  ; 
and  so  on,  conformably  to  the  law  of  the  triangular  numbers* 
Thus  the  most  general  equation  for  lines  of  the  order  n,  will 

contain  ^""^  )-C»Jh^  (^rms,  and  as  many  constant  letters, 

which  may  be  determined  at  pleasure. 

6.  Since  the  order  of  the  proposed  equation  between  the 
co'-ordinates,  makes  knOwn  that  of  the  ctirve  ]ine$  whenever 
we  have  given  an  algebraic  equation  between  the  co-ordinates 
x  and  y,  or  s  and  u,  we  know  at  once  to  what  order  it  is  ne- 
ce«sary  to  refer  the  curve  represented  by  that  equation.  If 
the  equation  be  irrational^  it  must  be  freed  from  radicals,  and 

if 
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if  ttavM  b*  fraetioni^  kitef  nmsi  be  made  to  diMppea?  i  tbi» 
doney  the  greatest  Dember  oi  dinfieDatoils  formed  by  the  ve^ 
fiebie  otieoftities  or  and  V9  will  indkete  tbe  order  to  wMch  the 
Hfie  beiOQf  8.  Thus  the  oanre  whkh  ia  denoted  by  clHaa^tte' 
tkmy^  ^  ojtMR  0,  will  be  of  the  second  erder  of  linest  or  of 
the  ifa*et  order  of  cunrea ;  wbtk  the  curve  repreacmed  bf  the 
equ&tiony^  *  a?^(«*  *-  jp*)>  Will  be  of  the  third  order  hhn 
ie,  the  fourth  order  of  lioei)^  became  tbe  e^oatiolir  ie  of  th9 
Iburttk  order  when  freed  from  raidioale ;  end  tbe  tin^  wlueh  ie 

indicated  by  tbe  equation  y  =  -j*——,  trill  be  of  the  third 

drderi  or  of  the  second  order  of  curvea,  because  the  equation 
when  the  fractioti  is  made  to  disappear,  becomes  d*y  +  x*  y» 
a*  —  dx^f  where  the  term  x^y  contains  three  dimensions. 

t.  It  is  possible  that  one  and  the  Same  equation  may  give 
different  curves*  according  as  the  appliCdteS  or  ordinatea  fafl 
upon  the  axis  perpendicularly  or  iihder  a  given  obliquity. 
For  iostance,  this  equation,  y*  =  ax — j:*»  gives  a  circle,  when 
the  co-ordinates  are  supposed  perpendicular  ;  but  when  the 
co-ordhiates  are  oblique,  the  Curve  represented  by  the  same 
equation  will  be  ain  ellipse.  Yet  all  these  diflerent  curvest  ap^^ 
pertain  to  the  same  order,  because  the  transformation  of  rect- 
angular into  oblique  co-ordinates,  and  the  contrary,  does  not 
affect  tbe  order  of  the  curve,  or  of  its  equation.  .Hence» 
though  the  magnitude  of  the  angles  which  the  ordinates  form 
with  the  axis,  neither  augments  nor  diifiinishes  the  generality 
of  the  equation,  which  expresses  the  lines  of  each  order  ;  yet, 
a  particular  equation  being  given,  the  curve  which  It  expresses 
can  only  be  determined  Wheft  thO  angl6  between  the  co-ordi- 
nates is  determined  also. 

8  That  a  curve  line  may  relate  properly  to  the  order  in- 
dicated by  the  equation,  it  m  requisite  that  this  equatioti  be 
not  decomposable  into  rational  factors  ;  for  if  it  could  be  com- 
posed of  two  or  of  more  such  factors,  it  would  thefi  compre- 
hend aS  many  equations,  each  of  which  ilroutd  generate  a 
particular  line,  and  the  reunion  of  these  lifies  would  be  alt 
that  the  equaUon  proposed  could  represent.  Those  equations^ 
then,  which  may  be  decomposed  into  such  factors,  do  not 
comprise  one  continued  curve,  but  several  at  otice,  each  of 
which  may  be  expressed  by  a  particular  equation  ;  and  such 
combinations  of  separate  Curvcis  are  defioted  by  the  term  com- 
plex curves* 

*  Thus,  the  equation  y^^aay  +  xy  —  ax,  which  se^ms  to 
appertain  to  a  line  of  the  second  Order,  if  it  be  reduced  to 
zero  by  making  y*  —  ay  -^  :cy  -f.  co;  »  0,  will  be  composed 
of  the  fcciors  (y  —  a?)  (y  —  a)  «*  0  ;  it  therefore  eompriscs 
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the  tvo  equations  y  —  jr  ss  0.  and  y  — -  a  »  0)  both  of  which 
belong  to  the  right  ime  :  Uie  first  fotiss  with  the  axis  at  the 
origin  of  the  abscissas  an  angle  equal  to  half  a  right  angle  i 
and  the  second  is  parallel  to  the  axis,  and  drawn  at  a  distance 
EH  a.  .  These  two  lines,  considered  together,  are  comprized 
in  the  proposed  equation  c/*  =  ay  +  xy  — >  ajr«     In  like  man^*- 
Iter  we  may  regard  as  complex  this  equation,  y*  —  jpy*  — 
«»  X*  ^ay*  +  ax^y  +  «»  j?y  s=  o  ;  for  its  factors  being  (y— ar) 
(y^a  (  y  t...,..ajip)  ^  0,  instead  of  denoung  oee  continued  lin» 
of  the  fourth  order,  it  comprizes  three  distinct  lines,  tix.  two 
right  lines*  and  one  curve  denoted  by  the  equa.  y<— ax  «.  o, 

9.  We  may  therefore  form  at  pleasure  any  complex  lines 
whatever,  which  shall  contain  2  or  more  right  lines  or  curves. 
For,  if  the  nature  of  eaph  line  is  expressed  by  an  equation  re- 
ferred to  the  same  axis,  and  to  the  same 
origin  pf  the  abscissas,  and  after  having 
reduced  each  equation  to  zero,  we  mul- 
tiply them  one  by  another,  there  will  Bn 
I'esult  a  complex  equation  which  at  once 
comprizes  all  the  lines  assumed.  For 
example,  if  from  the  centre  c,  with  a 
radius  ca  »"  a,  a  circle  be  described  ;  and  further,  if  a  right 
line  tK  be  drawn  through  the  centre  c  ;  then  we  may,  for  any 
assumed  axis,  find  an  equation  which  will  at  once  include  the 
circle  and  the  right  Uncj  as  though  these  two  lines  formed  on- 
ly one. 

Suppose  there  be  taken  for  an  axis  the  diameter  ab,  that 
forms  with  the  right  line  lk  an  angle  equal  to  half  a  right 
angle  :  having  placed  the  origin  of  the  abscissas  in  a,  male 
the  abscissa  ap  a  x,  and  the  applicate  or  ordinate  pm  s  y  ; 
we  shall  have  for  the  right  line,  pm  ob  cp  b  a— x  ;  and  since 
the  point  m  of  the  right  line  falls  on  the  side  of  those  or^- 
tiates  which  are*  reckoned  negative,  we  have  y  «s  —  a  -f  x, 
ory^x  +  aoO:  but,  for  the  circle,  we  have  pm*  =  ap   Pfi» 
and  BP  a  2a  —  x,  which  gives  y  •  »  3ax— x*,  or  y*  +  x*— 
Sox  ea  0.  Multiplying  these  two  equations  together  we  obtain 
the  complex  equation  of  the  third  order, 
y^-y-y^x  -^yx*  —  X*  +fly*  —  2axy  +  3ax*  ^  2a' J  a  0, 
which  represents,  at  once,  the  circle  and  the  right  line.  Hence, 
we  shall  find  that  to  the  abscissa  ap  »  x,  corresponds  three 
crdinates,  namely,  two  for  the  circle,  and  one  for  the  right 
line.    Let,  for  example,  x  u  ^  the  equation  will  become 
2/*+4ay*— *fl*y— ia^  «=  0  >  whence  we  first  find  yf»ia  ■»  O,^ 
and  by  dividing  by  this  root,  we  obtain  y '  ^  ja*  ae  0,  the  two' 
roots  of  which  being  taken  and  ranked  with  the  former,  give 
the  three  following  values  of  y  * 
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II  y-.+  fi^3. 
III.  y  =   -  ia^3. 
We  see,  therefore,  that  the  whole  is  represented  by  one  equa- 
tion, Bs  if  the  circle  together  with  the  right  line  formed  only 
one  continued  curve* 

10.  Tins  difference  between  simple  and  complex  curves 
being  once  established,  it  is  manifest  that  the  lines  of  the 
second  order  are  either  continued  curves,  or  complex  lines 
forraedof  two  right  lines  ;  for  if  the  general  equation  have 
rational  factors,  they  roust  be  of  the  first  order,  and  conse- 
quently will  denote  right  lines.  Lines  of  the  third  order  will 
be  either  simple,  or  complex,  formed  either  of  a  right  line 
and^a  line  of  Uie  ^  second  order,  or  of  three  right  lines.  In 
like  nuumer,  lines  of  the  fourth  order  will  be  continued  and 
simple,  or  complex,  comprizing  a  right  line  and  a  line  of  the 
,  third  order,  or  two  lines  of  the  second  order,  or  lastly,  four 
right  lines.  Complex^ines  of  the  fifth  and  superior  orders 
-wUl  be  susceptible  of  an  analogous  combinaUon,  and  of  a 
similar  enumeration.  Hence  it  follows,  that  any  order  what- 
ever of  lines  may  comprize,  at  once,  all  the  lin^s  of  inferior 
order,  that  is  to  say,  that  they  may  contain  a  complex  line  of 
any  inferior  orders  with  one  or  more  right  lines,  or  with  lines 
of  the  second,  third,  &c.  order  i  so  that  if  we  sum  the  num- 
bers of  each  order,  appertaining  to  the  umple  lines,  there  will 
result  the  number  indicating  the  order  of  the  complex  line*  . 

jDef.  9.  That  is  called  an  byfurbolic  leg,  or  branch  of  a 
curve,  whi^  approaches  constantly  to  some  asymptote  i  and 
that  a  fiaraboUc  ene  which  has  no  asymptote. 

Art.  U.  All  the  legs  of  curves  of  the  second  and  higher 
kinds,  as  well  as  of  the  first,  infinitely  drawn  out,  will  be  of 
either  the  hyperbolic  or  the  parabolic  kind:  and  these  legs 
are  best  known  from  the  tangents.  For  if  the  pdnt  of  con- 
tact be  at  an  infinite  distance,  the  tangent  of  a  hyperbolic  leg 
will  cpincide  with  the  a^^roptote,  and  the  tangent  of  a  para* 
bolic  leg  will  recede  intnfiMtum^  will  vanish  and  be  no  where 
found.  Therefore  the  asymptote  of  any  leg  is  found  by  seek- 
ing the  tangent  to  that  leg  at  a  poi&t  infinitely  distant :  and 
the  course,  or  way  of  an  infinite  leg,  is  found  by  seeking  the 
positkNi  of  any  right  line  which  is  parallel  to  the  tan^t 
where  the  piMiit  of  conUct  goes  off  tn  injinitum :  for  this  nght 
line  is  dinrnd  the  same  way  with  the  infinite  leg. 

Sir  Imooc  Newton* 8  Reduction  of  aU  JJnee  of  the  T^rd 
Order  to  four  Ch»e«  of  Mquatiom  ;  with  the  Enumeration  of 
those  iineg,  ^  ^^^  ^• 
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IS.  All  the  line»  of  the  firytt  third*  fifi}i»  gad  aevcDth  order, 
9r  of  «njr  odd  Qnler«  bAVc  at  least  t«ro  Ug»  or  »ide«  procee4* 
in§  on  9(i  infinitunh  9»^  M»Wftrdj»  cQotrary  parts.  And  ail  110^9 
of  the  thira  order  have  to  such  legs  or  branqbes  niiiDlii^  out 
oontraiy  ways,  and  towards  which  no  other  of  their  infinite 
Jrgf  (e^c^pt  10  the  C^esian  pftr^boU)  tend.  If  the  legs  are 
ofth^  hyfi4rbolic  tiod|  1^  94s  be  the^r  asjrmpt^te  ^  ^nd  to  it 


lei  th»  farailel  cm  be  drawn,  cerfninated  (if  posaiWe)  9X  hoUi 
eiuls  at  the  curve.  Let  this  parallel  be  bisected  in  z,  and 
|hen  wit!  the  locus  of  that  point  x  be  die  corneal  or  conmBon 
hyperbola  xt*  one  of  whose  asymptotes  is  as.  Lot  its  other 
asymptote  be  ab.  Then  the  C(|uation  by  which  the  reladon 
between  the  ordinate  ac  =  y*  and  the  abscis;ia  ab  =:  a^^  is 
determined,  will  always  be  of  this  form  :  viz. 

3ry«  -{-ey^ax^  +  bx^  +  cx  +  d  .  .  (L) 
Here  the  coefi^iepts  e^  a,  dj  c,  dy  denote  given  quantities 
affected  with  their  signs  -f-  and  ^,of  which  terms  any  one 
nay  be  w^tingi  provided  the  figure  through  their  defect  does 
not  become  transmrmed  into  a  co|iic  section.  The  oooici^l 
hyperbols  ^q  ms^  coincide  with  its  asymptotes,  thflk  is,  the 
point  :^  m«y  cpme  to  be  mi  the  line  ab  i  and  then  the  term 
•f-  fy  If  ill  be  wanting. 

€A8B  a 

13.  But  if  the  right  line  cbt  cannot  be  lemlnated  both 
ways  at  the  curve,  but  will  come  to  it  only  in  one  point ;  then 
draw  any  line  in  a  given  position  which  shall  cut  the  asymp- 
tote AS  in  A ;  as  also  any  other  right  line*  as  so,  ptraUd  to 
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the  msymptotef  and  meeting  the  curve  in  the  point  o  ;  then 
the  equation,  by  which  the  relation  between  the  ordinate  bg 
and  the  abscissa  ab  is  determined,  will  always  assume  thie 
form  :  viz.  xy  «a  ax*  +  dar«  +  ex  4.1I . . « .  (IL) 

CASE  m. 

14  If  the  opposite  legs  be  of  the  parabolic  kind,  draw  the 
right  line  cbc,  terminated  at  both  ends  (if  possible)  at  the 
curve,  and  running  according  to  the  course  of  the  legs  ;  which 
line  bisect  in  b  :  then  shall  the  locus  of  b  be  a  right  line  Let 
that  right  line  be  ab,  terminated  at  any  given  point,  as  a  : 
then  the  equation,  by  which  the  relation  between  the  ordi- 
nate bc  and  the  abscissa  ab  is  determined,  will  always  be  of 
this  form  :  y«  «  ex*  +  bx*+cx  +  rf , . . .  (HI.) 

CASE  1% 

15.  If  the  right  line  cbc  meet  the  curve  only  in  one  pointy 
and  therefore  connot  be  terminated  at  the  curve  at  both  ends  4 
let  the  point  where  it  comes  to  the  curve  be  o,  and  Xtx  that 
right  line  at  the  point  b«  fall  on  any  other  right  line  given  in 
position,  as  ab,  and  terminated  at  any  given  point,  as  a. 
Then  will  the  equation  expressing  the  relaUon  between  Be 
and  AB,  assume  this  form  : 

1 6.  In  the  first  case,  or  that  of  equation  i,  if  the  term  off' 
be  affirmative,  the  figure  will  be  a  triple  hyperbola  #tth  six 
hyperbolic  legs,  which  will  run  on  infinitely  by  the  three 
asymptotes,  of  which  none  are  parallel,  two  legs  towards  each 
asymptote,  and  towards  contrary  parts ;  and  these  asymptoteai 
if  the  term  bx^  be  not  wanting  in  the  equation,  will  mutually 
intersect  each  other  in  3  pcnnta,  forming  thereby  the  triangle 
j^d^.  But  if  the  term  hx*  be  wanting,  they  will  all  converge 
to  the  same  point.  This  kind  of  hyperbola  is  called  redund* 
en/,  because  it  exceeds  the  conic  hyperbola  in  the  number  of 
iu  hyperbolic  legs. 

In  every  redundant  hyperbola,  if  neither  the  term  ry  be 
wanting,  nor  6*  —  4ar  smae^a^  the  curve  will  have  no  dia- 
meter; but  if  either  of  those  occur  separately,  it  will  have 
.  only  oTie  diameter ;  and  thrrcf  if  they  both  happen.  Such 
diameter  w.ill  always  pass  through  the  intersection  of  two  of 
the  asymptotes,  and  bisect  all  right  Unes  which  are  terminated 
each  way  by  those  asymptoies,a&d  which  are  parallel  to  the 
third  asymptote* 

^  17.  If  the  redundant  hyperbola  have  no  diameter,  let  the 
four  roou  or  values  of  x  in  the  equation  ax^  «f  bx^  +  ex*  + 
djT  -f  {e*  m  O^be  sought ',  and  suppose  them  to  be  ap^  a*-* 
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Air.  and  Afi  (see  the  mceding  figure).  Let  the  onSmtes  vt« 
««'i  *?»  fih  he  erected ;  they  shall  touch  the  cunre  m  the  poiDta 
T,  r,  7,  ff  and  by  that  contact  shall  give  the  limits  of  the  eunre, 
by  which  its  species  will  be  discoveredr 

Thus,  if  all  the  roots  ap,  aw%  av,  a^«  be  realt  and  have  the 
same  sign^  and  are  unequali  the  curve  will  consist  of  three 
hyperbolas  and  an  c»val :  viz  an  inscribed  hyfierbola  as  kc  ; 
a  €ircum$cribed  hyperboU^  as  Tie  s  an  atubigcneml  hyfierbola^ 
(i.  e.  lying  within  one  asymptote  and  beyond  another)  9Apt  i 
andanov^  t7.  This  is  reckoned  thejirti  species.  Other 
relations  of  the  roots  of  the  equations  give  8  more  Afferent 
species  of  redundant  hyperbolas  without  diameters ;  \%  each 
with  but  one  diameter ;  2  each  with  three  diameters ;  and  9 
each  with  three  asymptotes  conver^ng  to  a  common  point* 
"^Some  of  these  have  ovals,  some  pomts  of  decussation)  and  in 
some  the  ovals  degetMrate  into  nodes  or  knots. 

18.  When  the  term  djr^  in  equa.  i,  is  negativoi  the  figure 
expressed  by  that  equatioDf  will  be  a  deficient  or  d^eettoe 
hyfierbola ;  that  is»  it  will  have  fewer  legs  than  the  complete 
conic  hyperl>ola.    Such  is  the  marginal 
figure,  representing  Newton's  33d  spe- 
cies ;  which  is  constituted  of  an  mngtU" 
Tteai  or  serpentine  hyperbolas  (both  legs 
approaching  a  common  asymptote  by 
means  of  a  contrary  flexore,  and  a  con- 
jugate oval.    There  are  6  species  of  de- 
fective hyperbolast  each  having  but  one* 
asymptote,  and  only  two  hyperbolic  legs, 
running  out  contiary  ways,  ad  i^/bn* 
turn  ;  the  asymptote  bemg  the  first  and  principal   ordinslr. 
When  the  term  ey  ts  not  absent,  the  figure  will  have  no 
diameter ;  when  it  is  absent,  the  figure  will  have  one  diame- 
ter.   Of  this  latter  class  there  are  7  diffeient  species,  one  of 
which,  namely  Newton's  40th  species,  is  ezh&ited  m  the 
margin. 

19.  I^  in  equation  i,  the  term  ax^  be 
wantine,  but  bx*  not,  the  figure  ex- 
pressed by  the  equation  remaining,  will 
be  a  parabolic  hyperbola,  having  two  - 
hyperbolic  legs  to  one  asymptote,  and 
two^mi-abolic  legs  converging  one  and 
the  same  way.  When  the  term  ey  is 
not  wantm^p,  the  figure  wiU  have  no 
diameter  •  if  that  term  be  wanting,  the 
figure  wiU  have  one  diameter.  There  are  7  species  apper- 
tahung  to  the  former  case;  and  4  to  the  latter, 
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30.  When,  in  equau  i,  the  terms  oar*,  dar*,  are  wanting,  or 
nrheD that  equation  becomes xy^  +ey  eacx+d^lt  expresses 
a  figure  consisting  of 'three  hyperbolas  opposite  to  one  an- 
other, one  lying  between  the  parallel  asymptotes,  and  the 
other  two  without :  each  of  these  curres  having  three  asymp- 
totes, one  of  which  is  the  first  and 
principal  ordinate,  the  othifi^iwopa- 
rallei  to  the  abscina,  aM'' ^oalty 
distant  from  it  ;  as  in  thi^siltinexed 
figure  of  Newton's  60th  species. 


Otherwise    the  said  equation  ex-  *    "?V 

pre«9es  two  opposite  circumscribed  — >^ 

hyperbolas,  and  an  anguineal  hyper-       — - 

bola  between  the  asymptotes.  Under 

this  class  there  are«A  species,  called 

by  Newton  Hyftcrdalismd  of  an  hyfierMa.    By  hyperbolismae 

of  a  figure  he  means  to  u^ify  when  the  ordinate  comes  out, 

by  dividing  the  rectangle  under  the  ordinate  of  a  given  conic 

section  and  a  given  right  line,  by  the  common  abscissa. 

SI.  When  the  term  cjr*  is  negative,  the  figure  exgresaed 
by  the  equatioo  xy*  -fey  bs— ex'  4-  </!,  is  either  a  serpentine 
hyperboUf  having  only  one  aif  mptote,  being  the  principal 
ordinate;  or  else  it  is  a  conchoidal  figure.  Under  this  class 
there  are  3  species»  called  Hyfierho&Mtmt  qfan  eUiftMe, 

33.  When  the  term  ex*  is  absent,  the  equa  xy*  +ey  mmd^ 
expresses  two  hyperbolas,  lying,  not  in  the  opposite  angles  of 
the  asymptotes  (as  in  the  conic  hyperbola),  but  in  the  adja* 
cent  angles  Here  there  are  only  3  species,  one  consisting  of 
an  inscribed  and  an  amblgeneal  hyperbola,  the  otiier  of  two 
inscribed  hyperbolae.  Thesp  two  species  are  called  the  Hy- 
fitrbo&Mfnm  tfa  fiarabola. 

33  In  the  second  case  of  equations,  or  that  of  equation  ii, 
there  is  but  one  figure  ;  which  has  fimr  infinite  legs.  Of 
these,  two  are  hyperbolic  about  one  asymptote,  ten^g  to- 
wards contrary  parts,  and  two  converging  parabolic  legs, 
nuiking  with  the  former  nearly  the  figure  of  a  indent^  the 
fimuliar  name  given  to  this  species.  This  b  the  Cariegian 
parabola,  by  which  equations  of  6  dimensions  are  sometimes 
constructed  :  it  is  the  66th  species  of  Newton's  enumeration. 

34.  The  third  case  of  equations,  or 
equa  iii,  expresses  «  figure  having  two  ^ 
parabolic  legs  ruantng  eat  contrary  ways :!! 
of  these  there  are  5  different  species, 
caO^ dipargmg  or  beO^^rm  parabolas; 
of  which  3  have  ovals,  I  is  nodate,  I 
puoeMeyaadl  cus^date.    The  figure  shows  Newtno  s  67th 
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spcdes ;  b  which  the  oval  must  always  be  so  small  that  no 
tight  iioe  which  cuts  it  twice  can  cut  the  parabolic  cunre  cf 
naore  than  once. 

35.  In  the  case  to  which  equa.  it 
referS)  there  is  but  one  species.  It  ex- 
presses the  cubical  parabola  with  con- 
trary legs.  This  curve  may  mmltf  be 
4escrib<3  macUantcally  by  mease  of  a 
equare  and  an  equilaural  hypefhok.  Us 
mosi  simple  property  is,  that  bji  (paral- 
lel to  Aq)  always  varies  as  1411 ' — <|R  '. 

26.  Thus  according  to  Newton  there  are  T2  species  of  Knes 
of  the  third  order.  But  Mr.  Stirling  discovered  four  more 
species  of  redundant  hyperbolas  ;  and  Mr.  Stone  two  more 
species  of  deficient  hyperbolas,  expressed  by  the  equation 
vx*  as  bx*  -f  ex  -I-  cf :  i .  e.  in  the  case  when  tx^-f-ex^ds^Of 
has  two  unequal  negative  roole,  and  in  that  where  the  equa- 
tion has  two  equal  negative  roots.  So  that  there  are  at  leatt 
T8  different  species  of  lines  of  the  third  order.  Indeed  Euler, 
who  ^sses  all  the  varieties  of  lines  of  the  third  order  under 
1 6  general  species  affirms  that  they  comprehend  more  than 
80  varieties ;  of  which  the  preceding  enunteration  necessarily 
comprizes  nearly  the  whole. 

27.  Lines  of  the  fourth  order  are  divided  by  Euler  into 
146  classes  ;  and  these  comprise  more  than  SOeo  varieties : 
they  all  flow  from  the  different  relations  of  the  qtiantities  in 
the  10  general  equations  subjoined. 

5.3^'      4         »+J'a:*;'+A7 1 

e-jr*      H         »  -^gxy   +hu J 

7.y^     -^-ex^V-^fxy^^gxy^hyt+ixs+ks-) 

B.x*y  +exy^^rfx*y+gy^  -rhxy+iy     .  .  l^^^^jLv^iJLex^J 

28.  Lines  of  the  fifth  and  higher  orders,  of  necessity  be- 
come still  more  numerous ;  and  present  too  many  varieties  to 
admit  of  any  classification,  at  least  in  moderate  compass. 
Instead,  therefore,  of  dwelling  upon  these  ;  we  shall  give  a 
concise  sketch  of  the  moat  curious  and  important  properties 
of  curve  I'mes  in  general,  as  they  have  been  deduced  from-a 
contemplation  of  the  nature  and  mutual  relation  of  the  roots 
of  the  equations  representing  those  curves.  Thus  a  curve 
being  called  of  n  dimensions,  or  a  line  of  the  mh  order  when 
Its  representative  eqtiation  lises  ton  dimensions  ,  then  once 
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Ibr  CTery  diS&rent  nine  ofx  there  are  n  vilucs  of  y,  it  will 
oonimonly  happen  thtt  the  ordinete  will  cut  the  curve  in  n  or 
in  n-^-Jf  i»-^t  &c.  points,  according  as  tiie  equation  has 
UfWn  ^  2,  n— 4,  kc.  poflsible  roots.  It  is  not  however  to 
be  inferred  that  a  ris^ht  line  will  cut  a  curve  of  n  dimenaMii% 
inii,n  —  3991^4,  Ice  paints  only ;  for  if  this  were  tho 
case,  a  line  of  the  3d  order*  a  ccnic  section  for  instance,  conid 
only  be  cut  by  a  right  line  in  two  points  ;— but  thb  is  msni* 
lestly  inoorrectt  for  though  a  conic  pwabcria  will  be  cat  in  two 
points  by  a  right  line  oblique  to  the  axis,  yet  a  right  line  pa- 
ralM  to  the  axis  can  only  cut  the  curve  in  one  point. 

39.  It  is  true  in  general,  that  lines  of  the  n  order  cannot 
be  cut  by  a  right  line  in  more  than  n  points  ;  but  it  does  not 
hence  follow,  that  any  right  line  whatever  will  cut  in  »  poinu 
-every  tine  of  that  order  >  it  may  happen  that  the  naa»ber  of 
intersections  is  n  -«»  1,  s  —  3,  n  —  3,  Sec  to  fi  -—  r.  The 
number  of  intersections  that  any  right  line  whatever  makes 
with  a  given  curve  line,  cannot  therefore  determine  the  order 
to  which  a  curve  fine  appertains.  For,  as  Euler  remarks,  if 
the  number  of  intersections  be  =  n,  it  does  not  follow  that 
the  curve  bekmgs  to  the  n  order,  but  it  may  be  referred  to 
some  superior  order ;  indeed  it  nay  happen  that  the  curve  is 
not  algebraic,  but  transcendental*  This  case  excepted,  bow* 
eTer,  fiuler  contends  that  we  may  ahrsyt  affirm  positive^ 
that  a  curve  line  which  is  cut  by  a  right  line  in  n  points,  can- 
not belong  to  an  order  of  lines  iofenor  to  s.  Thus,  when  a 
right  line  cuts  a  curve  in  4  points,  at  is  certain  that  the  curve 
does  not  belong  to  either  the  second  or  third  order  of  lines  ; 
but  whether  it  be  referred  to  the  fourth,  or  a  superior  order, 
or  whether  it  be  transcendental,  is  not  to  be  decided  by 
analysis. 

30.  Dr.  Waring  has  carried  this  enquiry  a  step  liirther  than 
Euler,  and  has  demonstrated  that  there  are  curves  of  any  num* 
ber  of  odd  orders,  that  cut  a  right  line  in  3, 4,  6,  kc  points 
only  ;  and  of  any  number  of  even  orders  that  cut  a  right  line 
in  3,  5,  7,  &c.  points  only  ;  whence  this  author  likewise  in- 
fersi  that  the  order  of  the  curve  cannot  be  announced  fnm 
the  number  of  p<miu  in  wliich  it  cots  a  right  line.  See  lus 
Proprietates  Algebraicamm  Curvarum* 

31.  Every  geometrical  curve  being  cominued,  cither  re- 
turns into  itself^  or  goes  en  to  an  in&iite  <Bstance.   And  if  any 

"  plane  curve  has  two  infinite  t>ranches  or  legs,  they  join  (me 
*  another  either  at  a  finite,  or  at  an  infinite  distance. 

32.  In  any  corwc^  if  tangents  be  drawn  to  all  paints  of  the 
carve  » smd  if  they  always  cut  the  abscusa  at  a  finite  distance 
fromkaori^i  that  curve  has  an  asymptote,  otherwise,  not. 
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33.  A  line  of  anj  order  may  have  at  many  atymptotea  as  it 
haa  dimensiontf  and  no  more. 

34  An  aaymptote  may  interaect  the  curre  in  ao  many 
poiott  abating  two*  aa^the  equation  of  the  curve  haa  dunen- 
jMona.  Thus,  in  a  conic  section,  which  ia  the  second  ^order 
of  lines,  the  asymptote  does  not  cut  the  curve  at  all ;  in  the 
third  order  it  can  only  cut  it  ia  one  point ;  in  the  fourth  order 
in  two  pointa ;  and  ao  on. 

35  If  a  curve  have  as  many  aajrmptotes,  as  it  has  dimensions, 
and  a  right  tine  be  drawn  to  em  them  all,  the  parts  of  that 
measured  from  the  asymptotes  to  the  curve,  wfll  together  be 
equal  to  the  parts  measured  in  the  same  direction,- from  the 
curve  to  the  asymptotes* 

36.  If  a  curve  of  n  dimensions  have  n  asymptotes,  then  the 
content  of  the  n  ahacissas  will  be  to  the  content  of  the  n  ot^ 
dinates,  in  the  aame  ratio  in  the  curve  and  as]rmptotes  ;  the 
sum  of  theirn  subnormals,  to  ordioates  perpendicular  to  their 
abscissas,  will  be  equal  to  the  curve  and  the  asjrmptotes  ;  and 
they  will  have  the  aame  central  and  diametral  curves. 

37.  If  two  curves  of  n  and  m  dimensions  have  a  common 
asymptote  ;  or  the  terms  of  the  equationa  to  the  curves  of  the 
greatest  dimensions  have  a  common  divisor ;  then  the  ctirves 
cannot  intersect  each  other  in  n  x  m  points,  possible  or  im* 
posaible.  If  the  two  curvea  have  a  common  genehd  centre, 
and  interaect  each  other  inn  X  m  points,  then  the  sum  of 
the  affirmative  abscissas,  8cc.  to  those  points,  will  be  equal  to 
the  sum  of  the  negative ;  and  the  sum  of  the  n  subnormalt 
to  a  curve  which  has  a  general  centre,  will  be  propordond 
to  the  diaunce  from  that  centre. 

33.  Lines  of  the  third,  fifth,  seventh.  Ice  order,  or  any 
odd  number,  have,  as  before  remarked,  at  leaat  two  infinite 
legs  or  branches,  running  contrary  ways ;  while  in  lines  df  the 
«Bcond,  fourth,  sixth,  or  any  even  number  of  dimeaaionsy  the 
figure  may  return  into  itaei^  and  be  contained  within  certain 
limits* 

39  If  the  right  Ibes  ap,  ph»  forming  a  given  angle,  apk 
cut  a  geometrical  line  of  any  order  in  as  mftny  poiou  as  it 
has  dimensions,  the  prodtict  of  the  segments  of  the  first  tei^ 
minated  by  p  and  the  curve,  will  always  be  to  the  product  ef 
the  segments  of  the  latter,  terminated  by  the  same  pwnt  and 
the  curve,  in  an  invariable  ratio. 

4C  With  respect  to  double,  triple,  quadruple,  and  other  ' 
multiple  points*  or  the  poinU  of  intersection  of  2,  3,  4,  or 
more  branches  of  a  curve*  their  nature  and  number  may  be 
estimated  by  means  of  the  following  principles.  1 .  A  curve  of 
Ihe  n  order  is  determinate  when  it  is  subjected  to  pass  through 
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Ae  number  ^^^  ■  ■  ^"'^^^  -  I  points.    $.  A  cur?c  of  the  n 

order  cannot  intersect  a  ^tuire  of  the  m  order  in  more  tban 
mn  poioti» 

llence  it  follows  that  a  curve  of  the  second  order,  for  ez« 
ample,  can  alwajrs  pass  through  S  given  points  (not  in  th» 
same  right  line))  and  cannot  meet  a  cunre  of  them  order  in 
more  than  vm  potnU ;  and  it  is  impossible  that  a  curre  of  the 
m  order  should  have  5  pouits  whose  degrees  of  multiplicity 
make  together  more  than  9«  points.  Thus,  a  ttneofth^ 
fourth  order  cannot  have  four  double  pcunts  ;  because  the  line' 
of  the  second  order  whibh  would  pass  through  these  fiour 
double  pointsy  and  through  a  fifth  simple  point  of  the  curve 
of  the  fourth  ^menrion*  would  meet  9  times ;  which  is  im- 
possiblet  since  there  can  only  be  an  intersection  3  x  4  or  S 
times. 

For  the  same  reason*  a  curve  line  of  the  fifth  cannot*  with 
one  triple  point*  have  more  than  three  double  points:  and  in 
a  similar  manner  we  may  reason  for  curves  of  higher  orders. 

Again*  for  the  known  proposition,  that  we  can  always 
make  a  line  of  the  third  order  pass  through  nine  points,  and 
that  a  curve  of  that  order  cannot  meet  a  curve  of  the  m  order 
in  more  than  Ssi  points,  we  may  conclude  that  a  curve  of  the  • 
m  order  cannot  luve  nine  points*  the  degrees  of  multiplicity 
of  which  make  together  a  number  greater  than  Sm.  Thus^ 
a  line  of  the  fifth  order  cannot  have  more  than  6  double 
points  ;  a  line  of  the  6th  order,  which  cannot  have  more  than 
one  quadruple  point*  cannot  nave  with  that  quadniple  point 
more  than  6  double  poinu  $  nor  with  two  triple  points  more 
thsn  5  double  points ;  nor  even  with  one  triple  point  more 
than  7  double  points.  Analogous  conclusiens  obtain  with 
respect  to  a  line  of  the  fourth  order*  which  we  may  cause  to 
pass  through  U  points*  and  winch  can  only  meet  a  curve  of 
the  m  order  in  4an  points*  and  so  on. 

41.  The  properties  of  curv^  of  a  superior  order*  agree* 
under  certam  modifications*  with  those  of  all  inferior  orders. 
For  though  some  line  or  lines  become  evanescent*  and  others 
become  infinke*  some  coincide,  others  become  equal ;  some 
points  ^coincide*  and  ethers  are  removed  to  an  infinite  dis* 
tance  ;'  yet*  under  these  circumstances  the  general  properties 
still  hold  good  vrith  regard  to  the  remainmg  quantities ;  so 
that  whatever  is  demonstrated  generally  of  any  order*  holds 
true  in  the  inferior  orders :  and,  on  the  contrary*  there  is 
hardly  any  property  of  the  inferior  orders*  biit  there  is  some 
similar  to  it,  in  the  superior  ones. 

For,  as  in  the  conic  sections*  if  two  parallel  lines  arcr  drawn 
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to  terniinate  at  the  section,  the  right  line  that  bisects  thtM 
will  bisect  all  other  4ine8  parallel  to  them  ;  and  is  therefore 
called  A  diMnutcr  of  tlie  figure,  and  the  bisected  lines  ordi* 
naif,  and  the  intersections  of  the  diameter  with  the  curve 
wertUeB  ;  the  common  intersection  of  all  the  diameters  the 
tnurt ;  and  that  diameter  which  is  perpendicular  to  the  or- 
dtnateS)  the  vertex.  So  likewise  in  higher  curves,  if  two 
parallel  lines  be  drutrO)  each  to  cut  the  curve  in  the  number 
ef  points  that  indicate  the  order  of  the  curve  ;  the  right  line 
that  cuts  these  parallels  80»  that  the  aum  of  the  paru  on  oee 
nde  of  the  line*  estimated  to  the  curve,  is  equal  to  the  sum 
ef  the  parts  on  the  other  side,  it  will  cut  in  the  same  man- 
ner »11  ether  lines  parallel  to  them  that  meet  the  curve  in  the 
same  number  of  pcHnts  ;  in  this  case  also  the  divided  lines  ate 
called  ordinate^^  the  line  so  dividing  them  a  diameter^  ihe 
intcrsectiou  of  the  diameter  and  the  curve  verHcea  i  ibe  com* 
mon  intersection  of  two  or  more  diameters  the  centre  i  the 
diameter  perpendicular  to  the  ordioates,  if  there  be  anjr  such, 
the  mxia  ;  and  when  all  the  diameters  concur  in  one  point*  that 
ia  the  general  centre. 

Again*  the  conic  hyperbola,  being  a  line  of  the  sectnid 
order,  has  two  asympiotes  ;  so  likewise,  that  of  the  third 
order  may  have  three ;  that  of  the  fourth,  four  »  and  so  on ; 
end  they  can  have  no  more.  And  as  the  parts  of  any  right  line 
between  (he  hyperbola  and  its  asymptotes  are  equal ;  so  like* 
wise  in  the  third  order  of  lines,  if  any  line  he  drawn  cutting 
Ihe  curve  and  its  asymptotes  in  three  pointa  i  the  sum  of  two 
parts  of  it  &iling  tlie  same  way  from  the  asymptotes  to  the 
curve,  will  be  equal  to  the  part  falling  the  contrary  way  from 
the  third  asymptote  to  the  curve ;  and  so  of  higher  curves. 

Also,  in  the  conic  sections  which  are  not  parabolic  s  as  the 
square  of  the  ordinate,  or  the  rectangle  of  the  parts  of  it  on 
each  side  of  the  diameter,  is  to  the  rectangle  of  the  parts  of 
the  diameter,  terminating  at  the  vertices,  in  a. constant  ratio, 
viz.  that  of  the  latus  rectum,  to  the  transverse  diameter.  So 
in  non*parabolic  curves  of  the.  next  superior  order,  the  solid 
under  the  three  ord'uiates,  is  to  the  solid  under  the  three  ab- 
scissa8,or  the  distances  dt  the  three  vertices s  in  a  certain  given 
ratio.  In  which  ratio  if  there  be  taken  three  lines  propor- 
tional to  the  three  diameters,  each  to  each ;  then  each  of  these 
three  lines  may  be  called  a  lotus  rectum^  and  each  of  the  cor- 
responding diameters  a  tranroeree  diameter.  .  And,  in  the 
common,  or  Apollonian  parabola,  which  has  but  one  vertex 
for  one  diameter,  the  rectangle  of  the  ordinates  is  equal  to 
the  rectangle  of  the  abscissa  and  latus  rectum  ;  so,  in  those 
curves  of  the  second  kind,  or  linea  of  the  third  kind  which 
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have  onty  two  verti<  es  to  the  same  diain^ter»  the  solid  under 
th:  thre*  ordinaies,  is  equa!  to  the  solid  under  the  two ab« 
sclssae,  and  a  giYen  Uae,  whieh  nwj  be  reckoned  the  latua 
rectum. 

Lastif «  since  in  the  ccfiic  sectiofis  wbf  re  two  parallel  lines 
teroMDaiing  at  the  ci^ve  hech  wajs,  «re  cut  by  two  ptber  pa- 
rallels likewiee  ternsinaied  by  the  curve  i  we  have  the  rect- 
angle of  the  partaof  pneof  the  first,  to  the  rectangle  of  tl^e 
parts  of  one  <rf  the  lecond  lioesi  as  the  rectangle  of  the  parts 
of  the  second  of  the  former,  to  the  rectang;le  of  the  parts  of 
ihe  second  t>r  the  fatter  pair,  passing  aleo  through  the  com- 
mon point  of  their  diviiaion.  So,  when  four  such  Hnesare 
drawn  in  a  curve  of  the  second  kind,  and  each  meeting  it  in 
tiiree  points ;  the  solid  under  the  parts  of  the  first  line)  will 
be  to  that  under  the  parts  of  the  third,  as  the  solid  under  the 
parts  of  the  second^  to  that  under  the  parts  of  the  fourth. 
And  the  analogy  between  cunres  of  different  orders  may  be 
carried  much  further :  but  as  enough  is  given  for  the  objects 
of  tbia  work ;  we  shall  now  present  a  lew  of  the  most  useful 
problems. 

PBOBLEM I 

Xnowing  the  Characteristic  Propeityi  or  the  Manner  of  l)e» 
scriptioe  d  a  Curve^  lo  find  its  £;quation. 

This  In  most  cases  will  be  a  matter  of  great  simplicity ; 
because  the  manner  of  description  suggests  the  relation  be- 
tween the  ordinates  and  their  corresponding  abscissas  ;  and 
this  relation,  when  expressed  algebraically,  is  no  other  than 
the  equation  (o  the  curve.  Examples  of  this  problem  havo^ 
already  occurred  In  sec  4  of  vol.  I :  to  which  the  following 
are  now  added  to  exercise  the  stiident. 

JEjf.  I.  Find  the  equation  to  the  cis^id  of  Diocles ; 
whose  manner  of  disctiptioh  is  as  below. 

From  any  two  points  r,  s,  at  equal 
<ifistances  from  the  extremities  a,  b,  of 
the  diameter  of  a  semicircle,  draw  st, 
PM,  perpendicular  to  ab.  From  the 
point  T  where  st  cuts  the  semicircle, 
draw  a  right  line  at,  it  will  cut  pm  in 
X,  a  point  of  the  curve  required 

Now,  by  theor.  sr  Geom.  as  .  sb  aa  st*  ;  and  by  the  con- 
struction, AS  .  SB  »  AP  .  r  B.     Also  the  similar  triangles  apmt, 

AST,  give  AP  :  PM  :  :  As  :  st  :  :  pb  :  st  ;» r-.      Conse- 

AP 

Vot.ir.  Pp  quenlly 
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quentlf  8T«  = — —^  «AP.PB  and  lastjy  — ^- — =  At.  apN 

or  PA^  »  PB  .  TU*.  Henceyif  the  diMMter  ab  =s  iif,  ap  ».  Xf 
PM  8  y  ;  the  equation  is  ar»  =3  V'C^"-*)* 

The  cbmplete  cifltoid  willha^e  another  brancb  equal  and 
aimilar  to  am q,  bat  turned  contrary  waya  }  bein^  drawn  fay 
means  of  polnta  t'  falling  in  the  other  half  of  the  drcle.  But 
the  same  equation  will  comprehend  both  branches  of  the 
aurve  ;  because  the  square  of— y»  as  well  as  that  of  -f  y,  is 
positive. 

Cor.  All  cissoids  are  similar  figures ;  because  theabsciasib 
and  ordinates  of  several  cissoids  will  be  in  the  same  ratioi 
when  either  of  them  is  In  a  given  ratio  to  the  diameler  of  ICa 
generating  circle. 

Ex,  2.  Find  the  equation  to  the  logarithmic  curve,  whose 
fandamental  property  is,  that  when  the  abacisaaa  increaee  or 
decrease  in  arithmetical  progression,  the  correspondiBg  ordi- 
nates increase  or  decrease  in  geometrical  pmgression. 

Ans.  y  =  a' ,  It  being  the  number  whose  logaritiini  k  1 »  ia 
the  system  of  logarithms  represented  by  the  curve. 

Ex.  3.  Find  the  equation  to  the  curve  called  the  lf7rrA, 
whose  construction  is  this :  a  semicircle  whose  diameter  is 
AB  beln^  given  ;  draw,  from  any  point  p  in  the  diameter,  a 
perpendicular  ordinate,  cutting  the  semicircle  in  n,  and  ter- 
minating in  M,  so  that  ap  :  pn  •  :  ab  :  pm  ;  then  is  m  always 
a  point  in  the  curve-  j^^^     ^  djt^ 

PROBLEM  It 

Given  tlie  Equatmito  a  Curvei  to  Describe  ity  and  trace  its 
Chief  Propertiea. 

The  method  of  effecting  this  is  obvious :  for  any  abadssas 
being  assumed,  the  corresponding  values  of  the  ordinates  be- 
come known  from  the  equation  ^  and  thus  the  curve  may  be 
tracedi  and  its  limits  and  properties  developed. 

Ex.  1.  Let  the  equation  y'  a=:a*;r,or  y  ss  ^a^x%  to  a  line 
of  the  third  order  be  proposed. 

First,  drawing  the  two  indefinite  lines 
BH,  DC,  to  make  an  angle  bag  equal  to 
the  a&sumed  angle  of  the  co-ordinates ; 
let  the  values  of  x  be  taken  upon  ag, 
and  those  of  y  upon  ab,  or  upon  lines 
parallel  to  ab.  Then,  let  it  be  enquired 
whether  the  curve  passes  through  the 
point  A,  or  not.  In  order  to  this,  we 
must  asctrtesn  what  y  wUl   be  when 
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a?  =  O :  aiid4tt  thatcaw  y  ss  i^(a»  X  0),  that  is,  y«0.  There* 
lore  the  cur?e  passes  through  a.  Let  it  next  be  ascertained 
Whether  tbe  eunre  cnU  the  axie  ac  in  any  other  point ;  in 
order  to  which,  find  the  value  of  x  when  y  «  0  =  this  will  be 
v^e*  ar  «■  o^or  X  la  O.  Conaequently  the  curve  does  not  cut 
the  exis  ia  any  other  point  than  a«  Make  x  »  ap  ae  ^ 
aad  the  i^iven oqua.  will heoome  y  «>  ^  ia>  ««  a^i  There- 
fore draw  PM  parallel  to  AB  and  equal  to  a^i,  so  will  m  he 
a  point  in  the  curve.  Agaiut  n^aic  x  =r:  ac  «  a ;  then  ihe 
equation  will  give  y  «»  ^as  :='  a.  Hence,drawing  ck  parallel 
to  ABf  and  equal  to  ac  or  e,  n  will  he  another  point  in  the 
curve.  And  by  assuming  other  values  of  y,  other  ordinates, 
and  cofMoqueatlf  other  pcunts  of  the  curve*  may  be  obtained* 
Once  more,  making  x  infinite,  or  x«oo  ,  we  shall  have  y  « 
3r(a«  X  OD  ) ;  that  Is,  y  Is  infinite  when  x  is  so  ;  and  therefore 
the  curve  passes  en  to  infinity.  And  further,  since  when  x 
is  taken  ss  <v  It  is  also  y  =s  0,  and  when  jt  a  cD  ,  it  is  also 
V  =  CO  ;  the  ^irve  will  have  no  asymptotes  that  ase  parallel 
to  Che  co-ordiaatea. 

Let  the  right  line  ax  be  drawn  to  cut  pm  (produced  if  nc- 
Ges&*ry)  in  a-  Then  because  ck  —  ac,  it  will  be  Fss=AP=4tf. 
But  FMcsa^izs  ia^4,  which  is  manifestly  i^reater  than  ^a  5 
ao  that  PM  is  greater  than  ra,  and  consequently  the  curve  is 
concave  to  the  axis  ac. 

Now,  because  In  the  given  equatieo  y^  =s  a'x  the  exponent 
of  or  Is  odd^  when  x  is  taken  negatively  or  on  the  other  side 
of  A,  Its  sig^n  should  be  changed,  and  the  reduced  equation 
will  then  foe  y  =  ^^a^x.  Here  it  is  evident  that,  when  the 
values  of  x  are  taken  in  the  negative  way  from  a  towards  p, 
bat  equal  to  tboae  already  taken  the  positive  way,  there  will 
resolt  as  many  negative  values  of  y,  to  iall  below  an,  and  each 
equal  to  the  corresponding  values  of  y.  taken  abojc  ac. 
Hence  it  IbUowB  thar^he  b^h  amV  will  be  sinsiUr  and 
equal  to  the  branch  amx  ;  but  contrarily  posited 

Ex.  2.     Let  the  iemweaie  be  proposed,  which  is  a  hne  oi 
the  fiHirth  order,  denoted  by  die  equaiwo  e^y*  «  «'*  -*  " 
.  In  this  equation  we  have  yssi^^Z  («*— ^'^  •   ^^ 
where,  when  j«r  =  O,  y  =  O,  ibercfore  the  curve 
passes  throueb  a,   tbe  point  from  ^*»"^**.^ 
lues  of  jr  are  measured.     When  x  ==  ^jMb« 
y=05  therefore    tlie  oorre  pas«»  throagb  » 
and  c,  suppoaiog  AJa  and  AC  each  =«  :t  «     "^ 

lre«   ass£S^d%r«ater  ttan^^  ^«,f  j^ 
would  becosne  isMsgiiaary ;  therefareno  pM^ 

thccorrc  fies    beywadnorc.    Wheo  or-w         -  ^j^^^ 
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thcny  =  4v^tt«-Ja*  =r  Jo^^S;  which  U  the  value  ofche- 
semi-ordinatc  pm  when  af  =  i  Ml.  And  thus,  by  assuiDine 
other  values  ofjc,  other  values  of  ^  may  be  ascenained,  ana 
the  curve  described.  It  has  obviotisljr  two  equal  and  (imilar 
parts,  and  a  double  point  at  A.  A  ri^^ht  line  may  cot  ihia 
eurvc  in  either  3  points,  or  in  4  :  even  the  right  line  bac  is 
conceived  to  cut  it  in  4  points  ;  because  the  double  point  a  is 
that  In  which  two  bnmchcs  of  the  curve,  vis.  iiAi%,  and  nAq, 
are  intersected. 

£x,  3.  Let  there  be  proposed  the  Conchoid  of  the  ancientSy 
which  is  a  line  of  the  fourth  order  defined  by  the  equation 

(4*— J|^«  .  (x— «)»  «=  «»y »,  or  jf  a  i:  ^-Z  <«*  ^  «?■>- 

Here,  if  j?  =»  0,  then  y  becomes  in- 
finite  ;  and  therefore  the  ordinate  at 
A  (the  origin  of  the  abscissas)  is  an 
^ymptote  to  the  curve.  If  ab  =  bf 
and  p  be  taken  between  a  and  b,  then 
abajl  FM  and  fim  be  eoual,  and  lie  on 
different  sid6s  of  the  aoscissa  ar  If  c[ 
X  S5  6|  then  the  two  values  of  y  vanish, 
because  jr— ^  »  0,  and  consequently 
the  curve  passes  through  b,  haying 
there  a  double  point  If  ap  be  taken 
greater  than  ab,  then  will  there  be 
two  values  of  y,  as  be&re  having  contrary  aigna  \  that  value 
which  was  positive  before  being  now  negative,  and  vice  vrrxa. 
But  if  AO  be  taken  as  n,  and  p  comes  to  d.  then  the  two  vi^ 
lues  of  y  vanish,  because  in  that  case  ^  (a*  *-  x*)=s:0  If  ap 
be  taken  greater  than  as  or  a,  then  a*~x*  becomes  negative, 
and  the  value  of  y  impossible  :  so  tliat  the  curve  does  not  go 
beyond  p. 

Now  let  X  be  considered  as  negative,  or  as  lying  on  tho 

side  of  A  towards  c.    Then  y  ^  ± \/  («•— x*).     Here 

if  X  vanish,  both  these  values  of  y  become  infinite ;  and  con- 
aequently  the  curve  has  two  indefinite  arcs  on  each  side  the 
asymptote  or  directrix  at.  It  x  increase,  y  manifestly  dimi- 
nishes ;  and  when  xsxa^  then  y  vanishes :  that  is,  if  ac  «=  ab, 
then  one  branch  of  the  curve  passes  through  c,  while  the 
other  passes  through  p.  Here  also,  if  x  be  taken  greater 
than  Ut  y  becomes  imaginary ;  ao  that  no  part  of  the  curve 
can  be  found  beyond  c. 

If  o  =  ^,  the  curve  vrill  have  a  cusp  in  b,  the  node  between 
9  and  D  vanishing  in  that  case.  If  u  be  less  than  ^)  tbeii  41 
will  b^QOine  a  conj[ugate  polpt. 

In 
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In  the  iigare«  ucm  represents  what  U  termed  the  4ufierior 
c^ncAoid^  and  osmDUBm  the  inferior  ccnchoid.  The  point 
B  is  called  th^pole  of  the  conchoid  ;  and  the  curve  may  be 
readily  constructed  by  radial  Unea  from  this  point,  by  means 

of  the  polar  equation  z  a db  a.    It  will  merely  be  re- 

qui^ite  to  set  off  from  any  assumed  point  a*  the  distance 
AB  ssh;  then  to  draw  through  a  a  right  line  niLu  making 
any  angle  ^  with  cb,  and  from  l.  the  point,  where,  this  line 
cuts  the  ^recirix  ay  (drawn  perpendicular  to  cb^  set  off  up* 
on  it  1  m'  •-  UH  sst  a^f  so  shall  M'and  m  be  points  u  the  supe« 
rior  and  inferior  conchoids  respectively. 

JLe»  4.  laOt  the  principal  properties  of  the  eurve  whose 
equation  is  yx*  ss  «» -f.  i ,  be  sought ;  when  n  b  an  odd  num« 
ber,  and  when  n  is  an  even  number. 

Ex.  5'  Descritie  the  line  which  is  defined  by  t|ke  equation 
xy  -^  ny  +  ey  e^  6c  +  bx. 

Ex,  6  Let  the  Cardioide»  whose  equation  is  y^^6ay<  4- 
(2jp«  +  iae«)ys—  (6cjr«+  8a»)y  +  (x«  +  2a^)x^  »  0,bo 
proposed. 

Ex  7  Let  the  Trident,  whose  equation  is  xy  ss  ax^  +> 
6x^  +  ci;  +  d,  be  proposed. 

Ex,  8.  Ascertain  whether  the  CiaMcid  and  the  WtteA 
p^ose  equations  are  found  ki  the  preceding  problemi  have 
asymptotes. 

PROBLEM  m. 

To  determine  the  Equation  to  any  proposed  Curve  surface. 

Here  the  required  equation  must  be  deduced  from  the  law 
or  manner  of  constructions  of  the  proposed  surface,  the  refer* 
cnce  being  to  three  co-ordinates,  commonly  rectangular  onesi 
the*  variable  quantities  being  Xy  y,  and  z.  Of  these,  two, 
iiamely,  x  and  y,  will  be  found  in  one  plane^  and  the  third  z 
will  always  mark  the  distance  from  that  plane. 

Ex.  1.    Let  the  proposed  sur&ce  be  tliat  of  a  sphere,  vng. 

The  position  of  the  fixed  point  a, 
which  is  the  origin  of  the  co-ordinates 
APtFif,  MKt  being  arbitrary  i  let  it  be 
supposed,  for  the  greater  convenience, 
that  it  is  at  the  centre  of  the  sphere.  . 
Let  MA,  NA,  be  drawn,  of  which  the 
latter  is  manifestly  equal  to  the  radius 
of  the  sphere,  and  may  be  denoted  by  r«  Then,  if  ap  «  x 
YH  =5  yi  MH  ss  z  ;  the  right*angled  triangle   apm  will  givo 
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AM*  ea  AP*  +  '«'  »^^  +  f*>  ^1  Ukc  fiwniiert  the  right* 
angled  trwngle  amn,  posked  in  a  plane  perpendicular  to  the 
fbrmen  will  give  aw*  sss  AM»+*nf*,  ibai  is,  r*  ssjr^+y^+z^ 
or  z*  «B  r'— a:>  -  y*y  the  equaiioQ  to  the  apherieal  aur&cey 
ai  required. 

SchoUum.  Curve  aur&ceSf  as  veil  aa  plane  curvea,  are 
arranged  in  orders  according  to  the  diasensions  of  the  equa- 
tions«  by  which  they  are  represented^  And,  in  order  to  de- 
termine the  properties  of  curve  surfacesy  processes  must  be 
employed,  similar  to  those  adopted  when  tnTestigating  the 
properties  of  plane  cunres.  Thus,  in  like  manner  as  in  the 
theory  of  curve  lines,  the  suppoaition  that  the  ordinate  y  ia 
equal  to  O,  gives  the  point  or  pmnts  where  the  curve  cuts  Its 
axis ;  so,  with  regard  to  curve  surfaces,  the  supposition  of 
z^  O9  wilt  give  the  equation  of  the  curve  made  by  the  in* 
tersection  of  the  surface  and  its  base,  or  the  plane  of  the  co* 
ovdinates  :r,y.  Hence,  in  the  equation  to  the  spherical  sur- 
&ce,  when  7  -<•  o,  we  have  x^  +y*  »  r*s  which  is  that  of  a 
circle  whose  radius  is  equal  to  that  of  the  sphere.  See  p-  S34 
voL  1. 

£x,  X  Let  the  curve  surface  proposed  be  that  produced 
by  a  parabola  tumbg  about  its  axis. 

Here  the  abscissas  x  being  reckoned  from  the  vertex  or 
aummit  of  the  axis  and  on  a  plane  passing  through  that  axis; 
the  two  other  coordinates  being,  as  before,  y  and  z  ;  and 
the  parameter  of  the  generating  parabola  being /k  the  equa- 
tion of  the  parabolic  surface  will  be  found  to  be  z*  -f  y'  -^ 
px  =zO, 

Now,  in  this  equatibn,  if  z  be  supposed  ss  0,  we  shall  have 
y^szfiXi  wbich(pa.  534  vol.  l)is  the  equation  to  the  generating 
parabola,  as  it  ought  to  be.  If  we  wished  to  know  what 
would  be  thei  curve  resulting  from  a  section  parallel  to  tbat 
which  coincides  with  the  axis,  and  at  the  distance  a  from  lu 
we  must  put  z  cs  a ;  this  would  give  y  *  — />x  —  a*,  which  is 
still  an  equation  to  a  parabola,  but  in  which  the  origin  of  the 
abscissas  is  distant  from  the  vertex  before  assumed  by  the 

«■» 
quantity  --•. 
P 
Ex.  3.    Suppose  the  curve  surface  of  a  right  cone  wore 
proposed. 

Here  we  may  most  conveniently  refer  the  equation  of  the 
sur&ce  to  the  plane  of  the  circular  base  of  the  cone.  In  this 
case,  the  perpendicular  distance  of  any  point  in  the  sur&ce 
from  the  base,  will  be  to  the  axis  of  the  cone,  as  the  distance 
of  the  foot  of  that  perpendicular   from  the  circumfereace 

(measured 
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(meaBured  on  a  radioB),  to  the  radius  of  the  base  :  that  isy  if 
-fche  imlmsiif  :r  beeattmated  from  the  centre  of  the  bise,  and 
«^  be  the  radiiis,  z  will  vary  as  r  —  ^  {x*-f y»).  Conae- 
^tientift  the  sbnpleat  equation  of  the  conic  t urfacOt  will  be 
z  X  rta  ^  ^  (*'+y*)t  or  r*  —  2rz  +z»  =  **+y«. 

Now  from  this  the  nature  of  curres  formed  by  planes  cut- 
ting the  cone  in  different  directioos,  may  readily  be  inferred. 
liet  it  be  8uppK»ed,  first*  that  the  cutting  plane  is  inclined  to  * 
the  base  of  a  right*angled  cone  in  the  angle  of  45^,  and  passes  "^ 
through  its  centre  :  then  will  z  as  x,  and  this  value  of  z  lub- 
jitituted  for  it  in  the  equation  of  the  surface^  will  give  r*-.. 
3rj?  at  sirS,  which  is  the  equation  of  the  projection  of  the  curro 
on  the  plane  of  the  cone's  base  :  and  this  (art.  3  of  this  chap.) 
is  manifesily  an  equation  to  aylorado/a* 

Or,  taking  the  thing  more  generally,  let  it  be  supposed  that 
the  catting  plane  is  so  situated,  that  tbe  ratio  of  x  to  z  ahall 
<l>e  that  of  1  to  m  .«  then  will  mx  wm  z,  and  m^  x*  s  z'.  These 
iiobstituted  for  z  and  z*  in  the  equation  of  the  sur&ce,  will 
^re,  for  the  equation  of  the  projection  of  tbe  section  <hi  the 
plane  of  the  basc^r*—  2mx  +  (m»  —  1)  x^amy*.  Now  this 
equation,  if  nt  be  greater  than  unity,  or  if  tbe  cutting  plane 
pass  between  the  vertex  of  tbe  cone  and  the  parabolic  sec^* 
tion,  will  be  that  of  an  hy/ierdoia :  and  if,  on  the  contrary, 
the  cutting  pUne  pass  between  tbe  parabola  and  the  base,  i.  e. 
if  m  be  less  than  unity,  the  term  (m*  -~  l)x^  will  be  negative^ 
when  the  equation,  will  obviously  designate  any  clUft$e. 

SchoL  It  might  here  be  demonstrated,  in  a  nearly  simi- 
lar manner,  that  every  surface  formed  by  the  rotation  of  any 
conic  section  on  one  of  its  axes,  being  cut  by  any  plane  what? 
ever«  will  always  give  a  conic  section.  For  the  equation  of 
such  surface  will  not  contain  any  power  of  jr,  y,  or  z,  greater 
than  the  second ;  and  therefore  the 'substitution  of  any  values 
of  z  in  tei*ms  of  x  or  of  y,  will  never  produce  any  powers  of 
or  or  of  y  ezceedbg  the  square.  Tbe  section  therefore  must 
be  a  line  of  the  second  order.  See,  on  this  subject,  Hutton's 
Mensuration,  partiii,  sect,  4* 

"     Ex.  3.  Let  the  equation  to  the  curve  sur&ce  be  xyz  cb  a'. 

Then  will  the  curve  surface  bear  the  same  relation  to  the 
soZtd  right  angle,  which  tbe  curve  line  whose  equation  is 
xy  n  a*  bears  to  the  filane  right  angle.  That  is,  the  curve 
surfiM^e  will  be  posited  between  the  three  rectangular  faces 
bounding  such  solid  right  angle,  in  the  same  manner  as  the 
equilateral  hyperbola  is  posited  between  its  rectangular  asymp- 
totes.   And  in  like  manner  as  there  may  be  4  equal  equila« 

tend 
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tend  hyperbolas  com]>reheiMled  betveen  the  same  rectangvlar 
asymptotes, when  produced  both  ways  from  the  angular  point; 
so  there  may  be  6  equal  hyperboloids  posited  withm  the  6 
solid  right  angles  which  meet  at  the  same  sammity  aod  all 
ptoced  between  the  same  tliree  asymptotic  planes. 


SECTION  II. 

On  the  C<ndtTuctwn  <if£guaHonMm 
PBOBUM  L 

To  Construct  Simple  Equadons,  Geometricany. 

Hbrk  the  sole  art  consists  in  resolving  the  iractioiiSt  to 
which  the  unknown  quantity  is  equal,  into  properdooal  terms  ; 
and  then  constructing  the  respective  proportions,  by  mean  a  oC 
pTobs.  8,  9,  10,  and  37  Geometry.  A  few  simple  examples 
will  render  the  method  obvious. 

1.  Let  X  »■  -2- ;  then  c  t  a  - :  b  :  ar.    Whence  x  may  be 

c 

^knxad  by  constructing  according  to  prob.  9  Geoasetry. 

ttBc 

2.  Let  X  BB  — .    First  construct  the  proportion  dian  di 

-«,  Which  4th  terra  call^  ;  then  x  sc  ^^qt  e  :  e  ^  t  g  :  x. 
d  * 

3.  Let  X  «  ^Ldtl.  Then,  since  a»  -  **  - (a+A)  x (a^^); 

it  will  mearly  be  necessary  to    construct  Uie   proponion 

C:  a  +  ^  • :  A  —  b  i  X. 

4  Let  X  =    — T — .   Fmd,  as  m  the  ftrst  case,  g  «— 5= 

£ll,andil»^,soUiati^may;=.— .    Then   6nd   by    the 

ad  d  ad       *         a  ' 

first  case  f  ==  ^.    So  sliall  x  =  j"  —  t,  the  difference  of  those 
a 

lines,  found  by  construction. 
5*  Let  X  ss*  -T      -.  First  find  y,  the  fourth  proportional 

to  3)  a  and  /,  which  make  t£=  h     Then  x  »       \Z^ — '    ; 
or,  by  construction  it  will  be  A  -f  c :  a  —  1^ : :  a  :  :p. 
3.  Let  ar=s  ^-^ — .  Make  the  right-angled  triangle  abc  such 

that 


Digitized  by 


Google 


€Oir8Tltt7CTIONOF  E4trATIOir&         m 

that  the  leg  absb  a»  bo  sb  ^ ;  then  ac  s  y^  (ais* 
4.ftc>)  as  ^  (u^-h^^hhj  th.  34  Geom     Hence 

a*  ^—^.    Construct    therefore   the    proportion 

r :  AC  : :  AC  :  Xf  ixnd  the  unknown  quantity  will 
be  ieoiid,  as  required. 


7.  Letx  as    ,  ,      ■    Finiti  find  co  a 

mean  proportional  between  ac  =s  c,  and 

fiB  =  ^  that  is,  find  en  =  v^  cd.     Then 

make  cz  -*  a,  and  join  dk,  which  will 

evidently  be  =  \^C«*  +  cd).    Next  on 

any  fine  bo  set  off  B7  »  A  -f  c,  bo  =  sd  ;  and  draw  oa 

parallel  to  fd,  to  meet  nB  (produced  if  need  be)  in  h.     So 

shall   BH  be    -•  x,  the  tlurd  proportional  to  A  -f  c,  and 

V(°*  +  ^^)>  **  required. 

JVote.  Other  methods  suitable  to  different  cases  which 
znay  arise  are  left  to  the  student's  iuTention.  And  in  all 
constructions  the  accuracy  of  the  results,  will  increase  with 
the  size  of  the  diagrams;  within  convenient  limits  for 
operation. 

PROBLEM  n. 

To  Find  the  Roots  of  Quadratic  Equations  be  Construction^. 

In  most  of  the  methods  commonly 
ffiTen  for  the  construction  of  quadratics, 
•  It  is  required  to  set  off  the  square  root 
of  the  last  term ;  an  operation  which 
can  only  be  performed  accurately  when 
that  term  is  a  rational  square.  We  shall 
here  describe  a  method  which,  at  the 
same  time  that  it  is  very  simple  in  prac- 
^ce,has  the  advantage  of  showing  clearly 
the  relations  of  the  roots,  and  of  dividing  the  third  term  into 
two  factors,  one  of  which  as  least  may  be  a  whole  number.* 

In  order  to  this  construction,  all  quadraUcs  may.  be  classed 
under  4  forms  •  viz. 


1. 

X*  -{-  ax  —  ^c  =  0. 

?• 

X*  —  ax  •—  6c  ss  9. 

3 

X*  +  ax-^bc  ^  0. 

4. 

X*  —  ox  -f-  6c  «■  0. 

1.  One  general  mode  of  construction  will  include  the  first 
two  of  these  forms.  Let  x'  :^  ox  ^  6c  «»  0,  and  ^  greliter 
than  €.  Describe  any  circle  abd  having  its  diameter  not  less 
than  the  given  quantities  a  and  6  -«  c,  and  witiiin  this  circle 

VpL.  IJ  Q  q  inscribe 
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InKribe  two  chords  ab  ■■  «,  ad  «  6  —  c,  both  from  anjr 
common  »sftUiDed  point  a.  Then  produce  ad  to  f  so  thtt 
DF  SB  r«  and  about  the  centre  c  ef  the  former  circle,  with  the 
Fbdius  CF,  describe  another  circle,  cutting  the  chords  ad.  as» 
produced,  in  f,  Bi  Oi  b  :  so  shall  AO  be  the  afirmairve  and 
AB  ihe  negative  rqot  ol  the  equation  x*  -f  ojr  —  6c  a  O  ;  and 
contrariwise  ao  will  be  the  negative -ZMid  ah  the  a.^&^ma/fve 
root  of  the  equation  jp»  —  ax  —  Ac  »  0. 

For,  AF  or  ad  +  df  es  bi  and  df  or  ab  »  c  ;  andytnakiDg 
AO  or  BB  3=  X,  we  shall  have  ah  ■>  a  +  x  :  and  by  the  pro- 
perty of  the  circle  bofh  (ihcor.  61  Geom.)  the  rectangle 
EA  AF  «  OA  AH,  or  *c  ■»  (a  +  x),x,  or  again  by  transpo^ 
Bition  x*+ax  -—  Ac  ■■  0-  Also  if  ar  be  la  ^x^  we  shall  hvfso 
AO  or  BH  or  AH  —  AB  OB  —X  —  « :  and  conseq.  oa  .  ab  ^ 
z*  +  aXf  as  before.  So  that,  whether  ao  be  cb  x,  or  ah  b 
—  X,  we  shaU  always  have  x*  +  ox  -  Ac  «  0.  And  by  an 
exactly  similar  process  it  may  be  proved  that  ao  is  the  nega- 
tive, and  ah  the  positive  rootof  x*— ex— Ac  =  0. 

Cor,  In  quadratics  of  the  form  x*  -f  or  ^^  Ar  ^  O,  the 
positive  root  is  always  U99  than  the  negative  root ;  and  in  those 
ef  the  form  x'»—  ox  •-  Ac  »  0|  the  positive  root  is  always 
greater  than  the  negative  one. 

'  3.  The  third  and  fourth  cases  also  are 
comprehended  under  one  method  of  con- 
structiony  with  two  concentric  circles.  Let 
«»  q:  ax  +  Ac  o  0.  Here  describe  any 
circle  add,  whose  diameter  is  not  less  than 
cither  of  the  given  quantities  a  and  A  +  c  ; , 
and  within  that  circle  inscribe  two  chords  - 
AB  Bs  a,  ad  ca  A  +  c,  both  from  the  same 
point  A.  Then  in  ad  assume  df  e  Cy  and  about  c  the  centre 
of  the  circle  abd,  with  the  radius  cf  describe  a  circle,  cutting 
the  chords  ad,  ab^  in  the  points  f,  b,  o,  h  :  so>  shall  a«9  ah, 
be  the  twp/kotz/tVc  roots  of  the  equation  x*  —  ax  +  Ac  =  o^ 
and  the  two  negative  roots  of  the  e<{uation  x'-f  ox  +  Ac  a»  o^. 
The  demonstration  of  this  also  is  similar  to  that  of  the  first 
case. 

Cor.  I.  If  the  circle  whose  radius  is  cf  just  touches  the 
chord  AB,  the  quadratic  will  have  two  equal  roots  which  can 
only  happen  when  ^^ss  Ac. 

Cor.  3,  If  that  circle  neither  cut  nor  touch  the  chord  ab» 
the  roots  of  the  equation  will  be  imaginary;  and  this  wDI 
always  happeui  in  these  two  fbrmsy  when  Ac  is  greater 
fhan  J  a». 

PBOBUSfil 
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PROBUBH  m. 

» 

^o  Find  the  Roots  of  Cubic  and  Biquadratic  Equatiousi  by 
Construction. 

1.  In  finding  the  roots  of  any  equation,  contadning  only 
one  unknown  quantity,  by  constructiont  the  contrivance  con- 
di«ts  chiefly  in  bringing  a  new  unknown  quantity  into  that 
equation ;  so  that  various  equations  may  be  had,  each  con- 
taining the  two  unknown  quantities  ;  and  further,  such  that 
amy  two  of  them  contain  together  all  the  known  quantities 
of  the  proposed  equation.  Then  from  ameng  these  equations 
two  of  the  most  simple  are  selected,  and  their  corresponding 
loci  constructed  ;  the  iniersecuon  of  those  loci  will  give  the 
roots  sought. 

Thus  it  will  be  found  that  cubics  may  be  constructed  by 
two  parabolaSf  or  by  a  circle  and  a  parabola,  or  by  a  circle 
and  an  equilateral  hyperbola,  or  by  a  circle  and  an  eilipsef 
&c  :  and  biquadratics  by  a  circle  and  a  parabola,  or  by  a  circle 
and  an  ellipse,  or  by  a  circle  and  an  hyperbola,  Sec.  Now, 
Bince  a  parabola  of  given  parameter  may  fa«  easily  constructed 
by  the  rule  in  cor.  2  th  4  Parabola,  we  select  the  circle  and 
the  parabola,  for  the  construction  of*  both  biquadratic  and  cu- 
bic equations.  The  general  method  applicable  to  both|  will 
t>e  cTident  from  the  following  description* 

2.  Let  u^  AM'M  be  a  parabola  whose 
axis  is  AP,  m''  m'ok  a  circle  whose  cen- 
tre b  c  and  radius  cm.  cutting  the  pa< 
rabola  in  the  p^iin^s  m,  m\  m'',  u"  : 
from  these    points   draw   the   ord'mates 


y^n 


and 


to  the  aids  mp, 

from  c  let  fall  cd  perpendicularly  to 
the  axis ;  also  draw  cw  parallel  to  the 
axis,  meeting  pm  in  ir  Let  ad  sb  a, 
2>c  =  ^,  CM  s=  n,  the  paraqMter  of  the 
parabolac=c^  ap  =r  x,  pm  «.  y  Then  (pa.  534  vol  1)  /*^P=y' ' 
also  CM*  =r  CH»  +  iiM«^  Or  If*  =  (x  ^  a)*+'y  ^  */  '  ^^^ 
is,*«  ±  2flx  +  o»  +y»  d:  2^  +  *»  =«  »•-  Substiiutmg  m 
this  equation  for  x,  iu  value  ^.and  arranging  the  terms  ac- 
cording to  the  dimcnsidns  of  y,  there  wiU  arise 

y*  ±  C^ia  +  yi*)5f*  ±  2A/k«y  +  C«*  +  **  —  "   ^-^    ^  "» 
a  biquadnitic  equatiom  wbose  rooU  wiU  be  cxpresM«l  by  Uie 
ordiLsss  PM,  F  M ,  p  m'.  f" V,  at  the  poinu  ot  mtersecuao 
oi  the  given  parabola  and  circle.  ^—tic 

3.  Tomake  this  coincide  with  any  P~P^!;;?'^me 
jrbosc  second  term  la  taken  away  (by  cor.  tbcor.  ^^ ,     ^^^ 
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y^  ^  gy*  -f-  ry  —  t  =r  0.  Auume  «lso  fi  9s  \  ;  then  cctei- 
paring  ihe  terms  of  the  two  equations,  it  will  be,  3a  —  1  «■  ^^ 

Ota  «2±1,  — 3*esr,  OP  ^M^*^;  c' +*».*»»«-.», op 

n*tm  a«  +  A*  +  «i  and  consequently  «  =  y^  {a»  +  ^»  +  »). 
Tbepe£:>re  describe  a  parabola  wbo&e  parameter  is  I »  and  in 

Uie  asis  take  ad  ssr  ~ :  at  right  angles  to  it  draw  dc  aad 

s=s  —  Jr ;  from  the  centre  c,  with  the  radius  ^  (a»  +  6*  +  *% 
describe  the  circle  m''m'om.  cutting  the  parabola  in  the  points 
u,  m',  u\  h"  i  then  the  ordinatcs  pm,  ru'f  p'h",  f" m"', 
yil^be  the  roots  required. 

Mite  This  method,  of  making  /r  t=  I9  has  the  obvioun 
advantage  of  requiring  only  one  parabola  for  any  number  of 
biquadratics,  the  necessary  via>iaiion  being  made  in  the  radius 
of  the  circle. 

Cor^  I.  When  do  represents  a  negative  quantity,  the 
OPdinates  on  the  same  side  of  the  axis  with  c  repr^aent  the 
negative  roots  of  the  equation  ;  and  the  contrary. 

Cor.  2.  If  the  circle  fwtck'xht  parabola,  two  rooU  of  ^he 
eqtiation  are  equal ;  if  it  cut  it  only  in  two  points,  or  touch  it 
in  one,  two  roots  are  impossible  ;  and  if  the  circle  faU  wholly 
within  the  parabola,  all  the  roots  are  impossible. 

Cor,  3.  lia*  +  k*  0=  n\  or  the  circle  pass  through  the 
point  A,  the  last  term  of  the  equation,  i.c.(o*4.*'— n«))i*t=0  ; 
end  therefore  y*  ±  iSyia  +/k*)v*  ^  2d/i*y  s=r  0,  or 
y*  ±  (2/ia  +  fi*)y  ±  2bfi*  =  0.  This  cubic  equation  naf 
be  made  to  coincide  wi'h  any  proposed  cubic,  wanting  iia 
second  term,  and  the  ordinates  pm,  p''m",  9'"m'\  are  its  roou. 

Thus,  if  the  cubic  be  expressed  generally  by  y*±:7$r±«»0. 
By  comparing  the  terms  of  this  and  the  preceding  equ^ion, 
we  shall  have  ±:  2^a  +fi*  «=  ±  y,  and   ±  3*/i*  -»  ±  *»  or 

q:  a  «  i/i  q:  ?-,and  *  «  ±^^.     80  that,    to   construct    a 

cubic  equation,  with  tLVj  given  parabola,  whose  half  parameter 
is  AB  (see  the  preceding  figure)  :  from  the  point  b  take  In 
the  axis,  (forward  if  the  equation  have  —  7,  but  backward  if 

g  be  pdsitive)  the  line  bd  «»  ^  ;  then  raise  the  perpendicular 

pc  ma  ^,  and  from  c  describe  a  circle  passing  through  the 

vertex  a  of  the  parabola  ;  the  ordinates  pm,  8tc  drawn  from 
the  points  of  intersecuim  of  the  circle  and  parabola,  will  be 
the  roots  required. 
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PttOBLEMXV. 

To  Constractan  Equation  of  any  Order  by  means  of  a  Locus 
of  the  wme  Degree  as  the  Equation  proposed,  and  a  Right 
Line. 
As  the  general  method  is 

the  »<ime  in  ail  cquailous,  let 

It  he  one  of  the  5th  degree^as 

jr»-*x*  4-aca:*-a*daf*+tf*tfj: 

— a*/  —  0   Let  the  la^t  term 


a  V  he  tr«fci)6posed  ;  and,  tak-  /  \ 


"iPf 


^M/r^^  c/ 


ing  one  of  the  iincar  divisors,       '^/^ — :^ — ^r-iz Vy  f. 

/,  of  the  last  term,   make  it  >72      t,         i^ 

equal  to  z,  for  example ,  and  divide  the  equation  by  a^  ;  thed 
WllJz=:    2 -^ • 

On  the  indefinite  line  bq  describe  the  curve  of  this  equa- 
lion,  BMDRLVCi  by  the  method  taught  in  prob.  2,  sect.  1»  of 
this  chapter,  taking  the  values  of  x  from  the  fixed  point  b. 
The  ordinates  pm,  sr,  &c,  wilt  be  equal  to  z  ;  and  therefore^' 
fro II  the  pomt  b  draw  the  right  line  9 a  »/,  parallel  to  th^ 
ordinates  pm,  sb^  iand  through  the  point  a  draw  the  inde- 
finite right  line  xc  both  ways,  and  parallel  to  Bq.  From  tho 
point*'  irk  which  it  cuts  the  curve,  let  fall  the  pevpendicularSf 
MP,  RSt  cct :  they  ^ill  determine  the  abscissas  bp»  bs,  boi 
which  ar**  the  roots'  of  the  equation  proposed.  Those  from 
A  towards  q  are  positive,  and  those  lying  the  contrary  waj 
are  negative 

If  the  right  line  ac  touch  the  curve  in  any  pointy  the  cor- 
responding abscissa  x  will  denote  two  equal  roots ;  and  if  it 
do  not  meet  the  curve  at  all,  all  the  roots  will  be.  imaginary. 

If  the  sign  of  the  last  term,  a^f.  had  been  positive,  then 
vrt  tnxxsx  have  made  z  =  -.  /,  and  therefore  must  have  taken 
ilA  =  -  /,  that  is,  below  the  point  p,  or  on  the  negative  side 

EXERCISES. 
Ex.  I.  ifCt  it  be  proposed  to  divide  a  given  arc  of  a  circle 
into  three  equal  parts. 

Suppose  the  radius  of  the  circle  to  be  represented  by  r, 
the  sine  of  the  given  arc  by  a,  the  unknown  sine  of  its  third 
part  by  x^  and  let  the  known  arc  be  Su,  and  of  course,  the 
required  arc  be  n.  Then,  by  equa*  viii,  xx,  chap,  iii,  we 
shall  have 

sin  3«-  sin  (2«+  «)  «  «in2i..  cos, -f  cos2«.sin  n^ 

.     -           .    .       ,      .         2  sin  a .  COR  tt 
sm  Stt«»sm(  u+  «)« ^ 

^                #        .      V         COS*  w— sinS  ti 
cos  281 «  cob(  »+  tt)  « ;; .  Putting 
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Soa  TRISECTIONOFANARCH- 

Pttttio^i  in  the  first  of  these  equations^  for  sin  3tf  its  g^ven 
value  «f  and  for  sin  2u^  cos  3m  their  values  given  io  the  tvro 
i)ther  equations}  there  will  arise 

3  sinu- co8*«  .sinS  tt 

a  BB — — . 

r 
Then  substituting  for  sin  u  \is  value  jc,  and  for  cos*  u   its 
^ue  r*  -  x^  and  arranging  all  the  terms  according  to   the 
powers  of  x,  we  shall  have 

x»  —  ^r*r  +  «  ar»  «  0, 
«  cubic  equation  of  the  form  x'  —  Ar  +  y  tss  0,  with  the 
condition  that  ^\fi^  >  ig'  ;  that  is  to  say,  it  is  a  cubic  equa- 
tion falUng  under  the  irreducible  case,  and  its  three  roots  are 
represented  by  the  sines  of  the  three  arcs  ti,  u  +  120'»,  and 
II  +  2400. 

Now,  this  cubic  may  evidently  be  constructed  by  the  rule 
in  prob.  3  cor.  S.  But  the  trisection  of  an  arc  may  also  be 
directed  by  means  of  an  equilateral  hyperbola^  in  the  follow- 
ing manner.      ^ 

Let  the  arc  to  be  trisected  be  ab. 
In  the  circle  abc  draw  the  semi- 
^meter  ao,  and  to  ao  as  a  diame-  U 
ter,  and  to  the  vertex  a,  draw  the 
equilateral  hy])erbola  ab  to  which 
the  right  line  ab  (the  chord  of  the 
ere  to  be  trisected)  shall  be  a  tangent  in  the  point  a  ;  then 
the  arc  af^  included  within  this  hyperbola,  is  one  third  of  the 
ere  AB. 

For)  draw  the  chord  of  the  arc  at>  bisect  ad  at  o,  so  that 
«  will  be  the  centre  of  the  hyperbola,  join  dfi  and  draw  on 
parallel  to  it,  cutting  the  chords  ab,  af,  in  i  and  &  Then, 
the  hyperbola  being  equilateral,  or  having  its  transverse  and 
conjugate  equal  to  one  another,  it  follows  from  Def.  1 6  Conic 
Sections,  that  every  diameter  is  equal  to  its  parameter,  and 
from  cor.  theor  3  Hyperbola,  that  ojl  Ki  =  ak^,  oi'  that 
«K  I  A&  ::ak:ki;  therefore  the  triangles  oka,  aki  are 
lumilar,  and  the  angle  kai  «  aok,  which  is  manifestly  ==  aof. 
Kow  the  angle  adf  at  the  centre  of  the  circle  being  equal  to 
XAi  or  FAB  ;  and  the  iormer  angle  at  the  centre  being  mea* 
sured  by  the  arc  af,  while  the  latter  at  the  circumference  is 
measured  by  half  fb  5  it  follows  that  af  «  ^fb,  or  =  |  ab,  as 
it  ought  to  be. 

£x.  2.  Given  the  side  of  a  cube,  to  find  the  side  of  another 
ef  double  capacity. 

L^  the  side  of  the  given  cube  be  a,  and  that  of  a  double 
ene  y,  then  3a^  <«y^,  or  by  putting  Soes^,  it  will  be  u^d^y^  ; 
tb^re  are  therefore  to  be  found  two  mean  proportkokals  be- 
tween 
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soa 


pneeu  the  tide  of  the  cube  and  twice  that  sidei  and  the  first 
of  those  inean  proportionab  will  be  the  side  of  the  double 
cube  Now  these  may  be  readily  found  by  means  of  twopa-^ 
rabolas;  thus: 

Let  the  right  lines  a&,  as,  be  )oined 
At  right  angles  ;  and  a  parabola  ahs  be 
described  about  the  axis  ar,  with  the 
parameter  a  i  and  another  parabola  ami 
about  ihe  axis  as,  with  the  parameter  b : 
cutt'mg  the  former  in  m .  Then  ap  =  ;r> 
PM  s:  y,  are  the  two  mean  proportional s, 
of  which  y  is  the  side  of  the  double  cube  required. 

For,  in  the  parabola  amh  the  equation  is  y*  ss  at,  and  in 
the  parabola  ami  it'  isx*  ^6y  Consequently  aiy  :  :  y  t  jt^ 
and  y  I  X  \  '.  X  i  b.  Whence  yx  =  ab  ;  or,  by  substitutiont 
y^by  *»abj  or,  by  squaring  y.*b  ss a*d*  3  or  lastly^  y*  «  a«A 
=»  :)aS  as  it  ought  to  be. 
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THE  DOCTRINE  OF  PLTTXIONS- 

BEFIMITIOire  AKD  PMNCIFI£S. 

Art.  1.  Ih  Ae  Doctrine  of  Floxiona,  magnitudes  or  quan- 
tides  of  all  kinds  arc  considered,  not  as  made  up  of  a  nun:ber 
of  small  parts,  but  as  generated  by  cootmued  rootimi,  by 
means  of  which  they  increase  or  decrease.  As,  a  line  by 
the  motion  of  a  point  i  a  sur&ce  by  the  motion  ot  a  line ; 
and  s  solid  by  the  motion  of  a  surface.  So  likewise,  time 
may  be  considered  as  represented  by  a  line,  increasing  am- 
formly  by  the  motion  of  a  point.  And  quantities  of  all  kinds 
whatever,  which  are  capable  of  increase  and  decrease,  niay  m 
like  manner  be  represented  by  geometrical  magnitudes,  con- 
ceiTed  to  be  generated  by  motion. 

2  Any  quantity  thus  generated,  and  variable,  is  called  a 
Fluent,  or  a  Flowing  Quantity.  And  the  rale  or  proportion 
according  to  which  any  flowing  quanuty  increases,  at  sny 
position  or  instant,  is  the  Fluxion  of  the  said  quantity,  at  that 
Msiuon  or  instant :  and  it  is  proportional  to  the  magnitude 
by  which  the  flowing  quantity  would  be  uiuformly  increased 
In  a  given  time,  with  the  generating  celerity  uniformly  con- 
tinued during  that  time. 

3.  Thb  small  quantities  that  are  actually  generated,  prt>- 
duced,  or  described,  in  any  small  given  time,  and  by  any 
eoniinued  motion,  either  uniform  or  variable,  are  called  In" 
crements. 

4.  Hence,  if  the  motion  of  increase  be  uniform,  by  which 
increments  are  generated,  the  increments  will  in  that  case  be 
proportional,  or  equaU  to  the  measui-es  of  the  fluxions:  but 
if  the  motion  of  increase  be  accelerated,  the  increment  so 
generated,  in  a  given  finite  time,  will  exceed  the  fluxion : 
and  if  it  be  a  decreasing  motion,  the  increment,  so  generated, 
will  be  less  than  the  fluxion.  But  if  the  time  be  indefinitely 
small,  so  that  the  motion  be  considered  as  uniform  for  that 
instant ;  then  these  nascent  increments  will  always  be  pro* 
portional,  or  equal,  to  the  fluxions,  and  may  be  substituted  io* 
stead  of  them)  io  any  calculation. 

«•  To 
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S.  ToiHustraie  ^ese  definitions  :  Sup« 
pose  a  point  m  be  conceived  ^o  move  from  9^ 

the  position  At  and 'to  ^eneriite  aline  ap,     A  p      "^ 

by  a  motion  any  hoW  rei;ulated  ;  and 
suppose  the  celerity  of  the  point  m^  at 
any  position  p,  tot  be  such,  as  would,  if  from  thence  it 
should  become  or  continue  uniform^  be  sufficient  to  cause 
the  point  to  describe,  or  pass  uniformly  over,  the  distance 
ffi^  in  the  given  time  allowed  for  the  fluxion  :  then  will  the 
aaid  line  p^  represent  the  fluxion  of  the  fluent,  or  flowing 
line,  APf  at  that  position. 


B 


^ 


fi. 


r 


V  P     T> 


6.  Again,  suppose  the  right 
line  mn  to  mpve,  from  the  posji- 
tion  AB>  coniinuiiUy  parallel  to 
itself,  with  apy  continued  fnption, 
so  as  to  generate  the  fluent  or 
flowing. rectangle  A.bcip,  ,while  the 
point  m  describes  the  Ibe  ap  :  also,  let  the  distance  p/t  be 
|aken,  as  before,  to  express  the  fluxion  of  the  line  or  base 
AP  ;  and  complete  the  rectangle  v^g/i.  Then,  like  as  p/a 
is  the  fluxion  of  tVve  line  ap»  so  is  py  the  fluxion  of  the  flawing 
parallelogram  a<ji  ;  both  these  fluxionsi  or  increments^  being 
uniforinly  described  in  the  same  time. 

7.  In  like  mftpner,  if  the  solid 
AKEP  be  copceived  to  be  gene- 
rated  by  the  pl^e  ^^a,  moving 
from  the  position  abk*  always 
parallel  to  itself,  along  the  line 
AD  ;  and  if  pA  denote  the  fluxion 
of  the  line  ap  '•  Then,  like  as  the 
rectangle  pqyA,  or  pq  x  pAi  de- 
notes the  fluxion  of  the  flowing  rectangle  ABqp«  so  also  shall 
the  fluxion  of  ihe  variable  solid,  or  prism  abshrp,  be  de- 
noted by  the  prism  pqary/i,  or  the  plane  pr  x  pA  And,  in 
both  these  last  two  cases*  it  appears  that  the  fluxion  of  the 
generated  reccaugle,  or  prism,  is  ^ual  to  the  product  of  the 
generating  line,  or  plane,  drawn  into  the  fluxion  of  the  line 
along  which  it  moves. 

8.  Uiiherto  the  generating  line,  or  plane,  has  been  con- 
sidered as  of  a  constant  and  invariable  magnitude  ;  in  which 
case  the  fluent*  or  quantity  generated,  is  a  rectangle,  or  a 
prism)  the  former*  being  described  by  the  motion  of  a  linev 
and  the  latter  by  the  mouon  of  a  plane.  So,  in  like  manner 
are  other  figures^  whether  plane  or  solid,  conceived  to  be  de- 

Vol.  II.  R  r  scribed 
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•cribedby  the  motion  of  a  Variable  Magnitude,  trbcthcr^ 
b^  u  line  or  a  plane.  Thus,  let  a  variable  line  fr  be  xarricd 
bt  a  parallel  motion  along  ap  j  or  while  a  pomt  p  it  carried 
dong,  and  describes  the  line  ap,  suppose  another  point, 


q  to  be  carried  by  a  motion  perpendicular  to  the  former 
and  to  describe  the  line  pq :  let  pg  be  another  posicioQ 
of  pq,  indefinitely  near  to  the  foi:mcr ;  and  draw  qr  pa- 
rallel to  AP.  Now  in  this  case  there  are  several  fluenia, 
or  flowing  quantities,  with  their  respective  fluxions  :  name- 
ly, the  line  or  fluent  ap,  the  fluxion  of  which  is  pA  or  qr  ; 
the  line  or  fluent  pq,  the  fluxion  of  which  is  rq  ;  the  curve 
or  oblique  line  Aq,  described  by  the  oblique  modon  of  the 
point  q,  the  fluxion  of  which  is  qy  j  and  lastly,  tbc  sur- 
&ce  APq,  described  by  the  variable  line  pq,  the  fluxion  of 
which  is  the  rectangle  pqr/k,  6r  pq  Xp/|.  In  the  same  manner 
may  any  solid  be  conceived  to  be.  described,  by  the  motion  of 
a  variable  plane  parallel  to  itself,  substituting  the  varial^e 
plane. for  the  variable  line  ;  in  which  case  the  fluxion  of  the 
solid,  at  any  position,  is  represented  by  the  variable  plane,  at 
that  position,  drawn  into  the  fluxion  of  the  line  along  which 
It  is  carried 

-  9.  Hence  then  it  follows  in  general,  that  Uie  fluxioB  of 
any  figure,  whether  plane  or  solid,  at  any  position,  i»  equal 
to  the  section  of  it,  at  that  position,  drawn  into  the  fluxion 
of  the  axis,  or  line  along  which  the  variable  section  is  sup- 
posed to  be  perpendicularly  carried  ;  that  is,  the  fluxion  of 
the  figure  Aqp,  is  equal  to  the  plane  pq  x  py*,  when  that 
figure  is  a  solid,  or  to  the  ordinate  pq  X  P/k,  when  the  figure 
IS  a  surface. 

10.  It  also  follows  from  the  same  premises,  that  in  amy 
curve  or  oblique  line  Aq,  whose  absciss  is  ap,  and  ordinate 
is  pq,  tlie  fluxions  of  these  three  forma  small  right-angled 
pl^ne  triangle  q^r ;  for  qr  =r  p/^  is  the  fluxion  of  the  absciss 
AP,  qr  the  fluxion  of  the  ordinate  pq,  and  q?  the  fluxion  of 
the  curve  or  right  line  Aq.  And  consequently  that,  in  any 
corve^  the  square  of  the  fluxion  of  the  curve>  is  equal  to  the 

amn' 
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NOTATION.  Ml 

•Vim  of  the  squares  of  the  fluxions  of  the  absciss  and  ordbate^ 
when  these  two  are  at  right  angles  to  eacl^  other* 

lit  From  the  premises  it  also  appears,  that  coQtempora«: 
neous  fiuentSy  or  quaniities  that  flow  or  increase  together, 
which  are  always  in  a  constant  ratio  to  each  other*  have  their 
fluxions  also  in  the  same  constant  ratio>  at  every  position^ 
Por,  let  AP  and  sq  be   two  contempo-  ^  ' 

jraneoua  fluents,  described  in  the  same  -7 :^  •  • . .  jj^ 

time  by  the  motion  of  the  points  f  and  -^         ^ 
^,  the  contemporaneous  positions  be-  ■« •  •  • 

inc:  '^^  Q»   and/f,  y  ;  and  let  ap  be  to  £  Q      7 

Bq,  or  A/i  to  B^,  constantly  in  the  ratio 
of  i  to  n. 

Then    -    «    -     -  *-    is  n  x  ap  « Bq, 
and  n  x  A/k  =  39  ; 
therefore,  by  subtraction,  «  X  r/i  «*  qy  ; 
that  is,  the  fluxion  -  vft :  fluxion  q?  :  :  1  :  n^ 
the  same  as  the  fluent  ap  :  fluent    Bq  •' :  I  :  n, 
or,  the  fluxions  and  fluents  are  in  the  same  constant  ratio. 

But  if  the  ratio  of  jthe  fluents  be  variable,  so  will  that  ot 
the  fluxions  be  also,  though  not  in  the  aam^  variable  ratio 
vith  the  former,  at  every  position. 


NOTATION,  &e. 

13.  To  apply  the  foregoing  principles  to  the  determination 
of  tlie  fluxions  of  algebraic  quantities,  by  means  of  which 
those  ot  all  other  kinds  are  assigned,  it  will  be  necessary  first 
to  premise  the  notation  commonly  used  in  this  science*  with 
fioi^ie  observations  As,  flrst,  that  the  final  letters  of  the 
alphabet  z,  y,  Xy  u,  &c.  are  used  to  denote  variable  or  Bow- 
ing quantities  ;  and  the  initial  letters  a,  6,  r,  d^  Sec.  to  denote 
constant  or  invariable  ones^:  Thus,  the  variable  base  ap  of 
the  flowing  recungular  figure  ABqp,  in  art.  6,  m^y  be  repre* 
sented  by  x  \  and  the  invariable  altitude  pq,  by  d  :  also,  the 
variable  base  or  absciss  ap,  of  the  figures  in  art.  8,  may  be 
representee^  by  x,  the  variable  ordinate  .pqi  by  y  ;  and  the 
variable  curve  or  line  Aq,  by  z. 

Secondly,  that  the  fluxion  of  a  (Quantity  denoted  by  a 
single  letter,  is  represented  by  the  same  letter  with  a  point 
over  it :  Thus,  the  fluxion  of  j?  is  expressed  by  i,  the  fluxion 
of  y  by  y ,  and  the  fluxion  of  z  by  2  •  As  to  the  fluxions  of 
constant  or  invariable  quantities,  as  of  a,  ^,  c,  &c.  they  are 
equal  to  nothingi  becsiiuse  tb^y  do  not  flow  or  change  their 
j]MSiutade< 

■  .  ThirdJj:? 
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Thirdly,  that  the  increAiems  of  Tariable  or  flowiilg^  qovH 
Uties,  are  also  denoted  b^  the  aame  letters  with  a  smatt  'o^ff 
them  :  ThttS)  the  iocrenienta  of  jr,  y,  z^  are  or'.  y\  z\ 

13.  From  theae  notationa,  and  the  foregoing  principles^ 
the  quaDtitieaand  their  fluxions,  there  considered,   will  be^ 
denoted  as  below.    Thus,  in  all. the  foregoing  figures,  put 
the  Y^riable  or  flowing  line*'  •     -    ap  cb  x^ 
in  an  6,  the  constant  line       -     •    pq  as  a, 
in  art  8,  the  Tariable  ordinate     *     pq  m  y, 
also,  the  rslriable  line  or  curve    -     aq  s  z : 
Then  shall  the  several  fluxions  be  thus  representedt  namelf  j 
ir^tfi  the  fluxion  of  the  line  ap^ 
ai  m»  vmqfi  the  fluxion  of  abqp  iti  art.  6, 
yx  WB  vgrfi  the  fitixion  of  Apq  in  art.  8, 

2  »  Q9  »  \/  ii^  +  y*)  the  fluxion  of  Aq ;  and 
ai  a  pr  the  fluxion  of  the  solid  in  art.  7,  if  «  denote  the 

constant  generating  plane  pqn  ;  also, 
»x  am  sq  in  the  figure  to  art.  1 1 9  and 
nx  »  ^q  the  fluxion  of  the  aame. 

'14  The  principles  and  notation  being  now  laid  down,  wa 
may  proceed  to  the  practice  and  rules  of  this  doctrine  ;  which 
consists  of  two  principal  parts,  called  the  Direct  and  In  verso 
Method  of  Fl'uxions  1  namely,  the  direct  method,  which 
consists  in  finding  the  fluxion  of  any  proposed  fluent  or 
flowing  quantity  ;  and  the  inverse  method,  which  consists  in 
finding  the  fluent  of  any  proposed  fluxion.  As  to  the  former 
of  these  two  problems,  it  can  always  be  determined,  and  thil 
in  finite  algebraic  terms  }  but  the  latter,  or  finding  of  fluems^ 
can  only  be  effected  in  some  certain  caaes,  except  by  means 
of  infinite  series.— First  then,  of 

THE  DIRECT  METHOD  OF  FLUXIONS. 

Tcfind  the  FluxUm  ^the  Product  or  Rectartgie  qftw«  fttrU* 
ble  Quantities. 

15.  Let  Axqp,  S9  xy^  be  the  flow- 
ing or  variable  rectangle,  generated 
by  two  lines  pq  and  Rq»  moving  al- 
ways perpendicular  to  each  other, 
from  the  positions  ar  and  ap  ;  deno- 
ting  the  one  by  x  and  the  other  by  y  j 
suppisinK  X  aiid  y  to  be  so  related, 
that  the  curve  tine  Aq  may  ah^ays 
P99S  through  the  intersection  i\  of  (hose  linet^  or  the  opposite 
WSt«  of  the  regtapgle,  ^ow, 
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DmECT  METHOD  OF  FLUXIONS. .        3M 

Nov.  the  rectangle  comists  of  the  two  trilinear  speeeA 
MJt^^  AKQt  of  wbicby  the 

fluxion  of  the  former  is  pq  X  pAi  or  yi^ 
that  of  the  ktter  is    •    r^  x  iir,  or  ^^^  by  art.  8  ; 
therefore  the  sum  of  the  two  jry -fx/,  istheSuxioD  of  the 
whole  rectangle  xp  or  ar^p. 


TAc  Same  OthervMt. 


1 6.  Let  the  sides  of  the  rectangle  x  and  y,  by  flowingt 
become  j?  +  ^'  and  y  +  y^  :  then  the  product  of  these  two» 
or  xy+xy'  4-  yx'  +  x'y '  will  be  the  new  or  contemporaneous 
Talue  of  the  flowing  rectangle  pr  or  xy :  subtract  the  one 
value  from  the  other^  and  the  remaindefi  xy  '+yx'  -f  x'y^^ 
Will  be  the  increment  generated  in  the  same  time  as  x'  or  y  ; 
of  wMch  the  last  term  x'y  is  nothing,  or  indefinitely  smalC 
in  respect  of  the  other  two  terms,  because  x  and  y  are  in« 
definitely  small  in  respect  of  x  and  y  ;  which  term  being 
therefore  omitted,  there  remains  xy  4-  yx  for  the  value  of 
the  increment ;  and  hence,  by  substituting  i  and  y,  for  x'  and 
y\  to  which  they  are  proportional,  thete  arises  xu  -^^  yx  fot 
the  true  value  of  the  fluxion  of  xy ;  the  same  as  before. 

17  Hence  may  be  easily  derived  the  fluxion  of  tho 
powers  and  products  of  any  number  of  flowing  or  variable 
quantities  whatever ;  as  of  xyz,  or  uxyz^  or  vuxyz^  &c.  And 
first,  for  the  fluxion  of  iyz  s  put  fi  =r  jry,  and  the  whole 
l^iven  fluent  xyz  =s  7,  or  7  s  xyz  =  fiz.  Then,  taking  the 
fluxions  of  9»/kz,  by  the  last  article,  they  are  ^  «s  ^z -f. 
pz ;  butyi  —  xy,  and  8o)i  «■  xy  -f-  Jty  by  the  same  article ; 
substituting  therefore  these  values  of  yk  and  p.  instead  of 
them,  in  the  value  of  9^,  this  becomes  g  «  iyz  +  xyz  4  xyz^ 
the  fluxion  of  xyz  required  ;  which  is  therefore  equal  to  the 
sum  of  the  products,  arising  from  the  fluxion  of  each  letteri 
,  or  quantity,  multiplied  by  the  product  of  the  other  two. 

Again,  to  determine  the  fluxion  of  nxyz,  the  contifiuat 
product  of  four  variable  quantities  ;  put  this  product,  namely 
ttxyr,  or  gu  «  r,  where  g  «  xyz  as  above.  Then,  taking  the 
fluxions  by  the  last  article,  r  »»  ^«  +  yi ;  which,  by  sub- 
stituting for  q  and  g  their  values  as  above,  becomes  -  • 
T  =  iixyz  +  niyz  +  uxyz  +  ttxyi,  the  fluxion  of  uxyz  aa 
required :  consisting  of  the  fluxion  of  each  quantity,  drawn 
into  the  prodncu  of  the  other  three*  Iq 
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%\a  DIRECT  METHOD  OF  FLUXIONS. 

In  the  Teiy  aame  manner  it  is  found,  that  the  fluxion  of 
vuxyz  is  pttjryz  +  viiaryz  +  vuiyz  +  vturyz  +  vuxyz  i  and 
•o  ont  for  anf  number  of  quantities  vhateyer ;  in  which  it 
is  alwajs  found,  that  there  are  as  many  terms  as  there  are 
Tariable  quantities  in  the  proposed  fluent ;  and  that  these 
terms  consist  of  the  fluxion  of  each  variable  quantity,  mul- 
tipiied  by  the  product  of  all  the  rest  of  the  quantities. 

18.  Hence  is  easily  derived  the  fluxion  of  any  povrer  of 
«  variable  quantity,  as  of  ^*i  or  jr',  or  a-*,  &c.  For,  in  the 
product  or  rectangle  jry,  if  x==  y,  then  isxy  =  xjp  or  jr«, 
mnd  also  its  fluxion  ^gy  ^xy^  xx+  xiov  %xxy  the  fluxion 
of  X*. 

Again,  if  all  the  three  x^  Vi  z  be  equal ;  then  is  the  product 
of  the  three  xyz  ««  x'  ;  and  consequently  its  fluxion  xyz  -^ 
xy^+xyz  «=  icxx-i^xx  +xxx  or  3j:«i,  the  fluxion  of  x^. 

Jn  the  same  manner,  it  Will  appear  that 
the  fluxion  o!  x^  is  «=  4x»i,  and 
the  fluxion  of  ar*  it  —  5JP*i  and,  in  general, 
the  fluxion  of  a:»  is  =  nx»-"^i  ; 
where  n  is  any  positive  whole  number  whatever. 

That  is.  the  fluxion  of.  anv  positive  integral  power  is  equal 
to  the  fluxion  of  the  root  (jr)»  multiplied  by  the  exponent 
of  the  power  (n),  and  by  the  power  of  the  same  root  whose 
index  is  less  by  1,  (j7»-»). 

And  thus,  the  fluxion  of  a  +  ^^  being  ci^ 
iStaH  of  (fl  +  CJP)*  is  2ci    X    («  +  ex)   or  2aci  +  S^^jrii 
that  of  (a  +cx»)*  is  4ca:i  X    (a  +  fx*)  or  4flcxi+  4c*jc*xj 
Ihatof  (xHVT  "  (*^i+  *l/y}  X  (x«  +  y«  ), 
that  of  (x  +  cy«  Y  is  (3i  +  ^cyy)  X  (*  +  cy«  )« . 

19.  From  the  conclusions  in  the  same  article,  we  may 
also  derive  the  fluxion  of  any  fraction,  or  the  quotient  of  one 
variable  quantity  divided  by  another,  as  of 

5.  For,  put  the  quotient  or  fraction  -  •=  ^  ;  then,  roultipIyiDg 

by  the  denominator,  x  ^qyi  and,  taking  the  fluxions, 

i  =:  iy  +  9yj  or  ^  ^  X  '^  gy  ;  and,  by  division^ 
•  -g.  f  -  S  fi=  (by  substituting  the  value  of  ^,  or  -)» 

f -.^  €=s  — "^  '^i  the  fluxion  of-,  as  required. 

That 
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Direct  method  of  fluxions.       si4 

"That  18  the  fluxion  of  any  fraction,  U  e^ual  to  the  floxioa 
.of  the  numerator  drawn  into  the  denominator^  minus  the 
flu  xion  of  the  denominator  drawn  into  the  numerator*  and 
the  remainder  divided  by  the  square  of  the  denominator 

So  that  the  fluxion  of  21is  a  x  ^CZS^  or  22LT^. 

BEMARK  BT  THE  EDITOB. 

The  fluxion  of  the  algebraic  quantity  xy  is  properly  ^x  +  a^ 
in  all  cases  of  increase  or  decrease  We  should  alvvays  use 
the  signs  of  the  fluxions  of  algebraic  expressions  as  those 
signs  arise  from  the  known  rules,  without  considering  whether 
the  quantities  increase  or  decrease  $  but  in  denoting,  algebrai- 
cally, the  simple  fluxions  of  geometrical  quantities,  we  should 
prefix  the  sign  minus  to  the  fluxions  of  such  as  decrease  : 
and  thus  we  may,  in  any  case,  use  the  fluxions  of  algebraic 
equations,together  with  the  fluxions  derived  from  geometrical 
figures,  without  embarrassment  or  apprehension  of  error. 

SO.  Hence  too  is  easily  derived  the  fluxion  of  any  negative 

integer  power  of  a  variable  quantity,  as  of  x*^,  or--,  which 

is  the  same  thing.  For  here  the  numerator  of  the  fraction 
la  1,  whose  fluxion  is  nothing;  and  therefore,  by  the  last 
article,  the  fluxion  of  such  a  fraction,  or  negative  power« 
18  barely  equal  to  minus  the  fluxion  of  the  denominator^ 
divided  by  the  square  of  the  said  denominator.    That  is  the 

fluxion  ofx-BfOr^  is  — ^^^ fLor  —  iiJLor  —  «x-"-ii- 

•r  the  fluxion  of  any  negative  integer  power  of  a  variable 
quduuty,  as  x-^,  is  equal  to  the  fluxion  of  the  root,  multiplied 
by  the  exponent  of  the  power,  and  by  the  next  power  less 
by  1  ;  the  same  rule  as  tor  positive  powers. 

The   same  thing  is  otherwise    obtained  thus :  Put  the 

proposed  tectioo,  or  qu«iC]€nt—  »  g  i  then  is  ga:^  aa  1 ; 

and,  taking  the  fluxions,  we  have 

jjp"+yiMr»-i  xaO :  hence  ga"sa— ynx»**i ;  divide  by  jp»,  thcQ 

f  M  —  -^^  aa  (by  substituting  -— -  for    y),  -—-^  or  » 


X 


-->  njg  ■  1  ;r ;  the  nme  as  before. 

-1  AT  Jifl 


*•     '^     *^x"+t 


Hence  the  fluxion  of  *^*  or  —is  —  x-*ior-.  ^^ 

1  2i 

that  of         .         a:-*or-^ij-.ax-»itor-^, 
1  •  3i 

thatof         •        x*»or— it— 3x-*xor -^, 

that 
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^a 


thatof       -        flar**op-2.is  — 4a^''«  ior—  — 7- 
thatof  (a  +  x)-i  or  ^  is  -  (a+x)-tior  ^^^^-^ 
that  of  c  (a+  3x»  )-«  or^-^3^Vji  «  ~  ^*^*i  ^  (a+5*^*)-*, 

31.  Mttchintho  same  maimer  is  pbcained  the  fluxion  of 

an 

any  fractional  power  of  a  fluent  quantity,  as  of  x*,  or  ^  jc". 

For,  put  the  proposed  quantity  x^  =9  q;  then,  raising  each 
nde  to  the  n  power,  gives  x"»  «  7"  > 
taking  the  fluxions,  gives  »ijc«-*i  ^  «§''»"*  q ;  then 

dividing  by  wy"-^,  gives  ^=    „ynr-i   *"  m^  "^-^  ■  .  '^• 

Which  is  still  the  satne  rule,  as  before,  for  finding  the  fluxion 
of  any  power  of  a  fluent  quandty,  and  which  therefore  is  gen- 
eral,  whether  the  exponent  be  positive  or  negauve,  integral 

or  fractional.    And  hence  the  fluxion  of  ox*  is  4  aj^^jpf 

that  of  ojp*  iflj«x*-*i  a-  iflx-*'i  ss^ZF  "*  2^ ;  and  that  of 


to' 


—X* 


•  (a*-**)  or  (a«  —  a7»)*  is  «(«' ~x*)*X  —  Sx^  , 

23,  Having  now  found  out  the  fluxions  of  all  the  ordi' 
nary  forms  oi  algebraical  quantities  ;  it  remains  to  deter- 
mine those  of  logarithmic  expressions ;  and  also  of  expo- 
nential ones,  that  is  such  powers  as  have  their  exponents 
variable  or  flowing  quantities.  And  first,  for  the  fluxion  of 
Napier's,  or  the  hyperbolic  logarithm. 

23.  Now,  to  determine  this  firom 
the  nature  of  the  hyperbolic  spaces* 
Let  A  be  the  principal  vertex  of  an 
hyperbola,  having  its  asymptotes  cd, 
cp,  with  the  ordinates  da,  ba,  pq, 
&c,  parallel  to  them.  Then,  from 
the  nature  of  the  hyperbola  and  of 
logarithms,  it  is  known,  that  any  space  ABPq  is  the  log.  of 
the  ratio  of  c&  to  cp,  to  the  modulus  abcd.  Now,  put 
1  B>  cB  or  BA  the  side  of  the  square  or  rhombus  db  ; 
m  8  the  modulus,  or  cb  X  ba  ;  or  area  of  ob,  or  sine  of 
the  angle  c  to  the  radius  1  ^  also  the  absciss  cp  a  x^  ^^ 

the 
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UtkAct  MfiTHOB  Ot  ^tJXlOkS.         Si$ 

thiB  brfflnate  tq  ^  y*    Then,  by  the  nature  of  the  hjrperbola, 
ci^    X   ^^  is  always  equal  i6  db,  that  ii^  xy  as  m  ;  hence 

9  9B  ^vod the  flunion  of  the  spacer  iy  is  ^  aa  pq«|ik  the 

&xhNi   of  the    log.  of   x^  to*  the  modulua  m.     Andy  ia 
the  hyperbolic  logarithms,  tjie  modulus  m  being  I,  there- 

Are  Listhefiuxicmofthehyp.log.  of  J?;  which  is  therefore 

equal  to  the  fluxion  of  the  qtj^tity,  divided  by  the  quantity 
Itself. 


Hence  the  fluxion  of  the  hyp.  log^ 

h 


of,+,i»__. 


•f  I  -^JTIS  ^ZTj^ 

a—jp  (a-*«>s  a+9     or- «• 

IMC*  « 

M.  By  ineans  of  the  duiions  of  logarithms,  are  usual!]!' 
d^^rtaiined  those  cl*  exponential  quantities,  that  is,  quan« 
f i6a  which  bare  their  exponent  a  flowmg  or  taliable  letter. 
These  Exponentials  are  of  two  kinds,  namely,  when  the  root 
18  a  constant  qnantity,  as  e<,  and  when  the  root  is  Tariairfe  as 
#el|  as  i!ie  exponent,  as  y\ 

ft5<  In  the  irat  case  put  the  exponential,  whose  fluxion 
is  to  be  flnmd,  equal  to  a  single  variable  quantity  z,  namely* 
z  «M  e«;  thentftke.the  logarithm  of  each,  so  shall  log.  zax  x 

log.  e ;  take  the  fluxions  of  these,  so  shall  ^  s  x  X  log*  e, 

by  the  htst  article  ;  hence  »  «  zir  X  log.  exat^x  X  log.  r, 
which  is  the  fluxion  of  the  proposed  quantity  e^orz  ;  and 
, Which  therefore  is  equal  to  the  said  given  quantity  drawn  into 
the  fluxion  of  the  exponent*  and  into  the  log.  of  the  root. 
Hence  also,  the  fluxion  of  {a+cy^  is  (ti+cy^  Xn^X  log. 

96.  In  iik^  teaanef ,  in  the  second  case,  put  the  giveii 
quantity  y*  »  x  ;  then  the  logarithms  give  log.  iesbx  x  leg.  yi 

nod  the  floxicos  give  —  «»  i  x  log.  y  +  «x  ^  ;  hence 

ktmzi  X  log,y +  ^»(bysubstitwtingt/"forx)y*i  X 

VeL.  II.  '  S  s  ^«*g- 
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dU        OF  SECOND^  THIRD,  &c.  FLUXIONS, 

log.  y  +  xy'^^yt  which  is  the  fluxioo  of  the  proposed  qua»* 
tiiy^>^;  and  which  therefore  consists  of  two  termiif  of  which 
the  one  is  the  fluxion  of  the  given  quantity  considering  the 
exponent  ss  constant^  and  the  other  Uie  fluxion  of  the 
quancitj  considering  the  root  as  constant. 


OF  SECOND,  THIRD,  8cc,  FLUXIONS- 

Haviho  explained  the  manner  of  considering  and  detef- 
mining  the  first  fluxions  of  flowing  or  variable  quantities  ;  it 
remains  now  to  consider  those  of  the  higher  orderS}  as 
second,  third,  fourth,  &c«  fluxions. 

37.  If  the  rate  of  celerity  with  which  anf  flowing  quaA" 
tity  changes  Its  magnitude,  he  constant,  or  the  same  at  everf 
poution  )  then  is  the  fluxion  oi  it  also  constantly  the  aame; 
3ot  if  the  variation  of  magnitude  be  continually  changing, 
either  increasing  or  decreasing ;  then  will  there  be  a  certain 
degree  of  fluxion  peculiar  to  every  poim  or  position ;  aod 
the  rate  of  variation  or  change  in  the  fluxion,  is  called  the 
Fluxion  of  the  Fluxion,  or  the  Second  Fluxion  of  the  given 
fluent  quantity.  In  like  manner,  the  variation  or  floxion  of 
this  second  fluxion,  is  called  the  Third  Fluxion  of  the  first 
proposed  fluent  quantity  ;  and  soon. 

These  orders  of  fluxions  are  denoted  by  the  same  flueot 
letter  with  the  corresponding  number  of  points  over  it  ; 
namely,  two  points  for  the  second  fluxion,  three  points  for 
the  third  fluxion,  four  points  for  the  fourth  fluxion,  and  se 
on.  So,  the  different  orders  of  the  fluxion  of  :r,  are  xy  ii 
9)  X )  ficc ;  where  each  is  the  fluxion  of  the  one  next  before  it*. 

',  28.  This  discription  of  the  higher  orders  of  fluxiona 
may  be  illustrated  by  the  figures  exhibited  in  art.  8,  page  306 ; 
vrhere,  if  x  denote  the  absciss  ap,  and  y  the  ordinate  pq  ; 
and  if  the  ordinate  pq  or  y  flow  along  the  absciss  ap  or  x, 
with  a  unform  motion  ;  then  the  fluxion  of  or,  namely, 
^  M  p/k  or  <ir,  is  a  constant  quantity,  or  ir  «n  0,  in  all  the 
figures.  Also,  in  fig.  I,  in  which  ar  is  a  right  Ibe,  y  «  rgf 
ot  the  fluxion  of  pq,  is  a  constant  quantity,  or  y  a  0 ;  for, 
the  angle  q,  a«  the  angle  a,  being  constant,  qr  is  to  r^s  ^ 
iioyt  in  •a  conaian^  ratio.  But  in  the  3d  fig.  rq^  or  the 
Itjaxion  ol  r^  tootinoally  iocreaaea  more  and  more  \   ^nd 
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in  fi^.  3  ttconlinuaDy  decreases  more  and  more)  and  there* 
fore  m  both  these  cases  y  has  a  second  fluxion,  being  positive 
in  fig.  2»  bat  negauve  in  fig.  3.  And  so  on,  for  the  other  or- 
mrsofflazioRs. 

Thus  ify  for  instance,  the  nature  of  the  cnnre  be  such,' 
that  x«  is  every  where  equal  to  a»y  ;  then,  taking  the  fluxions 
k  is  o*y  «a  3x*i ;  and,  considering  i  always  as  a  constant 
quantity,  and  taking  always  the  fluxions,  the  equations  of 
Che  several  orders  of  fluxions  will  be  as  belowi  viz.  « 

the  ist  fla:aioDa  a^y  »  Za:^i. 

the  3d  fluxions  a*y  cK6x.r% 

the  dd  fluxions  a^y  8  ^^s^ 

tb».4thfluxi«ms0'^' 8»0»  ' 

and  all  the  higher  fluxions  also  n  0,  or  solhingy 


Also,  the  higher  orders  effluxions  are  ibuod  m  the  sam^ 
manner  as  the  lower  ones.    Thus, 
the  first  fluxion  of  y^  is      -    •    • 
ita  3d  flux,  or  the  flux.of  Sy^y  ,  con-" 

atdered  as  the  rectangle  of  3y^, 

and  y,  Is     ---•--'. 
and  the  flux,  of  this  agiun,  or  the  dd] 

fidx«ofy*,is  --..-. 


3J/V ; 
8y*5  +  6yy  »: 


29.  In  the  foregoing  articles,  it  has  been  supposed  that 
the  fluents  increase,  or  that  their  fluxions  are  positive  ;  but- 
it  often  happens  that  some  fluents  decrease,  and  that  there- 
fore  their  fluxions  are  negative :  and  whenever  this  is  the' 
*  case,  the  sign  of  the  fluxion  must  be  changed,  or  made  con-' 
trary  to  that  of  the  fluent.  So,  of  the  rectangle  ^i  when 
both  X  and  y  increase  together,  the  fluxion  is  iy  +  ^x^y  \  but' 
if  one  of  them,  as  y,  decrease,  while  the  other,  or,  increases  ; 
then,  the  fluxion  of  y  being  —  y ,  the  fluxion  of  jcy 
will  in  that  case  be  iy  — .  jry.  This  may 
be  illustrated  by  the  annexed  rectangle, 
APQR  ess  -ry,  supposed  to  be  generated 
by  the  motion  of  the  line  pq  from  ▲  to 
vrards  c,  and  by  the  motion  of  the  line  ' 
itci  from  b  towards  ▲  i  For,  by  the  mo- 
tion of  p<4,  from  A  towards  ct  the  rect- 
s^pgleis  increased,  and  its  fluxion  is  4. 
a?y  ;  but, by  the  motion  of  aQ>  from  a  to- 
wards A,  the  rectangle  is  decreased,  ai^d 
the  fluxion  of  the  decre^e  ia  xy  j  ther^t 


B 

R 
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y. 


X. 
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fbrct  takiog  the  fluxion  of  the  decrease  GroQi  th^  of  the  iu- 
crense,  the  fluxion  of  the  rectangle  j^y^  whep  jt  increases  v4 
y  decreases^  iaiy  —  xy. 

30  We  may  now  collect  all  the  rales  together,  which  hsvv 
l^aeii  demonaiFated  in  Uie  f6reg(4o«  arliple^  l(Mr  fiodioe  the 
4ujuona  of  all  soru  of  quaatitJev    AsA  bence* 

Ist,  For  the^uxioH  qfmnif  Power  ^  ttjoving^  q^fmmfifu* 
^Multiply  all  together  the  e^pone^t  of  the  poir^r*  ti^e  tux- 
^  of  the  root}  and  the  pow^r  next  less  b|r  I  of  Iki^  ^MftCi 
root. 

^Forthfjiujdon  qfthe  Rtctmigh  ofiwo  ^tumlir^t.^^Mul* 
tiply  each  quantity  by  the  fluxion  o(  tjikt  ot|tier,  wi  ^ef&ect 
^the  two  products  together  by  their  proper  signs 

3d,  JFor  the  Jitueion  fifthe  ContinutU  firoduct  of  any  number 
ofjiowing  yuantUie§  -iMultiply  the  fluxiOB  of  each  qumtily 
by  the  prmkict  of  aU  tb^  otber  q^^itiesy  and  ooa^^^t  aU 
the  products  together  by  their  proper  signs. 

4tfab  for  tkefiuxion  ^  a  FrgcHon^^^fcotn  the  fluxion  of  the 
minierator  drawn  into  the  deaoninator,  subtraict  tho  S«ftxioi^ 
of  the  deiioinmator  drawn,  into  the  naii>erator)  and  djkwi^  tbo., 
reaolt  by  the  square  of  tl^  denominator. 

5th)  Or,  the  ^<fy  8d,  anf  ^tA  resrs  nmy  te  aH  included  vnder 
vne^and  fier/ormed  fAut.— Take  the  fluxioa  ofthegiTepi^- 
pression  as  of^en  as  there  i^re  yariable  quantities  in  b,  sippi. 
posing  first  oqJy  one  of  ttiem,  variable,  and  the.  rest  coDstaot ; 
then  another  ▼aiiable*  and  the  rest  constant;  and  ao  oB| 
till  ^^  have  all  in  their  turns  bfen  singly  supposed^  va^iahj|e» 
f^id  connect  all  these  flus^iiHui,  together  wi.th  their-  qvm  sjigm 

6tbf  For  thejluxipn  qf  a  Xqjpsri^m.— .pivide  the  ^jjuxioii 
of  the  quantity  by  the  quantity  itself^  and  multiply  the  peaiil^ 
by  the  modulus  of  the  system  of  bgaritjhms* 

Hole.  The  modulus  <n  th$  hyj^n>olic  logaridims  ^  1, 
a|id  the  modulus  of  the  commKHi  Ipgs,  i&      *        0^3429440* 

7th,  For  the  fluxion  qfan  Sxfionential  yuqntity  hf^ufhg  ^ 
Rnot  C(m«rafl^-— MjuUiply  all  togetl^er,  tlie  given  quality  tb^ 
fluxion  of  its  exponent  and  the  hyp.  log,  of  Mie  rooL  ~ 

8th,  For  thejliuxion  qfan  Mxpot^enti^  quantity  Aom^  the. 
Root  Variable,-^  To  the  fluxion  of  t^e  given  quantit]^.  f9i|n4 
by  the  ls(  nile^as  If  the  root  o^ly  ifere  Tariablp,,^^  ^ 
fluxion  of  the  same  quai)iity  found  by  the  7th  n4e»  as.  if  th^ 
exponent  only  were  varii^lp ;  and  tlie  sum  will  be  tl^e  fl^xjio9l; 
fcr  bgth  of  them  variable. 

^ote.  When  the  g^ven  quantity  consists  of  several  termsi 
find  the  fluxion  of  each  term  separately,  and  connect  tb^n 
.  %\\  together  jrith  th^ir  pn^r  s%ns. 

?i,  JTUiniCAI/ 
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3L  PRACTICAL  EXAMPLES  TO  EXERiQQIE  THE  f'OBVGOItnG 
RULES. 

1.  Theflini«gt«Ca«|ii&      i 

2.  The  fiaxiOQ  of  fx^z  is 

3.  The  fluxion  of  ex  x  (ax-rcy}.  ia 

4.  The  fluxion  of  jp'^'is  * 

5.  The  fluxiDD  of  x»^r  is 

6.  The  fluxion  of  (x  +  y)  x  C^*^)  t» 

7.  The  fluxion  of  2ax*  is 

8.  The  fluxion  of  2x*  is 

9.  The  fluxion  of  SxHf  is 

10.  The  flexion  of  4a:^y^  is 

1 1 .  The  fluxion  of  ojrSy-.  x\^  is 

13.  The  fluxion  of  4x«  _  x'y.  4.  S5y2  is 
13*  The  flu»on  of  ^x  or  je»  is 

14.  The  fluxion  of  ^x^  or  xZ  u 

15.  The  fluxion  of -^~  or  j-  or  ar*i'  is 

16.  The  fluxion  of  ^^  x  or  x^  is 

17.  The  fluxion  of  ^  x  otxY  is. 

18.  The  fluxion  of  ^x*  or  x^  is 

19.  The  fluxion  ofv^x^  or  ar^  is 

30.  The  fluxion  of  ^x'oi^x^^ 

31.  The  fluxion  of  ^x.^  or  x^  is 

22.  The  fluxioii  of  ^  (c*  +  x*)  or  (a«*+  x*)^  is 
33.  The  fluxim  of  V(««  «i^  3r'^>vor(aft^  «.^  x»^m^ 
24.  The  fluxion  of  ^(%nx^.xx).QT  (2n:»;^^:r)^  ut 

35.  The  fluxion  of —J-jjj  or  («»«x«f*  is 

36.  The  fluxion  of  iax-^xx)^  is 

37.  The 
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3U  FINBIN6  OP  FUJXIOKS; 

27,  The  fluxion  of  2JP^©*±jr«  is 

38.  The  fluxion  of  (a*— x')»  is 

^9.  The  fluxion  of  ^/xar,  or  (xz)*  is 

30*  The  fluxion  of  ^xz^xz  o?  (xz»«xz)4  is 

SI.  The  fluxion  of  •^— 7-  or  —  »*'  »» 

32.  The  fluxion  of ---  is 

US.  The  fluxion  of  —  i« 

34.  The  fluxion  of  2  is 

35.  The  fluxion  of  ~  is 

36.  The  fluxion  of  ^^^  is 

37.  The  fluxion  ol  ~^  x% 

38.  The  fluxion  of  ^  is 

% 
S9.  The  fluxion  of-;  IS 

40.  The  fluxion  of  — ^  is 

3 

43.  The  fluxion  of  the  hjp.  log.  of  ax  is 
43-  The  fluxion  oi  the  hyp.  log.  of  1  +  x  is 

44.  The  fluxion  of  the  hyp,  log.  of  1  —  or  is 

45.  The  fluxion  /of  the  hyp*  log.  of  x«  is 

46.  The  fluxion  of  the  hyp.  log.  of  Vz  is 

47.  The  fluxipn  of  the  hyp.  log.  of  or*  is 


48.  The 


Digitized  by 


Google 


FmiUNG  OF  rLUENTB,  $]^ 

4S.  The  fluxian  of  the  liyp.  log.  of^  is 
49.  The  fluxion  of  the  hyp.  log.  of  \-i^  is 


.1- 


50.  The  fluxion  of  the  hyp.  log,  of  j^  b 

51     The  fluxion  of  c<  is 
53.  The  fluxion  of  iO' is 

53.  The  fluxion  of(a  +  0*  is 

54.  The  fluxion  of  loo>y  is 

55.  The  fluxion  of  j;«  is 

56.  The  fluxion  of  y^<^  is 

57.  The  fluxion  of  x»  is 

58.  The  fluxion  of  (jrv}K«  is 

59.  The  fluxion  of  xy  is 

60.  The  fluxion  of  iy  «  is  ' 

61  •  The  second  fluxion  of  xy  is 

63.  The  second  fluxion  of  xy^  when  a*  is  constant)  iS 

63.  The  second  fluxion  of  x«"  is 

64.  The  third  fluxion  of  x«»,  when  ;t  is  constant,  is 

65.  The  third  fluxion  oixy  is 


THE  INVERSE  METHOD,  OR  THE  FINDING  OP 
FLUENTS.  ' 

32.  It  has  heen  observed^  that  a  Fluent,  or  Plowing  Quan- 
tity, is  the  variable  quantity  which  is  considered  as  increasing 
•r  decreasing.  Or,  the  fluent  erf  a  given  fluxion,  is  such  a 
^uantityr  that  its  fluxion,  found  according  to  the  foi«goui» 
t^ules,  shall  be  the  same  as  the  fluxion  given  or  pixqxised. 

33.  It  may  further  be  observed,  that  Contemporary  FluentSt^ 
•r  Contemporary  Fluxione,  are  such  as  flow  together,  or  for 
the  same  time.— When  contemporary  fluents  are  a]#ays 
equal,  or  in  any  constant  ratio ;  then  also  are  their  fluxions 
jreipectively  either  equal,  or  Id  that  s^me  constant  ratio. 
That  is,  if  X  a  y,  then  is  x  «b  j, ;  or  if  x :  y  : :  »  :  |.  then  is 
a; :  y :  :n :  1  ;  or  if  x  a?  ny,  then  is  i  c«  n  y, 

34.  It  is  easy  to  find  the  fluxions  to  all  the  given  forme  of 
fluents  ;  but,  on  the  contrary,  it  is  .difficult  to  End  the  fluents 
of  many  given  fluxions;  and  indeed  there  are  numberless. 

case^ 
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GMes  in  wbich  thb  tafiim  1  «U  be  doiie«  eacoepimg  bj  ifae 
quadrature  aod  rectification  of  curve  lines,  or  by  k^iaritbma, 
or  by  infinite  aerifts.    Fori  it  is  only  in  certain  {NMrdciiiar  forms 
and  cases  that  tbt  fluents  of  given  flusdons  can  be  found  ; 
tliere  being  no  method  of  perfarming  this  un^vfirsal^,  m  Jkfiorif 
by  a  direct  invesii|^tbti,  like  finding  the  duxion  of  a  ^rcn 
fluent  quantity*    We  can  only    tifHr'tfytt  bf  Aown  a  lew 
rules  for  such  forms  of  fluxions  as  ire  kno#,  tr^cm  the  direct 
method,  belong  to  such  and  such  kinds  of  flowing  qUAtitiea  : 
and  these  rules,  it  is  evident,  must  cfdbfly  ceviust  in  peTferm- 
in  such  operations  as  are  the  reverse  6f  those  by  which  the 
fluxions  are  found  of  given  fluent  qu«stitie*.    The  princ^al 
cases  of  which  are  as  follow. 

35.  Tojnd  the  Flmnt  of  a  Simple  I^uition  ;  or  of  that  in  vjhich 
tkereiM  no  variable  quaniUyy  and  only  oneJiiudomU  quantity. 

This  ii  ddiie  hj  baTlley  substituting  the  ^arialde  or  flowlbg 
quantity  instead  of  its  fluxion  ;  being  the  result  or  reverse  of 
the  notation  onty.^^TbuB| 

The  fluent  of  ai  is  ax. 

The  fluent  ofay  +  3y  is  ay  +  2y*  

The  fluent  of  ^  a*  •f^ia  ^  a*  +  x\ 

36.  When  any^Power  x^f  a  Jtovfhig  ^[uantUy  ik  Miltiptied  by 

the  Fluxion  t^the  Root ; 

Then,  having  substituted,  as  before,  the  flowing  quantity 
for  ita  fluxion,  divide  the  result  by  the  n«w  index  of  th« ' 
power.  Or.  iM^bieh  is  the  same  thing,  take  bift  or  divide  by, 
the  fluxion^  the  rbot ;  add  1  «athe  index  of  the  ptywer^ 
and  divide  by  the  index  so  increased.  WlSch  is  the  ftverub 
of  the  1st  rule  for  finiiitg  fluxlona. 

.  Sk>,  if  the  Mitiiitt  pt^esed  b*       ^       *  d  j?«ib 

Leave  out,  or  divide  hy,jt*^ieti  it  Is        *  $ar«; 

.  add  1  to  the  hidex^  Utod  it  is  -        ^  8Jt«  3 

.dividebytbelndex6,aaditis        -       -  |x«iHrfr«, 

which  u  the  fluent  of  the  proposed  floxioti  Sx*x. 

In  like  manner. 

The  fluent  of  2eiri  is  ear  . 
The  fluent  of  Zx'^i  is  xK 

The 
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The  fluent  of  4*^  i  is  |jc*. 

The  fluent  of  Sy^y  is  |y^. 

The  fluent  of  az'i  is  ^^az^^. 

Theduentof x'i+3y^y  is  fr^+|y^. 
The  fluent  of  j:n-'i  is  Jx". 
The  fluent  of  wy»~*y  is 

The  fluent  of  -^  op  z-*i  is 

The    fluent  of  ^  is 
J" 

The  fluent  of  (a  +  x)*i  is 
The  fluent  of  (a*  +  y*)y^y  is 
The  fluent  of  (a»  +  z«)*z«i  is 
The  fluent  of  (a«  +  x»  )»  x»-»i  is 
The  fluent  of  (a^  4.  v')'yy  » 

The  fluent  of    —^L.  is 
The  fluent  of    -^ — -  is 

37.  WAen  the  Root  under  a  VmaUmm  U  a  Compound  Quantity  • 
and  the  Index  qfthefiart  or  factor  Without  the  Vincul-^m^in^ 
creased  by  Ifit  Mome  MuUifUe  of  thai  under  the  Fincuium  : 

Put  a  single  Tariable  letter  for  the  compound  root ;  and 
substitute  its  powers  and  fluxion  instead  c^  those  of  the  same 
▼alue,  in  the  given  quantity ;  so  will  it  be  reduced  to  a^  sim- 
pler formt  to  which  the  preceding  rule  can  then  be  applied. 

Thus,  if  the  f^Ycn  fluxion  be  f  «  (a»+x«)^x»i,  where  3, 
the  index  of  the  quantity  witbout  the  Tincnlum,  increased 
by  \y  making  4,  which  is  just  the  double  of  3,  the  exponent 
of  x«  within  the  Tincnlum :  therefore,  putting  z  a  a*  4.  x«, 
thence  ar*  =  z—a*^  the  fluxion  of  which  is  2xi  a  i ;  hence 
then  x»x  =  ir*i  =  ^i  (z— a* )» and  the  given  fluxion  p,  or 

(««  +ar«)^-c»i>  i»  =  i^^z  (2— «*)i  OT==\zh  -  ia*z*i  ;  and 
hence  the  fluent  f  is  — /^z^-^^zf  =*  Sz*  CrJ  z  ^  ^  jrfs  ). 
Or,  by  substituting  the  value  ot  z  mstcad  ot  u,  the  same 
flucntis3(a«4<r«)*X(xi**--TJ«*>orTK«*-f''>^t^'-ia«). 
Vol..  II.  T  t  iH 
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Iq  like  manner  for  the  foUowing  examples- 


To  find  the  floeDt  tA  ^  a  +  ex  x  *'x. 

To  find  the  fluent  of  (a  +  cx)^  x*i. 

To  find  the  fluent  of  (a  +  cx«)*  X  dx^i* 

To  find  the  fluent  of -7==^  or  (fl+z;*rzz  • 

To  find  the  fluent  of -7==="  or  (a+z«)    cz^^V. 

To  find  the  fluent  of  ii^i!^:^  or  (a»  +  z^y^z. 

m^ 

To  find  the  fluent  of*^**"^^  or  (a-*«)*  «*^'i . 

36.  9F3l«n  there  are  Meroeral  Ternuj  involving  Two  or  more  Va* 
riable  Qumuitien^  having  the  Fluxion  of  each  AfnUiJUicd  by 
the  other  Quantity  or  Quantitiew  : 

Take  the  fluent  of  eaeh  tenUf  as  if  there  wero  only  one 
variahle  quantity  in  ity  namely,  that  whose  fluxion  is  con- 
tained in  it»  aupposing  all  the  others  to  be  constant  in  that 
term  ;  then  if  the  fluents  of  all  the  terms,  so  found,  be  the 
very  same  quantity  in  all  of  them,  that  quantity  will  bo  the 
fluent  of  the  whole.  Which  is  the  reverse  of  the>  5th  rule 
for  finding  flaxions :  Thus,  if  the  given  fluxion  be  ^y  +  x^ 
then  the  fluent  of  x  t/ is  ory  Jsuppesing  y  constant :  and  the 
fluent  of  xy  is  also  ary,  supposing  x  consunt :  therefore  xy  f& 
the  required  fluent  of  the  given  fluxion  xy  +  ^y  • 

In  like  manner. 

The  fluent  of  xyz  -hxyz  +  xyi  Ulxyz^ 
The  fluent  of  2xyx  +  x*y  is  x^y.  " 

The  fluent  of  ix-^iy*  +  2x  ^yy  is 

iy-^Xy        X     Xy 

The  fluent  of — : -or  — — .  is 

y*       y     y* 

tlaxx  y  ^-^lax^y^  '  y      2axx      ax^y 


The  fluent  of. 


■^i» 


S9,  Wh€i^ 
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39-  Whenthegiven  Fluxional  ExfircBtion  i$  in  (his  Form*^^"^ 

nameiy^a  FracHon^ncluding  Tvto  QtumtUiea^  being  the  Flux* 
ion  of  the  former  <f  them  drawn  into  the  latter^  minu9  the 
*    Fluxion  of  the  latter  drawn  into  the  former ^  and  divided  hy 
the  Sguare  of  the  latter  7 

Th^en,  the  flucirt  is  the  fraction  -,  or  the  former  quantity 
divided  bf  the  htter.    That  is, 

The  fluent  of  ^"^y  is  ^,    And,  iu  like  manneri 

The  fluent  of  ^-^':^^^' is  ^;. 

Though,  indeed,  the  examples  of  this  case  may  be  pi^^- 
formed  by  the  foregoing  one.    Thus,  the  giv^  fluxiop    -    - 

StZfi.  reduces  to  -  -i^,  or  4  -  jry  fr« ;  of  which, 
Utt  fluent  of  ^  is  —  supposing  jr  constant ;  and 
tlie  fluent  of  —  a?  ^y-*  is  also  xjr*  op  — ,  when  x  it  constant; 
theneforej  by  that  csaaei-^is  the  fluent  of  the  whole  f2^^^. 


40.  When  the  Fluxion  if  a  Quantity  is  Divided  by  the  Quan- 
tity itielfz 

.  Then  the  fluent  is  equal  to  the  hyperbolic  logarithm  of 
that  quantity  \  or,  which  is  the  same  thing,  the  fluent  is 
equal  to  3  30258509  multiplied  by  the  common  logarithm  of 
the  same  quantity* 


So,  the  fluent  of'  or  x-*ixi  is  the  hyp.  log.  of  x. 
The  fluent  of  —is  3  x  hyp.  log.  of  x,  or  »  hyp.  log.  **. 
The  fluent  of  — ^s  «  X  hyp.  log.  or,  or  »  hyp.  log.  of  x*. 
The  fluent  of-?-,  is 
The  fl«ientof^,is 

41.  Many 
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41,  Manyjiuenta  may  bt  Jound  by  the  Direct  Methpdthus  ^ 

Take  the  fluxion  again  of  the  given  fluxion,  or  the  second 
fluxion  of  the  fluent  sought ;  into  vbich  substitute  ^  for   ^ 

■^  for  y,  Sec  J  that  is,  malLC  x,  i,  x»  as  also  y,  y,  y ,  &c,  to 

be  in  continual  proportion,  or  so  that  x:  ii;  x-  x%  and  - 
y  :  •  .  .  y  :  y\  &c  ;  then  divide  the  square  of  the  given 
fluxional  expression  by  the  second  fluxion,  just  found,  and 
the  quotient  will  be  the  fluent  required  in  nnany  cases. 

Or  the  iame  rule  may  be  otherwise  delivered  thus  : 

In  the  given  fluxion  F)  write  x  for  i,  y  for  y ,  8cc,  and  call 
the  result  g,  taking  also  the  fluxion  of  tliis  quantity  o  j  then 
make  g  :  f  : :  o  ;  f  ;  so  shall  the  fourth  proportional  f  h^ 
the  fluent  sought  in  many  cases* 

It  may  be  proved  if  this  be  the  true  fluent,  by  taking  the 
fluxion,  of  it  agsdn,  which,  if  it  agree  with  the  proposed 
fluxion,  will  show  that  the  fluent  is  right ;  otherwise,  it  is 
wrong. 

EXAMPLES. 

ExAU.  1.  Let  it  be  required  to  find  the  fluent  olnju^^i. 

Here  r  ^  norn-'i.  Write  x^  for  x,  then  nx^x  or  «ar»=:G; 
the  fluxion  of  this  is  g  «  n»ar'»-*i  ;  therefore  g  :  p  : :  o  ;  f, 
becomes  n*x'*"*i:  nx^^^'x  s :  nx^  :  x»  »  f,  the  fluent  sought. 

Exam.  2.  To  find  the  fluent  of iy  +  xy . 

Here  p  =  xy+^yi  then,  writing  x  for  i  and  y  for  y ,  it  i« 
a:y  -f.  xy  or  ^xy  tss  &  ;  hence  g  =  2iy  -f-  2ry  ;  then  &  : 
i :  :  G  :  F,  becomes  2iy+  2a:y  :  iy  +  xy  ::  2xy  :ary  =  f, 
the  fluent  sought. 

42.  To^nd'  Fluents  by  means  of  a  Table  of  Forms  of  Flux* 

ions  and  Fluents. 

In  the  following  Table  are  conuined  the  most  usual  forms 
of  fluxions  that  occur  in  the  practical  solution  of  problems, 
with  their  corresponding  fluents  set  opposite  to  them  ;  bj 
means  of  which,  namely,  by  comparing  any  proposed  fluxion 
with  the  corresponding  form  in  the  tabic,  the  fluent  of  it  will 

be  found. 

Forms  ^ 
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Fwnn%. 


II 


(a  dh  s^Y^^^x 


111 
IV 


Fluxions, 


Fluents. 


(a±xn)m+i 


(a±  x»)«^"a. 


xmn-f-l 


(myx+nx^  )  X  x'^y^ 


VI 


- 


or 


VII 


\ 


nil 

IX 


X 


XI 


XII 


—  or  xrtje 


<»±*" 


o±xn 


rM 


A-4:^^ 


*■        1     « 

—  or— x» 

ft       ff 


mn  -^ 


"Ma      (o+xb}b 


—  X— '^^ 


jrWya 


log.  of  or. 


±  -  log.  of  a  db  x» 


ilog.of^ 


«• 


-logof>^iL±vlx- 


v/a  —  ^x" 


2  jr 

■  -7-  X  arctoum  v^  -,or 

1  .  .     o  -x« 

---  X  arc  to  cosine — p-— - 


-logofv'3:*+V^±«+'^- 


Forms 
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FormM. 

FluxiauB. 

Fluent 9. 

XUl 

x^^'» 

?.  X  arctosin.  •— >op 

»                                    a 

1                                           2-B« 

—  X  arc  to  vers.  — 

n                                   « 

^a-^a^ 

XIV 

^ti 

V^0±  JJ" 

XV 

JT^i 

— --  X  arc  to  secant  \^— ,  oi 

1                                      3a  •—  jK<» 

— --  X  arc  to  Gosia. 

n\/a                                        »> 

V— «+J?» 

XVI 

-  circ  seg.  to  diam.  ^  &  vers,  x 

xVdx-x^ 

XVII 

c^i 

CM 

It  log*  c 

XVIIl 

iy^  log.  y+xy^-y 

y^ 

J^ote,  The  logarithms,  in  the  above  forms,  are  the  ^jper- 
bolic  ones,  which  are  found  by  multiplying  the  eomnKm 
logarithms  by  3-SO3585092994.  Axk}  the  arcS)  whose  Moe, 
or  tangent,  &c,  are  mentioned,  have  the  radius  1,  and  are 
those  in  the  common  tables  of  sines,  tangents  and  secants. 
Also,  the  numbers  m,fi,  &c,  and  to  be  some  real  quantttie% 
as  the  forms  fail  when  m  »  o,  or  »  »  0,  fcc. 

TAeOMe  oftheforegaingTableqfFiirrM  t^  Fluxt^n^and  FUieniM. 

43.  In  using  the  foregoing  table,  it  is  to  be  observed,  that 
Uie  first  column  serves  only  to  show  the  number  of  the  forms  ; 
in  the  second  column  are  the  several  forms  of  fluxions,  which 
are  of  different  kinds  or  classes ;  and  in  the  third  or  last 
column,  are  the  corresponding  fluents* 

The  method  of  using  the  Uble,  is  this.  Having  any 
fluxion  given,  to  find  its  fluent  •'  First,  Compare  the  given 
fluxion  with  the  several  forms  of  fluxions  in  the  second  co- 
lumn of  the  table,  till  one  of  the  forms  be  found  that  agrees 
with  it ;  which  is  done  by  comparing  the  terms  of  the  given 
fluxion  with  the  like  parts  of  the  ubular  fluxioU)  namely* 
the  radical  quantity  of  the  one^  with  tliat  of  the  other ;  and 

the 
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tbe- exponents  of  the  variable  quantities  of  each,  both  within 
and  without  the  vinculum  ;"  all  which,  being  found  to  agree 
Of  corre9pond,  will  give  the  particular  values  of  the-  general 
quantities  in  the  tabular "  form  :  thep  substitute  theses  par- 
ticular values  in  the  general  or  tabular  form  of  the  fiqent, 
tod  the  result  will  be  the  particular  fluent  of  the  given 
fluxion  ;  after  it  is  multiplied  by  any  coefficient  the  proposed 
fluauon  may  have* 

EXAMPLES. 

Exam.  1.  To  find  the  fluent  of  the  the  fluxion  Sjt^x. 
This  is  found  to  agree  with  the  first  form.    And,  by  com- 
J«rtiig  the  fluxions,  it  appears  that  x  =x,  and  «  —  I  s  ^ 
•"^  ^  =  4  J  which  being  substituted  in  the  tabular  fluent,  or 

i-a^jgiTes,  after  multiplying  by  3,  the  cociBRcicnt,  3  x  |jp^j 
or  fa:  ^y  for  the  fluent  sought. 

Sx  iiii.2.  Tofindthefluentof  5x*k  v^flTIs^  or5ar«i  (c^  -  *«)*. 
This  ftaxion,  it  appears,  belongs  to  the  2d  tabular  form : 
for  a  a  c»,aiid  .-  x^^^x^y  and  n  »  3  under  the  vinculum, 
aHo  m  —  1  n  i,  or  m  »  I,  and  the  exponent  »-» of  or"*** 
"Without  the  viDculum,  by  using  3  for  n,  is  n  —  I  =s  2,  whichf 
ag^rees  with  or*  in  the  given  fluxion  :  so  that  all  the  parts  of 
the  form  are  Jbond  to  correspond.  Then,  substituting  these 
iralttes  into  the  general  fluent,—  ^  (a  «.  x">"' 

it  becomes  —  4  ^  f  (c?  —  x^y  =s  -  H(^^  —  ^*)  ^• 

llxAM.  3.  To  find  the  fluent  of  -^?^ 

This  is  found  to  agree  with  the  ath  form ;  where  -  -  • 
±  -x^  8SS  ^  ar^  in  the  denominator,  orn  »  3  ;  and  the  nunie^ 
rator  x^^^  then  becomes  jp«,  which  agrees  with  the  numerator 
in  the  given  fluxion;  also  a  ^  1.  Hence  then,  by  subsd* 
totiog  in  the  general  or  tabular  fiuent»  u  ^*  of  a  +  x^y  it 
becomes  ^  log.  1  4-  jt*. 

KxAic.  4.  To  find  die  fluent  a^ax^x. 
SlxAif .  5-  To  find  the  fluent  of  2  (lO+x»)  *  xx . 
f-XAM.  6.  To  find  the  fluent  of^^^^,-» 
£jCAM.  7.  To  find  the  fluent  of  ^^•;^^- 
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HxAU. «.  To  find  the  fluent  of^'^^^x. 

Ekax.  9.  To  find  the  fluent  of^.|^i. 

Exam.  10.  To  find  the  fluent  of  (  —  +?!  )x^\ 

Exam.  1 1.  To  find  the  fluent  of  C^  +  -M  ary^. 

Exam.  12.  To  find  the  fluent  of—  or  -  *-ii. 

«r      a 

Exam.  1 3.  To  find  the  fluent  of--~. , 
Exam.  U.  To  find  the  fluent  ofr-^i— or^^lli* 
Exam.  15.  To  find  the  fluent  of-i^— or^^I^fl 
Exam*  16.  To  find  the  fluent  of- — Z.. 

Exam.  IT.  To  find  the  fluent  of  **'^' 


2-j:5* 

Exam.  16.  To  find  the  fluent  of^^^ 

Hx4'. 

Exam.  19.  To  find  the  fluent  of^^, 

3x« 
Exam.  20.  To  find  the  fluent  of-:r==r 

Exam.  21.  To  find  the  fluent  of— ~rr 

Vara- 4* 

Exam.  23.  To  find  the  fluent  of- 

Vl-^jp** 

Exam.  23.  To  find  the  fluent  of— =:=r 
Exam.  24.  To  find  the  fluent  of-^^H-fl 

Exam.  25.  To  find  the  fluent  nf — , 

Exam.  26.  To  find  the  fluent  o£i^- 


Exam.  27. 
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BzAM  27.  Tafind  tto  flueat  or —->''*      -, 

SxAv.  34.  To  find  the  fiuont  of  2i  y^Tx-^xK 

Exam.  39.  To  find  the  ftuent  of  a""^ 

Exam.  30  Tofmdthefiuent  ofSe^or. 

Exam.  31.  To  find  the  fluent  of  32*:^log,r  +  Zrz  ^^z- 

Exam.  33  To  find  the  fluent  of  (1  +  ;i;*}  xi. 

Exam.  33.  To  find  the  fluent  of  (2  +  jp^)x^^' 
£xAX.34»  Tofindthe  fluent  of  x'^  Va»  +ar>' 


To  find  Fluents  by  Infinite  SerhMm 

44  When  a  given  fluxion,  whose  fluent  is  required,  is  so 
complex^  that  it  eannot  be  made  to  a^^e  wkb  anjr  of  tbe 
forms  in  the  fore4|;oing  table  of  casesyoor  made  out  from  the 
general  rules  before  given  ;  recourse  may  then  be  had  to  the 
^pethod  of  Infinite  series  \  whielUs  thus  pecfopmed : 

Expand  the  racUoil  or  toictifln»  in  the  given  ilaxjoiit  into 
no  infinite  series  of  simple  termsi  by  the  methods  given  for 
that  purpose  in  books  of  algebra  ^  vis.  either  hj  division  or 
extraction  of  roots,  or  \$y  tbe  binombl  theorem,  &c  ;  and  mul- 
tiply every  term  by  the  fluxional  letter,  and  by  such  simple 
variable  factor  iL^fljIe  given  fluxional  expression  nia]p  coo- 
tain.  Then  take^me  fluent  of  each  term  separately,  by  the 
foregoing  rules,  connecting  them  all  together  by  their  proper 
signs  ;  and  the  series  will  be  the  fluent  sought,  after  it  is  mul- 
tiplied by  any  constant  fkctor  or  coefficient  which  tHxf  be  coa« 
sained  in  the  given  fluxional  expression. 

45.  It  is  to  be  noted  however,  that  the  quantities  must 
be  so  arranged,  as  th«t  the  series  produced  nsay  be  a  coit* 
verging  one,  rather  than  diverging :  and  flhis  is  effected  by 
.  placing  the  greater  tefins  foremost  in  the  given  fluxion. 
When  these  are  known  or  constant  quantities,  the  infinite 
series  will  be  an  ascending  one  ;  that  is,  the  powers  of  the 
variable  quantity  will  ascend  or  increase ;  but  if  the  variable 
quantity  be  set  foremost,  the  infinite  series  produced  will  be 
a  descending  one,  or  the  powers  of  that  quantity  will  de- 
crease always  more  and  more  in  the  succeeding  terms,  or  in- 
crease in  the  denominators  of  them?  which  is  the  same  thing. 
Vol.  IJ.  U  u  >>r 
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For  euiD^le/  to  find  the  fluent  of  f:^; -^  *^ 

Here,  by  dividing  the  numerator  by  Ae  denominator,  t^ 
nropoMd  ifuxion  becomes^— 3xjH-8a?»i-5j?»i-fea?*i— kc; 
then  the  fluents  of  all  the  terms  being  taken,  give    -    -    - 
x-x^+jp'-^Jx^-ffx'— kc.  for  the  fluent  teoght> 
Again,  to  find  the  fluent  of  ^i^  ^  I  —  *«• 

Here,  by  eictracting  the  root,  or  expanding  the  radicai 
quantity  ^  i  —  jt*,  the  given  fluxion  becomes  -  .  -  - 
i  —  iae^i  —  i^r^x-^-ft^^x  *-  kc.  Then  the  fluents  of  itfl 
the  terms,  bemg  taken,  give  x  -  ^^*-.yJ  x«— tt«*^  —  *^- 
for  the  fluent  sought* 

OTHEB  EXAMPLES. 


£xAK.  1.  To  find  tte  fluent  of  — ^  both  in  an  ascending 

and  descending  series, 
ExAii.a.Tofindthefluentof  — J— bbothserica.  » 

Exam.  3  To  find  the  fluent  of ; r^. 

Exam.  4.  To  find  the  fluent  of  t—: x. 

Exam  5.  Given  i  sa  j^x^f  to  find  r.   ^ 

SxAM.  6.  OLren  z  «•  '^  ,  ^  i  to  find  z, 
a  -f-x 

Exam.  7.  Oiven  z  »  3:r  V"  a  4.  a?,  to  find  z. 

Exam  8  Given  z  «■  2i  v'  oM-^,  to  find  z. 

Exam.  9.  Qiveo  i  ^a  4x  ^  a*^  jc*,to  findr. 

Exam.  10.  Given  i  ■■  — — to  find  z. 

Exam.  11.' Given  z  «  Si^'fl*  — J^S  to  fipdz 
Exam.  \2.  Given  z  ««  •—=—=.,  to  find  z. 


Exam.  13.  Given  z  »  Sj^^rj:*  +  dp*-f  x*,  to  findz. 
fexAM.  14.  Given  ^'  »  Siy at  -^  xx^  to  find  z. 
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Tq  Correct  the  JPluent  ofam^  Given  Fluxioiru 

46.  The  fliiKioa  foond  from  a  given  fluentt  is  always 
perfect  and  completes  hut  the  fluent  found  from  a  gtyen 
fluxion  is  not  lAways  lo ;  as  it  often  wants  a  correction,  to 
make  it  contemporaneous  with  that  required  by  the  problem 
under  consideration.  Sec  :  for,  the  fluent  of  any  given  fluzl^Hiy 
aa  i  may  be  either  jTi  which  is  found  by  the  ruloi  or  it  may 
be  x^-cy  or  jr^^r,  that  is  x  plus  or  minus  some  constant 
quantity  r ;  because  both  »  and  x  ±c  have  the  same  fluxion  i^ 
and  the  finding  of  the  constant  quantity  e»  to  be  added  or 
subtracted  with  the  fluent  as  found  by  the  foregoing  rules,  is 
called  correcting  the  fluent. 

Now  this  correction  is  to  be  determined  from  the  nature 
of  the  problem  in  hand,  bf  which  weotaeto  know  the  re- 
Jation  which  the  fluent  quantities  have  to  each  other  at  some 
certain  point  or  time.  Reduce,  therefere,  the  general  fluen- 
tial  equation,^  supposed  to  be  found  bf  the  foregoing  rules^ 
to  that  point  or  ume ;  then  if  the  equation  hk  true,  it  Is 
correct ;  butif  not^it  wants  acorrectioa;  and  the  quantitf 
of  the  correction,  is  the  difference  between  the  two  general 
sides  of  the  equation  when  raduced  to  that  particular  poinU 
lience  the  geaend  role  for  tlm  conectioQ  is  thia  i 

Connect  the  constant,  but  indeterminate*  qnanti^  c,  with 
one  side  of  the  fiuenlW  equalkm,  as  determined  by  the  €Dre- 
going  rules  ;  then,  in  this  equatiooi  substitute  for  the  variable 
quailiitic^  anch  values  as  they  are  known  to  have  at  anjr 
paniculi^  state,  place,  or  time  ;  and  then,  frtwi  that  particu- 
lar state  of  the  equation,  find  the  value  of  c,  the  constant  quan« 
tity  of  the  correction.   ' 


C^AMPUS. 


47.  Exam.  1.  To  find  the  cq^rcct  fluent  of  z=a  ax^i. 

The  general  fluent  is  r  =s  ox*,  or  r  —  or*  +  c,  taking  m 
the  correction  r. 

Now,  if  it  be  known  tiiat  r  and  X  begin  together,  or  that 
r  is  n  0,  when  x  ^0%  then  writing  0  for  both  a»and  z,  the 
general  equation  becomea  OaO^-r,  or«Bc;  so  tha^the 
mlue  of  c  being  0,  the  correct  fluenu  are  z  ■»  ex*. 

Bui 
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But  if  z  be  w  0|  when  jr  U  «  df  any  known  quantity  ;  thea 
substituting  0  for  z,  and  6  for  x,  in  the  general  equation,  it  be* 
comes  0  =  a^^  4-  c,  and  hence  we  find  cos  —  ad^;  which  be* 
mg  written  for  c  in  the  general  flueoUal  ei|aation>  k  becocnea 
xcstfx^  -m  ab^j  for  the  correct  fluents. 

Or,  if  it  be  known  that  z  is  *>  some  quantity  d,  when  jc 
is  «  some  other  quaadty  as  6  ;  then  substituting  d  for  z,  and 
k  for  X,  in  tiie  general  Aoential  equation  z  c^  ax*  4-  c,  it 
tocomes  d  aaa  uk*  -f  c ;  and  hence  is  deduced  the  vakie  of 
the  correcttaR,  natoely,  c  =  d  —  oh^  ;  consequently,  wiitiisg 
'this  mlue  lor  t  in  the  general  equation,  it  becomes  ^  •  • 
%  s  «r^«»4ii^  -f  iff  for  the  oorrea  equation  of  the  fluents  in 
thlsi 


4ft  And  hence  arises  another  eaqr  and  gcnend  wi^  of 
oorrecting  the  fioents,  which  is  this  :  In  the  general,  equation 
eC  the  luems,  write  the  particular  values  of  the  quantities 
which  they  are  known  to  hare  at  any  certain  time  or  po- 
sition;  then  subtract  the  sides  of  the  resulting  particular 
equation  frotn  the  corresponding  sides  of  die  general  one, 
und  th0  remstedevs  will  gr»  the  correct  equsUon  of  tb^ 
Aiems  sought. 

So,  the  general  equation  teing  z  a=  nx^  ^ 
write  d  for  z%  and  b  for  x,  then  d  .ps  ab^  % 
lieoce,  by  subtradino,     -    z— d  «v  ajr^«~-  o^s, 
or  z  =  ej?«-«««^  *f  «r,  the  comect  fliflmtsjis  befare. 

SxAK  5L  To  find  tte  correct  fluenu  of  ^ ««  to^ ;  z  being 
M  0  when  ;p  is  w  e. 

^Aic.  3.  To  find  the  correct  fluents  of  i  ea  3x  ^  «  +  »; 
z  and  X  being  s  0  at  the  same  time. 

£xAM.  4.  To  fed  the  correet  fluent  of  i  »  ^  -  •  sud- 

posmg  z  and  X  to  begin  to  flow  together^  or  to  be  each 
BB  0  at  the  same  time. 

PxAM  9.  To  flnd  the  correct  fluenu  of  z  a  — ^^ — ;  sotH 

tf  *  +  xt      •''"r 
pomg  zt^pd  ^  to  begin  togetbtr, 


.A»T.  49, 
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Amr.  49.  In  an  43^  €cc.  is  ^rtn  a  compendious  table  of 
^Farious  forms  of  fiuxionsand  fluents,the  truth  of  which  it  maj 
be  proper  here  in  the  firat  place  to  prove. 

50,  As  to  most  of  those  forms  indeed,  the^  wi11.be  eas^jr 
proved,  by  only  taking  the  fluxions  of  the  forms  effluents, 
In  the  last  column,  by  means  of  the  rules  before  given  in 
art  30  of  the  direct  method  ;  by  which  they  will  be  found  to 
produce  the  corresponding  fluidons  in  the  2d  column  of  the 
table.  Thus,  the  1st  and  2d  forms  effluents  will  be  proved 
]jy  the  1st  of  the  said  rules  lor  fluxiooa  ;  the  Sd  find  4th  forms, 
effluents  by  the  4th  rule  for  fluxions  ;  the  5  th  and  6th  forms, 
'by  the  3d  rule  of  fluxions  :  the  7th,  8th,  9th,  10th,  i2th,  l4th 
forms,  Iw  the  6th  rule  of  fluxions  :  the  1 7th  form,  by  the  7th 
rule  of  fluxions :  the  16th  form,  by  the  8th  rule  of  fitixions. 
So  that  there  remains  only  to  prove  the  1  tth,  13th,  l5th,  and 
I6ch  forms. 

51.  Now,  as  to  the  16th  form,  that  is  proved  by  the  2d  ex- 
ample in  art.  98,  where  it  a|Kpears  that  jfi^idx — x^ )  is  the 

'  Huxion  of  the  circular  segment,  whose  diameter  is  </,  and 
versed  sine  x.    And  the  remsdning  three  forms,  viz.  the  1  Itf^ 

lath,  and  ISth,  will  be  proved  by  means  of  the  rectifications 
of  circular  arcs,  in  art  96. 

.  52.  Thoay  for  the  1  ith  form,  it  appears  by  that  art.  that  the 
fluxion  of  the  circular  arc  z,  whose  radius  is  r  and  tangent  /, 

iai  =  4~-    Now  pm4  mm  «r«»,or  r«  «»  x",  and  a  ««  r*  : 

then  is  i  M  Jitr  '"*  i,  and  r>  +  /»  «  o  4.  x^  and  z=^5^ 

\anx^      i-  X        X  i  2.  .l« 

**    ^j-^«  "*  h^J^^  ■     .  ^*  •a-r—  «■  -  «>  and  the  fluent  is 

—  a=^  —  X  arc  to  radius  J  a  and  ung  j?**  or  » x  arc 

tojndiufl^aadtang.  V^t  wbieli  is  ihe  first  form  of  tke 

fluent  in  n®.  xi. 

53.  And,  for  the  latter  form  of  the  fluent  in  the  same  n*  • 

because  the  toefficient  of  the  former  of  these,  viz.  -^  is 

X  '  • 

doable  of  — --  the  coefficient  of  the  latter,  therefore  the  arc 

■  in  the  latter  case,  must  be  double  the  arc  in  the  former. 
SiK  fti^  cosine  of  doiible  an  arc,  10  radius. 1  and  tangent  /,  is 
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L:!i!  ;  and  becatite  i9  »  ^  by  the  former  catct  ^jam  Muhu 

tutid  for  f*  in  the  coftifie  j^,  it  becomct  ^-,    the    co- 

ane  at  in  the  latter  case  of  the  1 1th  form. 

$4,     Agaui*  for  the  first  case  of  the  fluent  in  the  ISCk 
form.     By  art.  6 1,  the  fluxion  of  the  circular  arc  2,  to  radius  r 

and  sine  f^Ui-^;^;^ 

Uowputy— v'jiory**-— I    hence    V   (1  —  y')  «?= 

V  (I  -.^)  -  t/  ^  X^(«-x«),andy  -  1/  ix^***'^; 
then  theae  two  being  subatituted  in  the  value  of  2,  give   z 

or S i«*s-  X*;7 — ^v  f  conseduentJf  the  given  flaxicfti 

"! ^  is  M  -  s.  and  theaeEore  its  fluent  is  —  ^r,  that  is 

^(a«>«n)  n  « 

--X  arc  io  sine  «/  -— f  as  in  the  table  of  formSf  for  the  first 

case  of  form  xxii. 

&5.  Andy  as  the  coefiicient  *- ,  in  the  latter  case  of  the  said 

n  . 

2 
form,  is  the  half  of  -»  the  coefficient  in  the  fenner  casoi 

w 

therefore  the  arc  in  the  latter  case  must  be  double  of  the  arc 
in  the  former.  But,  by  trigonometry*  tbe  versed  sbe  of 
double  an  arc,  to  sine  y  and  radhis  1,  is  Sjp*  ;  and,  by  the 

former  case,  3y^» —  ;  therefore  -.x  arc  to  Hbe  versed  sine 

a  n 

--*-  is  tlie  floentf  as  in  the  3d  ease  of  form  xiii* 

56.  Again,  for  the  first  caso  of  fluent  in  the  .t 5th. form. 
By  art  61,  the  fluxion  of  the  circular  arc  z,  to  racfiua  r 

Now,  put «  at  V—  ••^  1 0X  •*  «i  ;•  hence  t  •  (•*— I)  ■■ 

^  V(7  - 1)  -  ~-  v'C*"-!.),  and  ;  -  ,^*  X  4«^  *^*  i  J 
then  tbeie  two  being  tubsUtated  in  the  valoe  of  z>  give  i  or 

,7r«Ul)*y*^^(«l'i:r)'  «»»•<«"««>%  the  given  fluxion, 

jcij?  2  9  9 
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X  mt^  to  secant  V  -p  as  in  the  tabJiB  i»f  fbrma»  lor  the  &n( 
case  of  fomi  xv.  . 

57.  And,  as  the  coefficient  •— r*i  in  the  latter  case  of  the 

said  foraij  is  the  half  of  «---  the  coefficient  of  the  fonaer 

tase,  therefore  the  arc  in  the  latter  case  must  be  double  the 
arc  in  the  former.    But,  by  trlgonopietry,  the  cosine  of  tbo 

2 
double  arc,  to  secant  •  and  radius  \fh  -^  —  I ;  and^  by  tho 

2                  9a  2a— ^jn»'    .        -  1 

foriMr  case,  --  —  1  «= 1  »  — -—    therefore  -~  x 

arc  to  cosine  '^"^      is  the  fluent,  as  in  the  3d  case  of  fohn  x« 

•     Or,  th^  same  fluent  will  be  — r*  X  arc  to  cosine  ^  -- ,  he.- 

cause  the  cosine  of  an  arc,  is  the  reciprocal  of  its  secant. 

58.  It  has  been  just  above  remarked,  that  several  of  the* 
tabular  forms  of  fluents  are  easily  shown  to  be  true,  by  taking 
the  fluxions  of  those  forms,  sad  fining  they  come  out  the 
Hune  as  the  g^ven  fiu»ons.  But  they  vsMf  also  be  deter« 
mined  in  a  more  direct  manner^  by  the  transformation  of  the 
given  fluxions  to  another  form.  Thus,  omitting  the  first 
form,  as  too  evident  to  need  any  explanation,  the  3d  form  is 
i  am  (a+j?")"^ix»-»i,  where  the  exponent  (n— 1)  of  the 
unknown  quantity  without  the  vinculum^  is  1  less  than  (n\ 
that  under .  the  same.    Here,  putting  jr  w  the  compound 

quantity  a  +x»  r  then  is  y  •»  nx^^i,  and  z  ts^^^^^  I  hence 

by  art.  36,  z^^^  ^  ^(a-f3^)»  ^  .^  ^j^^  ^^j^^ 
mn  fiuB 

59.  By  Che  above  example  it  appears,  that  such  form  of 
fluxion  admits  of  a  fluent  in  finite  terms,  when  the  Index 
^»^1)  of  the  variable  quantity  (x)  without  the  vinculum^ 
is  less  by  1  than  n,  the  index  of  the  same  quantity  under,  the 
vhumliuB.  But  jit  will  also  be  found,  by  a  like  process,  that 
the  same  thing  takes  place  in  such  forms  as  (a  +x^)'^xf»^^x9 
Where  the  exponent  (cat  —  ))  without  the  vinculum,  is  1  less 
than  any  muhipie  (e)  of  that  (n)  under  the  vinculum.  And 
further,  that  the  fluent,  in  each  case,  will  consist  of  as  many 
terms  as  are  denoted  by  the  integer  number  r  ;  vis.  of  one 
term  when  c  a  I,  of  two  terms  when  c  ■»  3,  of  three  terms 
when  r  ss  3,  and  so  on. 

60:  Thus,  in  the  general  form,  r  =^  (o  +  jp")'V*-*ir, 
^tlng  as  before,  a  -^  .v^s^^;  th^  Ts  <>^  s=  y  .—  a,  and  its 

Auxiefn 
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ilttxiofi  nx^^x  ■■  y$  •t  x^^i  » -^»  aad  i^»-*i  or  ««^ 

^  n 

x*-»x  «  -  (y-ay^y  i   «l»o  (a  +  jf")""  =»  y"» :   these  val- 

oes  being  now  substituted  in  the  geilbnd  form  proposed, 

gitez  =  -(y-'ey^^y*^.      Now,  if  the  compoand  quaD" 

tity  {y^af^^  be  expanded  by  the  btnon^ftl  theoreitf^  ukI 
each  term  multiplied  by^^y ,  that  fluxioti  beeoraes 

Ice) ;  then  the  fluent  of  erery  termi  beiog  taken  by  art  36^ls 

*■  "ir"'V""5III*^"*'     rf-2      '^■"  </-3  "23?*. 

Ice),  putting  d  as  m  +  c.  for  the  general  form  of  the  fluent ; 
where,  c  bein^  a  whole  number,  ihe  mttltipKers  r— I,  r— .3, 
r— 3,  Sec.  will  become  equal  to  nothiiiff^  after  the  first  e 
terms,  and  therefore  the  series  will  then  teminace,  and  ex- 
hibit the  fluent  in  that  number  of  terms  $  tui,  there  will  be 
only  the  first  term  when  r  a  1,  but  the  first  two  terms  whet^' 
r  =  2,  and  the  first  three  terms  when  c  =s  3^  and  eo  on.-* 
Except  however  the  cases  in  which  m  is  setae  negaUve  num- 
ber equal  to  or  less  than  c ;  in  which  case  the  dirisors,  m-f-c, 
m-f  c— l,iR +e«2,  Ice.  becoming  equal  to  notMag,  be- 
fore the  multipliers  r**-* I,  r— 2,  &c.  the  corresponding  terms 
of  the  series,  being  divided  by  0,  will  be  infinite  :  and  then 
the  fluent  is  said  to  fail,  as  io. such  case  nothing  can  be  deter- 
mined from  it. 

61  Besides  this  form  of  the  fluent,  there  are  other  me« 
ihods  of  proceeding,  by  which  other  forms  of  fluents  are 
derived,  of  the  given  fluxion  z  b  (a  4-  3P^)'^jef^^3c,  which 
are  of  use  when  the  foregmng  form  fail%  or  runs  into  an  in- 
finhe  series ;  some  results  of  which  are  given  both  by  Mr. 
Sirepsoifr  and  Mr.  Landcn.  The  tw^  following  proccMes  are 
aiter  the  manner  of  the  former  auibor. 

62,  The  given  fluxion  being  (a  +  xo)«x«»-*x;  its  fineot 
mey  be  assumed  equal  lo  (o  -(-  x*)^*^  multiplied  ^  a  genereii 
series,  in  terms  of  the  powers  of  x  conibined  with  assumed 
unknown  coefficients,  .which  series  may  be  either  aacending* 
or  descending,  that  is,  having  the  indices  either  increasing  m: 
decreasing ; 
vix.^a-fr")«*i  X  (ax»-  +  bx^^^  cx^*f  +  BXf^  +  Sec), 
or  (a+rn)"'^'*  X  {Kxr+ux^rt^  cx^"^^  +  n^r*"^' -J.  fcc'.^ 
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And  firsti  kr  th^  Ibrmer  of  these,  take  its  fluxion  in  the 
usuaj  wa^,  which  put  equal  to  the  given  fluxion  (a  -4-  x*)^ 
•r*»-»i-,  then  divide  the  whole  equation  by  the  factors  that 
may  be  common  to  all  the  terms;  after  which,  by  comparing 
tbe.like  indices  and  the  coefficients  of  the  like  terms»  the. 
values  of  the  assumed  indices  and  coefiicients  will  be  deter- 
mined, and  consequently  the  whole  fluent  Thusi  the  former 
aBeomed  series  In  fiu^^ions  is,  « 

n(jw  +  xyt^^x  (a  4-  ^")"'  X  (a***  +  Bx^*  +  cx'^  8cc  )  .  -jh 
(a  +  x")'«*»i'  X  (rAx'^^  +  (rs)  Bjr*-^i  +  (r  -S«)  cx^^^^t 
&c)  ;  this  being  put  equal  to  the  given  fluxion  {a+x^y^x^^^x^ 
a&d:  the  whole  equation  divided  by  {a-^x^y^x-^xt  there  results 
n(m+l)x*'  X  {ax^  4-  bx^'  +  cx^*'  +  m^^  +  ^c)  > 
+(a^x^)X  {rAC(f  +  (r-4)BT'^+(r-2»)cx^»'&ClS  •■*'^' 
Hence,  by  actually  multiplyingy  and  collecting  the  coeflicient& 
of  the  like  powers  of  Xy  there  results 
«('»»+  0  ?  A^^«+»Cw-f  I )?  zx^^^''*^('»^v  y  cxJ-in-^kcl 
+r  5         +--fT»      >  -f.r-24r-5  l=aO: 

— jF»a . .+  .. .  .raAJp^ . .  ^+  (r— «)flBx»^'  &c         J 
Here^  by  comparing  the  greatest  indices  of  x,in  the  first  and 
second  terii»>  it  gives  r  4.  n  esti  c^ii  and  r  4.  n   —  «  «»^  r  ; 
^hich  give  r.9«  (c«^l)nrand  n  »  « .    Then  these  values 
being  substttated  in  the  l«st  series,  it  becomes 

(C+W)»A^C««4<^+ W—  l)»BJ5<'r""4<^4^9— 2)«CX^»-«»&C  \         Q 

— aJ"4.(c-^l)iM(A:Ff«-'»4-(cp-.2)naBJ?"*-»«  &c  J  "■  ' 
KoWy  comparing  the  <»efficieais  of  the  like  terms,  and  put- 
6ag  c+  in^a  d^  there  resuUs  these  equalities  : 

^  .  g-*l  *gA         c— l,a  c— I'.aB  c  — l.c— 2.<i*^ 

&c  ;  which  values  of  a«  b,  c,  &c.  with  those  bf  r  and  t,  being 
now  substituted  in  the  first  assumed  fluent,  it  becomes 
{a^x^'^^x^^^     .1     <,-*!.  a       e— I.c— 2.q^       c  — l«c—2.c«-aa» 

•»f  Stc.  the  true  fluent  of  (fl»4-  x«/'^:c^"-'ii,  exactly  agreeing 
with  the  first  value  of  the  I9th  form  in  the  table  of  fluenis 
in  my  Dicuenary.  Which  fluent  thef  ©fore,  when  c  is  a  whole 
posilive  number,  will  aiwaysr  terminate  in  -that  number  of 
terms;  subject  to  the  sam<^  exception  as  in  the  former  case. 
Thus,  \l  e  ^  3,  or  the  given  fluxion  be  (a  +  ar»)«x««-»i  ; 
Aefi,  c  4-  m  er  d  being  ^m  •{-  f^  the  fluent  becomes 

(•+2Vn       ^  ^        »f4.i^  "^        .«  «+  1  -"'-ha' 

iM  it*.  *«  3,  or  th0'gii:en  fluxion  be  (a 4- ^T*^""** ' 
thea  ac?.f  c  or  <f  beibg  ts  m  4.  3,  the  fluent  becomes 

j[tf4>x»)>mijg»»  2ay-«  .     2fi»ar-g«  .  — ^fi:5!2!!!^X(-- — 

.     r*t+3)«  ^  ^  ^  '^^  "^  ff.-h"^*  m4-2#i4l'  "^         '^  ♦  •       **"*lii«« 
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whole  numhcra :  bui,  wbca  c  (Jenotca  cither  a  Uwum  or  t 
negative  number,  the  scries  will  then  be  an  infiniie  m^  M 
none  of  the.  muliipliers  c«  I,  c^^i  c-3,  can  ifaen  b^  eqaii 

to  nothing.  <^.        » 

63.  }igain»  for  the  latter  or  ascending  ibnn,  (a  +  i")^>  x 
(AX*-  +  Bx^*'  +  cjC^*  +  Da:*"^^  +  &c),  hj  making  ita 
flusdon  equal  to  the  proposed  one*  and  dividing,.  &c.  as  be- 
fore,, equating  the  two  least  indices,  &c.  the  Juent  will  be 
obtained  in  a  different  form,  which  will  be  oseftii  in  m»/ 
cases,  when  the  forgoing  one  fails,  or  runs  into  an  infinite 
series.  Thus,  if  r  +  a^r  +  2»,  Uc,  be  written  instead  of 
r-*,  r-.2*,  &c.  respectively,  in  the  general  equaiion  in 
the  last  case,  and  taking  the  first  term  of  the  3d  &ie  Into  die 
first  line,  there  results 

Here,  comparing  the  two  least  pairs  of  exponents,  and  the 
coefficients,  we  have  r  ss  c%  and  «  es  n }  then  a  » -^«ie .--  4 


ra 


r+«(m+l)  c+m  +  1      A  _  e^m-fl    ^ 

=—  .   ,\T  B=+  ^  ,  ,     T^n — x^^'    Therefore,  deootxog 

r  -f  m  by  c/,  as  beft>re»  the  fluent  of  the  same  flozioci 
(a-fjr»)'"j:^'*^'ir ,  will  also  be  truly  expressed  by 

cna  *^  4       c  +  l.fl  ^  c  +  l.t-t-;J.a*  '* 

agreeing  with  the  2d  value  of  the  fluent  of  the  19tK  form  in 
my  Dictionary.  Which  series  \v11l  terminate  when  d  or  c-fm 
is  a  negative  integer;  except  when  c  is  also  a  negadve  In- 
teger less  than  f/-;  for  then  the  fluent  fails,  or  will  be  infinite, 
the  divisor  in  that  case  first  becoming  cqtial  to  noting. 

To  show  now  the  use  of  the  foregoing  series,  in  some  ex- 
ample of  finding  fluents,  take  first, 

fi4.     Examfile  I.     To  find   the  fluent  df     f ^t    v  o/^Jcx 

(«  +  ^)*.  .  ,  . 

This  example  being  compared  willi  tiio  psnocid  forair 
^*^*  ^j?(c+x«)m,  in  the  several  corresponding  parts  of  the 
first  series,  ^ves  these  following  cquaUties  -.  vie«d  ae  a,  iis»U 
«7*  —  1  =s  1,  of  c  —   I  =  1,  or  f  =  2.;  mxss  — 4j  ^  «  ^-f  a^, 

cf=»l» 
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^  :=9-T—  ;  here  the  series  ends,  as  all  the  terms  after  this 
jr         a+Jt 

liecoBie  e^m^  to  nothing,  because  the  foUovAng  terms  con- 
lain  Uie^fector  c  —  2  »i  0.    These  values  then  being  substi^ 

tutei  in  ^  (5-^^  •  ""i»  *^  becomes  (a  +  x^^x 

which  multiplied  by  69  the  given  coefficient  in  the  proposed 
example,  there  results  (4a7  —  80) .  v'  Ca  +  jp)*,  for  the^fluent 
required. 

'  17.  Exam,  2.     To  find  the  fluent  of 

The  several  parts  of  this  quantity  being  compared  with  the 
corresponding  ones  of  the  general  fornij  give  a  =s  a%  n  =  3, 

»  s:  ^,  r»  —  I  or  3c  —  I  =  —6,  whence  c  =  -^    s=  —   { 

and  <^  =  m  +  c  =4-.4c=  —  }»  —  2,  which  being  a  nega- 
tive integer,  the  fluent  will  be  obtained  by  the  3d  or  last  form 
of  series;  which  on  substituting  these  values  of  the  lettersy 

«*^^*  -5a*  ^4        rp~^*    -5a«x»  ^^'       3a*^ 

* ^— ^-  X  —5-5 —  for  the  required  fluent  of  the  propose^ 

Suxion. 

66.  Exam^  3*  Let  the  fluxion  proposed  be 

Here,  by  pi-ocecding  as  before»  we  havea  as  di  »  aa  n^ 
m  3=  —  ii  r  s?  3,  and  £f  »  c  -f.  m  0  | ;  where  r  being  a 
positive  integer,  this  case  belongs  to  the  2d  series ;  into 
which  thel^fore  tlie  above  values  being  substituted,  it  becomes 

P  ^fr^4^n+^:^=V(*+^-)X  3;; — . 

67.  Exam.  4.  Let  t||e  proposed  floxion  be  5  (J-2*)^2:-^i, 

Heroi  proceeding  as  above,  we*have  a  m»  ^n  ss  2^m  nm^j 
en  -  I  or  2c  —  I  =3  —  8,  and  r  «p  —  f,  X  «.  —  z,  <<  —  c  + 
«»  ^  —  3i  which  being  a  negutive  integer^  the  case  belongs 
to  the  3d  or  last  series ;    which  therefore,  by  substituting 

these 
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'theie  values,  becoBie8-j-j--p7X(^+-;r|:|+  _  | .  _  j  ,  ^  ■= 

tbc^truc  fluent  of  the  proposed  fluxion.     And  thui  may 
many  other  simiiar  fiuenis  be  exhibited  in  finiie  terms,  ^s  in 
these  following  citainplcs  for  pmctice. 
Mx.  5.  To  find  the  fiucnt  of  —  Sx'iv'C^*— *^)- 
Ex.  6.  To,find  the  iluciit  of  -6x»i  .  (a*— o:*)*^ 
Vt.  Tofiiidtheflu-ofi^i^^^^^orCa^^-^^^^ 

68.  The  case  mcntioocd  in  art,  37,  viz.  of  com^nd 
quantities  under  the  vinculum,  the  fluxion  of  which  is  in  a 
given  ratio  to  the  fluxion  without  the  vinculum,  T^ith  only 
one  variable  letter,  will  equally  a?>ply  when  the  compound 
qoantiUes  consist  of  several  variables.     Thus, 

ExamfUe  h    The  given  Buxton  being  (4*i  +  Syy )    X 

a/  (j!*+2y^)fOrUxi+^yy)  X  (x*+2y*f ,  the  root  being 
jps4.3y»,  the  fluxion  of  which  is  2xi+^yy .  Dlvid'mg  the 
former  fluxional  part  by  this  fluxion,  gives  the  quotient  3 : 
next,  the  exponent  i  increased  by  1,  gives  4 :  lastly,  divti£i»c 

by  this  i,  there  then  results  |  {x*  +  2y*)*,  for  the  rcqi»rcd 
fluent  of  tbp  proposed  fluxion. 

Mxam.  3.    In  like  manner  the  fluent  of 
(jf«  +  y*  +  z«)*  X  {exi  +  isy^y  +  I82»i)  is 

£xam»  3.    In  like  manner,  the  fluent  of 

3j^?  (iy*  +  xyy+  x*i)  ^  (JT*  +  Sy^),  \^\  {x^  +  2jp*y»)* 

69.  The  fluents  of  fluxions  of  the  forms 

-^1  ■> -T'ntfcc.or  "-t:^.  Ice.  where  c  and  i»  are  whole 

numbers,  will  be  found  in  finite  teems,  by  dividing  the  nu« 
merator  by  the  denominator,  using  the  ^mbie  letter  xas  the 
first  term  of  the  divisor,  continuing  the  division  till  the 
powers  of  X  are  exhausted  ;  after  whlchj-the  last  remainder 
will  be  the  fluxion  of  a  logarithm}  or  of  a  circular  arC}  &c. 

Exam.  U    To  find  the  flueut  of  -^or  -^,       ' 
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By.diviUoiv  ^  ^  i  ^  ~^^  1^iei«  the  remainder-^  le 

^videntty  as  a  X  the  fluxion  of  the  hyperbolic  logarithm  of 
a  +  xz  therefore  the  whole  Buent  of  the  proposed  fliu^on 
i;B  X  -*  a  X  hyp.  log«  of  (a  +  po).  In  like  manner  it  wiU  be 
inmdthat, 

Es.%.  The  fluint  of  ^^,  is  ar+a  X  hyp.  log.  of  (ar^aV 
JBx.  3,  The  ffuent  ot—^^  is  *-  jr  ^  a  X  hyp,  log.  of 

Ex.  4.  The  fluent  of  ^t^>  i»  4**  —  <a?  +  a?»  x  hyp.  log. 
ofX«-K).  ^^     . 

jBar.  5.  The  fluent  of — ^,  is  —  ix«  —  ox  —  «»  x  hyU. 
log.  of  (a-.'x).  " , 

.Ex.  6.  The  fluent  of  ^^t  w  ia?»  +  or  +  a»  x  hyp.  log. 
.af(x-.a), 

^x.  7.  The  fluent  of^^,  is  |x»  —  i«x«  +  a«x  -  a»  x 
byp.  log.  of  (jp+a). 

-fix.  8.  The  fluent  of  ^^,  j»  |x«  +  |«x*  +  ii«x  +  « »  x 
.fayp.l€^.6f(x-a). 

Jlx.  9.  The  fluent  of £2%  »  —  f^'  »  jat*  ~  a»x  + 

a«  X  hyp.  log.  of  (a— x). 

Jgx.  10.  "fhe  fluent  of  ^1^,  is  Ax*  —  Jox*  +  i  a«x*  —     * 
a+x        •  ■  * 

•»a?  -f  a*  X  hyp.  log.  (a  +  x). 

£x,  II.  Thefluentof  ^,  is^-?^;+  t*.£!l'\^ 

2!£!J  +  &c  ±  0*  X  h.  1.  (a+x). 

'^x:  13.  The  fluent  of  ^,  ia  -,  fJ^lfn-.?!^:?^ 
a— X  ;»      n— 1       »— 2 

f!^acC-.a«xh.l.(a-.4 

ix.  IS.  Thefluentof  £i,  U £l  +  ff^H  +  ^?f!:?  + 
*^^.>  kc  4.  a» X  h.  1-  (x -a). . 
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is,  (by  form  1 1  this  roL)  x  -^  cir.  arc  of  radios  a  and  tai^.  jr 
or  JF  -  4a  X  cir.  arc  of  rad.  1  and  cosine  ^^^^^>  In  lite 
manner,  a-  ' 

JB.r.  15.  The  fluent  of  ^^  ^  ©^  ^^  +  '^I^^  '*    ~ 

r  4.4a  X  b.  1.  ^-,  by  form  10.    And 

JEo?.  16.  Thefluemof  ^j^,«J?+;^|^^ittx  +  4tt  x 
hyp.  log.  "^^^5  by  the  same  form. 

ro.  In  like  manner  for  the  fluents  of  ■■^^-.    Thus, 

^a:.  ir.  The  fluent  of  J^,  «  x«i  --a«jr  +  ^^^,    - 
is  by  form,  Xx^  —  a^x  +  a*  X  cir.  arc  toVdd.  a  and  tang.  «;, 
orfr*  —  a*jr+jB'Xcir.  arc  to  rad  I  and  cosine  ^^^     And 

Ex.  18.  The  fluent  of  ^rrSa-'  «-J?*x-a*x+  ^^335^,  is 
^  «jc»  -  c*ar  +  ja*  X  hyp.  log  ~^>  by  form  10.     Also 

JSjc.  19.  The  fluent  of  ^;7::;ji  —  J? '  jt  +  «*x -f  j^^*  » 
f*3  +  a»  j:  +  ja^  X  hyp.  logj^'  ^^7  ^o™  ^^- 

71.  And  in  general  for  the  fluent  (jf  ^,       -»  where  «  is 

any  even  positive  number,  by  dividing  till  the  ^powers  of  a: 
in  the  numerator  are  exhausted,  the  fluents  will  be  found  aa 
before.     And  first  for  the  denominator  £r»  +  a«,  as  in 

J^x.  20.    Forjthe  fluent  of    -qr^  =*  (by  actual  diyj&ioa). 

2?«-»i  -  a^x^^i  +a*x"*^  -  &c  ±  tfn-»i  q:  ^^^-j^-^  ;    the 
number  of  terms  in  the  quotient  being  Jr*,  and  the  remainder 
:i:'  -i-^,  viz  —  or  +  according  as  that  number  of  terms  is 
odd  or  even.     Hence,  as  before,  the  fluent 
is^-.5!fr!  +  &c  ...  ±fl«-*;r:^a^>  x  arc  ta  taiL 

a  and  tan  x,  or  i— ^  +  kc,  •  ±  tf»-f  j?  :p  ia«-i  y^ 

arc  to  rad.  I  and  cos.  ^^  .^^^  .  *  . 
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JSx,  21.     In  BlLe  manner,  th^  fluant  of    -^^,  Ig  ^ 
^x.  23.  And  of  ^j--,  ir  jj— ^  +-^j-^     +.  See    +    !«»-* 

72.  In  astmilor  manner  we  are' to  proceed  for  the  fluents  of 
«'»~5b^'  wh«B  n  18  any  odd  number,  by  dividing  by  the  de- 
nominator inverted,  till  the  first  power  of  x  only  be  found 
in  the  remainder,  and  when  of  course  there  will  be  one  term 
l0ss  in  the  quotient  than  in  the  foregoing  caae,  when  n  was 
an  even  number  ;  but  in  the  present  case  the  log.  fluent  of 
the  remainder  will  be  found  by  the  8th  form  in  the  table  of 
fittents. 

Mx,  22.  Thus,  for  the  fluent  of  -— i-,  where  »  is  an  odd 

number,  the  quotient  by  division  as  before,  is  :r»-*x-a*x«»"^ 
i  +  it*xf>^i  -  8cc  Hh  a«-3jri,  the  namber  of  terms  bein^ 

~,  and  the  remainder  i^  '~^.    Therefore  the  fluent  is 

^n  -  71:3+^^  . . .  ±  _-    q:  ifl«-i  X  h.  L  x*  +  aK 

£x.  23-   The   fluent  of    ^—  is  obtained  in   the  same 

manner,  and  has  the  same  terms,  but  the  signs  are  all  positive, 
and  the  remainder  is  +  ic«-i  x  hyp.  log.  or*  —  a*. 

£x.  24.     Also  the  fluent  of  ~-  is  stiU  the  same,  but  the 

'  a9^x9 

signs  are  all  negative,  and  the  remainder  is  —  io«"*  X  hyp* 

lof •  «*  — .  x^.    Uenee  also, 

^Bx.2s.  The  fluent  of  :;J^,  is  ijr»  r-  4a«  X  hyp.  log. 
9i  x*^aK 

-fcc.  36.  The  fiucnt  of  ^^Z^>  is  1**  +  Jfl*  X  hyp.  log. 
of  X*  —  a*. 

£^.  37.  Th^  fiiMit  of  — ^,  is  -  ix«  -  ia*  >C  hyp. 
log.  of  a*  —  ar*. 

i?J?.2a.    The  fluent  c^  ;^,ris  I-^r* -^  4a»x*  +>*  X 

Ityp.  log,  a?«  rf  a*. 

•  J5jp.  29. 
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Sx.  i9.  The aueht  of  ^^^  i»  J**  +  |*»«*  ,*.*••  x 

hyp.  log.  »»-«*•         ^;^ 

.fir.  30.  The  fluent  of  jc^,*  U  — fcc*'— 4i»^**— i«*>c 
hyp.  log. «»—«». 

73.  Ex.  iU  In  *  similar  inannel'  may  be  foun4  the 
fluents  of  — T~»  where  r  in  any  whole  poutiTe  imnibev,.by 

dividing  till  the  rciaaiDder  be  ^^^^n*  > ^Wch  can  alwa^ 

be  done,  and  the  flnbnt  of  thai  remainder  wili  be  had  bf  the 
8th  form  in  this  vol.  Thus,  by  dividing  first  by  *"  +  a",  the 
terms  are,  Jf*-*^^i  —  ii« jr^»-»»-i i  +  aWj^c^-an-i^  «  ^ 
Jcc  till  the  last  term  ba  a^*-J)«ji;«^-«0»-i,  and  iht  remainder 

Z-fl- --as . ~  when<f  ls«a  r  «-  1,  or  1  leas  than 

c,  which  is  also  the  number  of  the  terms  in  the  quotient  • 
and  therefore  the  fluent  i» 

en— fi         ca-*2«  «n»— 3»  "**         «  n 

hyp.  log;,  of  x"  +<^^*    In  like  manner, 

^jr.  32.  The  fluent  of  ^^^IjL.  has  all  the  same  terms 
as  the  former,  but  their  signs  all  -f-  or  positive,  and  (he  re- 
mamder  -a^*^*^">C  hyp.  log,  of  vr"— a".   Also  in  like  manner, 

Mx.  33.    The  fluent  of  ^^'^  has  all  the  very  a^me  terms, 

b«t  all  hegative^  and  the  remainder  •^^  *  aCc^^^"  x    hyp.  lo^* 
of  a"  —  -ar". 
£x.  34,    The  fluent  of  r-;--^  «i  x-: ^  is  alio  the 

same  with  the  preceding;  by  snbstittit.  -  for  a",  and  muiti' 

plying  the  whole  series  by  the  fraction—. 

7^4.  When  the  numerator  is  compound,  as  well  as  the  de- 
nominator, the  expression  may,  in  a  similar  manner  by  divi- 
sion, be  reduced  to  lihe  terms  admitting  of  finite  fluents. 
Thus,  for 

Ex.zs.    To  find  the  fluent  of  .^,X^:r^*^'""^^ 
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By  <fiviai«itiik{)e«emes  *  ^xi+'i^±tx -^'i-  ;  and  it$ 
flticm  .  i^t  +  «i^^  ^  hyp.  Jog. of  ^  +*». 

75.  There  are  certain  methods  of  finding  fluents  one  from 
another,  or.ot' deducing  the  fluent  of  a  proposed  fluxion  froia 
another  fluent  previously  knovra  or  found.  There  are  hardly 
any  general  rules  however  that  i^^ill  suit  all  cases  ;  bui  they 
mbstly  consist  in  assuming  some  quantity  y  in  the  form  of  a 
rectangle  or  product  of  two  Cactors,  which  are  such)  that  the 
one  of  them  drawn  into  the  fluxion  pf  the  ofher  ipay  be  of  the 
form  of  the  proposed  fluxion  ;  then  taking  the  fluxion  of  the 
assumed  rectangle,  there  will  thence  be  deduced  a  value  of 
the  proposed  fluxion  in  terms  that  will  ofcen  admit  of  finite 
fluents.  The  manner  in  such  cases  will  better  appear  from 
the  following  examples. 


JSx.  1.    To  find  the  fluent  of    ^  . 

Here  it  is  obvioUs  that  if  y  be  assumed  »  a?  v'(*»  *f  o«) 
then  one  part  of  the  fluxion  of  this  product,  viz.  »  X  flux* 
of  ^/  (x*  +a«),  will  be  of  the  same  form  as  the  fluxion  pro- 
jiosed.  Putting  theref  the  assumed  rectangle  y^a;^{x*+a*) 

into  fluxions,  it  is  y  «i  v'  (**+«*)  +  ^y?^:^    But  as  the 
former  parr,  viz  x  i/(^'+a«),  does  not  agree  with  any  of. 
our  preceding  forms,  which  have  been  integrated,  multiply  it 
by  \f  {x^+a*)y  And  subscribe  the  same  as  a  denominator  to 
the  product,  by  which  that  part  becomes 

Hiake.  the  whole  ^  ^  ^j^g_+_^ .  hence  the  giveh 

^"*^  ^^C^*^  *y-  **•  ^  ;Ai+;i5'^dits  fluent  is 
therefore  jy^ja«x/_5_.  «Jx  ^  (x*  +  a«)  -  *i'  X 
hyp.  log.  of  or  +  ^  (x*  +  a«),  by  the  12th  form  of  fluents. 

■Ex.  2,    In  like  manner  the  fluent  of  —7^,^^- —  will  be 

found  from  that  of  -7-:^ — rv  by  the  same  12ih  form,  and 

b=  ix^(:r»— o«)  +  Ja«  X  hyp.  log.  x  -^  \/  (x«*-a»). 

-S-r*  3.  Also  in  a  simi^r  manner,  by  the  IStli  form,  the 
VolJI.  Yy  fluent 
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fluent  of    ■  ^  i — :rr  will  be  foOnd  from  that  of  ---4 — rri  «»<! 

comes  out  -«  ix  y^  (a^  —  x*)  +  ^  X  cir.  arc  to  rai&us  a  and 
sine  X. 

JEx.  4.    In  lik;e  manner,  the  fluent  of  ■■  ^^*';,   will  be 

found  from  that  of-*-- «-r--:Tr.     Here  it  is  manifest  that   y 

must  be  assumed  »  x'v(x^  +8')>  in  order  that  one  part  of 
its  fluxion,  viz.  x  X  flux,  of  v^(x*-f-a')  may  agree  with  the 
proposed  fluxion.  Thus,  by  taking  the  fiuxioni  and  re- 
ducing as  before^  the  fluent  of    ^.^T-^.  will  be  found  « 

£x.  5.    Thus  also  the  fluent  of  •r75f5>"**^V(ar*--ff*) 
In  like  manner  the  student  may  find  the  fluents  of 

x^x  X^X  *P*x 

number,  each  irom  the  fluent  of  that  which  immediately 
precedes  it  In  the  series,  by  substituting  for  y  as  before. 

Thus  the  fluent  of     ,^*     ,   oa  i-  a^^  ^  (**+«»)  —  — 

"*'  ^^  s/i^-^<^1  '    ■   \ 

76,  In  like  manner  we  may  proceed  for  the  series  of  simi- 
lar expressions  where  the  index  of  the  power  of  jt  in  the  nu- 
merator is  some  odd  number. 

JEx.  I.  To  find  the  fluent  of  -— ~-~.     Here  assuming 

y  =  jp«  V^J?*  +  a«),  and  taking  the  fluxion,  »onc  part  of  it 
will  be  similar  to  the  fluxion  proposed.    Thus,  y  a  3xjr 

^  (x»+a«)  +  -TT^^j  ♦  ^«»ce  at  once  the  given  fluxioe 
v^(a:2+a«)  ^y^  ^xV  i^^+a*)i  thsTcL  the  required  fluent 

•by  the  3d  form  of  fluents. 
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Ea?.  2.    In  l^ce  maimer  the  fluent  of     ... ,  —-,  is 

Ex.  3.    And  the  fluent  of  -,'^^*     ■  =  -  x*  V  («*  —J?*) 
JSx.  4.  toandtheflu/of— ~~»froiiithatof      *^*    ' 


Here  it  is  manifest  we  must  assnme  y  -zt  x^  ^  (a?»  h-  ««). 
ThU  i5au»«s and  reduced  gWes  y  «  ;;;pi^+-i^^ 

«»«*  ''«"'^*  J^PT  *»  -  T  -  J(S^)  '•  n*"  **  ««• 

the  fluent  of  the  latter  part  being  as  in  ex*  1,  ahove. 
lo  like  isaoner  the  student  may  find  the  fluents  of 

^  ^  ^,  and  --r«~:rv«  *  He  may  then  proceed  in  a  similar 

wajrlbrthefluenu6f-^^^^-^  -5^-.  ko. -^^>j., 

where  n  Is  any  odd  number,  viz.  always  by  means  of  the 
fluent  of  each  preceding,  term  in  the  series. 

77.  In  a  similar  manner  may  the  process  be  for  the  fluents 
of  the  senes  of  fluxions, 

■    ;  5  etc.  • 


y(a*c)'  \/(a:^xy  ^(aix)'  *  v^(a*x/ 

using  the  fluent  of  each  preceding  term  in  the  series,  as  a 
part  of  the  next  term,  and  knowing  that  the  fluent  of  the 

first  term    v,  *^^^  given,  by  the  ,2d  form  of  fluents,  « 

2y'(ad;3r),  of  the  same  sign  as  x. 

JSx.  L    To  find  the  fluent  of    -^^,  having  given  that 

of  --i^— SB  2v^(ap+«).«  A  suppose.    Here  it  is  evident 

,we  must  assume  yBsa?*/'(x+a),  for  then  its  flux,  l  =s— 7=--^. 

hence     ■     ,     ■  =  |y^  —  »aA  ;  and  the  required  fluent  is  f  y — 

JtfA  «  fPv^  {x+a)  —  4a  V"  (^-H)  =  (Jf -2a)  X  I V  (x+«> 
In  like  manner  the  student  will  find  the  fluents  of 

Xjf  J         Xx 
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Ejq.  %.  To  find  the  fluent  of  . ^  ^  ^,  having  given  that 
(S^  ''..  -i .  Here  y  must  be  assumed  t=s  x*  v^(a:-f  a)  -, 
for  then  Ulung  the  flu.  and  reducing,  there  is  found  "r7^:f^j" 

(9ar*  -  4ax  +  8««)  X  tV  v^  (*  +  «> 

In  the  same  manner  the  student  will  nnd  the  Suents  of 

5'*    .  and  of    f*^    ^.  And  in  general,  the  fluent  of 4^. 
being  given  b  c,  he  will  find  the  fluent  of   ■      .  ^   =  ^HTi 

78.  In  a  similar  way  wfe  might  proceed  to  find  the 
fluents  of  other  classes  of  fluxions  by  means  of  other 
fiuents  in  the  table  of  forms  ^  as^  for  instance,  such  as 
xis/{dx^x*),  x^i\/{dx^x^)j  x'iv'Cdx-a:*),  8p,c.  depend- 
ing  on  the  fluent  of  iv(^— **)*  ^^^  fluent  of  which,  by 
the  16th  tabular  forfn,  is  the  circular  semisegment  to  diamc* 
tcr  d  and  versed  sine  jp,  or  the  half  or  trilineal  segment  cob* 
tained  hy  an  arc  with  its  right  sine  and  versed  sine»  the  diam- 
eter being  ^..  ♦ 

£x.  1.  Putting  then  said  semiseg.  or  fluent  of  jcVC^-f ') 
cs  A,  to  find  the  fluent  of  xi4^dx — x^.      Here  assuming 

y  ^(dwc— x»)S  and  uking  the  fluxions,  they  arc  y  = 
|(rfx— 2xi)  's/  (dx-^x*)  ;  hence  xi  \/  (4r— x*)  ss  idi^ 
{rfr-x»)*—  ^y  =r  idi  J  |y  ;  therefore  the  required  fluent, 

fris/idx-^x^Vis  idx^^tf  -»  Jrfx— 4^(d;*-x*)^sB:B  suppose. 
Jg.r.  2.  To  find  the  fluent  of  a:«ivtdx- x*),  having  that 
of  xi y/  (dar— x«)  givenssB.  Here  assuming  y  =sar(dr-f  ■> 
then  talcing  the  fluxions,  and  reducing,  there  resulu^  «f 
(Idxi— 4:f«x) V  idx^x*)  i  hence  x^i  V (^^ - ^*)  *=  f'^f 
V^rfjr-x*)- lyss  f/B -4  y,the  flu.  theref.  of  x^iy/{dx--x^) 

is  I^B-iy  =  |dB  -  tx(ite  —  jc*)*/ 

JSx.  3.  In  the  same  manner  the  series  may  be  continuwl 
to  any  extent ;  so  that  in  general,  the  flu.  of  x^^W^dx-^^) 
being  given  =»  c,  then  the  next,  or  the  flu-  oi  x^xy/{d^'^^  ) 

viU  be  ~  -  idc Lo^i  (dar-x*)^. 

79,  To  find  tlie  fluent  of  such  expressions  as    .ij!jf:%^)^ 
9  case  not  included  in  the  table  of  forms^  ^^^ 
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Put  the  proiH>sed  radieai  */  (j?«  ±  2aj:)  =  r,  or  **  ±^*r' 
an  z*  ;  them  completing  the  square,  x*db2a47+a*=a  z*-f.a*, 
and  the  root  is  x±a  =  v'  ^,2'  +  a*).     The  fluxion  of  this  is 

fluent  of  which}  by  the    Ulh  form,  is  the  hyp.  log.  of  2  +  -/    * 
(z»  +  a*)  s  hyp.  log.  of  a?  ±  a  +  V  (^'  i:  2«x),  the  fluent 
required. 

Ex.  2.  To  fiod  now  the  fluent  of  --j— r,    having 

giveni  by  the  above  example,  the  fluent  of  '—- 


suppose.    Assume  V  (jp*+  ^ar)=  y  ;  then  its  fluxioQ  is 

V(i^  +2ox)—^  ' '  **^'  v^(x«+2«:r)*'  y  ^v'C^+Sflxl    *=  V  . 
—  41 A  ;  the  fluent  of  which  b  y  -«  aA  »  1/  (^*  +  ^^  ^^a, 
tfie  fluent  sought.  ^ 

^iSx.  S  Thus  also,  this  fliient  of  j/ Jvg  ^t.  heing  given, 

the  flu.  of  the  pcxt  in  the  series,  or  ,^  ^^  ^  will  be  found< 
by  assuming  xy/  (x*+2ax)  =a  y  ;  and  so  on  for  any  other 
of  the  same  form.  As,tif  the  fluen^t  of  -  ;*T  '^  be  eiven 
■a  c  ;  then,  by  assuming  j?«^V(**  +  ^^  ^  Vt  ^^^  flneiit 

^x.  4.  In  like  manner,  the  fluent  of    '       *      — .    being 

given,  as  in  the  first  example,  that  of  _^— j.   may  be 

found  ;  and  thus  the  series  may  be  continued  exactly  as  in    ' 
the  3d  ex.  only  taking  -r  2aj?  for  -f  2ax.  ^ 

«0.  Again,  having  g wen  the  fluent  of  •-^^--^,  whi 

ia  -  X  circular  arc  to  radius  a  and  versed  sine  jt,  the  fluenta- 

.ly  the -same, method  ofcootijDtu^tion.    Thus* 

-fijc.  1.  For  the  fluent  of    '     ^^  ^y  assume  v^(2ax<i*^s) 

«=y  ;•  the  required  fluent  will  be  found  «  —  V(2tf:c..-<tf«)+ a      • 
or  arc  to  radius  a  and  vers.  jfi. 

Ex,   ^    In  Uke  manuei*  the   fiueat  of  "^ 
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where  ^  (ienotes  the  arc  mentioned  ifti  the  lust  cXc>tiiple. 
£j:..  3.    Ai^  ia  ^eocral  the  fluent  qi  ——~—y    j, 

-ac— — x*^*  V  (3flx  —  x^),  where  c  is  tbe  fluent  of 


■^ — ,  the  next  preceding  term  in  the  series. 

81.  Thus  also,  the  fluent  o(  x  \/  (x— a)  hciog  giren,  cs 

|(x--a)^,  by  the  2d  form,  the  fluents  of  xi  \/ (x  ^  a\ 
x*iv^(x— fl),  ficc  .  .  .  x^x  V(x— a),  may  he  found.  And  in 
general,  if  the  fluent  of  x^^i^{x  —  a)  =  c  be  given  ;   then 

by  assuming  j»{x— a)^  b  y,  the  fluent  of  ar^j  V  (*— ''O  ^* 

found  =  g^—p-^x^Cx  -^  o)*+; 


2»+3     '"^       "^     '  2n+3  ^* 


82.  Also,  given  the  fluent  of  (x  —  a)"»j;r  which  is  ■* 

(x—aY^^  by  thead  form,  the  fluents  of  the  scries(x-.a)«»xi^ 
(x  — a)»"x»i.  8cc  . . .  (x— fl)'»x»»i:  can  be  found.  And:  in  ge- 
neral, the  fluent  of  (x— a)'"x»-»x  being  given  =  c  ;  then 
by  assuming-  (x— a)»»tix"  ««  y,  the  fluent  of  (x  —  a)rx*x  ia 

ibundo    -^^ —  '    .  ^ — . 

Also,  by  the  same»  way  of  continuation,  th©  Buents  of 

x^xs/{^i^x)  and  of  x^i  (a  -j^  xY  may  be  found.} 

83.  When  the  flaxlonal  expi^ssion  contains  a  trinomial 
quantity,  as  v'(^+  ex  +  x*),  this"  may  be  reduced  to  a  b*;- 
nomial,  by  substituting  another  letter  for  the  unknown  one 
X,  connected  with  half  the  coefficient  of  the  middle  term 
with  its  sign.  Thus,  put  r=s  x+Jc  :  then  2*«=rx*+rx-fic*  ; 
thercf.  r«^— ic«  =»  x*  +  rx,  and  r*  +4  —  }c*  «  x»  +  rx^-^ 
the   given   trinomial  which  is  =:  z*  +  «•>  by  putting  a*  «= 


£x.  I.  To  find  the  fluent  of  '—^r4^ 1- 

Herezt=ax-f  2  ;  then  z*  «s  x»  +4rx  -f»4,andz'  +  1  = 
5  +  4x  +  X*,  also  X  s=  2  ;  thercf.  the  proposed  fluxion  re- 
duces to  — 7,^7r;   the  fluent  of  which,  by  the  1 2th  form  in 

this  vol.  is  3  hyp.  log.  of2+^(l+r)=a3  hyp.  log.  x  +  ^ 

^+  y/  (5+4x  +  x^), 

£x.  a. 


Digitized  by 


Google 


MAttMA  AKD  MINIMA.  351 

♦ 

jBjp.  »,  fo  find  the  fluent  of  i  V  (6  +  ca?  +  dx*)^i^  x 

Here  assuming  x  +  ^ti^x  ;  then Ir=z»and the i>Pe|Mwed 
flux,  reduces  to  i  v'dXA/(2«+^-;^)a»«  \/dXV(a:*'+'«>*), 

patting  a<  ^^^^^^  »  ^^  the  fluent  will  1>e  found  by  a  gim- 

ikir  process  to  iJiat  emplof  ed  in  ex*  1  arty  75* ,     . 

JSx.  3.  In  Uke  manner,  for  the  flu«  of  x'^^S:  4^  (b  +  cxn  4. 

c  t 

d**"),  assummg  x^  +^s=x,  nx^^jp  »  :^,and  j?«»"*i  =»  —  i  • 

hence  x*»  +  i-af«  +  /L  «  2«,  and  V  Crf^*"  +  ^^«  +  ^)  «= 

%^dx^(^  +  j^*+-y)«VrfxV(2^'+7--27x)«Vtf 

X  V  (3:*  ±  «')j  putting  ±  a»  « j  — ^  ;   hence  the  given 

floxion  becomes  -^x  >/  d  y,^  (;e^a*)i  and  it^  fiuent  as  in 
the  last  example. 

£x.  4.  Also,  for  the  fluent  of  rr^* —  i  assurae 

x»  +  ^  c=iZf  then  the  fluxion  may  be  reduced  to  the  form 

-r  X  ^  *    ;>  and  the  fluent  found  as  before. 

So  far  on  this  subject  may  suffice  on  the  present  occa^on. 
But  the  student  who  ipay  wish  to  see  more  on  this  branch, 
snay  profitably  consult  Mr.  Dealtr/s  very  methodical  and 
ingenious  treatise  on  Fluxions,  lately  published^  from  whicU 
several  of  the  foNgoing  oases  and#examples  have  been  taken 
or  imitated^ 


OF  MAXIMA  AND  MINIMA ;  OR,  THE  GREATEST 
AND  LEAST  MAGNITUDE  OF  VARIABLE  OR 
FLOWING  QUANTITIES. 

84.  Maximum,  denotes  the  greatest  state  or  quantity 
attainable  in  any  given  case,  or  the  greatest  value  of  a  van- 
able  quaotUy  :  by  which  it  sunds  opposed  to  Mmimum,  which 
is  the  least  possible  quantity  in  any  case. 
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ThQif  the  expreasioQ  or  sum  a^  +  bx^  evidently  iiicrea&es 
as  ar,  or  the  term  bx^  increases  ;  therefore  the  given  expres- 
sion frill  be  the  greatest)  or  a  maximum)  when  *jr  is  the 
greatest,  or  infinite  :  and  the  same  expression  will  be  a  mi- 
nimam)  or  the  least,  when  x  is  the  least,  or  nothing. 

Again,  in  the  algebraic  expression  a'— •  5x^  where  a  and  6 
denote  constant  or  invariable  quantities,  and  x  a  flowing  or 
variable  one.  Now,  ic  is  evident  that  the  value  of  tliis  re^ 
mahider  or  difference,  a*—  bx^  wilj  increase,  as  the  term  bxy 
or  as  Xy  decreases  ;  therefore  the  former  win  be  the  greatest, 
when  the  tatter  is  the  smallest ;  tliat  is  a*  ^  bx  is  a  maxi- 
mum, when  X  is  the  least,  or  nothing  at  all ;  and  the  differ- 
ence is  the  least,  when  x  is  the  greatest. 

85.  Some  variable  quantities  increase  continually  ;  a&d  ao 
have  no  maximum,  but  what  is  infinite.  Others  again  de« 
crease  continually  ;  and  so  have  no  minimum,  but  wba(  is  of 
fio  magnitude,  or  nothing.  But,  on  the  other  hand,  some 
variable  quantities  increase  only  to  a  certain  Mte  magnitude^ 
called  their  ^aximum,  er  greatest  state  and  a&er  thai  they 
decrease  again.  While  others  decrease  to  a  certain  Rmte 
magnitude,  called  their  Minimum,  or  least  state,  and  after- 
wards increase  again.  And  lastly^  some  quantities  have  sev- 
eral maxima  and  mimma. 


cji^ 
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Thus,  for  example,  th^  ordinate  bc  of  the  parabob^  or 
such-like  curve,  flowing  along  the  axis  ab  from  the  vertex  a, 
continually  increases,  and  has  no  limit  or  roaxinnim.  And 
the  ordinate  gf  of  the  curve  efh,  flowing  from  s  towards 
H,  continually  decreases  to  nothing  when  it  arrives  at  tbe 
point  H.  But  in  the  circle  ilm,  the  ordinate  onljr  increases 
to  a  certain  magnitude,  namely,  the  radius,  when  it  arrivea 
at  the  middle  as  at  kl,  which  is  its  maximum ;  and  after 
that  it  decreases  again  to  nothing,  at  the  point  u.  And  in 
the  curve  No<^  the  ordinate  decreases  only  to  the  position 
op,  where  it  is  least,  or  a  minimum  ;  and  after  that  it  con- 
tinually increases  towards  q  But  in  the  curve  rsd  &c.  the 
prdinates  have  several  maxima,  as  st,  wx,  and  several  mini- 
ma, as  vu,  Yz,  Sec. 

5K  Now 
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86.  Now,  because  the  fluxion  of  a  variable  quantity*  is 
the  rate  of  its  increase  or  decrease  :  and  because  the  max- 
imum or  minimum  of  a  quantity  neither  increases  nor  de** 
creases,  at  those  points  or  states  ;  therefore  such  maximuni 
or  minimum  has  no  fluxion,  or  the  fluxion  is  then  equal  to 
nothing.    From  which  we  have  the  following  rule. 

To  find  the  Maximum  or  Mtmrnunt^ 

87.  From  the  nature  of  the  question  or  problem,  find  an 
algebraical  expression  for  the  value,  or  general  state,  of  the 
quantity  whose  maximum  or  minimum  is  required ;  then 
take  the  fluxion  of  that  expression,  and  put  it  equal  to  no-- 
thmg  ;  from  which  equation,  by  dividing  by,  or  leaving  out, 
the  fluxional  letter  and  other  common  quantities,  and  per- 
forming other  proper  reductions,  as  in  common  algebra,  the 
value  of  the  unknown  quantity  will  be  obtained^  determining 
the  point  of  the  maximum  or  minimum. 

So,  if  it  be  required  to  find  the  maximum  state  of  the 
compound  expression  lOOx  —  5x^  ±:c,  or  the  value  of  jc 
when  100^  —  Sx^  dbc  is  a  maximum.  The  fluxion  of  this 
expression  is  lOOx  ^  IQjcd;  s  0  :  which  being  made  =  Of 
and  divided  by  lOx,  the  equation  is  10  —  or  sss  0 ;  and  hence 
jr  s=  10.  That  is,  the  value  of  j7  is  10,  when  the  expression 
IOOj:  *-  5:rs  ±cis  {ii^  greatest.  As  is  easily  tried :  for  if  10 
be  substituted  for  x^  in  that  expression,  it  becomes  dze^SOO  ; 
but  if,  for  X  there  be  substituted  any  other  number,  whether 
greater  or  less  than  10,  that  expression  will  always  be  found 
to  be  less  than  ±  c  +  ^00,  which  is  therefore  its  greatest 
possible  value,  or  its  maximum. 

88.  It  is  evident,  that  if  a  maximum  or  minimum  be  any 
way  compounded  with,  or  operated  on,  by  a  given  constant 
quantity,  the  result  will  still  be  a  maximum  or  minimum. 
That  Is,  if  a  maximum  or  minimum  be  increased,  or  de- 
creased, or  multiplied,  or  divided,  by  a  given  quantity,  or 
any  given  power  or^root  of  it  be  taken  ;  the  result  will  still 
be  a  maximum  or  minimum.    Thus,  if  x  be  a  maximum  or 

X 

miiumum,  then  also  is  r  +  a,  or  j7  *.—  a,  or  ojt,  or  — -,  or  x*,' 

a 
or  ^jr,  still  a  maximum  or  minimum.  Also,  the  logarithm 
of  the  same  will  be  a  maximum^  or  a  minimum.  And  there- 
fore, if  any  proposed  maximum  or  minimum  can  be  made 
simpler  by  performing  any  of  these  operations,  it  is  better  to 
do  so,  before  the  expression  is  put  into  fluxions. 
Vol.  II  Z  z  89.  When 
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8f .  WheD  the  expression  lor  a  maximum  or  YmoSsnun 
cantons  seTenl  variable  letters  or  quantities  ;  take  the  Buxioo 
of  it  as  often  as  there  are  variable  letters  i  supposing  firat  one 
of  them  only  ta  Bow,  and  the  rest  to  be  constant;  tbea  an- 
other only  to  Bow,  and  the  rest  constant ;  and  so  m  for  ail 
of  them  :  then  putUng  <ach  of  these  fluxions  =  0,  there  will 
be  as  many  equations  as  unknown  letters,  from  which  these 
may  be  all  determined.  For  the  fluxion  of  the  expressioD 
must  be  equal  to  nothing  in  each  of  these  cases  ;  otherwise 
the  expresttoo  might  become  greater  or  less,  without  shcr- 
ing  the  values  of  the  other  letters,  which  are  considered  as 
constant* 

So,  if  it  be  required  to  find  the  values  of  x  and  y  wlien 
4x^— jry  -f.  3y  is  a  minimum.    Then  we  have, 

First,      .      Bxi-iy  ==  0,  and  ax- y  =  0,  or  y  =  Sx. 

Secondly,  2y-xy  «i  0,  and  3  — x  ss  0^  or  x  ss  2. 

And  hence        y  or  8x  s  16. 

90.     Tojlnd  whether  a  firofiosed  quantity  tdmitt  qf  a  Mtud- 
mum  or  a  Atbiimum. 

Every  algebraic  expression  does  not  admit  of  amttximum 
or  minimum,  properly  so  called ;  for  it  may  either  increase 
continually  to  in£auty,  or  decrease  continually  to  nothing; 
and  in  both  these  cases  there  is  neither  a  proper  maximum 
nor  minimum ;  for  the  true  maximum  is  that  finite  value  to 
which  an  expression  increases,  and  after  which  it  decreases 
again :  and  the  minimum  is  that  finite  value  to  wluch  the 
expression  decreasesi  and  after  that  it  increases  again.  There* 
fi>re,  when  the  expression  admits  of  a  maximum,  its  fluuon 
is  positive  before  the  point,  and  negative  after  it ;  but  when 
it  admits  of  a  minimum,  its  fluxion  is  negative  before,  and 
positive  after  it.  Hence  then,  taking  the  fluxion  of  the  ex- 
pression a  little  before  the  fluxion  is  equal  to  nothing,  and 
again  a  little  after  the  same  ;  if  the  former  fluxion  be  poM« 
tive,  and  the  latter  negative,  the  middle  state  is  a  maximum  ^ 
but  if  the  former  fluxion  be  negative,  and  the  latter  positive^ ' 
the  middle  state  is  mimmum* 

So,  if  we  would  find  the  quantity  ax — x*  a  ffw^^""?  or 
tninimutn ;  make  its  fluxion  equal  to  nothing,  that  is,  •  - 
fix—  3xi  s  o,  or  (a  —  2x)i  as  0  ;  dividing  by  a?»  give* 
a  —  2x  n  0,  or  X  BB  {a  at  that  state.  Now,  if  in  the  fluxion 
(a-«2x)  i,  the  value  of  x  be  taken  rather  less  thap  iu  inie 
value,  ia,  that  fluxion  will  evidently  be  positive ;  but  if  x  be 
taken  somewhat  greater  than  |a  the  value  of  a  —  3x,  and 
consequently  of  the  fluxion,  is  as  evidently  negative.  There- 
fere,  the  fluxion  of  a^r  ^^  x*  being  positive  beforoi  and  ne- 
gative 
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gaihre  after  Restate  when  its  fluxion  is  »  o,  it  follows  that 
at  this  state  the  expression  is  not  a  minimum  but  a  maximum. 
AgAit  taking  the  expression  jf»  — ox^  ,  its  fluxion  3x*i  -J 
2aj-4r«a(3ar— 2a)xi«0  ;  this  dirided  by  xx  give^  3jc— 2aaaO, 
and  X  =  ^,  its  true  vsdue  when  the  fluxion  of  x'  —  ax*  ig 
equal  to  nothing.  But  now  to  know  whether  the  giren  ex- 
pression be  a  maximum  or  ^  minimum  at  that  time,  take  or  a 
little  less  than  |a  in  the  value  of  the  fluxion  (3x  —  3a)  xx^ 
and  this  will  evidently  be  negative  ;  and  agsun,  uking  x  a 
little  more  than  fa*  the  value  of  3x  —  3a  or  of  the  fluxion* 
is  as  eyidently  positive.  Therefore  the  fluxion  of  x*  —ox* 
being  negative  before  that  fluxion  is  a  0,  and  positive  after  * 
it^it  follows  that  in  this  state  the  quantity  x^  —  ax<  admits 
of  a  mbimumf  but  not  of  a  maximum. 

91.  SOME  EXAMPUSS  FOB  PHACTICE. 

Exam.  I.  To  divide  a  line,  or  any  other  given  quantity  a, 
into  two  parts,  so  that  their  rectangle  or  product  may  be  the 
greatest  possible. 

Exam.  2.  To  divide  the  given  quantity  a  into  two  parts 
such  that  the  product  of  the  m  power  of  one,  by  the  n 
power  of  the  other,  may  be  a  maximiun. 

Exam.  3.  To  divide  the  given  quantity  a  into  three  partf 
such,  that  the  continual  product  of  them  all  may  be  a 
maximum. 

Exam.  4.  To  divide  the  given  quantity  a  mto  three  parts 
such,  that  the  continual  product  of  the  1st,  the  square  of  the 
3d,  and  the  cube  of  the  Sd,  may  be  a  maximum* 

Exam.  5  To  determine  a  fraction  such,  that  the  differ- 
ence between  its  m  power  and  n  power  shall  be  the  greatest 
possible. 

Exam.  6.  To  divide  the  number  80  into  two  such  parts 
«  and  t/f  that  2x*  +xy+  3y »  may  ba  a  minimum 

Exam.  7<  To  find  the  greatest  rectangle  that  can  be  in- 
scribed in  a  given  right*angled  trianglei 

Exam.  8.  To  find  the  greatest  rectangle  that  can  be  inscri- 
bed in  the  quadrant  of  a  given  circle. 

Exam.  9.  To  find  the  least  right-angled  triangle  that  can 
4Jrcamscribe  the  quadrant  of  a  given  circle. 

Exam,  la  To  find  the  greatest  rectangle  inscribed  in,  and 
the  least  isosceles  triangle  circumscribed  about,  a  given  semi- 
eUipse- 

ExAM.  II ; 
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Exam.  11.  To  determine  the  same  for  a  given  inrtboia* 

Exam.  12.  To  determine  the  same  for  a  given  hyperbola. 

Exam.  13.  To  inscribe  the  greatest  cylinder  in  a  given 
cone  ;  or  to  cut  the  greatest  cylinder  out  of  a  given  cone. 

Exam.  14.  To  determine  the  dimensions  of  a  rectangular 
cistern,  capable  of  containing  a  given  quantity  a  of  water,  so 
as  to  be  lined  with  lead  at  the  least  possible  expense. 

Exam.  1 5.  Required  the  dimensions  of  a  cylindrical  tan- 
kard, to  hold  one  quart  of  ale  measure»  that  can  be  made  of 
the  least  possible  quantity  of  silver,  of  a  given  thickness. 

Exam.  16.  To  cut  the  greatest  parabola  from  a  given 
cone. 

Exam.  17.  To  cut  the  greatest  ellipse  from  a  given  cone. 

Exam.  1'8,  To  find  the  viUue  of  x  when  ^  is  9  minimum. 


•THE  METHOD  OF  TANGENTS  ;  OR,  TO  DRAtV; 
TANGENTS  TO  CURVES. 

92.  The  Method  of  Tang^ents,  is  a  method  of  determining 
the  quantity  of  the  tangent  and  subtangent  of  any  algebraic 
curve  ;  the  equation  of  the  curve  being  given.  Or,  vice  verHLf 
the  nature  of  the  curve,  from  the  tangent  given. 

If  as  be  any  curve,  and  x  be  any 
point  in  it,  to  which  it  is  required 
to  draw  a  tangent  te.  Draw  the 
ordinate  eo  :  then  if  we  can  deter- 
mine the  aubtangent  td,  limited  be<r 
tween  the  ordinate  juid  tangent,  in 
the  axis  produced,  by  joining  the 
points,  T,  E,  the  line  te  will  be  the 
tangent  sought. 

93  Let  daebe  another  ordinate,  indefinitely  near  to  i>s» 
ineeting  the  curve,  or  tangent  produced  in  e  ;  and  let  Ee  be 
parallel  to  the  axis  ad  Then  is  the  elementary  trianglp 
^pea  similar  to  th^ triangle  tde  ;  an4 

tberefi^ro 
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therefire    -  ea  :  as  : :  ed  :  dt. 

But        -    -  ea  I  ck:  I  flux  bd  :  flux*  ad. 

Therefore  -  flux,  ed  ;  flux,  xn  :  :  de  :  dt.- 

That  is  -    -  |/:is  :y  ••  i^'sss  DT. 

^hicb  is  therefore  the  general  value    of  the    subtangent 
sought  i  where  x  is  the  absciss  ad,  and  y  the  ordinate  de* 
Hence  we  have  this  genera)  rule. 

GENERAL  RULE. 

94.  B7  means  of  the  given  equation  of  the  carve,  when 
put  into  fluxions,  find  the  value  of  either  ;:^or  ^*or  of-?; 

vrhich  value  substitute  for  It  in  the  expression  dt  a  ^  , 

and,  wlien  reduced  to  its  simplest  termsi  it  will  be  the  value 
of  the  aubtapgent  sought. 

EXAMPLES. 

Exam.  I.  Let  the  proposed  curve  be  that  which  is  defined; 
or  expressed  by  the  equation  ax*+  xy^ —  y*  =  0. 

Here  the  fluxion  of  the  equation  of  the  curve  is 
2axirf-y'i+2xyy  —  3i/*yesa  0  ;  then,  by  trdn:vposition| 
Soxx-f  5/'x=«3y«y  —  2j7yy  ;  and  hcDce,  by  division, 

-7-j:i/    .    /,  consequently?- as -2 1-. 

y        20X^-1/*  ^  '^  iiix  +  y» 

nvhtch  IS  the  value  of  the  subcangent  td  sought. 

Exam.  2  Tn  druw  a  tangent  to  a  circle  \  the  equation  of 
which  ih  ax— x^  a  y>  ;  where  x  is  the  abscissi  y  the  ordV- 
nate,  and  a  the  diameter. 

Exam  3.  To  draw  a  tangent  to  a  parabola ;  tu  equation 
beinK  ax  a  y*  ;  where  a  denotes  the  parameter  of  the  axis. 

EiXAM.  4  To  draw  a  tangent  to  on  ellipse ;  Itft  equation 
bdng  r^{ax  —  x»)  ca  a*y"  ;  where  a  and  c  arc  the  two  axejl^ 

Exam  5  To  draw  a  tangent  to  an  hyperbola;  its  equa* 
tion  being  e\ax  +  x»)=:  c*y  •  1  where  a  and  c  are  the  two 
^aes. 

Ex  AM  .6.  To  draw  a  tangent  to  the  hyperbola  referred  to  the 
asymptote  as  an  axis  ;  its  equation  being  xy  s»  a*  ;  where 
«sdtnotes  the  rectangle  of  the  absciss  and  ordinate  answexw 
ing  to  the  vertex  of  the  ctirye. 
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iSt  UECTinCATIONS. 

OF HECTIMC AXIOMS;  OR;  TO  FIND  THE 
UeiNGTHS  OF  CURVE  LINES. 

95.  RscTincATiov^is  the  finding  the  length  of  a  curve 
line,  or  finding  a  right  Une  equal  to  a  proposed  carve* 

By  art  10  It  appears,  that  the 
elementary  triangle  sae,  formed  by 
the  increments  of  the  abscissyordinaie, 
and  curve,  is  a  right-angled  triangIe,of 
^hich  the  increment  of  the  curve  is 
the  hypothetmse :  and  therefore  the 
square  of  the  latter  is  equal  to  the  sum 
of  the  squares  of  the  two  former  ;  that  iSf  te*  as  za*  +  ae^^ 
Or,  substituting^    for    the  increments,    their  proportional 

fluxions,  it  is  zz  a  xi^  +  ^  » or  z  ^^x^+y  ■ ;  where  z  de- 
notes aay  cur^e  line  ae^  x  its  absciss  a0»  and  y  iu  ordinate  d£. 
Hence  this  rule.  « 

BVLB. 

96.  From  the  given  equation  of  the  curve  put  into 
flukloDs,  find  the  value  of  jp  >  or  y  *,  which  value  substitute 

instead  of  it  in  the  equation  z  a^  jt'  4-  9  ^ ;  then  the  floentSy 
being  taken^  will  give  the  value  of  z,  or  the  length  of  the 
turvoi  in  terms  of  the  absciss  or  ordidate. 

BXAMPI4BS. 

.Exaii.  1.  To  find  the  length  of  the  arc  of  a  circle,  ia 
terms  both  of  the  sine,  versed  sine,  tangent,  and  secant. 

The  equation  of  the  circle  may  be  expressed  in  terms  of 
the  radius,  and  either  the  sine,  or  the  versed  sine,  or  tangent^ 
or  secant,  he*  of  an  arc.  Let  therefore  the  radius  of  the 
circle  be  ca  or  cb  «s  r,  the  versed  sine  ad  (of  the  arc  ab  ) «»  « 
the  right  sine  bb  «  ft  the  tangent  tb  ca  /,  and  the  scjcanC 
*CT  a  r,  then,  by  the  nature  of  the  circle,  there  arise  tlieae 
equations,  vie. 

Then,  by  means  of  she  fluxions  of  these  equations,  i^tdi 
the  general  fluxional  equation  z*b  x*  -f  ^*»  are  obtained  the 
following  fluxional  forms,  for  the  fluxion  of  the  curve  i  tho 
fluent  of  any  one  of  which  will  be  the  curve  itself;  vis* 

Hencife 
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Heooe  tberahie  of  the  curve»  from  the  fluent  of  each  of 
these,  giyes  the  four  following  fonnS|  in  series,  yiz.  patiing 
d  A^r  Uie  diaineter»  the  curve  is 

If  ' 

^ -  (»  +33J+  2:455+2—6.77.  +  «'«>^  <"■' 

/  '*  '*  '•        >_/* 

NoWy  it  is  evident  that  the  simplest  of  these  series^  is  the 
third  in  order,  or  that  which  is  expressed  in  terms  of  the 
tangent.  That  form  will  therefore  be  the  fittest  to  cal- 
culate an  example  by  in  numbers.  And  for  this  purpose  it 
wilt  be  convenient  to  assume  some  arc  whose  tangent,  or  at 
least  the  square  of  it,  is  known  to  be  some  small  simple 
number.  Now,  the  arc  of  45  degrees^  it  is  known»  has  its 
tangent  equal  to  the  radius  ;  and  therefore,  taking  the  radius 
r  BsK  and  consequently  the  Ungent  of  45^,  or  /,  sa  i  alsO| 
in  this  case  the  arc  of  45®  to  the  radius  1,  or  the  arc  of  the 
quadrant  to  the  diameter  1,  will  be  equal  to  the  infinite  se* 

But  as  this  series  converges  very  slowly,  it  will  be  proper 
to  take  some  smaller  arc,  that  the  series  may  converge 
faster ;  such  as  the  arc>  of  30  degrees,  the  tangent  of  which 
is  oa  v|,  or  its  square  /*  as  ^ »  which  being  substituted  in 
the  series,  the  length  of  the  arc  of  30*  comes  out     •      •      • 

(1  --^+53T""75s+93*  ""  ^^^  "^T*  ^®"^^'  *®  ^°*- 
pute  these  terms  in  decimal  numbers,  after  the  first,  the  sue* 
ceeding  temis  will  be  found  by  dividing,  always  by  3,  and 
these  quotients  agab  by  the  absolute  numbers  3,  5,  7,  P  dec ; 
and  lastly,  adding  every  other  term  together,  into  twaaumsy 
the  one  the  sum  of  the  posiuve  terms*  and  the  other  the  sum 
of  the  negative  ones';  then  lastly,  the  one  sum  taken  from 
the  other  leaves  the  length  ef  the  arc  of  30  degrees ;  which 
being  the  t^ih  part  of  the  whole  circumference  when  the 
radius  is  1,  or  the  6th  part  when  the  diameter  is  1,  consO" 
quenily  6  times  that  arc  will  be  the  length  of  the  whole  cir- 
cumference to  the  diameter  1..  Therefore,  multiplying  the 
first  term  ^\  by  6,  the  product  is  y^  13  n  3-4641016 ;  anil 
hence  the  opperation  will  be  conveniently  made  as  follows : 
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QUADRATURES. 


1  ) 
3) 
5  ) 

r) 

Ui 

19  ) 
21) 
33  ) 
25) 
ST) 


+Tcfmfc 

^Tenns. 

3-4641016 

(    3-4641016 

1 1547005 

( 

03849002 

3849002 

(        769800 

1283001 

( 

1832^86 

427667 

(          47519 

142556 

( 

1296a 

47519 

<              3655 

15840 

1056 

5280 

I              311 

1760 

' 

93 

587 

I                28 

196 

1 

S 

65 

3 

22 

( 

1 

+3-5462332 

.-04046406 

-04046406 

b    the 

» tiiat  at  las 

3 1415926 

whole    Gmmnfer- 

cDce 

to  the  diameter  1. 

ExKU  2.  To  find  the  length  of  a  parabola 
£xaM  3.  To  find  the  length  of  the  semiculncal  parabob, 
whose  equation  is  ax*  =y'. 
Exam  4.  To  find  the  length  of  an  elliptical  curve. 
Exam.  fi.  To  find  the  length  of  an  hyperb  olic  curre. 


OF  QUADRATURES ;  OR,  FINDING  THE  AREAS 
OF  CURVES, 


97  The  Quadrature  of  Curves,  is  the  measuring  their, 
areas,  or  finding  a  square,  or  other  right-lined  space,  equal 
to  a  proposed  currilineal  one* 

By  art  9  it  appears,  that  any  flowing 
quantity  being  drawn  into  the  fluxion  of 
the  line  along  which  it  flows,  or  in  the 
direction  of  its  inotion,there  is  pi|)duced 
the  fluxion  of  the  quantity  generated  by 
the  flowing.  That  is,  Dd  x  db  or  yx  is 
the  fluxion  of  the  area  adx.  Hence  this 
rule. 
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RULE.  -i 


98  From  the  given  equation  of  the  curve,  find  the  value 
either  of  X  or  ofy;  which  value  substitute  ^nstead  •-.  i.  in 
tbe  expression  yi  ;  then  the  fiuent  of  that. expression^  being 
taken,  will  bo  the  area  of  the  curve  sought. 


EXAMPLES. 

BxAM.  1.  To  find  the  area  of  the  common  parabola. 

The  equation  of  the  parabola  being  ax  ea  y^  ;  where  a  is 
the  parameter,  x  the  absciss  ad,  or  pirtofthe  azia,  and  y 
the  ordinate  ns. 

From  the  equiktton  of  the  curve  is  found  y^  »/  ax.  This 
substituted  in  the  general  iluxion  of  the  area  yip  gives  x\/  av 

ova^x^x  the  fluxion  of  the  parabolic  area ;  and  the  fluent 

of  this,  or  |a  ^x^  ex^^x\/ax  »  |jry,  is  the  area  of  the  para^ 
bolaA.nB,and  which  i^  therefore  equal  to  f  of  its  circum- 
scribing  rectangle. 

£xAM.  2.  To  square  the  circle,  or  find  its  area. 

The  equation  of  the  circle  being  y*  «  ax  —  :r*,  or  y  = 
v^  ax- •'jc 2 9  where  a  i%  the  diameter^. by  substitution,  Uie 
general  fluxion  of  the  area  yJer*  becomes  x  V  ox-*x*,  for  the 
fluxion  of  the  ctvtular\afea.  But  aa  the  fluent  of  this  cannot 
be  found  in  finite  terms,  the  quantity  \/ax—x' is  thrown 
into  a  series,  by  extractiQg  tbe  root,  and  then  tlie  fluxion  of 
the  area  becomes 

and  then  the  fluent  of  every  term  being  taken,  it  gives 

xs/axXK  3-5^      4.rfl»"" 4.6.9a3     4.6.8. Uo*  "*    ^  * 
for  the  general  expression  of  the  semisegmem  adb. 

And  when  the  point  n  arrives  at  the  extremity  of  the  dia- 
meter,  then  the  space  becomes  a  senucircley  and  x  as  a  s  and 
then  the  series  above  becomes  barely 

^2     1      1       t3^       L3^.  ^gr  v' 

for  the  area  of  the  semicircle  whose  diameter  is  a. 
Vol.  II.  A  a  a  *  Exam.  5. 
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061  FLUXIONS. 

BkAu.  3.  Ta^ad  the  «rea  of  any  pattbelftf  whoie  equation 

Exam.  4.  To  find  Ibe  area  of  an  ellipse. 

Exam.  5.  To  find  the  area  of  an  hyperbola.  

Exam.  6.  To  find  the  area  between  the  curve  and  asfmp- 
tote  of  an  hyperbola.  t.      .__      ..  »^ 

Exam.  7  To  find  the  like  area  m  aoy  other  hyperbola 
whose  general  equation  is  jF«»y»-*a»^. 


TO  FIND  THE  SURFACES  OF  SOUOS. 

99.  In  the  solid  foimed  by  the  rota- 
tion of  any  curve  about  its,  axis,  the 
surface  maybe  considered  as  generated 
by  the  circumference  of  an  expanding 
circle,  moving  perpendicularly  along 
the  axis,  hut  the  expanding  circum- 
fovence  moving  ah>ng  the  arc  or  curve 
of  the  solid  Therefore j  as  the  fluxion 

of  any  generated  quantity,  is  produced  by  drawing  the  ge- 
nerating quantity  into  the  fluxion  of  the  line  or  direction  m 
which  it  moves,  the  fluxion  of  the  surface  will  be  found  bf 
drawing  the  circumference  of  the  generating  cirtle  into  the 
fluxion  of  the  curve.  That  is,  the  iluxion  of  the  surface, 
BAS,  is  equal  to  ab  drawn  into  the  circumference  acxVy 
whose  radius  is  the  ordinate  db.  *  ^ 

100.  But,  if  c  be  63  3.1416,  the  circumference  of  a  circle 
whose  diameter  is  1,  x  sss  ab  the  absciss,  y  ss  be  the  ordi- 
nate, and  z  s  ab  the  curve  ;  then  2y  «s  the  diameter  bs, 
and  2cy  =s  the  circumference  bcbf  ;  also,  ab  ■&  i  aoi 
Vx  -fy  *  :  therefore  2cyi  or  2ry  Vi^+y*  Is  the  flexion  of 
the  surface.  And  consequently  if,  from  the  given  equation 
of  the  curve,  the  value  ofx  or  ^be  found,  and  sabiAiiuied 

in  this  expression  2r^  VJc^'^i  *>  the  fluent  of  the  expreasiiNi 
being  then  taken,  will  be  the  surface  of  the  solid  required. 

EXAMPLES. 

Exam.  1.  To  find  the  surface  of  a  sphere,  or  of  any  ae^ 
mcnt. 

In 
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qtBATURES.  36a- 

In  this  case,  ^Js  a  circulw^arc,  whose  equation  is 
y*  ss  ax  —  jp',  or  y  BB  ^  ox  —  IT* 

The  fluxion  of  this  gives  «  =r  -J?II?^ —  i  a  ?^^[!^i  j 
hence /a  — -^x*  « — j-^x*»  consequently 

This,  value  of  z  i  the  fluxion  of  a  circular  arc,  may  be  found 
more  easily  thus  :  In  the  flg.  to  art.  95,  the  tvro  triangles 
&DCy  Ear  are  equiangular,  being  each  of  them  equiangular  to 
the  triangle  etc  :  conseq-  so  :  sc  s :  Ba  :  ep^  that  is,  *    -    - 
mi  * 

y :  |a  :  :  X  «  a  «s  — ^  the  saihe  as  before. 

2y 

The  vaffie  of  z  being  found,  by  substitution  is  obtained 
2cyz>B»  ati  fet  the  fluxion  oCthe  spherical  surface,  generated 
by  ihe  circular  arc  in  revolving  about  the  diameter  ao.  And 
tbb  fluent  of  this  gives  acx  for  the  said  surface  of  the  spheri* 
col  segment  bab. 

But  ac  is  equal  to  the  virhole  circumference  of  the  gene- 
rating circle  ;  and  therefore  it  follows,  that  the  sur&ce  of 
any  spherical  segment,  is  equal  to  the  same  circumference  of 
the  generating  circle,«drawn  intox  or  ad,  the  height  of  the 
oegment. 

Also  when  x  or  ad  becomes  equal  to  the  whole  diameter  a, 
the  expression  acx  becomes  ara  or  ca<,  or  4  times  the  area  of 
the  generating  circle,  for  the  surfiice  of  the  whole  sphere. 

Ajid  these  agree  with  the  rules  before  found  in  Mensuration 
of  Solids. 

Exam.  2.  To  find  the  surface  of  a  spheroid. 

Exam.  S.  To  find  the  surfieice  ,of  a  paraboloid. 

Exam.  4.  To  find  the  surface  of  an  byperboloid*> 


TO  FIND  THE  CONTENTS  OF  SOUIMk 

lOl.  Any  solid  which  is  formed  by  the  revolution  of  ^ 
curve  about  its  axis  (see  last  fig  ),  may  also  be'conc«:  v^d  to 
be  generated  by  the  modon  of  the  plane  of  an'  expanding 
circlei  moving  perpendicularly  ^along  the  axis.    Andthcce* 
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(ore  the  area  of  that  circle  being  drawn  iaio  the  flaxionof 
the  axis,  will  produce  the  fluxion  of  the  solid.  That  iSf 
ad  X  afeaof  the  circle  bcf,  whose  radius  fs'pEy  or  dianie* 
ter  Bs>  is  the  fluxiun  of  the  solid,  by  art.  9. 

103  Hcncct  it  AD  =  .r,  de  =  y,  c  m  3*U16  ;'*because  q^* 
18  equal  to  the  area  of  the  circle  bcf  :  therefore  cy*x  is  the 
11.  xion  of  the  solid.  Consequently  if,  from  the  given  equa- 
tion of  the  curve,  the  value  of  either  y*^  or  x  be  found,  and 
that  value  substituted  for  it  in  the  expression  cy^xj  the  fKient 
of  the  resulting  quantity^  being  taken,  will  be  the  solidity  of 
the  figure  proposed. 

EXAMAES. 

Exam  1*  To  find  the  solidity  of  a  sphere^  or  any  segment,' 

The  equation  to  the  generating  circle  being  y*  =  ax— x*9 
where  a  denotes  the  diameter,  by  substitution,  the  general 
fluxion  of  the  solid  cy*jr>  becomes  caxx^cx^xy  the  fluent  of 
which  gives  jcax*— ^rx3,or  jcx*  (SUk— 2x),  for  the  solid  cton- 
tent  of  the  spherical  segment  b  ab,  whose  height  ad  is  x. 

When  the  segment  becomes  equal  to  the  whole  sphere^ 
then  X  =  a,  and  the  above  expression  for  the  solidity,  be- 
comes \ca^  for  the  solid  content  of  the  whole  sphere. 

And  these  deductions  agree  with  the^ules  before  given  and 
demonstrated  in  the  Mensuration  of  Solids* 

Exam.  2.  To  find  the  sotidity  of  a  spheroid. 

Exam   3.  To  find  the  solidity  of  a  paraboloid. 

Exam.  4.  To  find  the  solidity  of  an  hyperboloid. 


TO  FIND  LOGARITHMS. 

103.  It  has  been  proved,  art  33,  that  the  fluxion  of  the 
hyperbolic  logarithn^  of  a  quantity,  is  equal  to  the  fluxion  of 
the  quantity  divided  by  the  same  qusoiiity.  Therefore,  when 
any  quantity  is  proposed,  to  ^.its  logarithm;  take  the 
fluxion  of  that  quanuty,  and  divide  it  by  the  same  quaniity  ; 
then  take  the  fluent  of  the  quotient,  either  in  a  series  or  other* 
wise,  and  it  will  be  the  logarithm  sought :  e^en^eoftectadlM 
WMial,  if  need  be  ;   that  is,  the  hyperbolic  logarithm. 

104.  But|  for  any  other  logarithnii  multiply  the  hyperbolic 
Ipgarittifn*  above  found>  hf  the  niodulus  of  the  system,  lor 
the  logvitbm  sought; 
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•  Ififte,  The  modidus'  of  thp  hypetbotbc  icgxtkbjm,  Is  1 1 
Ittd  «lid  sDodttlgs  of  tbe  common  logamhms>is  «4i3429448ldQ 
9cc  ;  an4f  ID  general*  the  modulus  of  any  system,  is  equal  to 
the  logarithm  of  10  iii  that  system  divided  by  the  number 
S'S03$8.50929940  kp.  vbicb  is  the  hyp.  log.  of  10*  AlsOi 
ciie  hyp.  log.  of  any  nutnbe^  is  iii  proportion  to  the  com.  lo^ 
of  tbe  same  number,  as  unity  or  I  h  to  '43429  &c.  or  as  tii« 
fliimber  2*30^585  &cc.  isto  I  ;  and  therefore,  if  the  common 
io^.  <^  any  miniberbe  multipJied  bf  3;303585&c.  it  wiU  .giv^a 
fb«  hyp.  lo^  of  the '  same  number  ;  or  if  the  hyp,  log.  be  di« 
Yided  by  S  303585&C.  or  multiplied  by  '434S9&C,  it  ^yili  givQ 
the  common  logarithm. 

ExAU.  1.  To  find  the  log  of  ^^. 

Denoting  any  proposed  number  z,  whose  logarithm  is  re^- 
quired  to  be  found,  by  the  compound  expression     .... 

^^iff  the  fluxioo  of  the  number  « ,  is  -^^    and  the  fluxion 
a  a 

of  the  log.  ~  »  -^« r  +  — *—  +  8cc. 

Then  the  fluent  of  these  terms  give  the  logarithm  of  z 

*  a        a      2a«  '  3a3      4o* 

Writing^a:  for  jc,  gives  log.  fi:f=s-f-.i^_fi-fl8cc, 

"  a  fl     2aa     3a3     4a^ 

Div.  these  numb,  and   ?  ,      o^-x    2x    2^*    2jp«j. 
Bubtr.  their  logs,  gives f  *?*'  5::iJ"*T+S^5^     • 

Also,  because -^cs  l  -s— rif  or  log.  -?-  sa0^1bg.^^-*/i 
therefore  log.  of-pis-^^-jji-g-s+p  &c. 
WidVhMog-  of^is+^+g+|;',+  5«^<=- 
the  prod-§iv«log.j^,«g+gi+£+  &c. 

Now,  for  ah  exftmple  in  numbers,  suppose  it  were  required 
to  compute  the  common  logarithm  of  tlie  number  2;  Thig 
will  be  best  done  by  the  aeries* 

log.  9i~^2mxi-+^,+,^+^^^c. 

s.     .        ..  .       . 
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MaldnK^*=  2,  git«s  a  ^  Zx  |  conseq.?^ «»    ^  ^ 

•sL  whicJi  «  ^^  constant  factqr  for  every  8i|CceediDg  term  i 
^^  3m  «  3  X  -43429448190  ^  •8685a8964  ;  therefore  tte 
calculati^  will  be  conveniemly  made,  by  first  diTiding  iliift 
tkuiaber  by  3,  then  the  quouenta  successively .  by  9,  and 
laaily  these  quolienis  in  order  by  tbe  respective  number* 
1,  3,  5, 7«  9,  kc,  and^aiier  tbati  adding  all  the  terms  together^ 
is  foUosvs  t 


3  ) 

»  ) 

9  ) 

9 

9 

9 

9 

9 

9 


•8^8588964 

ti8v529654 

33169962 

3574440 

397160 

44139 

4903 

545 

61 


I  ) 
«  ) 

n 

9  ) 

n  ) 
13  ) 
15; 


•289539654 

33169963 

3574440 

397160 

44139 

4903 

645 

61 


«389539654 

10733331 

•  714888 

56737 

4903 

446 

43 
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Sum  of  theUrms  gives  log.  3  =  301039995 


EitAH.  3.  To  find  the  log.  of^^, 
ExAtt.  3.  To  find  the  log.  of  a  —  x, 
Ekam.  4.  To  find  the  log.  of  3. 
Exam.  5.  To  find  the  log.  of  $. 
ExAli.  «.  To  fiiidthc  log  of  1 1. 


TO  VIND   THE  POINTS  OF  INFLEXION,  OR  OF 
CONTRARY  FLEXURE  IN  CURVES. 


105.  Thb  Point  of 
Inflexion  in  a  curve,  is 
that  {xunt  of  it  which 
separates  the  concave 
from  the  eonvu  part» 
lyingbetweentbe  two ;  ^ 
Off  where  the   cujy»      —  ^ 

changes  from  pencave  to  convex>  or  irom  convex  to  concav«| 
on  tbe  same  side  of  the  curve.  Such  as  the  poyit  b  \u  the 
annexed  figuresi  where  the  former  of  tho  two  is  concave 

towardm 
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'mWMIft  fte^aiU  Ah^'itouk  A  m'B,  but  coivv^x  from  »  to  f  j^ 
mod  on  the  contrary,  the  latter  figure  is  convex  from  a  Iggf 
and  concave  from  s  to  v.      ^ 

.  106.  From  the  nature  of  curvature,  at  has  been  remarkQcl 
before  at  art.  39)  it  is  eiddent,  that  ivhen  a  curve  is  eoncav9 
lowards  an  axisf  then  the  fiuxion  of  the  ordinate  dBcreaseiy 
or  is  ifi  a  decveaaing  ratioy  with  regard  to  fluxion  of  th» 
Absciss ;  but,  on  the  contrary,  that  it  increases,  or  is  in  ai^ 
increasing  ratio  to  the  fluxion  of  the  absciss*  when  the  curvQ 
ia  convex  towards  the  axis ;  and  consequently  those  two 
fiaxkftte  are  in  a  constant  ratio  at  the  point  of  iaflexion, 
wliere  ti)e  curve  ian^uther  convex  nor  concave ;  that  is,  i  h 

lo  y  in  a  constuQt  ratio,  or  -~  or  il  is  a  con.i^tant  quant^t 

X  y 

But  constant  quanttiits  have  no  fluxion,  or  their  ilqxion  is 
e<|ual  to  nothing;  so  that  in    this    ease,   the    fluxion    of 

•^  or  of  -^  is  equal  to  nothing.    And  hence  we  have  thi» 

geneml' nik^ :  -        ,       . 

107.  Put  the. given. equation  of  the  curve. into  floxionfti 

firooi  which  find  either  -^  or  -^.    Then  take  the  fluxion  of 

(hiAvntlo^orfmctionyandputu  equal  to  0  or  nothing;  dnd 

fom  this  last  equation  find  also  the  value  of  the  same  -rOr>ir, 

Then  put  this  latter  value  equal  to  the  former,  whicti  will 
form  an  equation  ;  from  which,  and  the  first  given  equation 
of  the  curve,  x  and  y  will  be  determined,  being  the  absciss 
and  ordinkte  answering  to  the  point  of  inflexion  in  the  curve, 
as  required. 


EXAMPLES. 


Exam.     1*    To  find  the  point  of  inflexion  in  tl^e  Curve 
whose  equation  is  ct^  ^  a^y  +  x*y. 

This  equation  in  fluxio^k  ia  2axi  s  a^y  «f  ikyi  ^  x^  y, 

which  gives-r^^'      ^^  .    Then  the  fluxion  of  thts  quantity 

made  =  O,  pvea  2xi(tf*—*ary )=*(«*  +  JP*)x(ai-  ary^^xj; ) ; 

and  this  agam  gives  -?=?=  -r^—z  X . 

"        *»  y     a«  -~  jffS      a—  y 

is^%tiyf  tbis  ^lue  of  4  bein^put  equal  the  former,  gives 

a*  "f  SP^ 
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A«  +  «> 


a»  +  xt 


Z^ —  .  — — '  -  — J^ — • .  •— -  ;  and  hence  2jc^  aia«  — !r^-4 

or  3x^  «■  a*«  and  ir ««  o  ^  <|,  the  absciss 
Hence  also,  from  the  original  equatioiH      -    -    «    -     .    ... 

y  «  -J!^,   c=r  i^  =  iff,  the  ordinate  of  the  point  of  in- 

iexion  sought. 

ExAJC.  3.  To  fin^  the  point  of  inflexion  in  a  CQrvo  defiited 
by  the  equation  oy  s=s  a  v^  ojp*  +  jrar. 

Exam.  3.  To  find  the  point  of  inflexion  in  a  curve  defined 
by  the  equation  ay*  =  a«x  +  x^. 

Exam.  4   To  find  the  point  of  inflexion 
In  the  Conchoid  of  Nicomedes,  which  is 

fenerated  or  constructed  in  this  manner  : 
rbm  a  fixed  point  ^,  which  is  called  the 
po\e  of  the  conchoid,  draw  any  number  of 
rijjht  lines  pa,  pb,  fc,  pb,  &c,  cutting 
the  given  line  fd  in  the  points  p.  <>,  h,  i, 
^c  :  then  make  the  distances,  fa,  oB)  bc,  ib.  &;C|  equal 
to  each  other,  and  equal  to  a  given  line ;  then  the  curve  /rne 
ABOB  Sco,  will  be  the  conchoid ;  a  curve  so  called  by  ii«  ia- 
Tcntor  Nicomedea. 


TO   FIND     THE   RADIUS   OF   CUJRVATURE    OF 
CURVES. 

108.  Thb  Curvature  of  a  Circle  is  constant,  or  the  same 
in  every  point  of  it,  and  its  radius  is  the  radius  of  curvature. 
But  the  case  U  different  in  other  curves,  every  one  of  which 
has  its  curvature  continually  varyingi  either  increasing  or 
decreasing,  and  every  point  having  a  degree  of  curvature 
peculiar  to  itself;  and  the  radius  of  a  circle  which  has  the 
same  curvature  with  the  curve  at  any  given  point»  is  the 
radius  of  curvature  at  that  point  ;  which  radius  it  is  the  bu*- 
siness  of  this  chapter  to  find, 

109.  Let  ABl^  be  any  curve,  con- 
cave towards  its  axis  ad  ;  draw  an 
ordinate  ob  to  the  point  e,  where 
the  curvature  is  to  be  found ;  and 
suppose  Bc  perpendicular  to  the 
curve,  and  equal  to  the  radius  of 
curvature  sought,  or  equal  to  the 
radius  of  a  circle  havin^^  the  same 
curvature  there^  and  with  that  ra- 
dius   describe    the    said     equally 

.curved 
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Oirted  circle  bjk^  ;  lastly,  draw  £  J  parallel  to  ad,  and  de  pa- 
rallel and  indefinitely  near  to  de  :  thereby  making  scT  the 
fluxion  or  increment  of  the  abciss  aD)  also  de  the  fluxion  of 
the  oixlinate  db^  and  xr  that  of  the  curve  ak.  Then  put 
:r  s=  AD,  y  s  db?  z  s  aB)  and  r  =  cb  the  radius  of  curya- 
ture ;  then l&^d  ^x^de  sszyy and  b^  as  z . 

Now,  by  sim.  triangles^  the  three  lines  bcT,  de^  xe, 

are  respectively  as  the  three      -     -    -    oBi  oc,  cb  ; 

therefore -    -    -    ocx«-OB.y; 

and  the  flux  of  this  eq*  is  oc  •  x  -(-  oc  •  x  a  gb  .  jf  -|.  ob  •  y  ; 
or,  because  gc  st.bg,  it  is  oc  .  x-^bo  .  x^^gx    ^ «(.  ox  •  y  • 

But  since  the  two  curves  ab  and  ax  have  tbe^  same  cur# 
vxlure  at  the  point  b,  their  abscisses  and  prdinates  have  tho 
aaaie  fluxions  at  that  point,  that  is,  x(/,  or  i  is  the  fluxion 
both  of  ad  and  so,  and  de  or  y  is  the  fluxion  both  of  dk 
apd  OB.  In  the  equation  above  therefore  substitute  x  for 
BQf  and  y  .for  ob«  and  it  becomes 

ocx— XX  ^  ^^yhyyt 
or  OCX— ory=3  x*  +y  *  ^  z  *• 

Now  multiply  the  three,  terms  of  this  equation  respectively^ 

by  these  three quantittes,;^!    -,-^>  which  are  all  equal, 
Gv     cb    cx  ^ 

and  it  becomes    -    -    -    yx  — iy  = — ,or — ; 

and  hence  is  found  r  s* — u    ■  ..,  ,  for  the  general  value  of 

the  radius  of  curvature,  for  all  curves  whatever,  in  terms  of 
the  fluxions  of  the  absciss  and  ordinate. 

^10.  Further,  as  in  any  case  either  j;  or  y  may  be  supposed 
to  flow  equably,  that,  is,  either  x  or  yconstant  quantities,  or 
X  or  y  equal  to  nothing,  it  follows  that,  by  this  supposition, 
either  of  the  terms  in  the  denominator,  of  the  value  of  r, 
may  be  made  to  vanish.  Thus,  when  i  is  supposed  constant, 
X  being  then  =  0,  the  value  of  r  is  barely     .    .    •    .    . 

— r^^-j  or  r  is  =5  :..  when  v'ls  constant. 


*y  If* 
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Exam.  t.  To  find  the  radius  of  curvature  (o  any  point 
Vol.  II.  B  b  b  of 
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of  a  parabola,  whose  equation  is  ox  =  y*,  its  vertex  bexn^  4, 
and  axis  ad. 

Now,  the  equation  to  the.  curve  being  ax  =  y  *,  the  fluxion 
of  it  isci  =  2yy;  and  the  fluxion  of  this  aga'miaa^'  =  2y*, 
supposing  y  constant  j  hence  then  r  or 

z«       (i«  +  y»)*         («*+4y»)^      («+4^)* 

»or  — —  w  =  —  or , 

yi  y »  3«'  3V« 

ibr  the  general  value  of  the  radius  of  curvature  at  any  pw4 
X,  the  ordinate  to  which  cuts  off  the  absciss  ai>  =  x^ 

Hence,  when  the  absciss  x  is  nothing,  the  Isst  expression 
becomes  barely  Jo  =»  »-^  for  the  radius  of  curvature  at  the 
vertex  of  the  pjirabola ;  that  is,  the  diameter  of  the  cifdc  of 
curvature  at  the  vertex  of  a  parabola,  is  equal  coff,  the  p*T 

rameter  of  theaxts 

« 

Exam.  2.  To  find  the  radios  of  curvature  of  an  eliipse^ 
whose  eqatlon  is  a'y*  —  c»  .  ex  -x». 

Exam.  S.  To  find  the  radius  of  curvature  of  an  hype^ 
^la,  whose  equation  is  a>y^  «  c*  .  ax  +  x*. 

Exam.  4»    To  find  the  ntdius  of  curvature  of  the  cycloid. 
Ans.  r  =  2v^aa  ^  ox,  where  x  is  the  absciss,  sn^ 
a  the  diameter  of  tlvs  generating  circle. 

OF  INVOLUTE  AND  EVOLUTE  CURVES. 

1^1.  An  Evolute  is  any  curve  supposed  to  be  evolved  or 
.  opened,  which  having  c^  thread  wrapped  close  about  it,  Cssten- 
ed  at  one  end«  and  beginning  to  evolve  or  unwind  the  thread 
from  the  other  end,  keeping  aiwi|)rs  tight  stretched  the  part 
which  is  evolved  or  wound  off :  then  this  end  of  the  thread 
will  describe  another  curve,  called  tb«  Involmu.  Or,  the 
samjB  involute  is  described  in  the.  contrary  way  by  wrap|m^ 
the  thread  about  the  curve  of  the  evplute,  keeping  it  at  fhe 
9^mQ  t^n^e  always  stretched, 

113.  Thuil 
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U2.  Tlius»  if  SFGH  be  any  curve^ 
and  AE  be  either  a  part  of  the  carve, 
or  a  light  laoe :  then  if  a  thread  be 
fixed  to  the  curve  at  a«  and  be 
wound  or  plied  close  to  the  curve, 
&c.  from  H  to  A,  keeping  the  thread 
always  stretched  tight ;  the  other 
end  of  the  thread  will  describe  a 
certain  curve  abcd,  called  an  Invo- 
lute ;  the  first  curve  sfgb  being  its 
evolute.  Or,  if  the  thread,  fixed 
at  H,  be  unwound  from  the  curve,  beginning  at  a>  and  keeping 
It  always  tight,  it  will  describe  the  same  involute  abcd. 


^1$.  If  Aft,  DF,  eG«  s>R,  &c,  be  any  positions  of  the 
M^i'^ad,  in  evolving  or  unwinding;  it  follows,  that  these' 
partsofthe  thread  are  always  the  radii  of  curvature,  at  the 
corresponding  points,  a,  b,  c,  o  ;  and  also  equal  to  the  cor- 
responding lengths  AB,  ABF,  aefo,  aevob,  of  the  evolute  i 
that  i^f' 

AR  =s  AB  is  the  radius  of  curvature  to  the  point  a, 
BF  *^  AF  is  the  radius  of  curvature  to  the  point  By 
CO  ss  AQ.is  the  radius  of  curvature  to  the  point  c, 
OB  =  AH  b  the  radius  of  curvature  to  the  point  d. 

114.  It  also  follows,  from  the  premises,  that  any  radius  of 
Curvature,  bf,  is  perpendicular  to  the  involute  at  the  point  b, 
and  Is  a  tangent  to  the  evolute  curve  at  the  point  f.  A1sO| 
that  the  evolute  is  the  locus  of  the  centre  of  curvature  of  tf^e 
involute  curve. 


1 15.  Hence,  and  from  art.  1Q9,  at 
will  be  easy  to  find  one  of  these 
curves,  when  the  other  is  given. 
To  this  purpose,  put 

jp  =s  AD,  the  absciss  dPIhe  involute, 
3f  —  DB,  an  ordinate  to  the  same, 
z  ==°  AB,  the  involute  curve, 
r  ^  Bc,  the  radius  of  Curvature, 
V  =K  BF,  the  absciss  of  the  evolute,  Bc, 
u  •.  Fc,  the  ordinate  of  the  same^  and 
«  S3  AB,  a  certain  given  line. 


Then 
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Then^  by  the  nature  of  the  radius  of  curvaiarei  k  U 

r  n  —.r-'-rrr  »  Bc  es  AE  -|-  EC  ;  altO|  by  sioi.  triai^l^B» 

»*""  *»' 
,  •  ••g 

^    z  :  X : :  r  t  OB  «  4.=s-r-r rr* ; 

ry      ii 

Hence  SFnOB— DB  a  — n^-. —  ^  y  a  v. 

if*—  iif 

•    *£ 

and  re  »  ad  —  ae  -f  go  ss  jt  —  a  -f  .:-JI^^.7^ae  u  ; 

S*  —  *y 
ordinate  of  the 
evolute  curve  bc  ;  from  which  therefore  these  may  be  found, 
when  the  involute  is  given. 

On  the  contrary,  ifv  and  u,  or  the  eyolute»  be  given  : 
theni  putting  the  given  curve  sc  »  ««  since  cb  =  ae  +  ec, 
orr  s  a  +  «,  this  gives  r  the  radius  of  curvature.  Alao,  tiy 
similar  triangles,  there  arise  these  proportions,  viz. 

...        rv      a+»  . 


and  t :  « : :  r :  --ai--L-  „  =5 


oc; 


theref,   ad  s=  ab  +  re  — >  go  a  «  +•«  —  ~^tt  « Jt" , 

and  DB  a  ea  —  OD  s  GB  -^  E7  a  ^^  V  —  V  ea  y  ; 


which  are  the  absciss  and  ordinate  of  the  involute  curve,  and 
which  may  therefore  be  found,  when  the  evolute  is  given. 
Where  it  may  be  notedythat  i*  =s  i*  -fi*,  and  i«s=r  x»-f-  y». 
Also,  either  of  the  quantities  x,  y,  may  be  supposed  to  flow 
equably,  in  which  case  the  respective  second  fluxion,  i;  ory, 
will  be  nothing,  and  the  correspondini^r  term  in  the  denoim- 
nator  yx  —  iy  will  vanish,  leaving  only  the  other  term  init ; 
which  will  have  the  effect  of  rendlring  the  whole  operation 
simpler. 


116.  EXAMPLES. 


Exam.  1.  To  determine  the  nature  of  the  curve  by  whose 
evolution  the  common  parabola  ab  is  described. 

Here 
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Here  the  eqindoo  of  the  given  mvolttte  ab,  is  ex  »  y* 
where  c  is  the  parameter  of   the   axis  ad.     Hence  then 


e 


..» 


y  "•  VcXf  and  ^  ==  4^  V  "^i  ai*o  y  =       —  y^  -•  by  making 

i^  constant  Consequently  the  general  Values  of  ti  and  u,  or 
of  the  absciss  and  ordinate,  sv  and  t c,  above  given^  become, 
in  that  case. 


sr 


But  the  value  of  the  quantity  a  or  as,  by  exam.  1  to 
art.  75,  was  found  to  be  \c ;  consequently  the  last  quantity, 
FC  or  «,  is.barely  =s  Sx. 

Hence  then,  comparing  the  values  ofv  and  t/,  there  is 
found  Svy'  c  =«  ^u^x,  or  2rcxr«=B  16m»  ;  which  is  the  equa* 
tion  betweea  the  absciss  and  ordinate  of  the  evolute  curve 
PC,  showing  it  to  be  the  semicubical  parabola* 

Exam,  3.  To  determine  the  evolute  of  the  common  cy» 
cloid.  Ans.  another  cycloid,  equal  to  the  fomier. 


TO  FIND  THE  CENTRE  OF  GRAVITY. 

117.  By  referring  to  prop.  43,  &c.  in  Mechanics,  it  is  seen 
what  are  the  principles  and  nature  of  the  Centre  of  Gravity 
in  any  figure,  and  how  it  is  generally 
expressed  It  there  appears,  that  if 
PAq  be  a  line,  or  plane,  drawn  through 
any  point,  as  suppose  the  vertex  of  any 
body,  or  figure,  ABo,and  if  -  -  • 
»  denote  any  section  sf  of  the  figure, 
d  =s  AO,  its  distance  below  rq,  and 
b  s  the  whole  body  or  figure  abd  ; 
then  the  distance  ac,  of  the  centre  of 

gravity  below  pq,  is  universally  denoted  by'""  ^^''^^^^'^; 

whether  Aao  be  a  line,  or  a  plane  surface,  or  a  curve  super* 
ficies,orasoiid. 

But' 
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But  the  sum  of  all  the  </««  is  the  same  as  the  fluent  of  So^ 
and  d  is  the  same  as  the  fluent  of^  i  therefore  the  general 
expression  for  the  distance  of  the  centre  of  gravity,  is  ac  =± 
flM^^fx^^fluem^.  putting  X  =  rf  the  variable  distance 

fluent  >i  b  ^ 

AG.     Which  will  divide  into  the  following  four  cases. 

118.  Case  1.  When  as  is  some  line,  as  a  curve  suppose. 

In  this  case  d*  is  ss  r  or  ^x  *+  y  *,  the  fluxion  of  the  curve 

^  fluent  of  «K        fluentofx^  i^»  4-    y» 

and  *  =s  r :  theref.  ac  = «. ■' 

z  c 

U  the  distance  of  the  centre  of  gravity  in  a  curve. 

119.  Cass.  3.  When  the  figure  abd  is  a  plane;  then 
'^=  yxf  therefore  the  general  expression  becomes  ac  s=s 

flui2!t_of  sopi  ^^^  ^^  distance  of  the  centre  of  gravity'  in  a 
fluent  of  yi  o  / 

plune. 

120.  Case.  3.  When  the  figure  is  the  superficies  of  a  body 
generated  by  the  rotation  of  a  line  asb,  about  the  axis  ah* 
Then,  putting  c  =s  3*  14159  Sec,  2ry  will  denote  the  drcuni- 
ference  of  the  generating  circle,  and  ^cyz  the  fluxion  of  the 

.        c  fluent  of  2c«a:x         fluent  of  yXx     _-« 

.arface  ,  therefore  ac  -   -^^-^^  =    fl„e,tcfy^    *» 

be  the  distance  of  the  centre  of  gravity  for  a  surface  generat* 
ed  by  the  rotation  of  a  curve  line  z. 

12 1. Case.  4.  When  the  figure  is  a  solid  generated  by  the 
rotation  of  a  plane  abr,  about  the  axis  ah. 

Then,  putting  c  a«  3*14159  fcc,  it  is  cy*  »>  the  area  of 
the  circle  whose  radius  is  y,  and  cy^x  =  if  the  fluxion  of  the 

solid;  therefore    ,--- .-...     • 

fluent    of^  fluent  of  cy*xi  fluent  of  y*gjr      - 

^®  fluent  .  i'  b     ""    "fluent  of  cjf«*     **   .""flucntofy** 

the  distance  of  the  centre  of  gravity  below  the  vertex  in  a 
^olid. 


122.  EXAMPLES. 


Exam.  1.  Let  the  figure  proposed  be  the  iaoiceles  iriaDgl& 

ABD. 

It  is  evident  that  the  centre  of  gravity  c,  will  be  anme- 

whcro 
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where  in  the  perpendicular  ah.     Now,  if  a 
denote  ah,  c  =  bd,  x  es  ao,  and  y  =   bi? 

€line  parallel  to  the  ha&e  bb  :  then  as 
e  six  I  y  =— ;  therfforef    by    the  2d 
fluent  92;^         flaentopSx         yXi 

Case,  AC  = = ;-  == 1 == — ^ 

fluent  yx  fluent  arx  ^xi      i>       •"      ^^ 

3=|x  =  I  AH»  when  X  becomes  ss  ah  :  consequently  cb  ik: 
4ah. 

In  like  manner,  the  centre  of  gravity  of  any  other  plane 
triangle,  will  be  found  to  be  at  ^  of  the  altitude  of  the  triau' 
g^le ;  the  same  as  it  was  found  in  prop.  43,  Mechanics. 

Exam.  2  In  a  parabola  ;  the  distance  from  the  vertex  is 
<^,  or  I  of  the  axis. 

Exam.  3.  In  a  ^cular  arc ;  the  distance  from  the  centre 

ff  the  circle,  is  —  ;  where  a  denotes  the  arc,  c  its  choi*d,  and 

r  the  radius. 

Exam.  4.  In  a  circular  sector ;  the  distance  from  the  centre 

of  the  circle,  is  —  -  where  a,  c,rj  are  the  same  as  in  exam.S. 

Exam.  5.  In  a  circular  segment ;  the  distance  from  the 

centre  of  the  circle  is  -^r*  ;  where  c  is  the  chord,  and  a  the 

area,  of  the  segment. 

Exam.  6.  In  a  cone,  or  any  other  pyramid  ;  the  distance 
from  the  vertex  is  ^x,  or  |  of  the  altitude. 

Exam  7.  In  the  semispbere,  or  seraispheroid  ;  the  distance 
from  the  centre  is  ^r,  or  |  of  the  radius  :  and  the  distance 
from  the  vertex  ^  of  the  radius. 

Exam.  8.  In  the  parabolic  conoid ;  the  distance  from  the 
base  is  jo;,  or  -|  of  the  axis.  And  the  distance  from  the 
vertex  ^  of  the  axis. 

Exam.  9.  In  the  segment  of  a  sphere,  or  of  a  spheroid ; 

the  distance  from  the  base  b  .  x  ;  where  x  is  the  height 

of  the  segment,  and  a  the  whole  axis,  or  diameter  of  the 
sphere. 

Exam.  10.  In  the  hyperbolic  conoid  ;  the  distance  from 

the  base  b  g-^^^  x  ;  where  :v  is  the  height  of  the  conoidi 

and  €  the  whple  axis  or  cBametcr. 

rRACTlCAl^ 
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U3.  PRACTICAL  QUESTIONS. 

QtJESTlON  L  ^ 

A  lAfcOB  Tcaacl,  of  10  feet,  or  any  other  ^ven  depth,  and 
of  any  shape  being  kept  constantly  full  of  tratcr,  by  means 
of  a  supplyiiiK  cock,  at  the  top  ;  it  is  proposed  to  assign  the 
olace  where  a  small  hole  roost  be  made  m  the  side  of  m  so 
that  the  water  may  spout  through  it  to  the  greatest  distance 
on  the  plane  of  the  base- 

Let  AB  denote  the  height  or  side  of 
the  vessel ;  O  the  required  hole  in  the 
side,  from  which  the  water  spouu,  in 
the  parabolic  curve  no,  to  the  greatest 
distance  BO»on  the  horizontal  plane. 

By  the  scholium  to  prop.  68,  Hy- 
draulics, the  distance  bo  is  always  equal 
to  d   \^  AD  r  DB,  which  is  equal  to 
2  v/  (jc  —  a)  or  2  i/  ax^x\  if  a  be  put  to  denote  the  whole 
height  AB  of  the  vessel,  and  x  —  ad,  the  depth  of  the  hole. 

Hence  3  v"«"—  ^»  ^^  ^^  *"  **'  ™***^  ^^  *  maximum,  bi 
fiuKions,  ai  —  2xi  =  0,  or  a  —  3j:  «  0,  and  2x  «  a,  or 
^  »  4a.  So  that  the  hole  d  must  be  in  the  middle  between 
the  top  and  bottom ;  the  same  as  before  found  at  tho  end  <^ 
the  scholium  above  quoted. 

134.  QUESTION   a 

If  the  same  vessel,  as  in  Quest.  I,  stand  on  high,  ivltli 
its  bottom  a  given  height  above  a  horizontal  plane  below  ;  it 
is  proposed  to  determine  where  the  small  hole  must  be  mado 
ao  as  to  spout  farthest  on  the  said  plane. 

Let  the  annexed  figure  represent  the 
vessel  as  before,  and  6q  the  greatest 
distance  spouted  by  the  fluid,  do.  on 
the  plane  6o.  

Here,  as  before,  6o  »  3  ^  ad  nb 
im2  s/  x{t^x)  9m  2  ^  fx-x»,  by 
putting  A^  =  r,  and  ad  «  x.  So  that 
2  ^cxm^x*  or  ex^x^  must  be  a  maxv 
imum.  And  hence,  like  as  in  the  former  questioUf  -  -  • 
xmtlcmm  Ikb.  So  that  the  bole  d  rnuM  be  made  in  the 
*  middle 
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middle  between  the  top  of  the  vessel,  and  the  jg^iven  plane 
that  the  water  may  spout  farthest. 


125.  QXTBSTIOX  UI. 

But  if  the  ftame  vessel,  as  .before,  stand  on  the  top  of  an 
incliiKd  plane,  making  a  given  ang:le,*as  suppose  oi  30  de* 
forces,  with  the  horizon  ;  it  is  proposed  to  determine  th6 
place  of  the  small  hole,  so .  as  the  water  may  spout  the  far- 
thest  on  the  said  inclined  planed 

Here  again  (d  being  the  place  of  the 
hble,  and  BO  the  given  inclined  plane), . 

6<^  sa2^AD  -D*  =3  iyf  x{a  —X  ±  t), 

putting  z  a  b6,  and,  as  before,  a  a  ab, 

and  J7  sa  AD.     Then  bo  n^ust  still  be  a 

maximum,  as  also  nb,  being  in  a  given 

ratio  to  the  maximpm  bo,  on  account 

of  the  given  angle  b  ,   Therefore  ax  — 

jc*  ±.  xzy  as  well  as  z,  is  a  maximum.     Hence,  by  art.  54  of 

the   Fluxions,  «J7— 2xx  ±  zx  *»  0,  or  a  *-  2jr  ±  z  «i  0; 

ponseq.  d:  z  a   2xr*a  ;  and  hence  bo  90  2  */,x{a'^x'±.i^ 

becomes  barely  3x.     But  as  the  given  angle  gb^  is  »  ^0% 

the  sine  of  which  is  \  ;  therefore  bg  ^  3b^  or  2zj  and  do*  ca 

BO«  -b5"  «a  3z«  a  3  (S*-— fl)«,  or  do  bs  ±  (2x-fl)i/3. 

Putting  now  these  two  values  of  do  equal  to  each  other» 
2j;  «■  ±  (2x— oV^i  from  which  is  found 


gives  tl^  equation 


«^3±t 


a,  the  value  of  ad  required. 


J^QU.  Ill  th0  Select  Exercises,  page  352,  this  answer  is 
brought  out — jj-^'^'j  *>y  taking  the  velocity  proportional  to 
the  root  of /ia(^  the  altitude  only. 


128.  QXJEffriOKIV. 

It  Is  I'equired  to  determine  the  size  of  a  ball,  whi6h,  being 
let  fall  into  a  conical  glass  full  of  water,  shall  expel  the  ri^ost 
water  possible  from  the  glass ;  its  depth  lying  6,  and  dia- 
meter 5  inches. 

Let  ABC  represent  the  cone  of  the 
glass,  and  dhb  the  ball,  touching  the 
sides  in  the  points  d  and  B,the  centre  of 
the  ball  bfeing  at  some  points  f  in  the 
axis  GO  of  the  cone.    ^  ^ 


Vox..  II. 
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3TS      PRACTICAL  EXERCISES  ON  FORCES. 
Put  Ao  «  OB  t-  2J  «  a, 

CC  «a  6  ms  b^ 

AC  a    ^A0*40C*  Hi6i«srf 

AD  ta  FB  ta  FH  a»  X  the  radius  of  the  ball. 
The  two  triangleft  acg  and  dcf  are  equiangular  ;  tkeref. 

CJtf 

AG  :  AC  :  :  df  :  fc»  that  is^a  :  c  ;  :  x  :  —  «  to  ;    hence 

OF  m  OC  — FC  =  A  —  ^^and  qH  asOF    +    FHn6-f-X , 

the  height  of  the  segment  immeraed  in  the  water.  Then  (bjr 
rule  1  for  the  spherical  segment)  p.  437  vol.  l.)^  the  content 
of  the  said  immersed  segment  will  be'(6DF— 2obJ  X  oh* 

X  -5236  »  (3jr-fi  +  2)     x    (x    +    4  -  ^)*    X    1-0472, 

which  must  be*  a  maximum  hy  the  question ;  the  fluxion  of 
this  made  s=  0^  and  divided  by  2x  and  the  common  factors, 

a                      a      ' .        0  ^         a 

this  reduced  ghrca  x  n i  ■    -**,  •■  24i,  the  it- 

(c-fl)  X  (c  +  2a)  "' 

ditts  t>f  the  hall.  Consequently  its  diameter  is  4^  inches,  as 
required. 


PRACTICAL  EXERCISES  CONCERNING  FORCES; 
WITH  THE  RELATION  BETWEEN  THEM  AND 
THE  TIME^  VELOCITY.  AND  SPACE  DES- 
CRIBED. 

« 

Bkfoek  entering  on  the  following  problemsi  it  will  be 
convenient  here,  to  lay  down  a  synopsis  of  the  theorems 
which  express  the  aeveral  relations  between  any  forces,  and 
their  corresponding,  tinges,  velocities}  and  spaces,  described ; 
which  are  all  comprehended  in  the  following  13  thcorcmsj 
as  collected  frorft  the  principles  in  the  foregoing  parts  of  this 
work. 

'Lct^  f,  be  any  two  constant  accelerativ^  forces,  acting 
on  any  body,  during  the  respective  times  r,  t,  at  the  ^^  y 
which  are  generated  the  velocities  v»tv,  and  described  the 
apaciiss  e,  s.  Then,  because  the  spaces  are  as  the  times  ana 
velocities  conjointly,  and  the  velocities  as  the  forces  ana 
times  ;  we  shall  have,  , 
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1.    In  Coiutant  Foreet.- 
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And  if  one  of  tbe  forcesy  as  w^  be  the  force  of  gravest 
the  surface  of  the  earth,  and  be  called  1}  and  its  time  t 
be  a  \"  i  then  it  is  koown  by  experiment  that  the  corres- 
ponding space  s  is  «t  16^  feet«  and  consequently  its  velor 
city  ▼  a  3s'<B  3|U,  which  call  2g^  namely,  g  =  16^^  iset» 
or  193  inches.  Then  the  above  four  theoremsi  in  this  caae» 
become  as  here  below  : 


5.  *      mi      ifV      mm     gft* 

6.  V     im      ^     >ii      Sgft 

7       t      ^     ^     m,         • 

And  firom  these  are  deduced  the  following  (bur  theoremsy 
for  Tartable  forcesi  yiz. 


II.  Jk  VmMt  forccM. 


^.-    '      -      --i       •«      -^^ 


# 


In 


Digitized  by 


Google 


380       PRACTFCAC  EXERCISES  ON  FORCES. 

In  these  last  foQr  theorems,  the  force/,  though  variable, 
is  supposed  to  be  Constant  for  the  indefinitely  small  time  V, 
and  they  are  to  be  used  in  all  cases  of  variable  forces,  as  the 
former  ones  in  constant  forces  ;  namely  from  the  circum- 
stances of  the  problem  under  consideration,  an  expression  is 
deduced  for  the  value  of  the  force  /,  which  being  substituted 
in  one  of  these  theorems,  that  may  be  proper  to  the  case  in 
hand  ;  the  equation  thence  resulting  will  determine  the 
corresponding  values*  of  the  other  quantitiesi  required  in  the 
problem. 

When  a  motive  force  happens  to  be  concerned  in  tlie 
question,  it  may  be  proper  to  observe,  that  the  motive  force 
M,  of  a  body,  is  equal  to /gr,  the  product  of  the  accelerative 
.  force,  and  the  quantity  of  matter  in  it  g  ;  and  the  relation 
between  these  three  quantities  being  universally  expressed 
by  this  equation  m  «s  ^^  it  follows  that,  by  means  of  it,  any- 
one of  the  three  may  be  expelled  out  of  the  calcuUtion,  or 
else  brought  into  it. 

Also,  the  momentum,  or  quantity  of  motion  |n  a  moy'ii^^ 
body,  is  ^v,  the  product  of  the  velocity  and  matter. 

It  is  also  to  be  observed,  that  the  theorems  equally  bold 
good  for  the  destruction  of  motion  and  velocity,  by  means  of 
retarding  forces,  as  for  the  generation  of  the  same,  by  means 
of  accelerating  forces. 

And  to  the  following  problems,  which  are  all  resolved  by 
the  application  of  these  theorems,  it  has  been  thought  proper 
to  subjoin  their  solution^i  for  the  belter  information  and  con- 
venience of  the  student. 


PROBLEM  L 

To  determine  the  time  and  velocity  ofja  body  detcending^  by  the 
force  of  gravity^  down  an  inclined  fiiane  ;  the  length  tfthe 
plane  being  ^Ofeetj  and  iia  height  I  foo^ 

,  Here»  by  Mechanics,  the  force  of  gravity  being  to  the 
force  down  the  plane,  as  the  length  of  th^  plane  is  to  its 
height,  therefore  as  20  1 1  : «  1  (the  force  of  gravity)  :  ,\r  =y; 
the  force  on  the  plane. 

Therefore,  by  theor.  6,  v  or  v"  4£/«  is  \/  4  X  16-^  X  ,i  X 
20=  i/4  X  16^  ■■  3  X  4yJ  or  8  yj  feet  nearly,  the  last 
velocity  per  second.    And, 

3^  seconds,  the  time  ot  descendug. 

FSOBUEM 
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PROBLEM  VL 

If  a  canon  ball  bejtred  with  a  velocity  of  XQOOfeet  fier  second 
up  a  smooth  inclined  fikmcf  which  rises  \  foot  in  20  .*  ii  ia 
proposed  to  assign  the  length  which  it  will  ascend  up  the  plancy 
before  it  stops  and  begins  to  return  down  again^  and  the  time 
of  its  ascent.     '  , 

Here/  aa^  as  before, 
rr-u  u-  *u      -     «  ^*  ^^0*  60000000 

Then,  by  theor.  5,  *  «  -r—j^z tt  . r    =  — rrs — 

sa  310880^  feet,  or  nearly  59  miles,  the  distance  Tnoved, 

And,  by  theor.  7,  t  L   iL  «  ^      /f>^  «  iH222Si» 

62r'  Itt  «=•  *^'  21''  44J,  the  time  of  ascent. 

FROBii^  m. 

If  a  ball  be  projected  vp  a  smooth  inclined  pkmcy  which  rises  1 
Jaot  in  10,  and  ascend  100  feet  before  it  stop  :  required  the 
time  qfa^eent^  and  the  velocity  of  projection.      * 

FxHST,  by  theor.  6,  v  «  v'  ^f^  «  •  4  X  I^tt  X  y^  X 
lOO=sa^j  v^  10  es  25  36408  feet   per  second^  the   velocity. 
A    J  u    •■.         •   .     ♦    /    *  /         100  10 

es  \y  i/  10  ss  7-88516  seconds,  the  time  in  motion. 


BBOBLEM  ly.  » 

If  a  ball  be  observed  to  ascend  up  a  smooth  inclined  planc^ 
1 00  feet  in  10  seconds^brfore  it  stop^  to  return  back  again  : 
required  the  velocity  of^ projection^  and  the  angle  of  the 
plane's  inclination, 

2»         200 
F1K8T,  by  theor*  6,  v  as   -^  ""  "jg-^^O  feet  per  second, 

the  velodty. 

And,  by  theor.  «.  /  -^  -  lo^  x  ..  "  Wf  ^^^' 
is,  the  length  of  the  plane  is«to  its  height,  as,  193  to  \2. 

Therefore  193  :  12  :  :  100  :  6-2176  the  height  of«the 
plancy  or  the  sine  of  elevation  to  radius  lOO^  which  answers  to 
3^  34\  the  angle  of  elevation  of  the  plane. 
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PROBLEM  T. 

By  a  mean  of  Meueral  experimenUj  I  Atfvf  Jhundy  tkai  a  tau 
iron  ball^  of  2  inches  diameter ^Ji^td  fier/undicuiorfy  int^  the 
Jdce  or  end  of  a  block  q/  elm  woodj  or  in  the  direction  qf  the 
JlbrcH^  vith  a  velocity  qf  \50D/eet  fier  second^  penetrated  15 
inchee  dee/i  infp  ite  eubetanee.  It  i«  f^rofioerd  then  to  det^r- 
mine  the  lime  qf  the  ftenetratiom,  and  the  reeisting  Jbrte  of 
the  woorf,  ao  comfiared  to  the  force  of  gravity^  Buppoting 
that  fierce  to  be  a  conotant  quantity. \ 


FimsT,  bj  theor.  y,  /  =  ^  -  j|^  =  55 P^^^*  "' 

ctmdy  the  time  in  penetrating. 

^     ^      ,  .     -         V*  1500«  810Q0QD0 

And.  by  theor.  8,/  «  ^  •  ____  «  _ _^ 

am  33384.  That  iS)  the  resisting  force  of  the  wood,  is  to 
the  force  of  gravity,  as  83384  to  I. 

But  this  number  will  be  dilferenty  accor^g  to  the  c^a- 
meter  of  the  ballt  and  its  denelty  or  specific  granty.     For, 

since /is  as  ^  by  theor.  4,  the  density  and  size  of  the  ball 

remaining  the  same  ;  if  the  density,  or  specific  gravity,  »» 
vary,  and  all  the  rest  be  consunt,  it  is  evident  that  /  will 

be  as  »  9  and  therefore  /as —  when  the  si|se  of  the  ball  oaly 

is  consunt.  But  when  only  the  diameter  d  varies,  all  the 
rest  being  consunt,  the  force  of  the  blow  will  vary  as  <f  *,  or 
as  the  magnitude  of  the  ball ;  and  the  resisting  sorfiaoe,  or 

force  of  resistance,  rariea  at  d* ;  therefore/is  as  —,  or  as  d 

a* 

only  /when  idl  the  rest  are  constant    CoAsequently /is  as 

^!^  when  they  are  all  variable. 

* 

And  so  -  •■ r-  and  -  » ;whcre/  denote  tho 

F  1)NV»#  t.  DHVy*  . 

Strength  or  firmness  of  the  substance  penetrated,  and  is  here 
supposed  to  be  the  8ame»  'for  all  balls  Mid  velocities,  in  the 
same  substance,  which  is  either  accurately  or  nearly  so.  See 
page  581,  kc.^  vol.  1,  of  my  Tracts. 

Hence,  taking  the  numbers  in  the  problem',  it  is     -    -     - 

value  of/  for  elm  wood.    Where  the  specific  gravity  erf 

the 
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the  ball  is  taken  7^^  which  is  a  little  leas  than  tha^  of  solid 
cast  iroiit  as  it  ought,  on  account  of  the  air  babble  whidi  is 
found  in  all  cast  balls. 

PROBLEM  VL 

Tojhid  how  far  a  34/ft  ball  of  cast  iron  mil  firegrate  into  a 
block  qf  sound  eiaij  when  JSwcd  wUh  a  velocity  qf  1600  fett 
per  second* 

Hbrbi  because  the  substance  is  the  same  «s  in  the  last 

probJeniy  both  of  the  balls  and  wood  «  ■■  n,  and  v  ■»  /; 

*u       r        •  ^^*    ^.^       «^*         5-55 X1600«X  13       .,  , 

therefore:;.  -  _,ors-.^^  ^  __.^^j-_.  41^ 

inches  nearly,  the  penetration  required.    • 

VWCfBUSM  YD. 

It  Wi9  found  6y  Mr,  RMm^  (^el.  i.  p.  373^  ofktM  works), 
that  -an  IB-ftomnder  balL  fired  wiih  a  velocity  of  1300  fett 
per  second,  ftenemicd  34  mcheo  into  oound  dry  oat.  It  to  re^ 
quired  then  to  oMcertmnthecowtfmrative  strength  or  fimuuoo 
ofoakandehn. 
» 

Thb  diameter  of  an  16lb  ball  is  5-04  inches  «  n.    Then, 
bj  the  numbers  given  in  tfau  problem  for  oak,  and  in  proby  5, 
for  elnu  we  have       --.-------..- 

/_<fe*g_     2Xl^Q0>X34  100  X  17       j^  1700  , 

»  »T»«  50*  X  liOOs  X  13  "*  5<H  X  16  X  13  ""  1048^  "*  '^ 
nearly. 

From  which  It  would  ieeny  that  etm  timber  resists  more 
than  oak,  in  the  ratio*of  about  8  to  5  ;  which  is  not  probable 
as  oak  is  a  much  finaerMid  harder  wood.  But  it  is  to  bo 
suspected  that  the  great  penetration  in  Mr.  R's  experiment 
was  owing  to  the  splitting  of  his  timber  in  some  degree. 

PBOBUOi  VHL 

A  %4-fiounder  ball  being  fired  into  a  bank  of  firm  earth,  with  a 
velocity  of  1300  feet  per  second,  fienetrated  \  5  feet.  It  U 
required  then  to  mocertam  the  comfiurative  resistance  qf  eim 
and  earthy , 

CoMPAmiao  the  numbers  here  with  those  in  prob.  5,  it 
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.   /       dv^i        2  X  1500>  X  15  X  12  ^   151  X  34 

'*  f"  dv*#  ■*     i-i5  X  1300*  X  13      *■  133  X  0-37  ** 

\»,<y»  »  y»  nearly  r=  6  |  nearly.    That  is,  elm  timber  resist^ 

about  6|  limes  more  than  earth. 


PROBLEM  IX. 

To  determine  how  far  a  leaden  bullet  j  of\  <^an  inch  diameter  ^ 
impenetrate  dry  elm  ;  tufifia^ng'  it  fired  with  a  velocity  of 
1700  feet  fur  aecoTuf,  and  that  the  lead  doet  not  change  iU 
figure  by  the  stroke  against  the  wood. 

Hbbs  d  =s  |,  n  =  1 1  j^  n  =  r|.    Then  ,  by  the  numbers 
and  tbeorern  In  prQb.  5,  it  is  s  =      •.«.....  y» 
DNv»#        i   X    11|  X  1700*  X  13-  ^  ir%  X  13        63869 
dnv*     ^  2  X  7i  X  1500«  ""  200   X  33  ""   6600    ** 

3^  inches  nearly,  the  depth  of  penetration. 

But  as  Mr.  Robins  found  thi»  peneratlon,  by  experimentt 
to  be  only  5  inches  ;  it  follows,  either  that  his  timber  must 
have  resisted  about  twice  a^  much  ;  or  else,  wluch  is  much 
more  probable,  that  the  defect  in  his  penetration  arose  from 
the  change  of  figure  in  the  leaden  ball  he  used,  from  the 
blow  against  the  wood.  « 


PROBLEM  X. 

if  one  fiound  ball^  projected  with  a  velocity  q/*  1500  feet  fier 
aecondy  having  been  found  to.fienetrate  L3  incheo  decfi  into 
dry  elm  :  Jt  ia  required  to  ascertain  the  time  of  passing 
through  every  single  inch  of  the  13,  and  the  velocity  Ust  as 
each  of  them;  sufipo  sing  the  resistance  of  the  wood  constant 
or  uniform. 

The  velocity  V  being  1500  feet,  or  1500  X  13  »  18000 
inches,  and  velocities  and  times  being  as  the  roots  of  the 
spaces,  in  constant  retarding  forces,  as  well  as  in  accelerating 

ones,  and  t  being  =  ^  « ^1 «  —  -  4r,  f«t  of 

^  V        12  X  1500         9000         692  *^ 

a  second,  the  whole  lime  of  passing  through  the  13  inches  ; 
therefore  as 

V  13 
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Vl3:  Vl3— t/*2::ii! 


Tcloc,  lose 


Time  in  tlie 


_l7^^«58-9::.: 
>2^ —     ^  ■   n  ss6t*4:  :  t; 


^13- •IS 


v^l3 

v^l3 

V4— •S 


V  »  88-8 


V  »  98.3 


v^3-  v'2 


x/13 


•  13 


•  13 

V^IS*^ 


^13 

V4— ^3 


•  13 
•3--/2 


•  I3 
•2— •! 


•13 
•13 


: -00005  Ist  inch. 
. -00006  24 
I  -00006  3d 
I  -OOOor  401 

>  -oooor  5th 
s  -oooor  6th 
■ -00008  rih 
f  *O0OC8  8th        t 
I  '00009  9th 
a  00011  10th 
» -00043  Utk 
s  -00017  I2th 
*  -00040  13th 


Sum  150QO 


Sum  -g^Y  01*  '00144  flee. 


Hence,  mt  the  motion  lost  at  the  beginning  is  rery  small ; 
and  conseqaentlj  the  motion  communicated  to  any  body,  as 
atf  Inch  plank,  in  pasung  through  it,  is  veiy  small  also  ;  we 
can  conceive  how  such  a  plank  maif^  be  shot  through*  when 
standing  upright,  mthout  oversetting  it* 


Yc«..  W. 


Ddd 


FI^Bl^M 
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PBOBLEM  Vi 


Theforxe  of  attraction^  above  the  earthy  being  invet^efy  as  the 
Btjnare  qfthe  cUtiancefrom  the  centre;  if  i9  firofioeed  to  deter- 
mine  the  time,  velocity » and  other  eircumttancea^  astemding-  a 
heavy  body  failins  from  any  given  height  j  the  detcent  at  the 
earth'*  ayxface  beinf  I6^i/ifrr,  or  193  e«cA«,t«  theJitrH 
Bccond  qftime, 

Pat 

r  ute  cs  the  radius  of  the  earthi 

a  B  CA  the  dist.  fallea  fromt 

X  OB  cp  any  variable  diatancei 

V  »  the  velocity  at  i», 

/  «B  lime  of  faUmg^  there,  and 

g  m»  16^,  half  the  veloc.or  force  at  s, 

/b  the  force  i^  the  point  p- 

Then  weliaye  the  three  following  equations*  viz* 

aF«  :r*  : :  I  :/afiiL  the  force   at  p.  When  the  force  cf 

gravity  is  copsidered  as  1  i 
tv^  ^  Xi  because  x  decreascvi ;  and 

w  ««  -  ^x  =*  -  —^  - 

The  finenta  of  the  last  equation  give  v^  «*  ~-.  But 
when  X  3=  a,  the  velocity  v  w  0  >  therefore}  by  correctioB^ 

a  general  expression  for  the  velocity  at  any  point  p. 

When  J  «r,  this  gives  ti«  ^  (4^  ^T^J  ^  ^*^ 
greatest  velocity,  or  the  velocity  when  thp  body  strikes  the 
earth. 

When  a  is  very  great  in  respect  of  r,  the  last  velocity  be- 
comes (1  —  ~)x  V  ^Sr  very  nearly,  <(t  nearly  \/  4gr  only, 

which  is  accurately  the  greatest  velocity  by  falling  from  an 
infinite  height  And  this,  when  r  «»  3965  miles,  b  6  9566 
miles  per  second*    Also*  the  velocity  acquired  in  fidiisg  from 
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th^  distance  of  the  mstn^  or  l^CX)  djameiefs  of  the  ^arth, 
in  6-9505  miie9  per  second.  And  the  velocity  acquired  in 
Writing  from  the  distance  of  the  mooni  or  ^0  diameters^  is 
68973  raiiles  per  aeoond* 

Agaifii  to  find   the  time  ;  since  fo  ss  -*   ^  therefore 
/  «-^*=V  Z^^  X  -7==?=;    the     correct     fluent    of 


aX'^xx 
a 


trhich  gives  /  «d  v" '~-  X  ( ^ax^s^x  4-  arc  to  diameter  a 
and  V6r&  a— jt)  ;  or  the  time  of  falling  to  any  point  p  lae 
i  yf  i  X  (ab  +  BP>    And  when  ;r  as  r,  thi^  becomes 

<  =3  i  V  ^X  ^5±2!  for  the  whole  time  of  falling   to  the 

surface  at  5  \  whiclHls  evidently  infinite  when  a  or  as  is 
infinite,  though  the  velocity  is  then  only  the  finite  quan*- 
iky  y/4,gr. 

When  the  he^^ht  ahove  the  earth's  surface  is  gitren  »  g ; 
^because  r  is  then  nearly  «  a«  and  An  nearly  «=  ns,  the  time  t 
for  the  distance  g  will  be  nearly      -.--•---*' 

V'^^X  2ds  n  •  -jLx  i/  4gr  ta  I",  as  it  ought  tabe. 

If  a  body,  at  the  distance  of  the  moon  at  k,  fali  to  the 
earth's  surface  at  s.  Then  r  m^  3965  m|lea,  a  q^  60r,  and 
r  ss:  416806"  =  4  da,  19  h.  46'  46",  which  is  the  time  of 
ialJing  from  the  moon  to  the  earth. 

When  the  attracting  body  is  isonsidered  as  a  point  c  ;  Iho 
whole  time  of  descending  to  c  will  be  ------    • 

Hence,  the  times  employed  by  bodieS)  in  filing  from 
qaiescence  to  the  centre  of  attraction,  are  as  the  square  root* 
of  the  cubes  of  the  heighufrom  which  they  respectively  fait 

PROBLfiMXa. 

The/oree  of  attraction  below  tkt;^  tarth*8  surface  being  directfy 
a%  the  distance  from  the  centre  ;  it  is  fircfiosed  to  determine 
the  circumstances  qf  velocity  timcj  and  sfiace  fallen  by  a 
heavy  body  from  the  surface^  through  a  perforation  made 

'  straight  to  the  centre  of  the  eo/rth  :  abstracting  from  the  if- 
feet  of  the  earth^s  rotation f  and  sufifiosing  is  to  be  a  homo* 
S^ncfSuzstihere  of  ?i9(iS  miles  radius* 


Put 
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Put  r  mm  AC  the  ntdluB  of  the  eartb,  A 

x  s=  cp  the  didt  from  the  centre* 
p  —  the  velocity  at  p,  f    ^ 

t  ■=  the  time  there,  f       C 

^    g  :»  16^^y,  half  the  force  at  a, 
/=  the  force  at  y. 

Then  CA :  cf  : :  1  :/;  and  the  diree 

etiuationa  «ire  1/  «■  «r,  and  vi  s  —  2^,  and  ri  sa  -  i. 
Hence/ BB -»  and  ri  ^n^— ;   the    correct    ilueot  of 

which  gives  v  a  v'  (25"  X  — — )«f»  v^—  as  p©  </  -i,  the 

Telocity  at  the  point  p ;  where  pd  and  ce  are  perpendicular 
to  CA.  So  that  the  ivelocity  at  any  point  p>  is  as  the  perpen- 
dicular or  sine  ro  at  that  point.  W 

When  the  body  arrives  at  c,  then  -v  tm  ^  2gr  eb  y/2g  .Tc 
OB  35950  feet  or  4*9148  miles  per  second)  which  is  the  great- 
est velocity,  or  that  at  the  centre  c. 

Again,  for  the  time ;  i  =  -^^  ca  v'  i-  X  -7=*=:  i  «nd  th* 

iuents  give  t  sm  */^  x    arc    to  cosine  i  ■»  ^^  --—  x  arc 

AD*  So  that  the  time  of  descent  to  any  point  f,  is  as  the  cot' 
responding  arc  ad. 

When  p  arrives  at  C|  the  above  becomes  ^  a&»  .  .  .  « 
^^Tr  X  q«a«irani  ae  «  — V-^  «  1-5708  1/  ;^  «  r26rjsc- 
coods  »  2  r  7%  for  the  time  of  blling  to  the  centre  0. 

The  time  of  falling  tp  the  centre  is  the    same  quantity 

15708  J^y  from  whatever  point  in  the    radius   ac  the 

body  begins  to  move.  For,  let  n  be  any  given  distance  from 
o  at  which  the  moiion  commences :   then  by  correction, 

^  x=  V  (??.«•  -*•),  and  henctf  i  «  ^I  x  — ^4-rf  the 

fluents  of  which  give/ ==»V^  X  arc  to  •  cosine —jwhidi, 

when  a?  SB  0,  gives  /  s*  y^  I.  x  quadrant  «  1  5708  v'j: 

far  the  time  of  descent  to  the  centre,  ^^  the  same  as  before. 

#  As 
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As  an  f  qual  force,  acting  in  contrtrf  dir««tioo8,  gtn^nttB 
or  destroys  an  equal  quandtf  of  motion,  in  the  same  time  f 
it  follows  t}iat,  after  jxaasing  the  centre,  the  body  will  joit 
ascend  to  tlie  opposite  surEeice  at  b,  in  tbe  same  timem^ 
which  it  fell  to  the  eentre  from  a.  Then  from  b  it  will 
return  again  in  the  same  manner,  through  c  to  a  ;  and  so 
oscillate  continually  between  a  and  b,  the  velocity  beiag 
always  equal  at  equal  distances  from  c  on  both  sides  ^  and 
the  whole  time  of  a  double  oscillation,  or  of  (Missing  from  a 
and  arriving  at  a  agatn^  will  be  quadruple  the  time  of  passing 

over  the  radius  ac,  or  as  3  x  S-UlGv"  ^  *=  Ih^aV  99^ 


PROBLEM  xm. 


ToJind'tAe  Time  of  a  Fenduhitn  vibrating  in  the  Art  of  a 
Cycloid* 

Let 
B  be  the  point  of  suspension } 
BAstbe  length oE  pendulum; 
«ab,  the  whole  cycloidal  arc  ; 
^ifto,  the  generating  circle, 

to  which  rK£|  bio  are  per- 
pendiculars, 
sc,  SB  two  other  equal  se- 

micioids,    on    which    tl* 

thread  wrapping,  the  end 

a  11  made  to  describe  the 

cyclokl  bac. 

Now,  k^  the  nature  of  the  cycloid,  ao  =>  ds  ;  and  sa  =» 
2ad  as  sc  as  SB  ^s  SA  ss  AB.  Also,  if  St  any  point  G  be 
drawn  the  tangent  op  ;  also  Gq  paralid  and  pq  perpendicular 
to  AD.  Then  vo  ts  parallel  to  Uie  chofd  ai  by  the  nature  of 
the  curve.  And,  by  the  nature  bt  forces>  the  force  of  gravity : 
force  in  direction  gv  :  :  gp  :  oq  :  :  ai  :  ah  s  «  ad  '•  ai  s  in 
like  manner,  the  force  of  gravity  :  force  in  the  curve  at  b  :,? 
AD  :  AK  ;  that  b,  the  accelerative  force  in  the  cdrve,  is  every 
where  as  the  corresponding  chord  At  or  a k  of  the  circle,  or  as 
the  arc  ag  or  ab  of  the  cycloid,  since  ag  is  always  *«  3ai, 
by  the  nature  Kjt  the  curve.  So  that  the  process  and  concli^ 
sions,  for  the  velocity  and  time  of  describing  any  arc  in  this 
case,  will  be  the  very  same  as  in  the  last  problem,  the  nature 
of  the  forces  being  the  same,  viz  as  the  disunce  to  be  passed 
over  to  the  lowest  point  a. 

From 
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From  which  it  fbllofrs,  that  the  time  ofasemf-vibratioiir 
in  M  arcs,  ao,  ab,     &c.    is  the   same  constant  qiiantitf 

,V5ro8  V  J  ^  ^'^^^  ^Tg'^  ^'^^°*  •  ^i  and  th«  lime 
ofa  whole  vibration  Irom  b  to  c,  or  from  c  to  b,  it  31416  —  ; 
where  /  —  as  =»  ab  i»  the  length  of  the  pendulnm,  g  ==  16^- 
feet  or  193  inches,  and  3M416  the  circumference  of  a  circle 
Whose  diameter  is  1 . 

Since  the  time  of  a  body's  foUmg  by  gravity  through  i4 
or  half  the  )eogth  of  the  pendulum,  by  the  nature  of  descents, 

is  ^  -i-,  which  being  in  proportion  to  3«1416  V  ^9  bs  I  is  to 
5*1416;  therefore  the  diameter  of  a  circle  is  to  its  circum- 
ference, as  the  time  of  falling  through  half  the  length  of  a^ 
pendulum,  is  to  the  time  of  one  vibration.  .  < 

If  the  time  Of  the  wb6le  vii>radon  be  I  second,  this  equa- 
tWD  arises,  viz.  I''  «  3-1416^^;  hence  I  »  •^^'^:^^^ 
mAg  xst  3*1416*  K  '{/  Bs  4^3491.    So  that  if  one  of  these, 
gOT/j  be  given  by  experiment,  these  equations  will  give 
the  other.    When  g^  for  instance,  is  supposed  to  be  givetf 

«  16,1  feet,  or  193  inches;  t^cn^'^-j:^  »  3911,  the 

length  of  a  pendulum  to  vibrate  seconds*  Or  if  /  b*  39|, 
the  length  of-  the  seconds  pendulum  for  the  latitude  of  Lon<> 
doi^  by  expenment ;  then  is  j"  Is  4-9348/  =t  I93*0f  inches 
sM  16^^  teet,  or  nearly  16  J  feet,  for  the  space  descended 
by  gravity  in  the  first  second  0$  timsi  in  the  latitude  of  Lon- 
don;  also  agreeing  with  experiment. 

Hence  the  times  of  vibration  of  pendulums,  are  as  the 
square  roots  of  their  lengths ;  and  the  number  of  vibrations 
made  in  a  given  tinie,  is  recqirocally  as  tho  square  roots  of 
the  lengths.  And  hence  also,  the  length  nf  a  pendulum 
vibrating  n  times  in  a  minutei  or  60'|  is  /  »  391  x 
6Q«        140850 


When  a  pendulum  vibrates  in  a  circular  arc;  as  the  length 
of  the  string  is  constantly  the  same,  the  time  of  vibration 
will  be  longer  than  in  a  cycloid  ;  but  the  two  tirnes  will  ap- 
proach nearer  together  as  the  eirculer  arc  is  smaller ;  so  tha^ 
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when  it  is  fery  small,  the  times  of  vibration  ^rill  be  near^ 
equaC    And  hence  it  happens  that  39|  inches  is  the  length 
of  a  pendulum  vibrating  seconds,  in  the  very,  small  arc  of  a* 
circle. 

To  determine  the  Time  of  a  Body  descending  down  the  Chord 
of  a  Circle^ 

Let  c  be  the  centre  ^  ab  the  vertical 
diameter ;  ap  any  chordi  down  which  a 
body  is  to  descend  from  »  to  a  |  and  9q 
perpendicular  to  ab* 

Now>  as  the  natural  force  of  gravity  in 
the  vertical  direcdon  bai  is  to  the  force 
^urging  the  body  down  the  plane  fa>  as 
the  length  of  the  plane  ap,  ia  to  its 
height  Aq ;  theretore  the  velocity  in  pa 
and  qA,  will  be  equal  at  all  equal  per- 
pendicular distaxkces  below  pq  ;  and  consequently  the  -  ^ 
time  in  pa  :.time  in  qA  :  ;  pa  •  qA  :  :  ba  :  pa  ;  but 
time  in  ba  :  time  in  qa  &  *•  v'ba  :  v^  qa  :  :  ba  :  pa 'i 
hence^  as  three  of  the  terms  in  each  proporUon  are  the 
some,  the  fourth  terms  must  be  equal,  namely  the  time  in 
9A  <9  the  time  PA« 

And,  in  like  manner,  the  time  in  bp  »  the  time  in  ba.  ' 
So  that,  in  general,  the  times  of  descending  down  all  the 
chords  BA,  bp,.  bbi  bs,  He.  or  pa,  ba,  sa,  fce.are  all  equal, 
and  each  equal  to  the  time  of  foiling  freely  through  the 
diameter ;  as  before  found  at  art.    131,  Mechanics*    Which 

time  is  \f  — ,  where  g  ^  16^1  feeti  and  r  9  the  radios  ac  ; 
for  v' fir :  V3r::r;  • -. 

PROBLEM  XV. 

To  determine  the  Time  of  filling  the  Ditches  qfa  Work  with 
Water ^  at  the  Tofi^  by  a  Sluice  qf%  Feet  square  ;  the  Head 
qf  Water  above  the  Sluice  being  10  JPeet^  and  the  Dimensions 
of  the- Ditch  being  20  Feet  wide  at  Bottom^  TZat  To/h9 
deepf  and  1000  Feet  long. 

Thz  capacity  of  the  ditch  is  1S9000  cubic  feet. 
But  V^ :  'Z    \Qii2g:  2^\0g  the  velocity  of  the  water 
through  the  sluice,   the  are»  of  whiah  1$  4  square  feet: 
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tb^rcforo  d\/tO^  is  the  quantity  per  •ecoDd  ranning  through 
.  it ;  and  consequently  8  ^ lOy  :  189000  : :  1"  :^~—   1863' 
or  ai '  ^i"  nearly,  which  is  the  time  of  filling  the  diicfa- 

PROBLEM  XVI. 

To  detetinine  the  Time  of  emfityiug  a  Venel  of  Water  by  a 
Sluiee  in  the  Bottom  (ifity  Or  in  the  Side  near  the  Bottom  : 
the  Height  of  the  Afierture  being  very  $maU  in  reajl^et  of  the 
Mtitude  qf  the  Fltdd.  .      , 

Put  a  ■■  the  area  of  the  aperture  or  sluice  ; 
2g  OB  33{  feet,  the  force  of  gravity ; 
d  Bs  the  whole  depth  of  water ; 
ai  ca  the*  variable  altitude  of  the  sur&ce  above  the  ^ 

apenure ; 
h  cB  the  area  of  the  8urEEu:e  of  the  water. 

Then  ^/  gi  */  xi'^'igx  ^^/gx  the  velocity  with  which  the 
tmd  will  issue  at  the  sluice  ;  and  hence  a  :  a  : :  2  VjTx :      ^- 

the  velocity  with  which  the  surface  of  the  water  will  descend 
at  the  altitude  x,  or  the  space  it  would  descend  m  1  second 
with  the  velocity  there.  Now,  in  descending  the  space  x, 
the  velocity  may  be  considered  as  uniform  ;  and  uniform  de- 
scents are  as  their  times ;  therefore?^—  :  i  : :  \"  :_^i^ 

A  ^s/ffX 

the  time  of  descending  x  space,  or  the  fluxion  of  the  ume  of 
exhausting.  That  is,  t  =  ~-~  >  which  is  made  negative, 
because  or  is  a  decreasing  quantity,  or  its  fluxion  negative. 

Now,  when  the  nature  or  figure  of  the  vessel  is  gives,  the 
area  a  will  be  given  in  terms  cJ  x  ;  which  value  of  a  being 
substituted  into  this  fluxion  of  the  time,  the  flttent  of  the 
result  will  be  the  time  of  exhausting  sought. 

So  if,  for  example,  the  vessel  be  any  prism,  or  every- 
where of  the  same  breadth  ;  then  a  is  a  constant  quantityt 

and  therefore  the  fluent  is— ^V*-    But  when  x  ==  di  this 

A      d 

becomes  —  -y'-,  and  should  be  o ;  therefore  the  correct 

fluent  is  r=  -X-    '^    "^for  the  time  of  the  surface  dc- 
«  <i^g 

sc^Ft^ng 
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vcendkig  till  the  deptli  of  the  inter  be  x.    And  when  *  s=  0 
the  whole  time  of  e^chausting  is  barely  -^-i/--. 

HcDce^if  A  be  «b«  IQOOO  8<|Q$kre  feet,  o  «a  1  square  foot 
and  it  sat  10  feet ;  the  time  is  78&5|  seconds,  or  3h.  1 1'  2s''*^. 
Again,  if  the  vessel  be  a  ditch,  or  canal,  of  2D  feet  broad 
at  the  bottom,  22  at  the  top,  9  deep,  and  looo  feet  Ume  - 
then  IS  90  :  90  +  or  ;:  20 :  -^^  X  2  the  breadth  of  the 
Aui*£ttce  of  the  water  when  lu  depth^in  the  canal  is  x  1  and 
therefore  a  «»  -^±i  x  2000  is  the  snr&ce  at  that  time. 

Cousequemlyior^-r±|.«noOx?^  "the 

Jloxion  of  the  time  ;   the  correct  flnent  of  which,  when  t 
•  o,  is  1000  X  ^"°-*-*^  X  V  ^«  i^^i-'^-l^^iU  „    . 

9o  g-  9  X  4w» 

15459"!  nearly,  or  4h.  i7'  39"f,  being  the  whole  time  of  ex- 
haustiog  by  a  sluice  of  1  foot  square. 


FROBI4EM  XVO. 


To  determine  the  Velocity  vdth  vfhich  a  Ball  is  discharged  from 
m  Given  Piece  ofOrdnance^  vith  a  Given  Charge  of  Gun- 
•  fiowder* 

JLet  the  annexed  figare  . 
yepresent  the  bore  of  the      /^  5 
;Qn;  ad   bein^  the  part 
iled  with  gunpowder. 


And  put  3) 

m  wm  AB,  the  part  at  first  filled  with  powder  anid  the  bag ; 
^  «9  Am,  the  whole  length  of  the  gunbore  ; 
c  -s  '7854,  the  area  of  a  circle  whose  diameter  ia.l  j 
d  «■  BD,  the  diameter  of  the  bail : 

e  ea  the  specific  gravity  of  the  ball,  or  weightof  1  cubic  foot » 
g  CO  16i^  feet,  descended  by  a  body  in  \  second  ; 
m  ea  330  ounces,  the  pressure  of  the  atmosphere  oa  a  sq.  inch  ^ 
B  to  I  the  ratio  of  the  first  force  of  the  fired  powder,  to  th4 

pressure  of  the  atmosphere ; 
w  =::  the  weight  of  the  ball.    Also,  let 
X  Bs  AC,  be  any  variable  distance  of  the  ball  from  a,  ija 
mOTinyahmg  the  gunbarrel. 
^9U  U.  E  e  e  First, 
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Finty  etf*  is  «« the  area  of  the  circle  id  of  kbe  ball ; 
there  med*  is  the  pressure  of  the  atmosphere  on  9D  > 
cooseq  mncd*  is  the  first  force  of  the  powder  on  bd. 

But  the  finrce  of  the  inflamed  powder  is  proporiioeal  leits 
denaityy  and  the  deimiy  is  inversdf  as  the  space  it  fiiU; 
therefore  the  force  of  the  powder  on  the  hall  at »!  is  to  the 
force  OD  the  same  at  c,  as  ac  is  to  as ;  that  tsy    -    «    -     « 

4r:«:s  mm^*  ;  ••»,  the  mouve  force  at  c : 

eoQseq.  ^-^^^ — as/,  tift  accelerating  force  tbere. 

fv        ox 

Hencci  theor.  10  of  forces  gives  vi  «35/x  *■  ^■*-^- "  x  -  ; 
the  fluent  of  which  ia  v*  m  -^22ff —  ^  hyp.  |og.  ^f  jp. 

Bot  when  v  mmO^  then  x  =s  a  •  thereC  by  correction, 
^t  a,  y^     x  hyp.  log.  —  is  the  correct  fluent ;  ccHiae^. 

V  =s:  y  (^2_ —   ^  hyp^  ^'7)  **  *•  ^^^  of  the  ban  at  c, 

andv  =8  •  i^S^X  byp.  fog.  j'  **  vefocity  With  which 
the  ball  issues  from  the  musale  at  a ;  where  h  denotes  t)ia 
lengthof  the  cylinder  filled  with  powder ;  and  a  the  length 
to  the  hinder  part  of  the  ball,  which  will  be  more  thw  k 
when  the  powder  does  not  touch  the  balk 


Or,  by  substituting  the  numbers  for  j"  and  ac,  and  chang- 
ing the  hyperbolic  fogarithms  for.  the  common  ones,  thfn 

"^  s»  V  (-*^ —  X  com.  log.^),  the  veloci^  at  a,  m  feet* 

Bttt»  the  content  of  the  ball  being  lc<<>,  its  weight  is    »    - 

w"»^^23"'"2S5'*'336o'^  which  bemg    aubstituted  for  tf, 
in  the  value  of  v»  it  becomea 

V  «  37 13  •  (^  X  com.  log.l-),  the  Tclodiy  at  a. 
Whentheballisof  castiron;  takinge»7368,thenitebecomes 

V  «  100  V  (^  X  log.t)  for  Oie  veloc.  of  the  caat4fon  hdl. 
Or,whenthebaUisofleadithen    -    -    •    ^    .    .    -    . 

ti»  8e|v(~X  log.-^)  Ssr  the  veloc.  of  the  tead^  baU- 

Cor0L 
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Cbro/.  Fromtbe  genend  exprenioD  for  thevelockf  Vf 
%bove  gWeoi  may  b»  deriTed  what  must  be  the  length  of  tho 
charge  of  powder  a^  in  the  gon-banrelf  ao  as  to  produce  the 
S^reatest  possible  velocity  in  the  bail }  namely,  by  making  th« 
wAlue  of  V  amasdmumi  or,  bf  squaring  and  omitting  the 

constant  quantities!   the  expresAob  ax  hyp.    log.  of  -^ 

a  maximum^  or  its  flozion    equal    to    nothings    that    is 

*  X  hyp.  log. a  «■  0,  or  hyp.  log  of-  ta*   l ;  hence   — 

wm  2-7 18209  the  number  whose  hyp.  log.  is  I.  So  that 
at  b  : :  1  :  2*7)828,  or  as  4  to  II  nearly,  or  nearer  as  7  to 
19  ;  that  is,  the  length  of  the  charge,  to  produce  the  great- 
est velocity,  is  the  ^h  part  of  the  length  of  the  borOi  or 
xieai^er  ^^  of  it. 

But  by  actual  experiment  it  is  lbmid>  that  the  chai^  for  the 
^eatest  yelocity,  is  but  little  less  thui  that  which  is  here 
computed  from  theory  ;  as  may  be  seen  by  turning  to  page 
353  of  ray  volume  of  Tracts,  where  the  corresponding  paru 
are  Ibcmd  to  be,  {|)r  {bur  different  lengths  of  gun,  thuSf  ^, 
T^*  ?T'  A  •  ^®  P"^'^  ^^^'^  Tarying,  as  the  gun  is  longer, 
which  allows  dme  for  the  greater  quanti^  cA  powder  to  be 
fired,  before  the  ball  is  out  of  theboce* 

KOOIiUli. 

In  the  calculation  ef  the  fbcegcMiig  problem,  the  value  of 
the  constant  quantity  n  remains  to  be  determine  It  denotes 
the  first  strei^h  or  Ibrce  of  the  fired  gunpowder,  juu  btfore 
the  ball  is  moved  out  of  iu  place.  This  value  is  assumed,  by 
Mr.  Robins,  equal  to  1000,  that  is,  1000  Umes  the  pressure 
of  the  atmosphere,  on  any  equal  spaces. 

But  the  value  of  the  quantity  »  oiay  he  derived  much 

,  more  accurately,  from  the  experiments  related  in  my  TractSt. 

by  comparing  the  velocities  there  found  bjr  experiment,  with 

the  rule  for  the  value  of  v,  or  the  velocity,  as  above  com* 

puted  by  theory,  vis.    ------    -    -    "    *    I    *    * 

t^  «  lOOVC^X  log.  o^),or  «  lO0V(i5iX  log.  of  J). 
Now,  supposing  that  v  Is  a  giren  quantiiyjas  well  as  aU  the 
other  quantities,  excepting  only  the  number,  n.  then  by  re- 
ducing this  eqoatkNi)  the  Talue  <^  the  letter  n  is  found  to  be 
as  follows,  viz.        *''***"'j1,''"*'* 

when  h  is  different  from  A« 

New, 
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Now,  to  applf  this  to  the  experiments.    By  p«ge  240  of 
the  Tracts,  the  vclociiy  of  the  ball  of  1*96  inchea  diameter, 
with  4  ounces  of  powder,  in  the  guo  No.   1,  was    I  lOO  feet 
peT  second ;  and^by  pa.  494,  vol.  I,  the  length  of  the  guo^wheQ 
corrected  for  the  spheroidal  hollow  in  the  bottom  olcbe  boref 
was  38*53  I  also,  by.pag^  239,  the  length  of  the  charge, 
when  corrected  in  like  manner,  was  3  45  inches  of  powder 
and  bag  together,  but  3-54  ot  powder  onij  :  so    that   tbe 
values  of  the  quantities  in  the  rule,  are  thus  :  a  s  3*45  ;  d 
to  38  53;   d  ■•    1-96  ;  h  «e  3  54;    andxm  UOO  :  thsn,  by 
Bubstituting  these  values  instead  of  the  letters*  in  the  theorens 

a  m :: -i-  com.  log.  of—,  it  comes  out  n  a  750,  whea 

h  is  considered  as  the  same  as  a.    And  so  on,  for  the  oiber 
experiments  there  treated  oL 

It  is  here  to  be  noted  however,  that  there  is  a  drcum- 
stance  in  the  experiments  dcflivered  in  the  Tracts,  just  men* 
tioned,  which  will  alter  the  value  of  the   letter  a  in  this 
theorem,  which  is  this,  viz.  that  a  denotes  the  distance  of 
the  shot  from  the  bottom  6f  the  bore  ;  and  the  length  of  the 
eharge  of  powder  alone  ought  to  be  the  same  thing  :  but,. in 
the  experiments,  that  length  included,  besides  the  lengtb  of 
reai  powder^  the  substance  of  the  thin  flannel  bag  in  which 
it  was  always  contained,  of  which  the  neck  at  least  extended 
1^  considerable  length,  being  thts  part  where  the  open  end  waa 
wrapped  and  tied  close  round  with  a  thread.    This  circum- 
atancG  causes  the  value  of  n,  as  found  by  the  theorem  above^ 
to  come  out  less  than  it  ought  to  be  for  it  shows  the  strength 
of  the  toiUmed  powder  when  just  fired,  and  when  the  flame 
fills  the  whole  space  a  before  occupied  both  by  the  real  pow- 
der and  the  bag,  whereas  it  ought  to  show  the  first  strengtli 
of  the  flame  when  it  is  supposed  to*  be  contained  in  the  spac^ 
only  occupied  by  the  powder  aloncj  without  the  bag.    The 
formula  will  therefore  bring  out  the  value  of  n  too  little,  in 
proportion  as  the  real  spacie  filled  by  the  powder  is  less  than 
the  space  filled  both  by  the  powder  and  iu  bag.    In  the  same 
IN-oportion  therefore  must  we  increase  the  formuh^  thait   is, 
in  the  proportion  of  A,  the  length  of  real  powder,  to  a  the 
Itngth  of  powder  and  bag  together.    When  the  theorem  is 

80  corrected,  it  becomes  -^^  ^  com.  log.  of  -^. 

J^ow,  by  pa.  528  of  the  Tracts,  there  arc  given  both  the 
ietigths  of  all  the  charges,  or  values  of  a,  including  the  bag, 
yid  also  the  length  of  the  neck  and  bottom  of  the  bag,  wbid| 
is  0*91  of  6n  inchy  wbicli  therefore  must  be  subtratrted  horn 

411 


Digitized  by 


Google 


PRACTICAL  EXERCISES  ON  FORCl^S.      S9i 

M  th6  TaJues  of  a«  to  give  the  corresponding  values  of  h^ 

This  in  the  es^ample  ahove  reduces  3*45  to  2*54* 

.    Hence,  hy  increasing  the  above  result  750^  in  proportion 

of  3*54  to  3  45t  it  becomes  1018*    And  so  on  for  the  other 

experiments. 

But  it  will  be  beat  to  arrange  the  results  in  a  table,  with 
the  several  dimensions,  when  corrected,  from  which  they  are 
computed,  aa  here  below. 


Table  of  FeloHHea  qf  BaUa  and  Fmt  Force  qf  Powder j  ^c. 


Gun. 

Charge  of  Powder. 

Velocity 

or  value 

ofi^. 

First 
force,  or 
valueAf 

No. 

Length, 

or  value 

of  6. 

Weight 

in 
ounces. 

of  a. 

jthor 
ue 
of^. 

1 

inches.  " 

28-53 

4 

8 

16 

3-45 

5*99 

1107 

2-54 

5-08 

10-16 

1100 
1430 
1430 

1018 

1164 

967 

2 

38-43 

4 

8 

16 

3-45 

5  99 

1107 

2*54 

5-08 

10-16 

1180 
1580 
1660 

1077 

1193 

984 

3 

57-ro 

4 

8 

16 

3-45 
5-99 
11-07 

d-54 

3  08 

10  16 

1300 
1790 
2000 

1067 
1256 
1076 

4 

80-23 

4 

8 

16 

5  99 
U-07 

2-54 

5-08 

10*16 

1370 
1940 
2200 

lO&O 
1289 
1085 

Where  it  may  be  observed*  that  the  numbers  in  the  column 
of  velocities,  1430  and  2200«  are  a  little  incteased,  as,  from 
a  view  of  the  uble  of  esperimems,  they  evidently  required 
to  be.  Also  the  value  of  the  letter  d  is  constantly  1*96 
inch. 

Hence  it  appears,  that  the  value  of  the  letter  n»  used  in 
the  theorem,  though  not  yet  greatly  different  from  the  num- 
ber  1000,  assumed  by  Mr.  Robins,  is  rather  various,  both 
fpr  the  different  lengths  of  the  gun,  and  for  the  different . 
f'harges  with  the  same  gun. 
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But  this  diversitf  in  the  vdue  of  the  otumtity  fi,  or  the  fiffti 
force  of  the  iDflamed  gunpowder,  i«  preoably  owing  ia  aome 
measure  to  the  omission  of  s  material  datum  in  the  calculation 
of  the  problem,  namely,  the  weight  of  the  charge  cf  powder, 
which  has  not  all  been  brought  into  the  computmdon.  For  it 
is  manifest,  thi^  the  elastic  fluid  has  not  only  the  baH  to  more 
and  impel  before  it,  but  its  own  weight  of  matter  also.  Tbe 
compulation  may  therefore  be  renewed,  in  the  ensuing  pro* 
blcm,  to  take  that  datum  into  the  account. 


PROBLEM  XVm. 

To  deurmme  the  •nmt  at  in  the  but  Problem  ;  taking ioiA  the 
Weight  ofPvmder  and  the  Bali  into  the  Calculation. 

BistDBs  the  notation  used  in  the  last  problem,  let  2ji  de* 
note  the  weight  of  the  powder  in  the  charge,  with  the  fiianael 
bag  in  which  it  was  inclosed. 

Now,  because  the  inflamed  powder  occupies  at  M  times  the 
part  of  the  gun  bore  which  is  behbd  the  bail,  its  centre  of 
gravity,  or  the  middlo  part  of  the  same,  will  move  with  only 
half  the  velocity  that  the  ball  moves  with ;  and  tlus  will  require 
the  same  force  as  half  the  weight  of  the  powder,  ficc.  moved 
with  the  whole  velocity  of  the  ball.  Therefore,  in  the  con- 
clusion derived  in  the  last  problem,  we  are  now,  instead  of «, 
to  substitute  the  quantity  A  4-  w ;  and  when  that  is  done  the 
last  velocity  will  come  out,  v  «  ^  .2230nA^^  ^^  .      *^ 

p-f-w  ^  a^ 

And  from  this  equation  is  found  the  value  of  9,  which  is 

«  ^   P±IL  t;2  ^  loit.  of  i,  »  ^"^  V  -;.  iQe  of  *    bv  aub-     ' 

stituting  for  d  iu  value  196,  the  diameter  of  the  ball. 

Now  as  to  the  ball,  its  medium  weight  Was  16  oz.  13  dr 
tt  16-81  oz.  And  tbe  weights  of  the  bags  containing  liie 
several  charges  of  powder,  viz.  4  oz.  8  oz.  16  oz.  were 
.  8  dr.  13  dr.  and  I  oz.  5  dr;  then  adding  these  to  the  r^s*- 
pective  contained  weights  of  powder,  the  sums,  4*5  oz. 
8'75  oz.  17-31  oz.  are  the  values  of  2/i,  or  the  weights  of  the 
powder  and  bags ;  the  halves  of  which,  or  3*25,  and  4SB, 
and  8*66,  are  the  values  of  the  quantity  fi  for  those  three 
charges  ;  and  these  being  ^dded  to  16*81,  the  constant  weight 
of  the  ball,  there  are  obtained  tiie  three  values  of  ^  + 19 
for  the  three  charges  of  powder,  which  values  therefore  are 
19-06  oz  and  21-19  oz.  and  2547  pz.  Then,  by  calculating 
the  values  of  the  first  force  n,  by  the  last  rule  above,  with 
these  new  data,  the  whole  wiU  be  found  a?  in  the  following 
table. 

This 
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The  Gun.  . 

Charge  of  Povider. 

Weightof 
ball  and 
charge,  or 
values  of 
A+w. 

Velocity, 

or  the 

valuee 

of  V. 

Firat 
force 
or  the 
value 
of  n. 

NTo. 

1 

Length 

or  ralue 

ofi. 

Weight 

in 
ounces. 

Lengt 
vail 
of  a. 

h  or 
le 
of  A. 

iBches 
28*^3 

4 

8 

16* 

3'45 

5-99 

1107 

2-54 

50ff 
10-16 

1906 
2M9 
2547 

iloo 

1430 
1430 

1155 
1470 
1456 

2 

S8-43 

4 

8 

16 

S'45 

5-99 

1107 

2-54 

508 

1016 

19-06 
21«19 
2547 

1280 
1580 
1660 

1167 
1506 
1492 

3 

6770 

4 

8 

16 

3  45 

5-99 

1107 

254 

5  06 
1016 

19^.6 
21-19 

25'47 

1300 
1790 
2000 

1210 
1586 
1646 

4. 

80*23 

4 

8 

16 

3  45 

5-99 

1107 

2-54 

5.08 
1016 

1906 
2M9 
2647 

1370 
1940 
2200 

1203 
1627 
1648 

And  here  it  appears  that  the  values  ofn^  the  first  force  of 
the  charge,  are  much  more  uniform  and  regular  thati  by  the 
fornoer  calcuktbns  in  the  preceding  prDblem,  at  least  in  all 
excepting  the  smi^llest  charge,  4  oz.  in  eacii  gun  ;  which  it . 
would  seem  must  be  owing  to  some  general  cause  or  causes. 
Nor  have  we  long  to  search,  tb  find  out  what  those  causes, 
may  be.    For  when  it  is  considered  that  these  numbers  for . 
the  value  of  n,  in  the  last  column  of  the  table,  ought  to  ex- 
hibit the  first  force  of  the  fired  powder,  when  it  is  supposed 
to  occupy  the  space  only  in  which  the  bare  powder  itself 
lies  and  that  whereas  it  is  manifest  that  the  condensed  fluid 
of  the   charge  in  these  experiments,  occupies    the  whole 
space  between  the  ball  and  the  bottom  of  the  gun  bore,  or 
the  whole  space  taken  up  by  the  powder  ftnd  the  bag  or  car* 
tridge  together,  which  exceeds  the  former  space,  or  that  of 
the  powder  alone,  at  least  in  the  proportion  of  the  circle  of 
.  the  gun  bore,  to  the  same  as  diminished  by  the  thicknesR  of 
the  surrounding  flannel  of  the  bag  that  contained  the  pow* 
der ;  it  is  maniiest  that  the  force  was  diminished  on  that  ac- 
count.   Now  by  gently  compressing  a  number  of  folds  of 
the  flannel  together,  it  has  been  found  that  the   thickness  pt 
the  single  flannel  was  ^qual  to  the  40th  part  of  an  inch  ;   the 
double  «f  which,  ^  or  -05  of  an  inch,  ia  therefore  the 

'  quantity 


Digitized  by 


Google 


400      PRACTICAI-  EXERCISES  ON  FORCES. 

quantity  by  which  the  diameter  of  the  circle  of  the  [>owder, 
within  the  bag*  was  less  than  that  of  the  gun  bore.  But  the. 
diameter  of  the  gun  bores  was  2-0%  inches^  therefore,  deduct* 
ing  the  •OS,  the  remainder  1*97  is  the  diameter  of  the  powder 
cflindet  within  the  bag :  and  because  the  areas  of  circles  are 
to  each  other  as  the  spaces  of  their  diameters,  and  the  squares 
of  these  numbers,  1*97  and  2'03>  being  to  each  other  as  3a8  to 
40t,  or  as  97  to  103  ;  therefore,  on  this  account  alone^  the 
numbers  before  CcH^sd,  for  the  value  oft,  must  be  increased 
in  the  ratio  of  97  to  103. 

But  there  is  yet  another  circumstance,  which  occasions 
the  space  at  first  occupied  by   the  indamed  powder  to  be 
larger  than  that  at  which  it  has  been  taken  in  the  foregoing  cal- 
culations, and  that  is  the  difference  between  the  content  of  a 
sphere  and  cyliader.    For  the  space  supposed  to  be  occupied 
at  first  by  the  elastic  fluid,  was  considered  as  the  length  of  a 
cylinder  measured  to  the  hinder  part  of  the  cunre  surface 
of  the  ball,  which  is  manifestly  too  little  by  the  difference 
between  the  content  of  half  the  ball  and  a  cylinder  of  the  same 
length  and  diameter,  that  Is,  by  a  cylinder  whose  length  is  ^ 
the  semidiameter  of  the  ball.    Now  that  diameter  was  i  96  , 
inches ;  the  half  of  which  is  0*98|  and  |  of  tins  is  0-33  near^ 
ly.    Hence  then  it  appears  that  the  lengths,  of  the  cylinders 
at  first  filled  by  the  dense  fluid,  viz.  3*45,  and  599,  tfid 
1 1  07,  have  been  all  taken  too  little  by  0-33 ;  and  hence  it  £>!« 
lows  that,  on  this  account  also,  all  the  numbers  before  found 
for  the  value  of  the  first  fiorce  n,  must  be  further  increased  in 
the  ratios  of  3-45  and  5*99  and  1 1*07,  to  the  same  numbers 
increased  by  0-33,  that  is,  to  the  numbers  3-78  and  6*32  and 
11-40. 

Compounding  now  these  last  ratios  with  the  foregoing 
one,  viz.  97  to  102,  it  produces  these  three*  viz.  the  ratios 
of  334  and  581  and  1074,  respectively  to  385  and  647  and 
1163.  Therefore  increasing  the  last  column  of  numbers, 
for  the  value  of  n,  viz.  those  of  the  4  oz.  charge  in  the  ratio 
of334to385,  and  those  of  the  8  oz  charge  in  the  ratio  of 
581  to  647,  and  those  of  the 
16  oz.  chage  in  the  ratio  of 
1074  to  1163,  with  every 
gun,  they  will  be  reduced  to 
the  numbers  in  the  annetted 
table ;  where  the  numbers  are 
still  larger  and  more  regular 
than  befi>re. . 


Powder. 

Tiie  Gunt.          | 

I 

3 

3 

4 

oz. 

4 

1378 

1387 

U'lS 

1430 

8 

1 637 

1677 

1766  18121 

16 

1577 

1616 

178JJ1784/ 
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Thus  theD  at  length  it  appears  that  the  first  force  of  the 
inflamed  gunpowder,  when  occupfing  only  the  space  at  first 
filled  with  the  powder,  is  about  1800,  that  is  1800  times 
the  elasiiciry  of  the  natural  air,  or  pressure  of  the  atmosphere 
in  the  charges  with  8  o2  and  16qz.  of  powder,  in  the  two 
longer  guns  ;  but  somewhat  less  in  the  two  shorter,  probably 
owing  to  the  gradual  firing  of  gunpowder  in  some  degree  ; 
and  also  less  in  the  lowest  charge  4  oz.  in  all  the  guns^ 
which  may  probably  be  owing  to  the  less  degree  of  heat  iti 
the  small  charge.  But  besides  the  foregoing  circumstances 
that  have  been  noticed,  or  used  in  the  cdculations,  there  a^e 
yet  several  others  that  might  and  ought  to  be  taken  into  the 
account,  in  order  to  a  strict  and  perfect  solution  of  the  pro* 
hlem  ^  such  as,  the  counter  pressure  of  the  atmosphere^  and 
the  resistance  of  the  air  on  the  fore4)art  of  the  ball  while 
moving  along  the  bore  of  the  gun  ;  the  loss  of  the  elastic 
fiuid  by  the  vent  and  windage  of  the  gun  ;  the  gradual  firir^ 
of  the  powder ;  the  unequal  density  of  the  elastic  fiuid  ia 
the  different  parts  of  the  space  it  occupies  between  the  ball 
and  the  bottom  of  the  bore ;  the  difference  between  pressure 
and  percussion  when  the  ball  is  not  laid  close  to  the  powder  % 
and  perhaps  some  others  t  on  all  which  accounts  it  is  pro^ 
bable  that,  instead  of  1 800,  the  first  force  of  the  elastic  fluid 
is  not  less  than  3000  times  the  strength  of  natural  air. 

C^rol.  From  the  theorem  last  used  for  the  irelocity  of  the . 
hall  and  elastic  fluid  viz.  v  =  y^  (-^*- n  -f^  loir.  -)  «« 

'^jT+w  -7-  *^K''^>  ve  «nay  find  the  irelocity  of  the  elas- 
tic fiuid  alone,  vie.  by  taking  w,  or  the  weight  of  the  ball* 
n»  0  in  the  theorem,  by  which   it  becomes   barely  v  « 

^  ^  — T^  "^  ^®5*  ")>  ^^^  ^^^  velocity.  And  by  computing 
the  several  preceding  examples  by  this  theorem,  supposing 
the  value  of  n  to  be  2000,  the  conclusions  come  out  a  flttie 
▼arious,  being  between  4000  and  5000,  but  most  of  them 
nearer  to  the  latter  number.  So  that  it  may  be  concluded 
that  the  velocity  of  the  flamOi  or  of  the  fired  gun-powderf 
expands  itself  at  the  muzzle  of  the  gun^  at  the  rate  of  about 
5000  feet  per  second  nearly. 
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ON  THE  MOTION  OF  BODIES  IN  FLUIDS. 


PROBLEM  XCC 


To  dcterntine  the  Farce  qfFhdde  in  Motion  ;  mdthe  Gram^ 
9tance9  attending  Bodies  Moving  in  Fbdd$. 

1.  It  is  eTident  that  the  redsmce  to  a  plane,  moVing 
perpendicularly  through  an  infinite  fluid,  at  teat,  ta  equal  to 
the  pressure  or  force  of  the  fluid  on  the  plane  at  rest,  and 
the  fluid  moving  irith  the  aame  Telocity,  and  in  the  contrary 
direction,  to  that  of  the  i»lane  in  the  former  ease.  But  the 
force  of  the  fluid  in  motion,  must  he  equal  to  the  weight  or 
pressure  wUch  generates  that  motion  ;  and  widch,  it  is 
Itnown,  is  equal  to  the  wrtght  or  pressure  ot  a  column  of 
the  fluid,  whose  hase  is  equal  to  the  plane^  and  iu  altitude 
equal^o  the  height  through  which  a  body  must  fail,  by  the 
Ibrce  of  gravity,  to  acquire  the  velocity  of  the  fluid :  afid 
that  altitude  is,  for  the  sake  of  brevity,  called  the  altitude 
due«to  the  velocity.  So  that,  if  a  denote  the  area  of  the 
plane^  v  the  velodty,  and  n  the  specific  gravity  of  Uie  fluid  ; 

then,  the  altitude  due  to  the  velocity  v  being  ^,  the  whole 

resbtance,  or  motive  force  m,  will  be  a  >C  n  X  ^s^|^  ;  g 

being  1 6^  feet.    And  hence,  c^rreiit  /tor£6«f,  the  resistance 
ts  as  the  square  of  the  velocity. 

3.  This  ratio,  of  the  square  of  the  velocity,  may  be  other- 
wise derived  thus.  The  force  of  the  fluid  in  motion,  must 
be  as  the  force  of  one  particle  multiplied  by  the  number  of 
them  ;  but  the  force  of  a  particle  is  as  its  velocity  ;  and  the 
number  of  them  striking  the  plane  in  a  given  time,  ia  also  as 
the  velocity  I  therefore  the  whole  force  isasv  x  tf  orv*, 
that  is,  as  the  square  of  the  velocity, 

3.  If  the  direction  of  motion*  Instead  of  being  perpendi- 
cular to  the  plane,  as  above  supposed,  be  inclined  to  it  in 
any  angle,  the  sine  of  that  angle  bebg  tf,  to  the  radius  I  : 
then  the  resistance  to  the  planej  or  the  force  of  the  fluid 
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against  tbe  pfane»  in  the  direction  of  the  motiony  as  assig;ned 
above,  will  be  diminished  in  the  triplicate  ratio  of  radius  to 
the  sine  of  the  ang^Ie  of  inclination,  or  in  the  ratio  of  1  to  t*. 
!Por  AB  being  the  direction  of  the  plane* 
and  Bo  that  of  the  motion  making  the 
an^le  abd,  whose  sine  is  a ;  the  number 
of  particles,  or  quantity  of  the  fluid 
striking  the  plane^  will  be  diminished  in 
tbe  ratio  of  1  to  ««  or  of  radius  to  the 
fiiae  of  the  angle  b  of  inclination  ;  and 
the  force  of  each  particle  will  aho  be  diminished  in  th^  same 
ratio  of  ]  to  « :  so  that,  on  both  these  accounts,  the  whole  re- 
sistance will  be  diminished  in  the  ratio  of  1  to  «*,  or  in  the 
duplicate  ratio  of  radius  to  the  sine  of  the  sud  angle.  But 
attain,  ii  is  to  be  considered  that  this  whole  redatance  is  ex- 
erted in  the  direction  be  perpendicular  to  the  plane  ;  and  any 
force  in  the  direction  bb,  is  to  its  effect  in  the  direction  ab, 
parallel  to  bd,  as  as  to  be,  that  is  as  1  to  «•  So  that  finalist 
on  all  these  accounts,  the  resistance  in  the  direction  of  motion, 
is  diminished  in  the  ratio  of  I  to  <  ',  or  in  the  triplicate  ratio  of 
radius  to  the  sine  of  inclination.  Hence,  comparing  this, 
with  article  1,  the  whole  resistance>  or  the  motire  force  on  the 

.  .„  ,  aiTi'tS 

plane,  will  be  m  as — - — -. 

4.  Also,  if  V  denote  the  weight  of  the  body,  whose 
plane  face  a  is  resisted  *bj  the  alMolute  force  tn ;  theu  the 

retarding  force/,  or^  will  be  ^^»  ^ 

5  •  And  if  the  body  be  a  cylinder,  whose  face  or  end  is  a, 
and  diameter  (/,  or  radius  r,  moving  in  the  direction  of  its 
axis  ;  because  then  «  »  I,  and  a  ss  fii^  es  ^d*^  where  fi  a 
3*1416 :  the  resisting  force  m  will  be  *        "        *        * 

Tfiy ^r-.«n'lthereta«luigforce/==-^^;j-«.^^;j-. 

6*  This  is  the  value  of  the  resistance  when  the  end  of  the 
<prlinder  is  a  plane  perpendicular  to  its  axis,  of  to  the  direc- 
tion of  motion.  But  were  its  face  a  conical  surfie^e,  or  an 
elliptic  section,  or  any  other  figure  every  where  equally  in-> 
clined  to  the  axis,  the  sine  of  inclination  being  « ;  then  the 
number  of  particles  of  the  fluid  striking  the  face  being  stilt 
the  same^  but  the  force  of  each)  oppossed  to  the  direction. 
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ofrootlonf  diminished  in  the  duplicate  ra'io  of  r  dius  to  tbp^ 
sine  of  inclination,  ihe  resisting  torce  m  wpuld  be 

But  if  the  body  were  terminated  by  an  end  or  &ce  of  any 
other  form,  as  a  spherical  one,  or  such  like,  where  every  part 
of  it  has  a  different  inclination  to  the  axis  ;  then  a  further 
iDvestigation  becomes  nec^ssaryi  such  as  in  the  following  pro- 
position. 

FBOBLEM  XX. 

7b  determine  ike  Remtance  of  a  Fluid  to  any  Body^  moving  m 
iff  of  a  Curved  End  {  a«  fi  Sfih^rej  or  a  Cylinder  mth  a  Bcn^ 
i^fikerical  £nd^  \3tc. 

1.  Let  beau  be  a  section  through  the 
axis  CA  of  the  solid,  moving  in  the  direc- 
tion of  that  axis.  To  any  point  of  the 
curve  draw  the  tangent  bo«  meeting  the 
«xis  produced  in  o  ;  also,  draw  the  per- 
pendicular ordinates  Ef»  ef,  indefinitely 
near  each  other ;  and  draw  ae  parallel  to 


^  Putting    CF=X,    ET    att    y,   BE  «  z,  «   e,  sine    ^     6    to  FBt 

dius  I,  and/t,  ss  3*1416  :  then3/iy  is  the  circumference  whose 
radius  is  eVi  or  the  circumference  described  by  the  point  if 
in  revolving  about  the  axis  c  a  ;  and  3/ty  x  se  or  )ifiyz  )s  the 
fluxion  of  the  surface^  or  it  is  the  surface  described  by  eCi 
in  the  said  revolution  about  ca^  and  which  is  the  quaDfity 
represented  by   a  in    art.  S  of  the   last   problem :  iienca 

^^T—  X  2/iyi  or  ^"^  *  -  X  y^  is  the  resistance  on  that  ringi 

or  the  fluxion  of  the  resistance  to  the  body,  whatever  the 
4gure  of  it  may  be*  And  the  fluent  of  which  will  be  the  re« 
distance  required* 

t.  Inthacase  of  4  spherical  form:  plotting  the  radius  ca 
pr  CB  cs  r,  we  have  y  «9  \/  r*  —  x\  b  n  If-af?s»^)and 
yi,  or  Et  X  EC  as  CE  X  ae  =:  rx;  therefore  the  general 
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the  fluent  of  wbichi  or~7:r^  is  the  resUtance  to  the 
spherical  surface  generated  by  be*  And  when  jcotctIs  esr 
or  CA,  it  becomes  ^~^  for  the   resistance  oh  the   whole 

hemisphere ;  which  ia  also  equal  to^— *,  where  d  xa  2r 
the  diameter. 

S.  But  the  perpendicular  resistance  to  the 'circle  of  th^ 
^anie  diameter  d  or  bd,  by  art.  5  of  the  preceding  problemi 

is  ^^ —  ;   which,  being  double  the  former,  shows  that  the 

resistance  to  the  sphere,  Is  just  equal  to  half  the  direct 
resistance  to  a  great  circle  of  ity  or  to  a  cylinder  of  the  same 
diameter* 

4.  Since  ^/id^  is  the  magnitude  of  the  globe  ;  if  k  denote 
its  density  or  specific  gravity,  its  weight  tv  will  be  ess  Ifid^Uf 

and  therefore  the  retardive  force  /  or  —  «  ^^^^      x  -■ 

«™  T2 — 7  ;  which  is  also=--^  by    art.   8   of  the    general 

1ft  f  w 

Iheorems  in  page  380;  heqce  then -—-sa -^  and   *    =   — 

X  jd ;  which  is  the  space  that  would  be  described  by  the 
globe,  while  its  whole  motion  is  generated  or  destroyed  by  a 
*  constant  force  which  is  equal  to  the  force  of  resistance,  if  no 
other  force  acted  on  the  globe  to  continue  its  motion.  And  if 
the  density  of  the  fluid  were  equal  to  that  of  the  globe,  the 
resisting  force  is  such,  as«  acting  constantly  on  the  globe  with- 
out any  other  force,  would  generate  or  destroy  its  motion  in 
describing  the  space  ^d^  or  ^  of  its  diameterj  by  that  accelerat- 
ing or  retarding  force. 

5.  Hence  the  greater  velocity  that  a  globe  will  acquire 
by  descending  in  a  fluid,  by  means  of  its  relative  weight  ui 
the  fluid,  will  be  found  by  making  the  resisting  force  equal 
to  that  weight.  For,  after  the  velocity  is  arrived  at  such  a 
degree,  that  the  resisting  force  ia  equal  to  the  weight  thai 
urges  ity  it  will  increase  no  longer,  and  the  globe  will  after- 
wards continue  to  descend  with  that  velocity  uniformly. 
Now,  H  and^  being  the  separate  specific  gravities  of  the 
globe  and  fluid,  n— »  will,  be  Che  relative  gravity  of  the 
globe  in  the  fluid,  and  therefore  tv  »  ^/id^  (k— n)  is  the 
^  weight 
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weight  by  which  it  is  urged  5  also  m-ai-----     - 

Cll-  is  ihc  resisUnce ;  consequently^^ —  »■  jA^^Cw— ») 
when  the  velocity  becomes  uniform :  from  which  eqaathn 

II 
greatest  velocity. 


is  foun^  V  ■»  \/(4jr  •  4^  .  ^-^\  for   tbe    §tid    uniforni    or 


And,  by  comparing  this  form  with  that  in  art.  6  of  the 
general  theorems  in  page  379,  it  will  appear  that  its  greatest 
velocity,  is  equal  to  the  velocity  generated  by  the  acQelerat* 


N  — n 


ing  force  -^ ,  in  describing  the  space  }c^,  or  equal  to   the 


n 


velocity  generated  by  gravity  in  freely  describing  the  space 
i^   X  ^'    If  N   Bs    2n,  or  the  specific  gravity  of  the 

globe  be  double  that  of  the  fluid,  then  --^  »    1    ss  the 

natural  force  of  gravity  ;  and  then  the  globe  will  attain  its 
'  greatest  velocity  in  describing  td  or  ^  of  its  diameter  -^It 
18  further  evident)  that  if  the  body  be  very  small,  it  will 
very  soon  acquire  its  greateK  velocity^  whatever  its  density 
may  be.  . 

Exam.  If  a  leaden  ball,  of  1  inch  diameter,  descend  in 
Vater,  and  in  air  of  the  same  density  as  at  the  earth's  surfacci 
the  three  spe^lfir  gPHviries  being  as  il|,and  1,  and  ,^ 
Tlian  V  tsi  v^  4  .  'tiy*-  7^  •  iO^  =  W31  .  k93  ts  8«S944feet» 
is  the  greatest  velocity  per  second  the  ball  can  acquire  by 
descending  in  water.  And  v  «=  y'  4  .  *^J  .  ,f  .  *|l.»««« 
nearly  s=  «|  y'  »♦  |«»  =  2$9«83  is  the  greatest  velocity  it  can 
acquire  in  air. 

But  if  the  globe  were  only  tj^t  ^^  ^"  ^^ch  diameter,  the 
greatest  velocities  it  could  acquire,  would  be  only  |^  of  thesci 
namely  rgf  of  a  foot  in  water,  ahd  36  fett  nearly  in  air.  And 
if  the  bull  were  still  further  diminished^  the  greatest  velocity 
would  also  be  diminished,  and  that  in  the  subduplicatc  raUo 
of  the  diameter  of  the  ball. 

PROBLEM  XXL 

To  determine  the  Relati<m9  of  Velocity^  S/iace^  and  Time^  qf 
a  Ball  moving  \n  a  Fluids  in  which  it  ta  firojected  with  a 
Given  Velocity^ 

I.  Lit 
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1.  Let  a  &»  the  first  velocity  of  projection,  x  the  apace 
described  in  any  time  ty  and  v  the  velocity  then.     Now,  by 

art.  4  of  the  last  problem^  the  accelerative  force/ r:  -™i^. 

tvhere  n  is  the  density  oftheiluid,  jn  that  of  the  ball,  and 
d  its  diameter.  Therefore  the  general  equation  vi  ea  ^gfs 
becomes  vv  as--.   ------------ 

-g-^.,;  .ndbence-«-g-^a:=  -  6^,  putUng  *  for^. 

The  correct  fluent  of  this,  is  log.  a  —  log  v  or  log.  ^  eas  bx* 
Or,  putting  c  Bs  3-718281828,  the  number  whose  hyp.  log. 
is  1,  then  is  -  =  c*» ,  and  the  velocity  v  =»  -^  ==  ac^* 

2.  The  velocity  v  at  any  time  being  the  c-*«  part  of  the 
first  velocity,  therefore  the  velocity  lost  in  any  time,  will  be 

the  1  —  r-*«  part,  or  the^""    part  of  the  first  velocity. 


EXAMFLEd. 


£xAM.  1.  If  a  globe  be  projected,  with  any  velocity,  in  a 
medium  of  the  same  density  with  itself,  and  it  describe  a 
space  equal  to  S</  or  3  of  its  diameters.    Then  j?  «sa  3d,  and 

velocity  lost,  or  nearly  -I  of  the  projectile  velocity. 

ExAU  3.  If  an  iron  ball  of  2  inches  diameter  were  pro- 
jected with  a  velocity  of  1300  feet  per  second ;  |  to  find  the 
velocity  lost  after  moving  through  any  space,  as  suppose 
500  feet  of  air :  we  should  have  d  b»  ^^^at  ^a  a  1300,  a: 
sa  500,  V  ss7|,  n  a  0013  ;  aifQ  therefore  bx  taa 
3iix      3.12.500.3.6       81  ,  1200  ^^^   ^    ^ 

s^rf"  8.82.ioooQ-=5cr'""^^";;i^  -  "» f"*'  P«' 

second :  having  lost  203  feet,  or  nearly  |  of  its  first  velo- 
city. 

"ExAUi  8.  If  the  earth  revolved  about  the  sun,  in  a  me« 
dtum  as  dense  as  the  atmosphere  near  the  earth's  surface  ; 
audit  were  required  to  find  the  quantity  of  Oiolion  lost  in  a 


year. 
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year.  Then,  since  the  earth's  mean  density  is  about  4§,  and 
Its  distance  from  the  sun  13000  of  its  diameters,  we  have 
34000  X  3'  1416  n  75398  diameters  a  «,  and  3x  «     -     -     - 

34?3^'2^.  75398  ;  hence ^*  -   ifH  !»««  «» 
8 .  10000 .9  c>«  TTrr    r-~ 

lost  of  the  first  motion  in  the  space  of  a  year,  and  oofjr  the 

jtir  P^^  remains. 

Exam  4.  If  it  be  required  to  determine  the  dtstaiic:e 
moved,  x,  when  the  globe  has  lost  any  part  of  its  motiODy  as 
suppose   i,  and  the  density  of  the  globe  and  fluid  equal  ; 

The  general  equation  gives  x  sas  --  x  log,-  «  r-  X    log;   of 

3  zz  1'8483925(/.    So  that  the  globe  loses  half  its  motion  be* 
fore  it  has  described  twice  its  diameter. 

S.  To  find  the  time  t ;  we  have  /  =  1  tsa  ^  =:  — ^m- 

99a 

Now  to  find  the  fluent  of  thiSf  put  z  cs  cte .  then  is  5x  oai 
log.  «,  and  Ax  »  -1  or  i  «  ~  ;    conseq.    c  or  — *    =s 

f^  a  -^  and  hence  ^  ss  iL  ^3  ...    But  as  /  and  x  Tamsh 
together^    and   when  x  s:  0,  the  quantity  -r  ^  **  '^^  > 
therefore,  by  correction,  t  a  i-—  ta.  _  _  i  «  •  (i— i) 
the  time  sought  i  where  d  « «-j  and  v  ea  ^  the  velocity. 

Exam.  If  an  iron  ball  of  2  inches  diameter  were  projected 
in  the  air  with  a  velocity  cf  1300  feet  per  second  ;  and  U 
were  required  to  determine  in  what  time  it  would  pass  over 
500  yards  or  1500  feet,  and  what  would  be  its  velocity  at  the 
end  of  that  time :  We  should  tiave,  as  in  exam.  2  abov^ 

.        3.  12     3.6  1  ,.  1500  375        . 

5  «B         .  —  S3  «— .  and  ox  =        ..  sa  *-—  :  hence 

8  .    12 .    lOOOO       2716'  ^  2716  679    ' 

1        2716        .1  1  •  I        c*»        1-7372  I        _^ 

—  IBB  — ,  and—  s=  — —» •  and*-  ^  — —  =         -*  m  .  ■  -  near- 

6  1    '  a        1200*  n>         a  1200  690    ^^ 
ly.    Consequently  v    «  690  is    the  velocity;    and  i    ^ 

i(l-i)=37i6x(^-jl5)  =  lUaecond.,  b  tbeiin» 
required,, or  1"  and)  nearly. 
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To  deierminc  the  Relatiom  o/Sfiaee^  Ttnttyond  Velocity^  when 
a  Globe  descends^  by  iu  ovm  fVei^Uiy  in  a  Fluid. 

The  foregoiog  notation  remaining*  viz.  d  aa  diameter« 
N  and  n  the  denattjr  of  the  ball  and  fluidi  and  v,  st  fy  the 
velocitf,  space,  and  ttme»  in  motion  ;  we  have  ^fid^  a  the 
magnitude  of  the  ball,  and  ^ftd^  (n^n)  es  its  weight  in  the 

fluid,  also  m  »  ^ ea    its    resistance  from   the    flviid  ; 

consequently  ^At:^' (N—n)—^-^T —  is  the  n^otive  force  by 
which  the  ball  is  urged  ;  which  being  divided  by  |  sd^^  the 
quantity  of  matter  moved,  gives/  «  1  —  -  —  -jg-^  ">r  the 
accelerative  force. 

2.  Hence  v-i  »  S^Tj  ,  and  i  =  ^^  «  , 

otai  maig  nearly  ;  the  fluent  of  which  is«=s-    -    -    -    • 

—  X  log.  of  JJ-—  an  expression  for  the  space  *,  in  terms 

of  the  velocity  V-  That  is,  when  «  and  v  begin,  or  are  equal 
to  nothings  both  together. 

•  But  if  the  body  commence  motion  in  the  fluid  With  a  cer- 
tdn  given  velocity  e,  or  enter  the  fluid  with  that  velocity, 
like  uB  when  the  body,  after  falling  in  empty  space  from  a 
certain  height,  falls  into  a  fluid  like  water ;  theo  the  correct 

fluent  will  be  «  «•  ,^  X  hyp.  log.  of  —-^ 


3.  But  now,    to  determine  v  in  terms  of  «,  put  c  ■& 
2-718281828  ;  then  since  the  log.  of  j-^   »  2^*,  therefore 


«  -K_        <!—<;• 


=  c'*^,  or  -^^  =  c"**" ;  hence  v  =:        *- 
«-fJ a 

^a^atr-^istht  velocity  sought. 
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4.  Tbe  greatest  velocity  is  to  be  found,  as  in  art.  5  at 
jirob,  20,  by  making /or  I  ^  ^^—-^  =  o,  which  gWcs 

v^^  (2g .  8d  •  -^^  rs  V  a.    The   same  value  of  v  is 

obtained  by  making  the  fluxion  of  v'y  or  of  a  ^  ac^^^  tss  0. 
And  the  same  value  of  v  is  also  obtained  by  making  a  in- 
finite, for  then  c-««»  =r  0.  But  this  velocity  ^  a  cannot  be 
attained  in  any  finite  time,  and  it  only  denotes  the  velocity 
to  which  the  general  value  of  vot  ^  a^  ac  -*■  continually 
approaches.  It  is  evident  however,  that  it  will  approximate 
towards  it  the  faster,  the  greater  d  is,  or  the  less  d  h  i  zni 
that,  the  diameters  being  very  small,  tbe  bodies  descend  by 
nearly  uniform  velocities,  which  are  direct  in  the  ^ubduplicate 
ratio  of  the  diameters.  See  also  art.  5>  prob.  20,  for  other  ob- 
servations on  this  head. 

5.  To  find  the  (Sme  r.    Now  i  =  -  aas  ^  .1  x  -••-  *   - 

Then,  to  find  the  fluent  of  this  fluxion,  put  z  sss  ^  i  —  c-^ 
»  -^,  or  zt  es  1  ^c-«»  J  hence  zz  »■  *ir-*»,and;s:— ^i- 

«=-r  • ; — ^«  consequently  i  ■=- —  .  ^ — , 

and  therefore  the  fluent  is  r  ss  --1-^  x  loe-.  it?  =-  — L 

the  general  expression  for  the  time. 

Exam.  If  it  were  required  to  determine  the  time  and 
velocity,  by  descending  in  air  1000  feet,  the  ball  being  of 
lead,  and  1  inch  diametert 

Here  n  «  1)  J,  n  =  »tt7P  ^«  t\»  and  «  »  looo. 
Hence  a  «  ^'  ^^^  '  "^^  '  ^^^_^'  ^^3 .  8,34  . 2500 

^  •  tAw  3  .  3  .  12  .  12 .  o  """ 

193'.  34.50*  '3       3  3    S    q    19      o    g 

^'27  8.114.14      «. 34. 2500     68J0a' 

consequently  T,  =  -/  a  x  V  ^=^^^^«  •^-^^f-X 
V  (1  -.  c  -•»^) ««  203|  the  velocity.    And  t  sr-r^  X  leg. 
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^+^l'-<r*-  34.2500  ,         178383 

the  time. 

JVb/f.  If  the  globe  be  so  light  as  to  ascend  in  th6  fluid  ;  it 
is  only  necessary  to  change  the  signs  of  the  first  two  terms 
in  the  valut  of/,  or  the  accelerating  force,  by  which  it  be- 

comcs/=  -  —  1  — rr--3>  ^^d  then  proceeding' in  all  rcs- 

pecu  as  before. 

SCHOLIUM. 

'  To  compare  this  theory,  contained  in  the  last  four  prob- 
lems, with  experiment,  the  few  following  numbers  are  here 
extracted  from  e^^tensive  tables  of  velocities  and  resistances, 
resulting  from  a  course  of  many  hundred  very  accurate  ex- 
periments, made  in  the  course  of  the  year  1786. 

In  the  lirst  column  are  contained  the  mean  uniform  or 
greatest  velocities  acquired  in  air,  by  globes,  hemispheres, 
cylinders,  and  cones,  all  of  the  same  diameter^  and  the  alti- 
tude of  tho  cone  nearly  equal  to  the  diameter  also,  when 
urged  by  the  several  weights  expressed  in.  avoirdupois 
ounces,  and  standing  on  the  same  line  with  the  velocities^ 
each  in  their  proper  column.  So,  in  the  first  line,  the 
numbers  show,  that,  when  the  greatest  or  uniform  velocity 
vas  accurately  3  feet  per  second,  the  bodies  were  urged  by 
these  weights,  according  as  their  different  ends  went  fore- 
moy ;  namely,  by  '0.^8  oz.  when  the  vertex  of  the  cone 
went  foremost ;  by  -064  oz.  when  the  base  of  the  cone  went 
foremost ;  by  -027  oz.  for  a  whole  sphere  ;  by  *050  oas.  for 
a  cylinder  ;  by  *051  oz.  for  the  flat  side  of  the  hemisphere  ; 
and  by  -020  oz.  for  the  round  or  convex  aide  of  the  hemis- 
phere. Also,  at  the  bottom  of  all,  are  placed  the  mean 
proportions  of  the  resistances  of  these  figures  in  the  nearest 
whole  numbers.  Note»  the  common  diameter  of  all  the 
figures,  was  6*375,  or  6^  inches;  so  that  the  are&  of  the 
circle  of  that  diameter  is  just  33  square  inches  or  |  of  a 
square  foot  ^  and  the  altitude  of  the  cone  was  6}  inches. 
Also,  t!he  diameter  of  the  small  hemisphere  was  4£  inches, 
and  consequently  the  area  of  its  base  17|  square  inches, 
or  ^  of  a  square  foot  nearly. 

From  the  given  dimensions  of  the  cone,  it  appears,  that 
the  angle  made  by  its  side  and  axis,  or  direction  of  the  path, 
'  is  26  degrees,  very  nearly. 
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The  mean  height  of  the  bar^oieter  at  the  Umes  of  CMkiof 
the  expei'imentft,  was  nearly  30*1  inches,  and* of  the  ther- 
mometer 620  V  consequently  the  weight  of  a  cubic  foot  of  air 
n^ub  equal  to  I7  oz  neiirJy  in  those  clrcumstaDces. 


Veioc. 
peraec 

Cone. 

Whole 
globe. 

Cylin- 
der. 

oz 

licnubpbcre. 

Sman 

Henis. 

fiat 

vertex. 

base. 

flat 

round 

feet. 

0£ 

ozi 

oz. 

oz. 

pz. 

oz. 

3 

•028 

•064 

•027 

•050 

•051 

*0^0 

'07,% 

4 

•048 

•109 

•047 

•090 

•096 

•039 

•048 

5 

•on 

*I62 

•068 

143 

•148 

•063 

•072 

6 

'098 

•225 

•094 

205 

•211 

•092 

•103 

7 

•139 

•298 

•125 

*278 

•284 

-123 

•141 

8 

•168 

•382 

•162 

360 

•368 

•160 

•184 

9 

•211 

478 

205 

•456 

'464 

•199 

•233 

t 

10 

•260 

•58r 

•255 

•565 

•573 

•242 

*m 

It 

•31s 

*712 

•310 

•688 

698 

•297 

•349 

12 

•376 

•850 

•370 

.826 

•8SS 

•347 

'418 

13 

•440 

I  000 

•435 

.979 

•988 

•409 

•493 

14 

•512 

1  166 

•505 

1-145 

1-154 

•478 

•573 

15 

•589 

1346 

•561 

1.327 

1-336 

•552 

•661 

16 

•673 

1-546 

663 

1-526 

1-538 

•634 

•754 

ir 

762 

I  763 

•752 

1-745 

1757 

•722 

•853 

18 

•858 

2-00^ 

848 

1-986 

1  998 

•818 

959 

19 

•959 

2-260 

•949 

2246 

2  258 

•922 

1073 

20 

1069 

2540 
291 

l^057 

124 

2-528 

2  542 

1-033 

M96 

Proper 
Numb. 

126 

285 

288 

H9 

14(f 

From  this  table  of  resistancesi  several  practical  inferences 
may  be  ilrawn.     As, 

1.  That  the  resistance  is  nearly  as  the  surface  ;  the  resist- 
ance increasing  but  a  very  little  above  that  proportion  in. 
the  greater  surfaces.  Thus,  by  comparing  logciher  the  num- 
bers in  the  6ih  and  last  columns,  for  the  bases,  of  the  two 
hemispheres,  the  areas  of  which  are  in  the  proportion  of 
17^  to  32,  or  as  5  to  9  very  nearly;  it  appeals  that  the 
numbers  in  those  two  columns,  expressing  the  resistances, 
are  nearly  as  I  to  2,  or  as  5  to  10,  as  far  as  to  the  vclociiy 
of  12  feet  I  after  which  the  resistances  on  th^  greater  sur- 
face increase  gradually  more  and  more  above  that  proper* 
tipn.    Anfl  the  mean  resistanpes  are  as  140  to  288,  or  as  5 

to 
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to  10^    This  circumstiffiee  therefore  agrees  nearly  wUh  the 
theory* 

2*  The  resistance  to  the  same  surface,  is  nearly  as  the 
square  of  the  yelocity ;  but  gradually  increasing  ifiore  and 
more  above  that  proportion,  as  the  velocity  increases.  This 
is  manifest  from  all  the  columns/  And  therefore  this  cir* 
cumstance  also  differs  but  little  from  the  theory,  in  small 
velocities. 

3.  When  the  hinder  parts  of  bodies  are  of  different 
forms,  the  resistances  are  different,  though  the  fore  parts  be 
alike ;  owing  to  the  different  pressures  of  the  air  on  rho 
hinder  parts.  Thus,  the  resistance  to  the  fore  part  of  the 
cylinder,  is  less  than  that  on  the  flat  base  of  the  hemisphere^ 
4>r  of  the  cone  ^  because  the  hinder  part  of  the  cylinder  is 
more  pressed  or  pushed,  by  the  following  air,  than  those  of 
the  ether  two  figures. 

4.  The  resistance  on  the  base  of  the  hemisphere,  is  to  that  on 
the  convex  side,  nearly  as  2\  to  I,  instead  of  2  to  1,  as  the 
theory  assigns  the  proportion.  And  the  experimented  resist- 
ance, in  each  of  these,  is  nearly  i  part  more  than  that  which  is 
assigned  by  the  theory. 

5.  The  resistance  on  the  base  of  the  cone  is  to  that  on 
therertexi  nearly  as  ^ty  to  1«  And  in  the  same  ratio  is 
radius  to  the  sine  of  the  angle  of  the  incluatiofi  of  the  side 
of  the  cone,  to  its  path  or  axis.  So  that,  in  this  instance, 
the  resisunce  is  directly  as  the  sine  of  the  angle  of  incidence, 
the  transverse  section  being  the  same,  instead  of  the  square  of 
the  sine. 

6.  Hence  we  can  find  the  altitude  of  a  column  of  air  whose 
pressure  shall  be  equal  td  the  resisunce  of  a  body,  moving- 
through  it  with  any  velocity.    Thus, 

IfCt  a  A  the  area  of  the  section  of  the  body,  similar  to 
any  of  those  in.  the  table,  perpendicular  to  the 
direction  of  motion  ; 
r  S3  the  resistance  to  the  velocity,  in  the  table ;  and 
jr  «a  the  altitude  sought,  of  a  column  of  air,  whose 
base  is  a,  and  its  pressure  r. 
Then  ax  «  the  content  of  the  column  in  feci, 
and  Hax  or  |ajc  its  weight  in  ounces ; 

therefore  |ax  «»  r,  and  x  =»  J  X  -  is  the  altitude  sought  in 

feet, 
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feet)  namcjy,  f  of  the  quotient  of  the  resistance  of  any  bodf 
dinded  by  its  transverse  section  ;  which  is  a  constant  qiian« 
tity  for  all  similar  bodies,  however  different  in  magnitude, 
since  the  resistance  r  is  as  the  section  a,  as  was  found  in  art.  1* 
When  a  w  I  of  a  foot*  as  in  all  the  figures  in  the  forego- 

ing  table,  except  the  small  hemisphere  :  fhen>  x  ss  |  x  - 

becomes  x  «  ^jr,  where  r  is  the  resistance  in  the  ubl^,  to 
the  similar  body. 

If,  for  example,  we  take  the  convex  side  of  the  large  henus- 
phere,  whose  resistance  is  -634  oz.  to  a  velocity  of  16  feet  per 
second,  then  r  u  -634,  and  x  »«  }  r  ea  3-3775  feet»  is  the  aiti- 
tude  of  the  column  of  air  whose  pressura  is  equal  to  the  resist* 
ance  on  a  spherical  sur&ce,  with  a  velocity  of  16  feet  And 
to  compare  the  above  altitude  with  that  which  is  due  to  the* 
given  velocity,  it  will  be  32*  ;  16'  :  :  16  9  4,  the  altitude  due 
to  the  velocity  16  ;  which  is  near  double  the  altitude  that  is 
equal  to  the  pressure*  And  as  the  altitude  is  proportional  io 
the  square  of  the  velocity,  therefore,  in  small  velocities,  the 
resistance  to  ?Jiy  spherical  surface  is  equal  to  the  pressure  of 
a  column  of  air  on  its  great  cirq}e»  whose  altitude  is  \\  or  'S94 
of  the  altitude  due  to  its  velocity. 

But  if  the  cylinder  be  taken,  whose  resistance  r  as  1-526: 
then  X  «=s  y  r  «5s  5-72  ;  which  exceeds  the  height,  4,  doe 
to  the  velocity  in  the  ratio  of  23  to  16  nearly.  And  the  difer* 
encc  would  1^  still  greater,  if  the,  body  were  larger  \  and  also 
if  the  velocity  were  more. 

7.  Also,  if  it  be  required  to  find  with  what  velocity  any  flat 
surface  must  be  moved,  so  as  to  suffer  a  resistance  just  equal. 
to  the  whole  pressure  of  the  aunosphere  : 

The  resistance  on  the  whole  circle  whose  area  is  |  of  a  foot, 
is  '051  oz.  with  the  velocity  of  3  feet  per  second  » it  is  j  of 
•051,  or  -0056  oz.  only,  with  a  velocity  of  1  foot.  But  i\  X 
13600  X  I  =a  7555f  oz.  is  the  whole  pressure  of  the  atmos- 
phere. Iherefore,  as  v^  0056  :  v^7556  ::  I  :  1162  nearly, 
which  is  the  velocity  sought.  Being  almost  equal  to  the  velo* 
city  with  which  air  rushes  into  a  vacuum. 

8.  Hence  may  be  inferred  the  great  resistance  suffered  by 
miRtary  projectiles.  For  in  the  table,  it  appears,  that  a^  globe 
of  6|  inches  diameter,  which  is  equal  to  the  size  of  an  iron  ball 
weighing  361b,  moving  with  a  velocity  of  only  16  feet  per  se- 
cond, meets  with  a  resistance  equal  to  the  pressure  of  |  of  an 
ounce  weights  and  therefore,  computing  only  according  10 the 

square 
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square  of  the  Telocity*  the  least  resistance  that  such  a  ball 
-MTould  meet  with,  when  moving  with  a  velocity  of  1600  feeti 
vrould  be  equal  to  the  pressure  of  417  lb,  and  that  independent 
of  the  pressure  of  the  atmosphere  itself  on  the  fore  part  of  the 
ball,  which  would  be  4871b  more^  as  there  would  be  no  pres*' 
sure  from  the  atmosphere  on  the  hinder  part,  in  the  case  of  so 
great  a  velocity  as  1600  feet  per  second.  So  that  the  whole  ' 
resistance  would  be  more  than  900lb  to  such  a  velocity. 

9.  Having  said,  in  the  last  article,  that  the  pressure  of  the 
atmosphere  is  taken  entirely  off  tho  hinder  part  of  the  baM 
moving  with  a  velocity  of  1600  leet  per  second ;  which  must 
happen  when  the  ball  moves  faster  than  the  particles  of  air 
can  follow  by  rushing  into  the  place  quitted  and  left  void  by 
the  ball)  or  when  the  ball  moves  faster  than  the  air  rushes 
into  a  vacuum  from  the  pressure  of  the  incumbent  air ;  let 
us  therefore  inquire  what  this  velocity  is.  Now  the  velocity 
with  which  any  fluid  issues,  depends  on  its  altitude  above 
the  orifice,  and  is  indeed  equal  to  the  velocity  acquired  by 
a  heavy  body  in  falling  freely  through  that  altitude.  But, 
supposing  the  height  of  the  barometer  to  be  30  inches,  or 
2i  feet,  the  height  of  a  uniform  atmosphere,  all  of  the  same 
density  as  at  the  earth's  surface,  would  be  2  j  x  13  6  X  83J  | 
or  28333  feet;  therefore  \/  16  :  \^  28333  :  :o2  :  8\/38333 
=s  1346  feet,  which  is  the  velocity  sought.  And  therefore, 
with  a  velocity  of  1600  feet  per  second,  or  any  velocity 
above  1346  feet,  the  ball  must  continually  leave  a  vacuum 
behind  it,  and  so  must  sustain  the  whole  pressure  of  the  at- 
mosphere on  its  fore  part,  as  well  as  the  resistance  arising 
from  the  vu  inertia  of  the  particles  of  air  struck  by  the  ball. 

10.  On  the  whole,  we  find  that  the  resistance  of  the  air,  as 
determined  by  the  experiments,  differs  very  widely,  both  in 
respect  to  its  quanUty  on  all  figures,  and  in  respect  to  the  pro* 
portions  of  it  on  oblique  surfaces,  from  the  same  as  determine 
ed  by  the  preceding  theory ;  which  is  the  same  as  that  of  Sir 
Isaac  Newton,  and  most  modem  philosophers.  Neither  should 
we  succeed  better  if  we  have  recourse  to  the  theory  given  by 
Professor  Gravesande,  or  others^  as  similar  differences  and  in- 
consistencies still  occur. 

We  conclude  therefore,  that  all  the  theories  of  the  resist- 
ance of  the  air  hitherto  given,  are  very  erroneous.  And  the 
preceding  one  is  only  laid  down,  till  further  experiments,  on 
this  important  subject,  shall  enable  us  to  deduce  from  them 
another,  that  shall  be  more  consonant  to  the  true  phsenomena 
of  nature. 
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ON  THE  MOTION  OF  MACHINES,  AND  THEIR 
MAXIMUM  EFFECTS. 


AiiT.  &•  When  forces  acting  in  contrary  directions)   or 
in  any  such  directions  as  produce  contrary  efiectS)  are  ap- 
plied to  machines^  there  is,  with  respect  to  every  simple  ma* 
ehine  (and  of  consequence  with  respect  to  every  comhinatioii 
of  umpie  machines)  a  certain  relation  between  the  powers 
and  the  distances  at  which  they  act)  which,  if  subtistiDg  in 
any  such  machine  when  at  rest,  will  always  keep  it  in  a  state 
of  rest,  or  of  Mtatical  cquiUbrium  ;  and  for  this  reason,  be- 
cause the  efforts  of  these  powers  when  thus  related,  wiUi 
regard  to  magnitude  and  distance,  being  eqiial  and  opposite 
annihilate  each  other,   and  have  no  tendency  to  change  the 
state  of  the  system  to  which  they  are  applied.    So  also»  if 
the  same  machine  have  been  put  into  a  state  of  uniform  mo- 
tion, whether  rectilinear  or  ratatory,  by  the  action  of   any 
power  distinct  from  those  we  are  now  considering,  and  these   * 
two  powers  be  made  to  act  upon  the  machine  in  such  motion 
in  a  similar  manner  to  that  in  which  they  acted  upon  it  when 
at  rest,  tliair  simultaneous  action  will  preserve  it  in  that  state 
of  uniform  motion,  or  of  dynamical  equilibrium ;  and  this  for 
the  same  reason  as  before,  because  their  contrary  effects  de« 
stroy  each  other,  and  have  therefore  no  tendency  to  change 
the«/<ireof  the  machine.    But,  if  at  the  time  a  machine  is 
in  a  state  of  balanced  rest,  any  one  of  the  opposite  forces  be 
increased  while  it  continues  to  act  at  the  same  distance,  this 
excess  of  force  will  disturb  the  statical  equiUbriumy  and  prO' 
duce  motion  in  the  machbe  ;  and  if  the  same  esccess  of  force 
continues  to  act  iuthe  same  manner,  it  will*  like  every  con-  » 
stant  force,  produce  an  accelerated  motion  #  or,  if  it  should 
undergo  particular  modifications  when  the  machine  is  in  dif- 
ferent positions,  it  may  occasion  such  variations  in  the  motioa 
as  will  render  it  alternately  accelerated  and  retarded.    Or  the 
different  species  of  resistance  to  which  a  moving  machine  is 
subjected,  as  the  rigidity  of  ropes,  frictioui  resistance  of  the 
air,  8cc.  may  so  modify  a  motion,  as  to  change  a  regular  or  ir- 
regular variable  motion  into  one  which  is  imiform. 

2.  Hence  then  the  motion  of  machines  may  be  considered 
as  of  three  kinds.  1.  That  which  is  gradually  accelerated^ 
which  obtains  commonly  in  the  first  instants  of  the  commu- 
nication. 2.  Tl^at  which  is  entirely  uniform.  3.  That  which 
is  alternately  accelerated  and  reurded.  Pendulum  clocks, 
and  machines  which  are  moved  by  a  balancoi  are  related  to 
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the  third  claas*    Moel  oth^r  machines,  a  short  time  after 
their  motion  is  commenced,  fall  under  the  second.     Nov 
though  the  motion  of  a  macbinie  is  alternately  accelerated 
<uid    retarded,  it  may*  notwithstanding,  be  measured  by  a 
tmilbrm  motion,  because  of  the  periodical  and  regular  repe- 
tition which  may  exist  in  the  acceleration  and  retardation. 
Thus  the  motion  of  a  second's  pendulum,  considered  in  r^- 
apect  to  a  siagle  oaclilaiion,  is  accelerated  during  ihu  first  half 
aecond,  and  retarded  during  the  next :  but  the  same  motioii 
taken  for  many  oscillations  may  be  considered  as  uniforni. 
Suppose,  (or  example,  that  the  extent  of  each  oscillation  is 
5  inches,  and  that  the  pendulum  has  made   10  oscillations  s  . 
its  total  effect  will  be  to.  have   run  over  60  inches  in  10  se^^ 
condsf.and,  as  the  space  described  io  each  second  is  the 
■aame,  we  may  compare  the  eOect  to  that  produced  by  a 
moveable  which  moves  (or  10  seconds  with  a  velocity  of  5 
inches  per  second.     We   see,  therefore^  that  the  theory  of 
machines  whose  motions  are  uniform^  conduces  naturally  to 
ihc  estimation  of  the  eifeas  produced  by  machines  whose 
motion  is  alternately  accelerated  and  retarded  :  so  that  the 
problems  compiisLed  in  this  chapter  will  be  directed  to  those 
machines  whose  motions  fall  under  the  first  two  heads  ;  such 
problems  being  of  far  the  greatest  utility  in  practice. 

JDf/9,  1.  When  in  a  machine  there  is  a  system  of  forces 
or  of  powers  mutually  in  opposition,  those  which  produce  or 
tend  to  produce  a  certain  effect  are  called^  movers  or  rna^n^ 
/iofffers  ;  and  those  which  produce  or  tend  to  produce  an 
effect  which  opposes  those  of  the  moving  powers,  are  called 
reautancea.  If  various  movers  act  at  the  same  time,  their 
equivalent  (found  by  means  of  prop.  7,  Motion  and  Forces) 
is  called  individually  the  mo-oing  force  i  and,  in  like  manner, 
the  resultant  of  all  the  resistances  reduced  to  some  one  pointy 
the  resU^ance.  This  reduction  in  all  cases  simplifies  the  in* 
vestigation* 

2.  The  imflelled  fioint  of  a  machine  is  that  to  which  the 
action  of  the  moving  power  may  be  considered  as  immedi- 
^ely  applied  ;  and  the  working  ftoint  is  that  where  the  re- 
sistance ari^ng  from  the  work  to  be  performed  immediately 
acts,  or  to  which  it  ought  all  to  t>e  reduced.  Thus,  in  tho 
wheel  and  axic,  (Mechan.  prop.  32),  where  the  moving 
power  t  is  to  overcome  the  weight  or  resistance  w,  byj  the 
akpplication  of  the  cords  to  the  wheel  and  to  the  axle^  b  is  the 
impelled  point,  and  a  the  working  point. 
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3.  Tht  veloeUy  of  (he  moving^  fiower  \s  the  same  as  llur 
velocity  of  the  impelled  point;  the  velocity  qf  the  renstamec 
the  same  as  that  of  the  working  point* 

4.  The  fteiformattce  or  effect  of  a  machine,  or  the  wort 
tlone^  is  measured  by  the  product  of  the  resistance  into  the 
telocity  of  the  working  point;  the  momentum  ^  imfiulMe  la 
measured  by  the  product  of  the  notOTing  force  into  the  velo- 
city of  the  impelled  point. 

These  definiiions  being  estabUshed  we  may  now  exlufait  ft 
few  of  the  most  useful  problems*  giving  as  mncb  variety  in 
their  solutions  as  may  render  one  or  other  of  the  metlioda  of 
easy  application  to  any  other  cases  which  may  occur. 

PBOPOSITKW  L 

ff  R«  and  r  be  the  distances  qfthe  fiovter  v^and  the  veight 
or  renatance  w,/rom  the  fulcrum  rofa  Btratght  lever  :  then 
vdU  the  velocity  of  the  power  and  of  the  weight  at  the  end  ^ 

any  time  t  be  -- — '-—^t^  ^'"'-r-r — "  Sh  respectively 9   tkt 
weight  and  inertia  of  the  lever  itself  not  being  conddered. 


^ 


If  the  effort  of  the   power  ba- 
lanced that  of  the  resistance,  p 

would  be  equal  to  — •        Conse-        Ui^  \y-| 

quently,  the  difference  between  this  value  of  p^  and  its  actual 

value,  or  p  «i>  —  w,  will  be  the  force  which  tends  to  move 

K 

the  lever.     And  because  this  power  applied  to  the  point  a 
accelerates  the  masses  p  and  w,  the  mass  to  be  substituded 

lor  w,  in  the  point  a,  must  be-^  w,  (Mechaa.  prop.  50)  in 

order  that  this  mass  at  the  distance  R  may  be  eqoaUy  accele* 
rated  with  the  mass  w  at  the  distance  r.     Hence  the  povrer 

J»  —  r-w  will  accelerate  the  quantity  of  matter  j^  +  ^w  ;    and 
r  r* 

the    accelerating  force  v  =  (p--w)-t-(p  +  -wWI?—:H!^ 

But(Art  33,Gen.Lawsof  Motion)va  F/  orisi*^/  F(f  bei|igna3|' 

feeO*  which  in  this  caseas— ~^.^r,  thcvelocityof  p  And^ 

because  veloc.  of  p  ;  veloc.  of  w  :  :  r  :  r,  therefore  veloc  oC 

w«  ^  veloc.  of  P«  iix  ""-^-^J^gt  ^iizrJl:!^, ^f, 

Corol 
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'  Xivtot.  1.  The  spa«e  described  by  the  power  in  the  ttn^e  r, 
.vill  be  £3  -r — ; •   igt*  ;  the  space  described  by  w  in  tfee 

sADie  time  will  be  «  iij;:jfj[iw-  *^^*' 

Cbr.  3.  If  R :  r :  s  »  :  1, .  then«  will  the  force  wbich  acce- 
krates  a  be  —  —03—- 

Cor. '3.   If  at  the  same  time  the  inertia  of  the  moving 

force  F  be  «*  0,  as  in  muscular  action,  the  force  accelerating 

•It  u         F«s— wn 
A  will  be  aa —- ; 


Cor.  4.  If  the  mass  moved  have  no  weight,  but  possesses 
Jnertiaonly*  a&  when  a  body  is  moved  along  a  horizontal 

plane,  the  force  which  accelerates  a  will  be  «»    ^  .      And 

either  of  these  values  may  be  readily  introducd  into  the  in* 
vestigation. 

Cor.  5.  The  work  done  in  the  time  ^if  we  retain  the  ori- 
Sinal  notauon,  will  be  «  — -j-^  j./  x  w  «  -^^—j—^C 

Cor,  6.  When  the  work  done  is  to  be  a  maximum,  and  we 
wish  to  know  the  weight  when  p  is  given,  we  must  make 
the  fluidon  of  the  last  expression,  as  0.    Then  we  shall  have, 

^4       r3       1(8 

ra^p*— 2r»R*PW— r*w*=0  and  wa  px  [  V /n"! — j) — e]. 

Cqt.  7. If  r  iTx\n\  1,  the  preceding  eii^ression  will  be- 
come w  B»  p  X  tV  ('**+»*)  -*^*1* 

Cor,  8.  When  the  arms  of  the  lever  are  equal  in  lengthy 
that  is,  when  n  s  1,  then  is  w  «s  p  X  (V^  -^  1)  ^'414214f, 
or  nearly  ^i  of  the  movmg  force. 


If  we  in  like  manner  investigate  the  formulae  relating  to 
motion  onthe^axis  in  peritrochio,1t  will  be  seen  that  the 
expressions  correspond  exactly.  Hence  it  follows,  that  when 
it  js  required  to  proportion  the  power  and  weight  so  as  to 
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obtain  n  nmximiim  effect  on  Ibe  wheel  and  axle,  (the  weS|^C 
of  the  machioerjr  not  being  conaidered),  we  may  adopt  the 
conrJusions  6f  cors.  6  and  7  of  this  prop.  And  in  the  extreme 
case  where  the  wheel  and  axle  becomes  a  pulley,  the-exprea* 
aion  in  cor  8  may  be  adopted.  The  like  conclustona  may  bo 
applied  to  machines  in  general*  if  Rand  r  represent  the  dis* 
tiBcca  of  the  impelled  and  working  points  from  the  axis  of 
motion  ;  and  if  the  Tarious  kinds  of  re&ist&nce  arising  from 
friction*  stiffness  of  ropes«  '&c.  be  properly  reduced  tothetr 
equivalents  at  the  working  points,  so  as  to  be  comprehendecl 
in  the  character  w  for  resistance  overcome. 


PBQPOSmON  IL 

'  Oiven  r  and  r,  the  qhnt  t^fa  Btraight  Uver^  u  and  m  iheir 
renfiective  weightty  and  p  the  fiQwcr  acting  ai  the  extremity  oj 
the  arm  ti  ;  tojind  the  veight  raistd  at  the  extremity  of  the 
ether  arm  nhen  the  effect  u  a  maximum, 

Ib  this'  case  (ai  is  the  weight  of         i  *  F      -r 

th*  shorter  end  reduced  to  b,  and        y         ■  '^ — S 

conseq.^  is  the  weight  which        UP  "Wp 

applied   at    a,  would   balanoe  the  shorter  end ;  therefore 

^  +-W,  would  sustain  both  the  shorter  end  and  the  weight 

w  in  equilibrio.  But  p-f  i  x  is  the  power  really  acting  at  the 
longer  end  of  the  lever  ;  consequently 

»  +  jM— (— +-W),  is  the  absolute  moving  power.    Now 

the  distance  of  the  cehtre  of  gyration  of  the'beam  from  f* 


*  The  distance  of  R,  the  centre  of  eyralion,  from  c  the  centre  or 
axis  of  motion*  in  tome  of  the  most  useful  cases,  is  as  -beiow ; 

In  a  cireutar  wheel  of  uniform  thickness  .    ,    .    .    cr  ^  nid.  \/  I 
In  the  periphery  of  &  circle  revolving  about  tfie  diam.    cii  »>  r»d.  ^  | 
In  the  plane  of  a  circle     ,    .    ,    ditto     ....    or  =*  ^  rad. 
In  the  siiaface  of  a  sphere    .    .    .    ditto     .     .    .    .    cr  «  rad  v^  » 

In  a  solia  sphere ditto     .    .    .    .    cr  —  rad.  v  I 

In  a  plane  vin^  formed  of  circles  ifrhose  rxdii  are  1  cr  ^_r      *^ 

R,r»revolvmg}about  centre J  *^:^B«-^2r>. 

In  a  cone  rerolving  about  its  vertex     .    .    •    •    .    eRia|  ^T*  ta^-^M* 
ln»«>n« iu  axis    ,    ...    ^    ,    cR«^r^\j»ff 

In  a  straight  leter  whoae  Arms  &re  r  and  r  .    ,    .  cr  a»^- v  •  ^ 

•  *    ^:^(RtO* 

is 
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^^■■^SIlHK)'  ^^^'^  ^^^  ^^  denoted  by  ^;  then  (Mechan. 
prop.  50)^  (m  +  m)  will  represent  the  mass  equivalent 
to  the  beam  or  lever  when  reduced  to  the  point  a  ;  vrbile 
the  weight  equivalent  to  w,  when  referred»to  that  peint, 
will  be  — w.  Hence,  proceeding  as  in  the  last  prop.,  we 
shall  have  L  .  (m  +  w)  +  p  +  J  w  for  the  inertia  to  be  over- 
come ;  and  (p  +  jm  -  ^«Iw)4.^I(m  +  m)  +  p  +  1^ 
:»  Jhc  accelerating  force  of  p,  or  of  w  reduced  to  a.  MuU 
tiply  thia  by  w ;  and,  for  the  sake  of  simplifying  the  pro- 
cess,  put  g  for  p  +  }h  ^^,and  n  for  p  +  ^  (m  .+  «), 


yw  -  1^- 
then  will       ;?        ^e  a  quantity  which  varies  as  the  effect 

varies,  and  which,  indeed,  when  mliUiptied  by  gt^  denotes 
the  effect  itself.  Putting  the  fluxion  of  this  equal  to  nothing, 
and  reducing, -vre  at  length  find 

w  «  V('!^+^^*-^'. 

r       ^  r  ^    r  r« 

Cor.    When  r  »  r,  and  m  »  m,  if  we  restore  the  values 
of  n  and  y.^^c  expression  will  become  w  es»  %/  (3p*  4I  2mr 

PROPOSITION  Itt 

,  Oirven  the  length  I  and  angle  e  of  elevation  of  an  inclined 
plane  bc  ;  tojlnd  the  length  L  qf  another  inclined  filane  ac 
along  flinch  a  given  'wngfit  w  9haU  be  raised  from  the  hori^ 
zontal  line  AB  to  the  point  Cy  in  the  lean  time  possible^  by 
means  of  another  given  weight  p  descending  along  the  given 
filane  93  :  the  two  weights  being  connected  by  an  inextensible 
thread  pcw  running  always  ftarallel  to  the  two  planes^ 

Here  we  must,  as  a  preliminary  ~ 

to  the  soliHipn  of  this  proposition, 
deduce  expressions  for  the  motion 
of  bodies  connected  by  a  thread,  and 
running  upon  double  inclined plafke.<9. 
Let  the  angle  of  elevation  cad  be 
K,  while  e  is  the  elevation  cbo. 
Then  at  the  end  pf  the  time  r,  v 
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:wiU  haye  a  veloctty^  V  •  and  gravity  would  imprest  upon  it* 
in  the  instant  i  foliowing.  a  new  rclocity  ss  ^  un  e  *  f ,  pro* 
videfi  the  weight  v  were  then  entirely  free  :  bat,  by  the  dis' 
positidn  of  the  system,  v  wiU  be  the  velocity  which  obtains 
in  reality.    Then,  estimating  the  spaces  in  the  direction  cp, 
as  th«  body  w  i&oves  with  an  equal  velocity  but  in  a  confraiy 
tense,  it  is  obvious,  that  by  applying  the  3d  Law  of  Motion, 
the  decomposition  may  be  made  as  follows.     At  the  end  of 
time  time  ^  -|.  /  we  have,  for  the  velocity  impressed  on, 

_   .        ,       .  .      -      C-n-K eflfectiTcvetecfronicujwsrdsm- 

.  ^*  '  Cj^nnf.i^v velocity  destroyed.    . 

w.  ••  f-f*^  sin  E  •  'i^  wohere^  -*v— v  . . effectivevclocfronicto ward^A. 

C«  +^  sin  B    f, . .  vdocity  destroyed. 
If,  therefore,  gravity  impresses,  during  the  time  i  upon  the 
masses  p,  w,  the  respective  velocities  g  stn  e  .  t  *-  « i  and  g 
ain  £ .  r  +  9 « the  system  will  be  in  equilibrio.    The  q^an* 
titles  of  motion  being  therefore  equal,  it  will  be 
jfg  sin  f  .  r  •—  Pv  C8  w^  sin  B  .  f  +  ^« » 
Whence  the  effective  accelerating  force  is  fbund,  i.  e. 
1         p  sin  ^  —  w  sin  K 

^  «  T-  «    -T X  g- 

i  .'  +  ^ 

Thus  it  appears  that  the  motion  is  uniformly  varied,  and  vr^ 
peadily  find  the  equations  for  the  velocity  and  space  froni 
which  the  conditicMis  of  the  motion  are  determined  :  viz. 

F  sin  e .- w  sin  IE  v  sin  e—w  sins       .     « 

P  +  w  T  +w  A  ^ 

The  latter  of  these  two  equations  gives  r*  «=        K^-f-w) 

«      .     .        .       .  Ji<»ai?»-wwnc> . 

But  m  the  triangle  abc  it  is  ac  :  bc  : :  sin  b  :  sin  a,  that  is^ 

L :  /  : :  sm  ff  :  un  b  ;  hence  -*  £  =3  sin  r,  and—  /  s  on  s  ; 

•m  hemg  a  constant  quantity  always  determinable  from  die 

data  given.    And  t*  becomes  — *^^°        —  .    Now  when  an^ 

quantity,  as  /,  is  a  mininum,  its  square  is  manifestly  a  raini- 
mum  I  so  that  substituting  for  piu  equal  i,,  and  striking  out 

the  constant  factors,  we  have  -i — .  =  a  min.  or  its  fluxion  : 

«    •  X  PL— w/ 

' (PL-^^/) «=^'    Here,  aa  m  all  similar  cases*  since 

the  fraction  vanishes,  its  numerator  must  be  equal  to  O ;  con- 
sequently 3pi.»  -.  2w/L  —  PL*  =  0,  PL  =st  2w/,  or  l  :  / ;  ; 

Cor.  1.  Since  neither  sin  e  nor  sin  £  enters  the  final 
equation,  it.foUdws,  that  if  the  elevation  of  the  plane  bc  is 
Opt  given^  the  problem  is  unlimited.  Cor. 
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Cor.  S.  When  8&i  e  «»  1,  bc  coincides  with  the  perpen- 
dicular cd»  and  the  power  t  acts  with  all  its  intensity  upon  the 
weight  w*  This  is  the  case  of  the  present  prohlem  which 
has  commonlx  bef  n  con^dered. 

Scholium, 

f  his  proposition  admits  of  a  neat 
^geometrical  demonstration.  Thus, 
let  CE  be  the  plane  upon  whlcb»  if 
w  were  placed*  it  would  be  sus- 
tained in  equilibrio  by  the  power  p 
'  on  the .  plane  cb,  or  the  power  p 
banging  freely  in  the .  vertical  cp  ; 
then  (Mechan.  prop.  23)  bc  :  en'*  ce  :  f  :  f*":  w.  But 
-w  is  to  the  force  with  which  it  tends  to  descend  along 
the  plane  ca,  as  ca  to  en  ;  consequently*  the  weight  p  is  to 
the  same  force  in  the  same  ratio ;  because  either  of  these 
weights  in  their  respective  positions  would  sustain  w  on  pm» 
Therefore  the  excess  of  p  above  that  force  (which  excess  is 
the  power  accelerating  the  motions  of  p  and  w)  is  to  p,  as 
CA  r-  CB  to  CA}  or  taluug  CH  =  CA,  as  EU  to  CA.  NoW» 
the  motion  being  uniformly  accelerated*  we  have  s  a  pt',  gr 

t'   a  -^ :  consequently^  the  square  of  the  time  in  which  ao  k 

is    described  by  w*  will  be  as  ac  directly,  and  as  - — ,    in* 

AG 
CA* 

versely ;  and  will  be  least  when —  is  a  minimum  ;  that  i8» 

EH 
CE« 

when-^+  BK+  2cB)0r  (because  2c b  is  invariable^  when 

-S^  +  EH  is  a  minimom.    Now,  as,  when  the  sum  of  two 

quantities  is  given,  their  product  is  a  maximum  when  they 
are  equal  to  each  other ;  so  it  is  manifest  that  when  their 
product  is  given,  their  sum  must  be  a  mimrmim  when  they 

are  equal.    But  the  product  of and  eh  is  cb',  and  con^ 

sequently  given  s  therefore  the  sum  of —   and  eh  is  least 

when  those  parta  are  equal ;  that  is  when  eh  »  ce*  or 
CA  ca>  3cE.  So  that  the  length  of  the  plane  ca  is  double 
the  length  of  that  cm  which  the  weight  w  would  be  kept  in 
equilibrio  by  p  acting  along  cb. 

When  en  and  cb  eoincide,  the  case  becomes  the  same  a<^ 
that  considered  by  Maclaurin,  in  his  View  of  XevHon^a  Fhilc* 
eofihical  Discovcriety  pa.  I  S3,  8vo.  c4it. 
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PROPOSmON  IV. 
Lei  the  given  f»eight  p  de^cmd  dang  cb,  and  ky  ineans  ^f 
the  thread  vcvr  (ruHning  fiaraUei  to  the  planes  J  drme^  « 
weight  w  afi  fhe  filane  AC  :  it  U  required  t^  find  the  value*  tf 
Wj  when  if  momentum  £t  a  maximum^  the  lengthy  andfiosttioni 
Qfihe  fiianes  being  given.     ("See  the  preceding  fig,) 

Tfa€  general  expression  lor  the  vei.  m  v = ^-^  — ^/, 

wUich*  bv    substilut.  — l  for  sin  r,  and  — /  for  sift  B,becomc«  . 

T,  =B J. gt\    This  m\A,  into  w,  gives — -^r:! g'^l 

whkbf  bf  the  prop,  is  to  be  ft  ma^itnum.     Or,  striking  out 

1.  9Vir  L  ^"  TSF  ^ 

the  constant  factors, —,  5^/,  then  ii  ; =  «  max.    Put- 

ting  this  into  fluxtons,  and  redecitig)  we  have  p'l  —  2? w/— 

W»/ s»  0,  or  W  :=:  P  %/(^'+   1)  -  f . 

Cor.  When  ihc  inclinations  of  the  planes  are  equal)  tf  and 
i  are  equal,  and  wnpyS— p=:PX  (•a—  I)  <=  •41497  ; 
agreeing  with  the  conclusion  of  the  lever  of  equal  arms,  or 
the  extreme  ease  of  the  wheel  and  axle,  t.  e.  the  pulley. 

PROPOSITION  V. 

Gipen  the  radius  Ko/a  vfheely  and  the  radius  r  qfits  axle^ 
the  weight  oftoth^  w,  and  the  distance  of  the  centre  qf  gyra*- 
tionfrom  the  axis  qf  motion,  ^  ;  aiso  a  given  fiower  p  acting'  at 
the  circumjercnce  <f  the  wheels  tD  find  the  weight  w  raided 
by  a  cord  folding  about  the  qx/c,  so  that  iu  momentum  ihaU  be 
a  maximum 

The  force  which  absolutely  impels 
the  point  a  is  p,  while  w  acts  in  a 
direction  contrary  to  p,  with  a  force  ss 

^;    this  therefore  subducted  from  p, 

leaves  p  —  —  «  '■-»  for  the  re- 

k  K 

duced  force  of  impelling  the  point  a. 
And  the  inertia  which  resists  the  com- 
fnunication  of  motion  to  the  point  a  will  be  the  same  as  if 

the  m&ss —  were  concentrated  in  the  point  a  (Me- 

chan.  prob.  50J     If  the  former  of  these  be  divided  by  the 

tt  f  It  P^"^S  w  ) 

htter,ihtquatient  -rrr-i^  9     ^*  ^^^  ^^^^^  accelerating  a  : 

muHiplyii^ 
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»uldplyingthi,by.l.weh*ve^-j5^^;ii--  for  ,he  force 
which  >accelerates  the  weight  w  in  its  ascent.  Consequently 
the  Telocity  of  w  will  be  =  ^-^Ijlr^y, .  »hich  muld- 

f^^^*»*^^e*^^%li4^+ir«P^'  for  the  momentum.  A$ihis 
is  to  be  a  maximum,  its  fluxion  will  sa  O;    whence  we   shall 

obtain  w  ^^•('^♦'■^•fg'^''<*H-S^'+i'^H>ig«+>.>3r)-R>,-,H. 

^        : ^ — . 

Cor  1.  When  r  »  r,  as  Id  the  case  of  the  single  fixed  pul- 
Jejr,  then  w  =z  ^  (2p»  r»  +2kv^*  w+^-lw«+PiifRf«)-.Cw^  p. 

Cor.  2.  When  the  pullej  la  a  cylinder  of  uniform  matter 
r^i^*i  and  tho  express,  becomes  Wssv^C^^CSp^+iPw+tw^jl 

Cor.  3*  If,  in  the  first  general  expiression  for  the  mo- 
mentum of  w,  q  be  put «  r«p+c'«'»  wc  shall  K^yf>>^^^->*wa 
■■  a  maximum.  Which>  in  fluxions  and  reduced,  gives  w  « 
;T\^  ^  •  (q+  Rrp) — ^q. 

Cor  4.  If  the  moving  force  be  destitute  of  inertiai  then 
will  q  «»  ^«w  and  w,  as  in  the  last  corollary. 

PROPOSITION  TI. 

Letagivenfiovfcrvbe  afifiHed  to  the  circumfirence  of  ^ 
^hefl,  if  radiu9  r,  to  rahe  a  weight  w  at  it»  axle^  whose 
radiuM  ia  r,  it  is  required  tojtnd  the  ratio  oftL  and  r  when  xr 
is  raised  with  the  greatest  momentum  $  the  characters  w  and  t 
denoting  the  same  as  in  the  last  firo/iosition. 

Here  we  suppose  r  to  vary  in  the  expressbn  for  the  mo- 
mentumofw,.^'^^——^/.  And  we  suppose,  that  by 
the  conditions  of  any  specified  instance,  we  can  ascertain  what 
quantity  of  matter  g  shall  make  r»g  =s  ^«w,  which,  in  fact, 
may  always  be  done  as  soon  as  we  can  determine  f .  The  ex- 
pression for  the  work  will  then  become  «^'^">^^^  ^.  y. 
fluxion  of  which  bemg  made  a  o,  gives,  after  a  little  rcduc- 

Cor.    When  the  inertia  of  the  machine  is  evanescent,  with 
respect  to  that  of  p  +  w,  then  ia  r  «r y' ( I  + 1)-  i. 
^<>^'  II  111  PBOPosinox 
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\  PROPOSITION  Vfl. 

In  any  machine  whot  motkxm  aeceitrate^f  the  weight  wt 
Be  moved  with  the  greateei  velocity^  vheu  the  veioeity  qf  the 

ttin^er  u  to  that  qf  the  meight^oM  I  ^f  r  \/(l+^)  ^^  I  ;  the 

inertia  qfthe  machine  being  dieregarded. 

For  any  such  machine  may  be  conaidered  aa  reduced  to  a 
levery  or  to  a  wheel  tfid  axle  whose  radii  are  &  zai  r :  in 

which  the  velocity  pf  the  weight*^"  ^-yf  (prop.  1)  b  to 
he  a  maximum)  r  being  considered  as  variable.  Hence  then» 
following  the  usual  rules,  we  find  fb  s  r( w  «f  v"  w*  ^  fw>. 
Trom  which)  since  the  velocities  of  the  power  and  weight  are 
respectively  as  &  and  r^  the  ratio  in  the  proposition  immedi- 
ately flows. 

Cor»  When  the  weight  moved  ie  equal  to  the  fiower^  then  ie 
m  :  r : :  1  -f  ^2:1::  2;4143  :  1  nearly^ 

PROPOSITION  vin. 

If  in  any  machine  whoee  motion  acceleratee^  the  deeeetu  of 
one  weight  causee  another  to  aecendf  and  the  deeeending 
weight  be  given^  the  iteration  being  eufifioeed  conmiuiUy  re^ 
jfieated,  the  effect  will  be  greatest  in  a  given  time  when  the 
*  oecehdiTig  weight  ie  to  the  descending  weighty  ae  1  to  i-623| 
in  the  case  of  equal  he^hte  i  and  in  other  eaeeef  when  it  ct 
to  the  exact  counterfioide  in  a  ratio  which  ia  alway%  between 
1  to  II and  I/O  2. 

Let  the  space  descended  be  If  that  ascended «;  the  de- 
scending weight  If  the  ascending  weight  -^ :  then  would  die 

eqmlibrium  requhre  9  cs  «  •  and  l  —  ' » will  be  thefi>rceact* 

ing  on  1.    Now  the  mass  -•,  reduced  to  the   point  at  which 

the  mass  l-  acts,  will  be  =:  -.  4*  s  —  ;   consequentljr    the 

whole  mass  moved  is  equivalent  to  1  -f  ^9  and  the  relative 

force  is  (I  ••  I)  -8.  (1  +  '1)  =  ^     But,  the  space  be- 

ing  given,  the  time  is  as  the  root  of  the  accelerating  force 

w-4-#s 
inversely,  that  is,  as  ^i^ --2-^:  and  the  whole  eflect  b  a  given 

time,  being  directly  as  the  weight  raised,  and  inverse^  as 
the  time  of  ascent,  will  be  as  •^V'^^^^t  which  must  be  a 

V)         «;<^«S  ' 

mawniiiA* 
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maximum.  CooseqjaeDtly  iu  square  - ^ /^*^^  muit  be  a  m^; 
likewise.  This  latter  expression»  in  fluxiooa  and  reduced, 
^vc»  w  sc  jC\/(«*  +  10s  +  9)-a  +  31. 

*  Here  if  «■•  l ,  o  s=       y^  -^  but  if «  be  diminished  without 

llmitf  9s  j«;  ifitbe  augmented  without  limit,  then  will 
^  («s  ^  io«  +  9)  approach  indefinitely  near  to  «  +  5»  and 
Gooaequently  v  as  2#.  Whence  the  truth  of  the  proposition 
is  manifest. 

PROPOSmOK  IX. 

Xsct  p  denote  the  aheolute  tffort  ^  any  mvomg  force^  when 

it  ha%  no  velocity  $  and  eufifioee  it  not  ca/mbie  of  any  effort 

when  (he  velocity  it  w  ;  let  v  be  the  effort  answering  to  the 

velocity  y/  then^  if  the  force  be   uniform^  i  mil   be  aa 

For  it  is  the  difference  between  the  Telocities  w  and  v 
irhlch  is  efficient,  and  the  action,  being  constant,  will  rary  as 
the  square  of  the  efficient  Telocity.  Hence  we  shall  have  this 
fmalogy/^  :  r  : :  (w  —0)*  r  (w  —  v)* :  consequently,  »  «> 

Though  the  pressure  of  an  animal  is  not  actually  uni&rm 
during  the  whole  time  of  its  action,  yet  it  is  nearly  so  :  so 
that  in  general  we  aoay  adopt  this  Hypothesis  in  order  to  ap- 
prosimate  to  the  true  nature  of  animal  action.  On  which 
aupposltion  the  preceding  prop,  as  well  as  the  remaimng  one» 
in  this  chapter  will  apply  to  animal  esertion. 

Cor.  Reuining  the  same  notation,  we  have  w  =  — -^^^ 

This, applied  to  the  motion  of  animals,  giresthis  theorem* 
The  utmost  velocity  with  which  an  animal  not  imfieded  can 
move^  ft  to  the  velocity  with  which  it  moves  when  imfieded  by 
a  given  resistance f  as  the  square  root  qf  its  absolute  force^  to 
the  difference  of  the  square  roots  t^  its' absolute  and  efficient 
forces. 

PEOPOSmOK  X. 

To  inrvestiga  te  exfiresnons  by  means  qf  which  the  maxi- 
hium  effect^  in  machines  whose  motion  ie  uniform j  may  be 
determined* 

I.  tt  follows  from  the  observations  made  in  art.  1  and  the 
definiuons  in  this  chapter*  that  when  a  machine,  whether 
simple  ot  compound,  is  put  into  motion^  U^^  velocities  of  the, 

impellfid» 
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impelled  and  worktngpoints.  are  inversely  as  the  forces  which 
are  in  t  quiltbrio,  when  applied  to  those  points  in  the  dirco 
tion  of  (heir  motion.  Consequently,  if /denote  the  resistance 
when  reduced  to  the  working  point,  and  v  its  velocity  ;  while 
r  and  V  denote  ihe  force  acting  at  the  impelled  point,  and  its 
velociiy  ;  we  shall  have  yv  e  fvy  or  introducing  t  the  time« 
rri  si/vt  Hence,  in  all  vjorking  machine^  which  have  ac^ 
quired  a  uniform  vtotion^  the  performance  ^f  the  machine  ia 
tguai  to  the  momentum  ofimpuUe. 

II.  Lei  y  be  the  effort  of  a  force  on  the  impelled  point  of 
a  machine  when  it  moves  wilh  the  velocity  v,  the  velocitjr 
being  w  when  r  »  0,and  let  the  relative  velocity  w  —  v  ss  i^.  ' 

Then  since  (prop,  zx)  f  ea  ^  ( )*,  the  momentum  of  Im* 

pulse  FV  will  become  t^  (— >•  »  ^  .  -r-  (w  -  ti)  j  because 

T  a  w  •-  «•  Making  this  expression  for  fv  a  maximum, 
or,  suppressing  the  constant  quantities,  and  making  u^  Cw  — v) 
a  max.  or  its  flux  «b  e,  when  u  is  varibble«  we  find  3w  ^  3Uf 
or  u  «■  |w     Whence  v  »  w  -  ix  w  w— |w  «»  ^w. 

Conseqaently.  vfhen  the  ratio  qf  y  to  v  u  given,  by  the 
construction  of  the  machine ^  and  the  rcMiMtance  t«  MUBcefitiblc 
of  variation^  we  mu9t  load  the  machine  more  or  lest  tiU  the 
'velocity  of  the  imfieiled  pointy  is  one -third  of  the  greatest  ite* 
Iseity  of  the  farce  i  then  will  the  work  done  br  a  maximum 

Or^  the  work  done  by  an  animal  is  greatest ^  when  the  ve* 
Jocity  wi'h  which  it  move^  f«  one- third  qf  the  greatest  vehcity 
with  which  it  ts  capabls^qf  moving  whtn  not  impeded, 

III.  Since  v»^  ^  ""♦^^i  «•  T  ♦»  *n  »hc  case  of  the 
maximum,  .we  have  fv  «  |^v  =  Jf -f  w  aa  ^\^w,  for  the 
momentum  of  impulse,  or  for  the  work  done,  when  the  ma- 
chine is  in  its  best  state  Consequently  when  the  resistance 
is  a  given  quantity^  we  must  make  v  ;  v  :  s  ^:  4^  ;  and  thie 
structurc^  oj  the    mac/tine    will   give    the    maximum   effect 

IV.  If  we  enquire  the  greatest  effect  on  the  supposition 
that  ^  only  is  variable,  we  must  make  it  infinite  in  the  above 
expression  for  the  work  done,   which   would  then  become 

V  V 

WF,  or  w  -/or  w  -/^  including  the  time  in  the  formula. 

Hence  we  sec,  that  the  sum  qf  the  agents  employed  to  move 
a  machine  may  be  injinite^  while  the  ^ect  is  finite  :  for  the 
variations  of  ^,  which  are  proportional  to  this  sum]  dp  not 
influence  the  above  e:(pression  for  the  effect 

fchoHum^ 
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Scholium* 

The  proportions  now  delivered  contain  the  most  material 
principles  in  the  theory  of  machines  The  manner  of  apply- 
4n^  several  of  them  Is  very  obvious  :  the  application  of  some, 
being' less  manifest,  may  be  briefly  illuatraied)  and  the  chapter 
concluded  wiih  two  or  three  observations. 

The  last  theorem  may  be  applied  to  the  action  of  men  and 
of  horses,  with  more  accuracy  than  might  at  first  be  sup- 
posed.  Observations  have  been  made  on  men  and  borsea 
drawing  a  lighter  along  a  canal,  aifd  working  several  days 
together.  The  force  exerted  Was  measured  by  the  cu^a*- 
ture  and  weight  of  the  track-rope,  and  afterwards  by  a  spring 
steelyard.  The  product  of  the  force  thus  ascertained,  inio 
the  velocity  per  hour,  was  considered  as  the  momentum.  la 
this  way  the  action  of  men  was  found  to  be  very  nearly  9% 
^w  —  v)* :  the  action  of  horses  loaded  so  as  not  to  be  able  to 

trot  waa  nearly  as  (w  —  v)  *'^.  or  as  (w— v;Tf,  Hence  the 
hypothesis  we  have  adopted  may  in  many  casca  be  safely  as- 
sumed. 

Accoi*ding  to  the  best  obsei*vationa,  the  force  of  a  man  at 
rest  is  on  the  average  about  70  pounds  y  and  the  utmost  ve« 
Ipcity  with  which  he  can  walk  is  about  6  feet  per  second, 
taken  at  a  medium.  Hence«  in  our  tbeoremsi  ^  =  70,  and 
ivms  6.  Consequently  f  «{  ^  tea  3 1  |  lbs.  the  greatest  force 
a  man  can  exert  when  in  motion  :  and  he  will  then  move  at 
the  rate  of  ^ w.  or  3  feet  per  second,  or  raiher  less  than  a 
mile  and  a  half  per  hour. 

The  strength  of  a  horse  is  generally  reckoned  about  6  times 
that  of  a  man ;  that  is,  nearly  420lhs.  at»  a  dead  pull  His 
utmost  walking  velocity  is  about  10  feet  per  second.  There- 
fore bis  maximum  action  will  be  i  of  420  =  186|  lbs.  and  ho 
will  then  move  at  the  rate  of  }  ot  10,  or  3^  feet,  per  second| 
or  Dearly  2ff  miles  per  hour.  In  both  these  instances  we 
suppose  the  force  to  be  exerted  in  drawing  a  weight  along  a 
horia^ntal  plane  ;  or  by  raising  a  weight  by  a  cord  running 
over  a  pully«  which  makes  its  direction  horizontal. 

2.  The  theorems  just  given  may  serve  to  show,  in  what 
points  of  view  machines  ought  to  be  considered,  by  those  who 
would  labour  beneficially  for  their  improvement. 

The  first  object  of  the  utility  of  machines  consists  in  fur« 
niahing  the  meaos  of  giving  to  the  moving  force  the  most 
commodiouM  diriction  ;  and,  when  it  can  be  done,  of  caubing 
its  action  to  be  applied  immediately  to  the  body  to  be  moved. 
These  can  rarely  be  united  :  but  the  former  can  be  acconi- 
pUahed  in  xiaost  intitancea4  of  which  the  use  of  the  simple 

Icv^r 
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leveri  pully,  and  wheel  and  axle,  furnish  many  Examples. 
The  second  object  gained  bj  the  use  of  machines,  is  an  ac* 
comiMdation  tifthe  velocity  of  the  work  to  be  ficffiirmtdy  to 
the  velocity  vich  which  alone  a  natural  power  eon  acx.  Tinu 
vheoerer  the  natural  power  acts  with  a  certain  velodff  which 
cannot  be  changed,  and  the  work  roust  be  performed  with 
•  greater  velocitf*  a  machine  is  interposed  moveable  round 
a  fixed  support,  anil  the  disunces  of  the  impelled  and  work- 
ing poinu  are  taken  in  the  proportion  of  the  two  g^en  velo- 
cities. ^ 

But  the  essential  advantage  of  machines,  that,  io  fiict,  which 
prpperly  appertains  to  the  theory  of  mechanics,  consists  in 
taugmenUng,  or  rather  in  modifying,  the  energy  of  the  mov- 
ing power,  in  such  manner  that  it  may  produce  effects  of  which 
it  would  have  been  otherwise  incapable.  Thus  a  nun  might 
carry  upa  flight  of  steps  30  pieces  of  stDne,  each  weighing 
30  pounds  (one  by  one)  in  as  small  a  time  ss  he  could  (vith 
the  same  labour)  raise  them  all  together  by  a  piece  of  ma- 
chinery, that  would  have  the  velocities  of  the  impelled  and 
worldng  points  as  30  to  1 ;  and  in  this  case,  the  instrument 
«would  furnish  no  real  advantage,  except  that  of  saving  his 
steps.  But  if  a  large  block  of  30  times  30,  or  600lbs.  weight 
were  to  be  raised  to  the  same  height,  it  would  &r  surpass  the 
utmost  efforts  of  the  man^  without  the  Latervention  of  some 
Buch  contrivance. 

The  same  purpose  may  be  illustrated  somewhat  diffS^rently ; 
confining  the  attention  all  along  to  machines  whose  modon 
}s  uniform.  The  product /v  represents,  during  the  unit  of 
time,  the  effect  which  results  from  the  motkm  of  the  resist- 
ance ;  this  motion  bebg  produced  in  any  manner  whatever. 
If  it  be  produced  by  applying  the  moving  force  immei&itely 
to  the  resistance,  it  is  necessary  not  only  that  the  products  rv 
cind/v  should  be  equal ;  but  that  at  the  same  time  Fa/  and 
V  s  IT :  if,  therefore*  as  most  frequently  happens,  f  be  great- 
«r  than  v,  it  will  be  absolutely  impossible  to  put  the  resisnuico 
in  motion  by  applying  the  moving  force  inrniediately  to  it. 
Now  machines  furnish  the  means  of  disposing  the  product  vv 
in  such  a  manner  that  it  may  always  be  equal  to/v,  however 
much  the  fectors  of  fv  may  differ  from  the  analogous  Actors 
in/v;  and.  consequently,  of  putting  the  system  in  motioai 
irhatever  is  the  excess  of/over  f. 

Or,  generally,  as  M.  Prony  remarks  ( ArchL  Hydraul.  art 
i504),  machines  enable  us  to  dispose  the  factors  of  Fvr  io  such 
«  manner,  that  while  that  product  continues  the  same,  its  fac- 
tors may  have  to  each  other  any  ratio  we  desire.  I£^  for  io- 
sttpcei  time  be  precious^  the  effect  must  be  produced  in  a  very 
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tthort  lime  and  yet  we  should  have  at  command  a  force  capa« 
ble  of  little  velocity  but  of  great  effort,  a  machine  must  be 
found  to  supply  the  Telocity  necessary  for  the  intensity  of  the 
force  I  iif  on  the  contrary,  the  mechanist  has  only  a  weak  p6w« 
.«r  at  his  disposition,  but  capable  of  a  great  velocity,  a  machine 
must  be  adopted  that  will  compensate,  by  the  velocity  the 
itgent  can  communicate  to  it,  for  the  force  wanted  :  lastly,  if 
the  agent  is  capable  neither  of  great  effort,  nor  of  great  velo- 
.dty,  a  convenient  machine  may  still  enable  him  to  accompHsb 
the  effect  desired,  and  make  the  product  rvt  of  force,  veloci- 
ty and  time,  as  great  as  is  requisite.  Thus,  to  give  another 
taxample :  Suppose  that  a  man  exerting  his  strength  imme- 
diately on  a  mass  of  35  lbs,  can  raise  it  vertically  with  a  velo- 
city of  4  feet  per  second ;  the  same  man  acting  on  a  mass  of 
1000  lbs,  cannot  give  it  any  vertical  motion  though  he  exerts 
Iiis  utmost  strength  unless  he  has  recourse  to  some  machine. 
IKow  he  is  /capable  of  p/oducing  an  effect  equal  to  35  x  4  x 
/  :  the  letter  /  being  introduced  because,  if  the  labour  is  con- 
tinued the  value  of  /  will  not  be  indefinite,  but  comprised 
within  assignable  limits.  Thus  we  have  35  x  4  X  ^  »100a 
X  V  X  ^ ;  and  consequently  ir£=  ^  of  a  foot.  This  man  may 
therefore  with  a  machine,  as  a  lever,  or  axis  in  peritrochio^ 
cause  a  mass  of  lOOOlbs  to  rise  i^  of  a  foot,  in  the  same  time 
ahat  he  could  raise.35lbs4  feet  without  a  machine}  or  ho 
may  raise  the  greater  weight  as  far  as  the  less,  by  employing 
40  times  as  much  time. 

From  what  has  been  said  on  the  extent  of  the  effects  which 
may  be  attained  by  machines,  it  will  be  seen  that,  so  long  as 
n  moving  force  exercises  a  determinate  effort,  with  a  velocity 
also  determinate,  or  so  long  as  the  product  of  these  is  con- 
stant, the  effect  of  the  machine  will  remain  the  same :  thus, 
under  tlus  pcnnt  of  view,  supposing  the  preponderance  of  the 
effort  of  the  moving  power,  and  abstracting  from  inertia  and 
fricdon  of  materials,  the  convenience  of  application,  &c.  all 
machines  are  equally  perfect.  But  from  what  has  been 
shown,  (props.  9,  10}  a  moving  force  may,  by  diminishing 
Its  velocity,  augment  its  effort,  and  reciprocally.  There  is 
therefore  a  certain  effort,  of  the  moving  force,  such  that  its 
product  by  the  velocity  which  comports  to  that  effort,  is  the 
.l^reatest  possible.  Admitting  the  truth  of  the  law  assumed 
in  the  propositions  just  referred  to,  we  hayp,  when  the  effect 
is  a  maximum^  v  c=  j.w,  or  f  =s  ^  ;  and  these  two  values 
obtttning  together,  their  product  ^  ^w  expresses  the  value 
of  the  greatest  effect  with  respect  to  the  unit  of  time.  In 
practice  it  will  always  be  adviseable  to  approach  as  nearly  to 
these  values  aa  circumstances  will  admit ;  for  it  cannot  be 
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expected  that  thejr  can  always  be  exactly  atuined.  But  « 
ainall  variadon  will  not  be  of  much  consequence:  for,  by  n 
well-known  property  of  thoae  quaniides  which  admit  of  m 
proper  roaximuiD  and  minimum*  a  value  assumed  at  a  mode* 
rate  distance  from  either  of  these  extremes  will  produce  no 
sensible  change  in  the  effect. 

If  the  relation  of  f  to  y  followed  any  other  law  than  that 
which  we  have  assumed,  we  should  find  from  the  expression 
of  that  law  values  of  f,  v.  &c  different  &om  the  precedtng** 
The  ^neral  method  however  would  be  nearly  the  same. 

With  respect  to  praciice,  the  grand  object  in  all  cases 
should  be  to  procure  a  uniform  moiion,  because  it  Is  that  from 
which  (c^cerUftaribw)  the  greatest  effect  always  results. 
Every  irregularity  in  the  motion  wastes  some  of  the  impelling 
power  ;  and  it  is  the  greatest  only  of  the  varying  velocities 
which  is  equal  to  that  which  the  macbme  would  acquire  if  it 
moved  uniformly  throughout :  for,  while  the  motion  acceht^ 
rates,  the  impelling  force  is  greater  than  %vhat  balances  the  re* 
sistance  at  that  time  opposed  to  it,  and  the  velocity  is  less  than 
what  the  machine  would  acquire  if  moving  uniformly  ;  and 
when  the  machine  attains  its  greatest  velocity,  it  attains  it  be- 
cause the  power  is  not  then  acting  against  the  whole  reustance* 
In  both  these  situations  therefore,  the  performance  of  thesaa* 
chine  is  less  than  if  the  power  and  resistance  Were  exactly 
balanced;  in  which  case  it  would  move  uniformly  (art.  I.) 
Besides  this,  when  the  motion  of  a  machine,  and  particularly 
a  very  ponderous  one,  is  irregular,  there  are  continual  repeti- 
tions of  strains  and  jolts  which  soon  derange  and  ultimately 
destroy  the  whole  structure.  Every  attention  should  there- 
fore be  paid  to  the  removal  of  all  causes  of  irregularity. 


PRESSURE  OF  EARTH  AlO)  FLUIDS  AGAINST  WALLS   AKD* 
FORTIFICATIONS,  THEORY  OP  MAGAZINES,  be. 

PROBLEM  L 

To  determine  the  Pressure  of  Earth  againut  WaU9, 

When  new-made  earth,  such  as  is  used  in  forming  ram- 
parts, Scc.  is  not  supported  by  a  wall  as  a  facing,  or  by  coun- 
terforts and  land-lies,  &c.  but  left  to  the  action  of  its  weight 
and  the  ireather ;  the  particles  loosen  and  separate  from  each 
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Ibther,  «id  f<irm  z  sloping  surface,  nearly  regular ;  wfaich, 
plane  surface  is  called  the  natural  slope  of  the  earth  \  and  is 
supposed  to  have  always  the  same  inclination  or  deviatioa 
from  the  perpendicular)  in  the  same  kind  of  soil.  In  com- 
mon earth  or  mould,  being  a  mixture  of  ail  sorts  thrown  to* 
^ether,  the  natural  slope  is  commonly  at  about  half  a  right 
angle,  or  45  degrees  ;  but  clay  and  stiff  loam  stands  a  greater 
«ngle  above  the  horizon,  while  sand  and  light  mould  will  only 
stand  at  a  much  less  angle*  The  engineer  or  builder  must 
therefore  add)t  his  calculations  accordingly. 

Now,  we  have  ali*eudy  given,  (at   prop.  45  Statics)  the 
general  theory  and  determination  of  the  force   with  which 
the  triangle  of  earth  (which  would  slip  down  if  not  sup- 
porter) presses   against  the  wall  on 
the  most    unexceptional    principles, 
acting  perpendicularly  against  ax  ai  x, 
or  4  of  the  altitude  ab  above  the  foun- 
dation at  E  ;  the  expression  for  which 

force  was  there  found  to  be--—'- — m  ; 

where  m  denotes  the  specific  gravity  of 

the  earth  of  the  triangle  abb— It  may  be  remarked  that  this 
was  deduced  from  using  the  area  only  of  the  profile,  or  trans* 
Terse  triangular  section  abb,  instead  of  the  prismatic  solid  of 
-any  given  length,  having  that  triangle  for  its  base.  And  tho 
same  thing  is  done  in  determining  the  power  of  the  wall  to 
support  the  earth,  viz*  using  only  its  profile  or  transverse 
section  in  the  same  plane  or  direction  as  the  triangle  abb. 
This  it  is  evident  will  produce  the  same  result  as  the  solids 
themselves,  since^  being  both  of  the  same  given  length)  these 
have  the  same  ratio  as  their  transverse  sections. 

In  addition  to  this  determination,  we  may  here  further  ob- 
serve, that  this  pressure  ought  to  be  diminished  in  proportion 
to  the  cohesion  of  the  matter  in  sliding  down  the  inclined 
place  BE.  Now  it  has  been  found  by  experiments,  that 
a  body  requires  about  one-third  of  its  weight  to  move  it  along 
a  plane  surface.  The  above  expression  must  therefore  bo 
reduced  in  the  ratio  of  3  to  2  ;  by  which  means  it  becomes 

^^  m  for  the  true  practical  efficacious  pressure  of  the 

eanii  against  the  wall. 

Since  — ,  which  occurs  in  this  expresion  of  the  force  of 

the  earth,  is  equal  to  the  sine  of  the  i£  abb  to  the  radius  1, 
put  the  sine  of  that  Z  b  »  r  ;  also  pui  a  ass  ab  the  altitude 
of  the  triangle  (  then  the  above  expression  of  the  force  viz* 
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^'^  •  ^''ffl^becomcs  jfl^g»m,forthe  perpendicular  pressured 

tbe  earth  a|;«nst  the  wall.  And  if  that  angle  be  45<>t  as  is 
usually  the  case  in  comTnon  earth}  then  is  c'  ess  |,  and  the 
preasure  becomes  ^yt^m. 

PROBLEM  II. 

To  determine  the  Thickne99  qf  Wdtl  to  aufiftOTt  the  Eartk. 

In  the  first  place  suppose  the  section  C  B 
of  the  wall  to  be  a  rectangle,  or  equally  ['""'"'" 
thick  at  top  and  bottom*  and  of  the  same 
height  as  the  raiyipart  of  earth,  like  asvg 

in  the   annexed    figure.    Conceive    the  ] 

weight  w,  proportional  to  the  area  ob*  jy 
to  be  appended   to  the  base  directly  be-  Wl 

low  the  centre  of  gravity  of  the  figure.  Now  the  pressure  of 
the  earth  determined  in  the  first  problem,  being  in  a  directioa 
parallel  to  ag,  to  cause  the  wall  to  overset  and  turn  back 
about  the  point  v,  the  effort  of  the  wall  to  oppose  that  eflTecty 
will  be  the  weight  w  drawn  into  fn  the  length  of  the  lelrer 
by  which  it  acts,  that  is  w  x  w,  or  aefo  X  fn  in  generalji 
jwhateverbe  the  figure  of  the  waU. 

But  now  in  case  of  the  rectangular  figure,  the  area  OBficAss 
X  BF«s<i:r,  ppttiog  a  bb  ab  the  altitude  as  before,  and  x  es  sr 
the  required  thickness  ;  also  in  this  case  fn  =  Jef  =  iar,thO' 
centre  of  gravity  being  in  the  middle  of  the  rectangle.  Ueaoe 
then  ax  X  i»  «  iflJf'j  or  rather  jaar»»  is  the  effort  of  tho 
vail  to  prevent  its  being  overturned,  n  denoting  the  specific 
gravity  of  the  wall. 

Now  to  make  this  effort  a  due  balance  to  the  pressure  o£ 
the  earth,  we  put  the  two  opposing  forces  equal,  that  Ik 
jax«»=^*r«w,  OT^x^n  ss  ^a^e^m^  an  equation  which  gives- 

x^ae^ — I  for  the  requisite  thickness  of  the  wall,  just 

to  sustain  it  in  equilibrio. 

Corol.  1.  The  factor  aff,  in  this  e&prestion,  is  =  the  line 
Aq  drawn  perp.  to  the  slope  of  earth  bb  :  theref.  the  breadtk 

jc  becomesar^  aqV  ^,  which  conscq.  is  directly  pr«ipor- 

tional  to  the  perp.  a  q— When  the  angle  at  b  b  »  45<>,  or 
half  a  right  angle»  as  b  commonly  the  case,  Its  sine  e  issay/  ^ 

and  the  breadth  of  the  wall  x  s:  -^V  ^«    Further,  when  the 

i^all  is  of  brick)  its  specifio  gravity  is  nearly  the  same  aa 
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45^ 


Hho  earthy  or  m  as  n,  and  then  its  thickness  :r  ts>  |tf,  or  one« 
third  of  its  height.— But  when  the  wall  is  of  stone,  of  tho 
specific  gravity  3^,  that  of  earth  being  nearly  2,  that  is» 

/n  aa  3,  and  «  =■  2J  ;  then  v^  -  =.  V  y  =  '895,  ^  of  which 


is  *U9Sf  add  the  breadth  x  =a  •298a  ss  ^^.^a  nearly.  That  is^ 
the  thickness  of  the  stone  wall  must  be  ^^  of  its  height. 

PROBLEM  UL 

To  determine  the  Thickness  q/"  the  Wall  at  the  Bottom^ 
vfAen  its  Section  is  a  Triangle^  or  coming  to  an  Edge  ai 
TV*. 

In  this  Case,  the  area  of  the  wall  aef 
is  o/ily  half  of  what  it  was  before,  or  . 
only  i  AE  >c  BF  SB  iax^  and  the  weight 
w  ca  yixn,  fiut  now,  the  centre  of 
gravity  is  at  only  ^  of  fs  from  the  line 
AB.  or  FN  3s  I  FE  ss  ^  Consequently 
vs  X  w  ^^x  X  iaxn  ss  ^x^n  Thisy 
as  before,  being  put  a  the  pressure  of 
the  earth,gives  the  equation ^x*nsB^a«tf*w  or,x«nBa  Ja*r*i5> 


ae  s/  t"^  «  Vsi'^for  the 
^   3n  .6ii 


v.-' 


and  the  root  x,  or  thickness  ef 

slope  of  45^. 

Now  when  the  wall  is  of  brick,  or  m  =  n  nearly,  this  be- 
comes X  =  a  v'  J  =  408a  =^,  or  y^  of  the  height  nearly. 

But  when  the  wail  is  of  stone,  or  m  to  i  as  2  to2i,  then 

V^t  and  the  thickness  :r  or  a  v^r  »av^  t^  =  •^tSfik 
s=  |a  nearly,  or  nearly  }  of  the  height. 

FBOBl^M  IV. 

To  determine  the  T^ckness  ^the  V9aU  at  the  Tofi^^hen 
jht  Face  is  not  Perfundicular^  but  Inclined  as  the  Front  qf 
a  Fortification  Wall  usually  is. 

Here  of  represents  the  outer  &(^  of 
a  fort,  AEFO  the  profile  of  the  wall, 
having  ag  the  thickness  at  top,  and  bf 
that  at  the  bottom.  Draw  oh  prep,  to 
jKF  \  and  conceive  the  two  weights  w> 
9Zf,  to  be  suspended  from  the  centres  of 
gravity  of  the  rectangle  Anandthetri- 
angle  obf*  and  to  be  proportional  to 
their  areas  respectively.  Then  the  two  momenta  of  the 
weights  w,  w,  acting  by  the  levers  fn,  fm,  must  be  made  equal 
to  the  pressure  of  the  earth  in  the  direction  prep,  to  ab. 
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Now  put  the  required  thickneBS  ag  or  mn  =  x,  and  te 
lltitude  AB  or  Gu  =  o  as  before.  And  because  in  such  cM€t 
the  slope  of  the  wall  is  usually  made  ^qusl  to  ^  of  its  jMx96^ 
that  is  IB  -  ^  AB  or  ^a,  the  lever  fm  will  be  |  of  fi  =s  ^ 
and  th«  lerer  w'h  »  fh  +  Jbh  s=  ^  +  4*.  Bui  the  area 
of  08JP  ■•  ©H  X  i»»  =«  X  tV  >«  iV»'  «  ^*  M^  the  area 
AH  c  AB  X  AG  s  AT  =  w  ;  thcse  twG  draWu  intD  the  re* 
speccive  levers  tm,  fh,  give  the  two  xDomeRU^  tV^^  A'  ^ 
^»  «•  Vl«'>an^  (jii  +  Jar)  X  ax  «.  |a«x  -f  Jar*  ;  theref. 
the  sum  of  the  two»  {iax^  +j<z»x+^»>i  must  be  a  ^»ib» 

or  ditidiog  by  ^n,  x»  +  ^x  +  ^'  =:  ja*  x";  now  addmg 

^«  to  both  sides  to  complete  the   square,  the  equation 

becomes  x*  -fe  |  ex  +  ^«  «s  ^a*.  --KV*»  the  root  of  which 


n 


And  the  base  ef  «  a  V  (^^  +  ^). 

Now,  for  a  brick  wall,  m  bb  n  nearly^  and  then  (he  breadth 
ar  «s  o  ^  (^  4.  4)  ^  ^os  .j^oV  34  -  j«  =  -ISQfljor  almost 

^b  brick  walls. --But the  stone  walls,^  »   4,  and  x  a« 

«  ^  (*T  +  1*)  -  f»  «iT*»  i^  55-7«  »=  '^^5«  «^ nearly, 
for  the  thickness  ag  at  the  top,  in  stone  walls. 

In  the  san^e  manner  we  may  proceed  when  the  slope  is 
aupposed  to  be  any  other  part  of  the  altitude,  instead  of  |  as 
used  above     Or  a  general  solution  might  be  givci),  by  as* 

fuming  the  thickness  «  -7  part  of  the  altitude. 

BBMAR^ 

Thus  then  we  haye  given  all  the  calculations  that  may  be 
necessary  in  determifiing  the  thickness  of  a  wall,  proper  to 
support  the  rampart  or  body  of  eanh,  in  any  work.  li  iC 
V  should  be  objected,  that  our  determination  gives  only  such  a 
thickness  of  wall,  fis  loaH^^s  it  an  exact  mechanical  balance  to 
the  pressure  or  push  of  the  earth,  instead  of  gi?iog  the 
former  a  decided  preponderance  over  the  latter,  u  a  security 
against  any  failure  or,  accidents  To  this  we  answer,  that 
what  has  been  done  is  .sufficient  to  insure  stability,  for  the 
following  reasons  and  circumstances.  First,  it  is  usual  to 
l)uild  several  counterforts  of  masonry,  behind  and  against  the 
Wall,  at  certain  distances  or  intervals  from  one  another  ;  which 
contribute  very  much  to  strengthen  the  wall,  and  to  rewstthe 
pressure  of  the  rampart.  2dly.  We  have  omiued  to  indade 
the  effect  of  the  parapet  raised  above  the  wall ;  which  «o»t 
9^i  aoipcwhiit,  by  its  ^cighti  tp  the  fproe  qr  resistance  of  the 
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walt«    It  it  true  we  oould  have  brought  these  two*  BUxlHaries 

I  to  exact  calculation,  a»  easily  aa  we  have  done  for  the  wall 

I  itself:  bui  we  have  thought  it  as  weil  to  leave  these  twoap- 

'      penda^es,  thrown  in  as  indeterminate  additions,  above  the 

exact  balance  of  the  wall  as  before  determined,  to  give  it  aa 

assured  stability      Besides  these  advantages  in  the  wall  itself) 

^  cevtain  contrivances  ane  also  usually  employed  to  dimintali 

the    pressure  of  the  earth  against  it  :   such  tA  land-ties  and 

branches,  lead  in  the  earth,  to  diminish  its  force  and  push 

against  the  wall     For  all  these  reasons  then,  we  think  the 

practice  of  making  the  wall  of  the  thickness  as  assigned  by 

our  theory,  may  be  safely  depended  on,  and  profitably  adopted  ; 

as  the  additional  circumstances,  }ust  mentioned,  will  sufi^* 

ciently  insure  stability ;  and  its  expense  will  be  less  than  is  in« 

curred  by  any  former  theory* 

PROBLEM  V. 

To  determine  the  Quantity  of  Preuaure  auttained  by  a  Dam 
or  Sluiccy  made  to  pen  up,  a  Body  of  Water. 

By  art.  313  Hydrostatics,  (in  this  volume)  the  pressure  ot 
B  fluid  against  any  upright  surface,  as  the  gate  of  a  sluice  or 
canal,  is  equal  \o  half  the  weight  of  a  column  of  the  fiurd» 
whose  base  is  equal  to  the  surface  pressed,  and  its  altitude 
the  same  as  that  of  the  surface.  Or,  by  art.  314  of  the  same, 
the  pressure  is  equal  to  the  weight  of  a  column  of  the  fluids 
whose  base  is  equal  to  the  surface  pressed,  and  its  altitude 
equal  to  the  depth  of  the  centre  of  gravity  below  the  top  or 
surlace  of  the  watef;  which  comes  to  the  same  thing  as  the 
former  article,  when  the  surface  pressed  is  a  rectangle,  be« 
cause  its  centre  of  gravity  is  at  half  the  depth. 

hx.  I.  Suppose  the  dam  or  sluice  be  a  rectangle  whose 
length,  or  breadth  of  the  canal,  is  20  feet,  and  the  depth  of 
water  6  feet.  Here  30  x  6  ss  120  feet,  is  the  area  of  the 
auriace  pressed  ;  and  the  depth  of  the  centre  of  gravity  being 
3  feet,  viz.  at  the  middle  of  the  rectangle ;  therefore  120  x 
3  as  360  cubic  feet  is  the  content  of  the  column  of  water 
But  each  cubic  foot  of  water  wdghs  1000  ounces,  or  62^ 
pounds  ->  therefore  360  x  1000  ^  360000  ounces,  or  22500 
pounds,  er  10  tons  and  loO  lb,  is  the  weight  of  the  column  of 
water,  or  the  quantity  of  pressure  on  the  gate  or  dam. 

Ex.  3.  Suppose  the  breadth  of  a  canal  at  the  top,  or  sur- 
face of  the  water,  to  be  34  feet,  but  at  the  bottom  only  16 
feet,  the  depth  of  wuter  being  6  feet,  as  in  the  last  example  : 
required  the  pressure  on  a  gate  which,  standing  across  the 
caniJj  diiin9  the  water  up  \ 

Here 


Digitized  by 


Google 


43^       PRESSURE  6F  EARTH  AND  ELUIDS 

Here  the  gate  is  in  form  of  a  trapezoid, 
haying  the  two  paraJIel  sides  ab,  cp.  viz. 
4tB  as  24,  and  CD  «=  16,  and  depth  6  feet, 
JNow,  by  mensuration,  problem  3,  volume  1, 
^(ab+cd)  X  6,  =  20  X  6  =  120  the  area 
of  the  sluice,  the  same  as  before  in  the  1st 
example  :  but  the  centre  of  gravity  eannot 
be  so  low  down  as  before,  because  the  figure 
is  wider  above  and  narrower  below,  the  whole 
depth  being  the  same* 

Now,  to  determine  the  centre  of  gravity 
K  of  the  trapezoid  ad»  produce  the  two 
sides  AC,  Bi>»  till  tbcy  meet  in  o ;  also  draw  «kb  and  en 
perp.  to  AB  ;  then  ah  :  c»  : :  ab  :  or,  that  U,  4  :  6  : ;  13  s 
18  «aa  GE  ;  and  kf  being  =  6,  theref.  fgs=  13.  Now,  bj 
Statics  art.  229,  ef  =  6  «•  |ko  gives  r  the  centre  of 
gravity  of .  the  triangle  abg,  and  fi  »  4  s  -^fg  .  gives  i  ther 
centre  of  gravity  of  the  triangle  cog.  Then  assuming  &  to 
denote  the  centre  of  ad,  it  will  be,  by  art  213  this  vol.  as  the 
trap.  A.D  :  A  cdg  : :  if  :  fk,  or  A  abo-^  a  cdo  :  A  cdo  :  s 
IT  :  FK,  pr  by  theor.  88  Geocn.  ge*— gf^  :  gf*  : :  it  :  vk, 
that  is  i8*  -.  12«  to  12«  or  3*  —  2«  to  2*  or  5  : 4  : :  if  =r  4  : 
2|  =  3f  =  FK ;  and  hence  er  ss  6  —  3|  =>  2|  ss  *^  is  the 
distance  of  the  centre  r  below  the  surface  of  the  water.  This 
drawn  into  120  the  area  of  the  dam-gaie,  gives  336  cubic  feet 
of  water  =  the  pressure,  <=  336000  ounces  s=  21000  pounds 
s=e  9  tons  80  lb,  the  quantity  of  pressure  against  the  gate,  as 
Fequired,  being  a  15th  part  less  than  in  the  first  case. 

jEx.  3.  Find  the  quantity  of  pressure  against  a  dam  pr 
sluice,  across  a  canal,  which  is  20  feet  wide  at  top,  14  nt  bot* 
tom>  and  8  feet  depth  of  water  ^ 

PBOBUSM  VL 


To  determine  the  Strongest  Angle   of  Position  ^  a  Pdr  of 
Gatea  for  the  Lock  on  a  Canal  or  Rtuer. 

Let  AC,  EC  be  the  two  gates^  meet- 
ing in  the  angle  c,  pojecting  out 
egainst  tlfe  pretssure  of  the  water,  ab 
being  the  breadth  of  the  canal  or  river. 
Now  the  pressure  of  the  water  on  a 
gate  AC,  is  as  the  quantity,  or  as  the  A  JIST  ~B 
extent  or  length  of  it,  ac.  And  the  nnechanical  effect  of  that 
pressure,  is  as  the  length  of  lever  to  the  middle  of  ac,  or  as 
AC  itself.    On  both  these  accounts  then  the  pressure  is  as 
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▲c^.  Th^efore  the  resistance  or  the  streogth  of  the  gi^t6 
jniust  be  as  the  resiprocal  of  this  ac^. 

Now  produce  ag  to  meet  bd,  prep,  to  it,  in  d  ;  and  draiT 
CB  to  bisect  ab  perpendicularly  in  s  ;  then,  by  similar  tri-^ 
angles,  as  ac  :  ak  :  :  ab  :  ad  ;  where,  ae  and  ab  being  given 
lengths,  AD  is  reciprocally  as  ac,  or  ad^  reciprocally  as  ac^; 
-  that  is«  AD*  is  as  the  resistance  of  the  gate  ac.  But  the  re- 
sistance of  AC  is  increased  i^y  the  pressure  of  the  other  gate 
in  the  ,directiun  bc.  Now  the  force  in  bc  is  resolved  into 
the  twoBD*  DC  ;  the  latter  of  which,  dc,  being  parallel  to  ACf 
has  no  effect  upon  it ;  but  the  former,  BD,acts  perpendicular- 
ly 00  it.  Therefore  the  whole  effective  strength  or  resistance 
ef  the  gate  is  as  the  product  ad*  x  bd. 

If  now  there  be  put  ab  aa,  and  bd  a  x,  then  ad^  sn  ab* 
— BD*a»a«*x*  ;  conseq.  AD»XBDtts(a»  — x*)XxBao*ir— x* 
for  the  f^sistance  of  either  gate.  And>  if  we  would  have  this 
to  be  the  greatest,  or  the  resistance  a  maximum,  its  fluxion 
must  vanish,  or  be  equal  to  nothing  :  that  is,a^i^-..3x*^sO  ; 
hence  a*  sss3x»,  and  x  ai  a  y^  ^  »«  Jay'  3aa  '57735c,*  the  na- 
tural sine  of  35^  16'  :  that  is,  the  strongest  position  for  the 
lock  gates,  is  when  they  make  the  angle  a  or  b  eea  35^  16'} 
•r  the  complemental  angle  ace  or  bge  ca  54^  44%  or  the 
ithole  aallent  angle  acb  as  109^  28^. 

Scholium. 

Allied  to  this  problem,are  several  other  cases  in  mechanics* 
such  as,  the  action  of  the  water  on  the  rudder  of  a  ship,  in 
sailing,  to  turn  the  ship  about,  to  alter  her  course  ;  and  the 
action  of  the  wind  on  a  ship's  sails,  to  impel  her  forward  ; 
also  the  action  of  water  on  the  wheels  of  water-mills,  and  of 
the  air  on  the  sails  of  wind-mills,  to  catise  them  to'  ttim 
round. 


Thus,  for  instance,  let     f^^ 


a^rg:: 


7 


ABC  be  the  rudder  of  a 
ship  ABDE»  sailing  in  the 
direction  hd,  the  rudder 
placed  in  the  oblique  posi- 
tion BCy  and  consequently 

striking  the  water  in  the        C   G  T 

direction  cf,  parallel  to  bd.  Draw  bf  prep,  to  bC}  and  bo 
prep,  to  CF.  Then  the  sine  of  the  angle  ot  incidence,  of  th6 
direction  of  the  stroke  of  the  rudder  against  the  water,  will 
be  BF,  to  the  radius  cf  •,  therefore  the  force  of  the  water 
against  the  rudder  will  be  as  bf*»  by  art.  3,  Mot.  of  bod.  in 
plui.  this  vol.  But  the  force  bf  resolves  into  the  two  bo>  GF,of 
which  the  latter  is  parallel  to  the  ship's  motion,  and  therefore 

has 
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lias  no  effect  to  cliaitg^e  it;  but  the  former  bg,  being  prep,  (o  . 
tbe  ship's  motion^  is  the  only  part  of  the  force  to  lurn  tii>  ship 
about  and  change  her  course      But  nt :  bo  : :  or  :  cb.  there* 

fore  cp:cB  :  :  bjt*  •  — '-^ — the  force  upon  the  rudder  to 

turn  the  ship  about. 
Now  put  a  aa  CF,  ar  =  BC  ;  then  bp*  =a  a»  —  x«,  and  the 

force = ** — aer .;   and,  to  have  this*  a 

CF  O  a 

maximum^  its  flux,  must  be  made  to  vanish,  that  is,  o^x—Sjr* 
j^  =  O  ;  and  hence  xssay^  =  Bcs=:  the  natural  sine  of  35* 
16'  =  angle  f  ;  therefore  the  complemenial  angle  €  =a 
54^  44'  as  before,  for  the  obliquity  of  the  rudder«  when  it  is 
most  elBcatious. 

The  case  will  be  also  the  same  with  respect  to  the  wind 
acting  on  the  sails  of  a  wind-mill,  or  of  a  ship,  viz.  that  the 
sails  must  be  set  so  as  to  make  an  angle  oi  54^  44'  with  the  • 
direcim  of  the  wind  ;  at  least  at  the  beginning  of  the  mo- 
tion, or  nearly  so  when  the  velocity  of  the  sail  is  but  small  in 
comparison  with  that  of  the  wind ;  but  when  the  former  is 
pretty  considerable  in  respect  of  the  latter,  than  the  angle 
•ugbt  to  be  proportionally  greater,  to  have  the  best  effect,  as 
shown  in  Maclaurin's  Fluxion^}  pa.  734,  &c. 

A  consideration  somewhat  related  to  the  same  also,  is  the 
jgreatest  effect  produced  on  a  mill-wheelyby  a  stream  of  water 
striking  upon  its  sails  or  float-boards.  The  proper  way  in  this 
case  seems  to  be,  to  consider  the  whole  of  the  water  as  acting 
on  the  wheel,  but  striking  it  only  with  the  relative  velocityi 
or  the  velocity  with  which  the  water  overukes  and  strikes 
upon  the  wheel  in  motion^  or  the  difference  between  the  ve« 
locities  of  the  wheel  and  the  stream.  This  then  is  the  power 
or  force  of  the  water ;  which  multiplied  by  the  velocity  of 
the  wheel,  the  product  of  the  two«  viz.  of  the  relative  relo' 
city  and  the  absolute  velocity  of  the  wheel,  that  is  (v— v)  v  s= 
Yv  '^  v^y  will  be  the  effect  of  the  wheel  >  where  v  denotes 
the  given  velocity  of  the  water,  and  v  the  required  velocity 
of  the  wheel.  Now,  to  make  the  effect  vv^v*  amaxtmumi 
or  the  greatest,  its  fluxion  must  vanish,  that  is  yv  —  3vv  «  0| 
hence  v  =s  (v  ;  or  the  velocity  of  the  wheel  will  be  equal  tp 
half  the  velocity  of  the  stream,  when  the  effect  is  the  greatest  i 
and  this  agrees  best  with  experiments. 

A  former  way  of  resolving  this  problem  was,  to  consider 
the  water  as  striking  the  wheel  with  a  force  as  the  square  of 
the  relative  velocity,  and  this  multiplied  by  the  velocity  of 
the  wheel,  to  give  tiie  effect ;  that  is,  (v— v)Sv  &  the  effect. 
Now  the  flux,  of  tills  product  is  (v—iy)«v<-(v«rv  )x2vv=^0i 

hcooe 
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hence  v  —  tr  «»  3v,  or  ▼  =5  Sv,  anc!  v  rr  ^v,  or  the  velocity 
of  the  wheel  equal  only  to  4  >'  the  yelocitf  of  the  water. 

PBOBLBM  VIL 

^0  determine  the  Form  and   Oimtmions  ^f  Gunfiomfder  Jkb* 
gaxxfUB 

In  the  practice  of  en^eeringv  with  respect  to  the  erection 
of  powder  magazines)  the  exterior  shape  is  usuailv  mude  hke 
the  roof  of  a  house^  having;  two  sloping  sidesi  forming;  two 
inclined  planes^  to  throw  off  the  rain,  and  meeting  in  aa 
angle  or  ridge  at  the  top ;  while  the  interior  represents  a 
vaults  more  or  less  extended,  as  the  ocqasion  m  jy  require  ; 
and  the  shape,  or  transverse  section »  in  the  form  of  some 
arch,  both  for  strength  and  commodious  room,  for  placing 
the  powder  barrels  It  has  been  usual  to  make  this  enterior 
curve  a  semicircle.  But,  against  this  shape,  for  such  a  pur« 
posC)  I  must  enter  my  decided  prptest ;  as  ft  is  an  arch  the^ 
farthest  of  any  from  being  in  equilibrium  in  itself,  and  the- 
weakest  of  any,  by  bcin^  unavoidably  much  thinner  in  one 
pan  than  in  otberti.  Besides  It  is  constantly  found,  that  after 
the  centering  of  semicircular  arches  is  struck,  and  removed 
they  settle  at  the  crown,  and  nse  up  at  the  flanks,  even  witi^' 
a  stt  aie:ht  horizontal  form  at  top,  and  still  much  more  so  ia 
powder  magazines  with  a  sloping  roof ;  which  effects  are 
exactly  what  might  be  expected  from  a  contemplation  of  the 
true  theory  of  aix:hes.  Now  this  shrinking  of  the  archea 
naust  be  attended  with  other  additional  bad  effects,  by  breakr 
ing  the  texture  of  the  cement,  after  it  has  been  in  som  de<* 
gree  dried,  and  also  by  opening  the  joints  of  the  voussoirs  at 
one  end.  Instead  of  the  circular  arch  therelore,  we  shitll  ia 
this  place  give  an  investigation »  founded  on  the  true  principles 
of  cquiltbrium,  of  the  only  just  form  of  the  interior»  which  ia 
properly  adapted  to  the  usual  sloped  roo£ 

For  this  purpose,  ptit  a  »  dk  (he 
thickness  of  the  arch  at  the  top,  x  sa 
any  absciss  dp  of  the  required  arch 
ADCM,  u  tsa  iLBL  the  Corresponding  U^ 
abs::is!i  of  the  given  exterior  line  ki 
any  y  t=a  re  s^  m  their  equal  ordi- 
nates.  Then  by  the  principles  of 
arches,  in  my  tracts  on  that  subject 
it  ia  found  that  ci  or  w  93  a  -f  x  «p- 

«  =  Q  X  **-:^f!,  or  =  q    X   *  ,  supposing   y  a    ct^nstant 

quantity,  and   %vhere  q  is  some  certain  quantity  to  be  deter« 

milled  hereafter.    But  &a  or  u  ia  eao.  ^y,  if  t  be  pat  to  denote 
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the  ittigcist  of  the  given  angle  of  elevatkm  kxjm  to  fadiu  \ ; 

and  then  the  equation  is  w  -  a+x^ty  =;  ^ 

Now,  the  fluxion  of  the  equation 
f»  =  a  +  a:  —  /y>  i»  w  =»  a:  —  V 
and  the  3d  fiuYion  is  v  «=  x  ;  thc«« 
fcre  the  foregoing  general  equation 

becomes  w  =»  t^  ;  and  hence  vi  = 

^,  the  fluent  of  which  giTca  «^r«  s=r  ,..^___^ ^^^^ 

2^:  but  at  D  the  yalue  of  wis  S3  01  and  «  =s  o,  the  cunre 
at  n  being  i>arallel  to  ki  ;  therefore  the  correct  floent  Is 
•'-«-??•  Henceth«ny..^,.ory=_^^J 
Che  cc»Tcct  fluent  of  which  gives  y  a  y^  q  x  hyp.  log-  of 

a 
Now,  to  determine  the  yalue  of  q,  we  are  to  consider  that 
tvhen  the  vertical  line  ci  is  in  the  position  ku  or  mk  then 
w  s  ci  becomes  as  al  or  mw  =3  the  given  quanuiy  c  sup- 
pose, and  y  as  AQ  or  qM  cs  ^  suppose^  in  which  position  the 

last  equation  becomes  6  sss  v^  q  x  hyp  log.  ^^*^*''^  ;  and 
hence  it  is  found  that  the  value  of  the  constant  quantity 
4/  q,  is  b  ic.+  Jric^^a%f  ^^'^^^^"^e  substituted  for  it,  in 
the  above  general  value  of  y,  that  value  becomes 

tl  «   fr,        ^  V^~  _^         log,  of  1>  +^(W>  .^11^ V- iDg.  A 

log.  of^^-^^^*^*"'^*^         *°&- «^«+  v'  Cc« -  «»)-  log. * 

from  which  equation  the  value  of  the  ordinftte  tc  may  ahrays^ 
be  found,  to  every  given  value  of  the  vertical  cj. 

But  if,  on  the  other  hand,  pc  be  given,  to  find  ex,  which 
will  be  the  more  convenient  way,  it  may  be  found  in  the 

following  manner :  Put  a  =  log.  of  a,  and  c  s  -^  x  log.  of 

^-^i  then  the  above  equation  gives  cy  +  a  ==  log. 

of  V  +  V  (w»— a*)  ;  again,  putn  «=  the  number  whose  log- 
is  cy  +  a;  thcnn  ^  w  +  i/  (w«— a*);  and  hence  ««* 

~-—  «=  CI, 

2n 

Now,  for  an  example  in  numbers,  in  a  real  case  of  this 

nacufc^ 
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jiaturoi  let  the  foregoiog  figure  represent  a  transverse  vertical 

peciion  of  a  ma^azme  arch  balanced  in  all  its  parts,  in  which 

the  span  or  widih  am  is  20  feet,  the  pitch  or  height  nq  is 

10  feet,  thickness  at  the  crown  dk  a  7  feet,  and  the  angle 

of  the  rid^e  lk%  113^  37',  or  the  half  of  it  lkd  =s  56^  I8'{f 

the  complemeni  of  which,  or  the  elevation  xia,  is  33^  4l'i^ 

the   tangent  of  which  is  s|,  which  will  therefore  be  the 

▼alue  of  i  in  the  forgoing  investigatbn.    The  values  of  the 

other  letters  will  be  as  follows,  viz.  DXssarsT  ;  Aq  <=«=bsiO  ^ 

l>qsA^10  ;  AUcsr  asiO^  s^y  ;  Aa  log.  of  7  :=  8450980  ; 

*     .1         i«-fV(;«-aa)         -   ,           .31fV520  . 

C  «r  -^  X  log.  0^:1:^:^^ i-»  ^  log.   Of-J^j ca   ^^ 

log.    of  2-S6207    9m   -0408591  $    cy    +    A  «a  -040859 1 v^  + 
•8450980  ss  log,  of  n.    From  the  general  equation  then,  vis. 

ci  «a  w  a    - -i —  =T^  "^  ^  ^  assuming  y  successively 

.equal  to  1,  3,  3,  4«  Sec.  thence  finding 
the  corresponding  values  of  cy  -f  a  <^ 
•0408591^4' '8450980»  and  to  these, 
as  common  logs  taking  out  the  corres- 
ponding natural  numbers,  which  will 
l>e  the  values  of  n  ;  then  the  above 
theorem  will  give  the  several  values  of 
tn  or  CI,  as  they  are  here  arranged  in 
the  annexed  table,  from  which  the 
figure  of  Che  curve  is  to  be  constructed^ 
by  thus  finding  so  many  points  in  it. 

OiAervri$e,     Instead  of  making    n 
the  number  of  the  log.  cy  +  a,  if  we 

put  m  8sthe  natural  number  of  the  log.  ■    '       ■        — 

w+4/(w'  — a*^ 

cy  only  •  then m  sa  — I-2L.V L^  and  am  -«  tp  «  4/  fw*-^ 

a*),  or    by  squarhig,  &c.  a*m*  —  3am v+ ips  awS^a^  and 

wiS  ^1 
hence  w  *s  --^^  X  a  :  to  which  the  numbers  being  applied^ 

the  very  same  conclusions  result  as  in  the  foregoing  csdculation 
and  uble. 

PROBLBM  vm, 

To  cwtruct  Powder  Migazines  wit  A  a  ParahoUcat  Arch.  ] 

It  has  been  shown,  in  my  tract  on  the  Principles  of  Arches 
of  Bridges,  that  a  parabolic  arch  is  an  arch  of  equilibrationi 
when  its  extrados,  or  £orm  of  its  exterior  covering,  is  the 
very  same  parabola  as  the  lower  or  inside  curve.  Hence  then 
a  parabolic  arch,  both  for  the  inude  ^4  ojater  form,  will  be 

very 


Val.ofy 

VaLofw 

or  cp. 

orcu 

1 

7  0309 

2 

7  1243 

3 

7  2806 

4 

7^5015 

5 

7  7888 

6 

8  1452 

7 

8-5737 
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9  0781 
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9  6628 
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^ry  proper  for  tto  scructure  of  a  powder  imgttBine*  For« 
the  inside  pitrabolic  shape  will  he  very  conrenieot  as  to  room 
for  stowage  ;  ?dly,  the  exterior  parabola,  every  where  parallel 
to  the  inner  one,  will  be  proper  enough  to  carry  off  the  raki 
watej  :  3dly,  the  structure  will  be  in  perfect  equilibrium : 
and  4thly,  the  parabolic  curve  is  easily  constructed,  i^mI  the 
atruciure  erected 

Put,  as  before,  a  «.  &i>,  A  =»  bq,  K. 

£  3=  Aq,  X  »  pp  and  j^  ==  PC  or  ui»  .diJ^llllfeJ 

Then,  by  the  naiure  of  the  parabola 

A»c.  A»  :  y*  :  :  A  t  X  as  ^ ;  hence 

constant,    then  ci  -  -7   X  q  i»  --  ~^=a  constant  quan* 

tity  =r  fl,  what  it  is  at  the  rertax ;  that  is,  ci  is  every  where 
equal  to  Rd. 

Consequently  kr  is  =  dp  ;  and  since  Rr  is  —  pc ,  u  is  cvi- 
jlent  that  ki  is  the  same  parabolic  curve  with  Dc,  and  m^ 
be  placed  any  height  above  it,  always  producing  an  arch  of 
cquiUbrationi  and  very  commodious  for  powder  magazines. 


THEORY  AND   PRACTICE  OP  GUNNERT. 

Ik  the  Doctrine  of  Motion,  Forces,  kc.  have  been  gfrcn 
several  perticulars  relating  10  this  subject.  Thus,  in  propi. 
19,  20,  21,  22,  is  given  all  that  relates  to  the  p«raiboUc  theory 
of  projectiles,  that  is,  the  mathematical  principles  which 
would  take  place  and  rcgiilate  such  projects,  if  they  were  not 
in  peded  and  disturbed  in  their  motions  by  the  air  in  which 
the  move.  Bui,  from  the  enormous  resistance  of  that  me- 
dium, it  happens,  that  many  miliiary  projectiles,  especially 
the  smaller  balls  discharged  vith  the  hii^her  velocities,  do 
not  range  so  far  as  a  20th  part  of  what  they  would  naturally 
do  in  empty  space  !  That  theory  therefore  can  only  be  use- 
ful in  some  few  cases,  such  as  in  the  slower  kind  of  motions, 
not  above  the  velocities  of  2,  3,  or  400  feet  per  second,  when 
the  path  of  the  projectile  differs  but  little  perhaps  h-oro  the 
<:urve  of  a  parabola. 

Again,at  art  I04,&c  of  same  doctrinc.are  given  several  other 
pra<:tical  rules  and  calculations,  depending  partly  on  the  fore- 
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I  goi&g^pmboHc  theory,  and  partly  on  Hie  results  of  certain 

I  experiments  perfbrrned  with  canDon  balls. 

'  Again,  in  prop.  58,  Stktics,  are  delivered  the  theory  and 

calculations  of  a  beautiful  military  experiment^  invented  by 
Mr  Robitt«5.  for  determining;  the  true  degree  of  velocity  with 
which  balU  are  projected  from  guna,  with  any  charges  of 
powder.  The  idea  of  this  experiment,  is  simply,  that  the 
ball  is  discharged  into  a  very  large  but  moveable  block  of 
wood,  whose  small  Telocity,  in  consequence  of  that  blow,  can 
be  easily  observed  and  accurately  measured.  Then,  fromi 
this  small  veiocitf ,  thus  obtained,  the  great  one  of  the  ball  is 
immediately  derived  by  this  simple  proportion,  viz.  as  the 
weight  of  the  ball)  is  to  the  sum  of  the  weights  of  the  ball 
and  the  block,  so  is  the  observed  velocity  of  the  last,  to  a  4th 
proportional,  which  is  the  velocity  of  the  ball  sought.— »lt  is 
evident  that  this  simple  mode  of  experiment  will  be  the  source 
of  numerous  useful  principles,  as  results  derived  from  the 
experiments  thus  made,  with  all  lengths  and  sizes  of  guiia» 
with  all  kinds  and  sizes  of  balls  an  other  shot,  and  with  all 
the  various  sorts  and  quantities  of  gunpowder ;  in  short,  the 
experiment  will  supply^ answers  to  all  enquiries  in  projectiles^ 
excepting  the  extent  of  their  ranges ;  for  it  will  even  de« 
termine  the  resistance  of  the  air,  by  causing  the  ball  to  strike 
the  block  of  wood  at  different  distances  from  the  gun,  thus 
showing  the  velocity  lost  by  passing  through  those  different 
[  ^aces  of  air ;  all  which  circumstances  are  partly  shown  in 

|.  my  4to  vol.  of  Tracts  published  in  1786,  and  which  will  be 

>  completed  in  my  new  volumes  of  miscellaneous  tracts  now 

u  printing. 

Lastly,  in  prob  17,  Prac.  Ex  on  Forces,  some  results  of  the 
same  kind  of  experiment  are  successfully  applied  to  deter<* 
mine  the  curious  circumstances  oi  the  first  force  or  elasticity 
of  the  air  resulting  from  fired  gunpowder,  and  the  velocity 
wuh  which  it  expands  usi-lf.  These  are  circumstances  which 
have  never  before  been  determined  with  any  precision.  Mr. 
Robins,  and  other  authors,  it  may  be  said,  have  only  guessed  atf 
rather  than  determined  them  That  ingenious  philosopher,  by 
a  simple  experiment,  truly  showed  that  by  the  firing  of  a  par- 
eel  of  gunpowder,  a  quantity  of  elastic  air  was  disengaged^ 
which,  wnen  confined  in  (he  space  only  occupied  by  the  pow« 
der  before  it  was  fired,  was  found  to  be  near  250  timea  strong- 
er  than  the  weight  or  elasticity  of  the  common  atmospheric  air« 
He  then  heated  the  same  parcel  of  air  to  the  degree  of  red  hot 
iron,  and  found  it  in  that  temperature  to  be  about  4  times  as 
strong  as  before ;  whence  he  inferred,  that  the  first  strength  of 
the  inflamed  fluids  must  be  nearly  1000  times  the  pressure  of 
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tbe  atmosphere.  But  this  wa»  merely  gueasisig  at  thedaj^fet 
of  heat  in  the  inflamed  fluid,  tod  consequently  of  iu  first 
strength,  both  which  in  fact  are  found  to  be  much  greater     U 
is  true  that  this  assumed  degree  of  strength  accorded  pretty 
well  with  that  auihur's  experiments ;  but  this  aeemiiig  a* 
^recmentt  it  may  easily  be  shown,  could  only  be  owing  to 
the  inaccuracy  of  his  own  further  experiments ;  and*  m  fmctp 
with  far  better  opportunities  than  fell  to  the  lot  of  fiir.  Rob* 
ins,  we  have  shown  that  inflamed  gunpowder  is  about  dun* 
ble  the  strength  that  he  has  assigned  to  it,  and  that  itaz* 
pands  iuelf  with  the  velocity  of  about  60tO  feet  per  &e« 
Gond. 

Fully  sensible  of  the  importance  of  experiments  of  tluM 
kind,  first  practised  by  Mr.  Robins  with  musket  baUs  onlfy 
my  endeavours  for  many  ye;4rs  were  directed  to  the  probecu* 
tion  of  the  same,  on  a  larger  scale,  with  connon  balls ;  and  I 
having  had  the  honour  to  be  called  on  to  give  my  assistance  at 
several  courses  of  such  experiments,  carried  on  at  Woolwich 
by  the  ingenious  officers  of  the  Royal  Artiileiy  there,  under 
the  auspices  of  the  Masters  General  of  the  Ordnance,  I  have 
assiduously  attended  them  for  many  yeftrs.  The  first  of  these 
courses  was  performed  Jn  the  year  '775,  being  3  years  after 
my  establisment  in  the  Royal  Academy  at  that  place:  and  in 
the  Philos.  Trans,  for  the  year  1778  I  gave  an  account  of 
these  experiments,  with  deductions,  in  a  memoir,  which  was 
honoured  with  the  Royal  Society's  gold  medal  of  (hat  year. 
la  conclusion,  from  the  whole,  the  following  important  deduc*. 
tions  were  fairly  drawn  and  stated,  viz. 

\8t,  It  is  made  evident  by  these  experiments,  that  gun* 
powder  fires  almost  instantaneously.  2diyf  The  velocities 
communicated  to  shot  of  the  same  weight,  with  different 
charges  of  powder,  are  nearly  as  the  square  roots  of  thoae 
•harges.  Sdly^  And  when  shot  of  different  weights  are  nred 
with  the  same  charge  of  powder,  the  velocities  communicated 
to  them,  are  nearly  in  the  inverse  ratio  of  the  square  roots 
of  their  weights.  4/A/y,  So  that,  in  general,  shot  which  are 
of  different  weights,  and  impelled  by  the  firing  of  different 
charges  of  powder,  acquire  velocities  which  are  directly  as 
the  square  roots  of  the  charges  of  powder,  and  inversely  as 
the  square  roots  of  the  weights  of  the  shot.  ^My^  It  would 
therefore  be  a  great  improvement  in  artillery,  occasionally  to 
make  use  of  shot  of  a  long  shape,  or  of  heavier  matter,  as 
lead ;  for  thus  the  momentum  of  a  shot,  when  discharged 
with  the  same  charge  of  powder,  would  be  increased  in  the 
ratio  of  the  square  root  of  the  weight  of  the  shot ;  which 
would  both  augment  proportionally  the  force  of  the  blow  with 
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^$Aith  it  would  strikey  and  the  extent  of  the^  range  to  which 
it  would  a^o,  6fh£y^  Ii'would  also  be  an  improvement,  to 
diminii^h  the  windage ;  since  by  this  means,  one  third  or  more 
Df  the  qaantity  of  powder  n>ight  be  saved.  7thli/y  When  tho 
improvements  mentioned  1:1  the  last  two  articles  are  consider* 
ed  as  doth  taking  place,  it  appears  that  about  half  the  quantity 
of  powder  might  be  saved.  But,  important  as  the  saving  may 
be«  it  appears  to  be  btill  exceeded  by  that  of  the  guns :  for 
Ibus  a  small  gun  may  be  made  to  have  the  effect  and  execution 
of  anoti^r  of  two  or  three  times  its  size  in  the  present  way, 
bv  discharging  a  long  shot  of  3  or  3  times  the  weight  of  its 
usual  ball,  or  round  shot ;  and  thus  a  small  ship  might  em- 
ploy ahot as  heavy  as  thoseof  the  largest  now  in  use. 

'  Finally,  as  these  experiments  prove  the  regulations  with 
respect  to  the  weight  of  powder  and  shot,  when  discharged 
from  ibe  same  piece  of  ordnance  ;  so,  by  making  similiar  ex- 
periments with  a  gun  varied  in  its  length  by  cutting  offfrom 
it  a  certain  part,  before  each  se)  of  trials,  the  effects  and  ge- 
neral rules  for  the  different  lengths  of  guns,  may  be  with 
certainty  deterihined  by  them.  In  short,  the  principles  on 
which  these  experiments  were  made,  are  so  fruitful  in  con- 
aequences,  that,  in  conjunQtion  with  the  effects  of  the  resist- 
ance of  the  medium*  they  appear  to  be  sufficient  for  answering 
afH  the  inquiries  of  the  speculative  philosopheri  as  well  as 
those  of  the  practical  artillerist. 

Such  then  was  the  summary  conclusion  from  the  first  set 
of  experiments  with  caiinon  balls,  in  the  year  1775,  and  such 
were  the  probable  advantages  to  be  derived  from  them.  I  am 
not  aware  however  that  any  alterations  were  adopted  from 
them  by  authority  in  the  public  service :  unless  we  are  to  ex- 
cept the  instance  of  carronades,  a  species  of  ordnance  tha^  was 
afterwards  invented,  and  in  some  degree  adopted  in  the  publio 
service  ;  for,  in  this  instance,  the  proprietors  of  those  pieces 
by  availing  themselves  of  the  circumstances  of  large  balls,  and 
ver^  small  windage,  have,  with  small  charges  of  4)owder,  and 
at  little  expense,  been  enabled  to  produce  very  considerable 
and  useful  effects  witti  those  light  pieces. 

The  2d  set  of  these  experiments  extended  through  most 
part  of  the  summer  seasons  of  the  years  1783,  1764,  1765, 
and  some  in  1786.  The  objects  of  this  course  were  numer- 
ous and  various  :  but  ttie  principal  articles  as  follow  :  1.  The 
velocities  with  which  balls  are  projected  by  equal  charges  of 
pt.wder,  from  pieces  of  equal  weight  and  calibre,  butof  dif- 
itsreiK  lengths.  2.  The  velocities  with  different  charges  of 
p<wder,  the  weight  and  length  of  the  guns  being  equal. 
3.  The  greatest  velocities  due  to  the  different  lengths  of  guns, 
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to  bo  ascertamed  by  auccesBirely  increa&in^  the  diarge,  tS 
the  bore  should  be  filled)  or  till  the  velocity  sbookl  decream 
a^aio  4.  The  effect  of  raryinj;  the  weight  of  the  ^iece;. 
CYery  thing  else  being  the  same.  S-  The  penornid«>n«*  of 
btlls  into  blocks  of  wood  6.  The  ranters. ^^d  timei  of  Hight 
of  balls ;  to  compare  them  with  their  first  Teloeities^  for  ascer. 
taining  the  resistance  of  the  mediam*  7.  The  elect  of  wadb  ^ 
of  dii^rent  degrees  of  ramming,  or  tomprrssing  the  charge  ; 
of  different  degrees  of  windage  ;  of  different  positions  of  the 
Tent ;  of  chambers  and  trunnions^  and  every  other  dr* 
cumstance  necessary  to  be  known  for  the  improvement  of  ar- 
tillery. 

An  ample  accotmt  is  given  of  these  experimeDts,  and  tbo 
results  deduced  from  them  in  my  volume  of  Tracts  puhbafaed 
In  1786  i  some  few  circumataBces  only  of  which  can  be  noted 
here.  Id  this  course^  4  brass  guns  were  employed,  very 
nicely  bored  and  cast  on  purpose,  of  different  lengths,  but 
equkl  in  all  other  respects,  viz.  in  weight  and  bore.  Sec.  The 
lengths  of  the  bores  of  the  guns  were, 

the  gun  n^  1,  was  15  calibres,  length  of  bore  29-S  ioc 

•  ,    •    n*  3»   .     30  calibres,    •    .     •     •     SB  4 

•  •    •    n*  S,    .    30  calibres,    •    •     «     •      57*7 

•  .     .    n*  4,    .     40  calibres,     .     •      •     •      80-3. 

the  calibre  of  each  being  2,1^  inches,  and  the  medium  weigW 
of  the  balls  16  os.  13  drams. 

The  mediuins  of  all  the  experimented  velocities  of  the 
balls,  with  which  they  struck  the  pendulous  biock  of  wood^ 
placed  at  the  distance  of  32  feet  from  the  muzsfe  of  the  gnn, 
for  several  charges  of  powder,  were  as  in  the  following  table^ 


Tabic  of  Initial  ^elocitie^n            | 

Powder. 

The  Guns.             j 

oz. 

No.  I. 

No.3.|No.3.  1  No.  4] 

3 

780 

835 

930  i     970  1 

4 

1100 

1180 

13(^0 

170 
1680 

6 

1340 

i445 

1590 

8 

1430 

1580 

1790 

1940 

13 

1436 

1640 

, 

. 

14 

1660 

, 

• 

16 

2000  1 

• 

18 

.      1  2200  [ 

placed  in  the  1st  column,  for    all  the  four  gtms,  the  num- 
bers denoting  so  many  feet  per  second.    Whence  in  geaentl 
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it  appears  bow  the  velockies  increase  with  the  eharges  of 
powder*  for  each  gun,  and  alse  how  they  increast^  as  the 
guns  are  loager«  with  the  same  charge.  Id  etery  instance. 

By  increasing  the  quantity  of  the  charges  continually,  for 
«ach  gun»  it  was  found  that  the  velocities  coniinued  to  in- 
crease till  they  arrived  at  a  certain  degree,  different  in  each 
gun ;  after  which,  they  constantly  decreased  again,  till  the 
bore  was  quite  filled  with  the  charge.  The  charges  of  pow« 
der  when  the  velocities  arrived  at  their  maximiim  or  greatest 
state,  were  various,  as  might  be  expected,  according  to  the 
lengths  of  the  guns ;  and  the  weight  of  powder,  with  the 
length  it  extended  in  the  bore,  and  the  fractional  part  of  the 
bore  it  occupied,  are  shown  in  the  following  table,  of  the 
lOhitrges  for  the  greatest  effect. 


Gun, 
n<>. 

Length 
of  the 
Bore 

rhe  Charge            i 

Weight, 
oz. 

13 
14 
16 
18 

Length. 

Inches. 

Part  of 
whole. 

1 
3 
3 

4 

28S 

38-4 
57  7 
80-2 

8-2 

9-5 

10-7 

12-1 

i. 

Some  few  experiments  in  this  course  were  made  to  obtaia 
the  ranges  and  times  of  flight,  the  mediums  of  which  are  ex-. 
hibited  in  the  following  table. 


BaUs. 

Elcvat. 

Time 

First 

Guns. 

Pow- 

gun. 

cf  flight  Range. 

veloc 

der 

Weight 

Diam. 

oz 

oz.  dr. 

inch. 

sees. 

feet 

feet. 

n-'a. 

2 

16  10 

196 

450 

21-2 

5109 

863 

do. 

2 

16     5 

196 

9-2  t  4130 

868 

do 

4 

16     8 

1'96 

9  2  1  4660 

1234 

do. 

8 

16   12 

196 

14-4  ,   6066 

.1644 

do. 

12 

16   i2 

1-95 

15-5   !  6700 

1676 

n'^S. 

8 

15     8 

196 

10-1    '  5610 

1938 

In  this  table  are  contained  the  following  concomitant  data, . 
determined  with  a  tolerable  degree  of  precision  ;  viz.  the 
iveighi  of  the  powder,  the  Weight  and  diameter  of  the  ball, 
the  initial  or  projectile  Telocicy,  the  angle  of  elevation  of  the 
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tun,  the  ihne  in  seconds  of  the  half  •  %lrt  through  Oie  'afi 
2tid  iw  range,  or  the  distattcc  ^herc  it  flett  on  the  boitemtd 
plaoe  Frtrti  which  It  hi  hoped  tfi«t  aomie  Mt  maj  be  deritd 
towards  ascertaining  the  resistance  of  the  iPc^BDn^  and  in 
effects  on  other  elci^ations,  fcc,  and  ao  allbrd  aoMettemwref 
obtaining^  eas^  riiles  for  the  caaea  of  pncdeal  ganDefj. 
Though  the  complelion  of  thia  enquiry,  fcr  wsM  ti  dnad  M 
present*  must  be  rtfeited  to  another  arork,  where  ajUftW^ 
have  an  opportunity  of  describing  aiioiher  inore  etssiided 
tourse  of  experiments  on  thia  subjecti  whleli  hcve  mrter  yrt 
been  given  to  the  public 

Another  subject  of  enquiry 
in  the  foregoing  expeti^ 
vents,  was,  how  far  t^e  Italia 
would  penetrate  into  aoHd 
blocks  of  elm  wood,  fired  in 
the  direction  of  the  fibres. 
The  annexed  tablet  shows 
the  reaulu  of  a  few  of  the 
trials  that  were  made  with 
tlie  gun  n^  2,  with  the  moat 
frequent  charges  of  9,  4,  and 
8  ounces  of  powder ;  and  the 
mediums  of  the  penetrationsy 
aa  placed  In  the  laat  line,  are 

found  to  be  7,  I5,and  20  inches,  with  Choae  chaiges.  These 
penetrations  are  nearly  as  the  numbers 

3,  4,  6,  or  1, 2,  3 ;  but  the  chslrges  <lf  powdet*  are  i± 
2^  4, 8,  or  t,  2,  4 ;  so  chat  the  penetrsiiona  are  propor^ 
tional  to  the  cbargeaas  br  aa  to  4  duncesi  bat  io  a  leaa  rado 
at  8  ounces »  whereast  by  the  theory  of  penetratinaa  the 
depths  ought  to  be  proportioDal  to  thcr  cliargea»  or  which 
is  die  iame  thing,  as  the  squares  of  the  velocities.  So  that  it 
•eems  the  resisting  brce  of  the  wood  la  not  unifonnjy  or 
eonstamly  the  same  but  that  it  increases  a  little  wilh  the 
increased  velocity  of  the  balL  Tbb  may  probably  be  occa- 
sioned by  the  greater  quantity  of  fibres  driven  before  the  ball  ^ 
irhich  may  thus  increase  the  spring  and  reuatance  of  the 
#ood»  and  prevent  the  hall  from  penetratbg  ea  deep  as  it 
otherwise  might  do. 

From  a  general  inspection  of  this  second  coufie  of  (beae 
experiments,  it  appears  that  all  the  deductions  and  observa- 
tions made  on  the  former  course,  are  here  corroborated  and 
strengthened,  respecting  the  velocities  and  weights  of  the 
ballS|  and  chu*ges'  of  powder.  Sec  It  further  appears  also 
that  the  velocity  of  the  bidi  increaaea  with  the  iiKrease  of 

^hirge 


Penetraiions  of  Baiu  i^roj 
MoUdSlmwimL         J 

Powder  2 

4   laos.  1 

r 

16  6 
13  5 

1 8*9 
21-2 
18-1 
208 

Means   7 

15 

1 » 
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tioKgt  O&lf  to  4i  iCCirtAtn  pdiati  Fhicb  is  jMeculiar  to  0»ch  gOQ, 
.where  it  is  g^reslfst  i  aod  that  >7  further  increwQJC  Uie 
chariot  the  velocity  gnubially  diminishes,  till  the  bore  it 
quite  JBoU  cf  powder:  That  this  chari^e  for  the  greatest  ve- 
jLociqr  is  greater  as  the  gun  is  looger,  hut  yet  not  greater  in 
.  90  high  a  proportion  ^  the  length  pf  the  gun  b ;  so  that  the 
part.ol  the  bore  filled  withpow.^,  hears  a  less  proportion  to 
the  whole  bore  in  the  long'guns,  than  it  does  in  the  shorter 
\pttes;  the  pan  which  is  filled  being  indeed  nearly  in  the  in- 
Wierae  jratio  of  .the  square  root  of  the  ejmpty  part. 

It  appears  that  the  velocity »  with  equal  charges,  always 
increases  as  the  gun  u  longer  ;  though  the  increase  in  velo* 
city  is  but  very  snwll  in  conipapison  to  the  increase  in  length  $ 
the  velocities  being  in  a  caUo  somewhat  less  than  that  of  the 
square  roots  of  the  length  of  the  bore,  but  greater  than  that  of 
the  cube  rootti  of  ^he  8ame»  and  is  indeed  nearly  in  the  middio 
•ratio  between  l)ie  two. 

It  appears*  from  the  tableof  ranges,  that  the  ivnge  increft-' 
^es  in  a  much  lower  ratio  than  the  velocity,  the  gun  and  ele-* 
vation  being  the  satpe*  ^  And  when  this  is  conipared  with  tho 
proportion  of  tlie  velocity  and  length  of  gun  in  the  last  para- 
graph, it  i^  evident  that  we  gain  extremely  little  in  the  range 
by  a  great  inci;eaae  in  the  limgth  of  the  gun,  with  the  same 
charge  of  powder.  In  &ct  the  ran^  is  pearly  as  the  5th  ro^t 
of  the  length  of  the  bore ;  which  is  iso  small  an  increase,  as 
to  amount  only  to  abopt  a  Tth  part  more  range  for  fi  doable 
length  of  gun  •i-From  |he  same  table  ,it  also  appears,  that  the 
dnie  of  the  ball's  flight  is  neai^ly  as  the  range  i  the  g^n  and 
elevation  beiog  the  same. 

It  has  been  found,  by  these  experinients,  that  no  diffV^enee 
is  caused  In  the  velocity,  or  range,  by  vacyiug  the  weight  of 
the  gun,  nor  ^y  the  use  of  wads,  nor  by  diifierent  degrees  of 
ramming,  nor  by  firing  the  charge  of  powder  in  .different 
parts  of  it  Qut  that  a  very  great 4i(rerence. in  the  velocity 
arises  from  a  aniall  degree  in  the  windage  t  indeed  with  the 
usu^i  established  windage  only,  viz.  fibogt  ^  of  the  calibret^ 
4>olese  than  between  \  and  i.of  the  powder  escapes  and  is 
lost :  and  as  the  balls  are  oftep  sillier  than  the  regulated 
size,  it  frequently  happens  that  half  the  powder  is  lost  by  un- 
necesfiary  windage. 

It  appears  too  that  the  .resisting  Vorce  of  wood,  to  balls 
fired  into  it,  is  not  constant :  and  that  the  depths  pe^ietrated 
by  balls,  with  different  velocities  or  charges,  are  nearly  as  the 
logarithms  of  the  charges,  .instead,  of  beii^g  as  the  charges 
themselves,  pr,  which  Is  the  same  thing,. ^  the  square  pf  the 
.  velocity^— Lastly,  the^e  ^d  most  other  ezperimentSi  show, 
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that  balls  ere  greatly  deflected  from  the  direction  in  #hich 

they  are  projected  ;  and  that  as  much  as  SOQ  or  400  yards  in  a 

range  of  a  mile,  or  almost  ith  of  the  range. 

We  have  before  adverted  to  a  third  set  of  experiments,  of 

still  more  importancey  with  respect  to  the  r^sisunce  bf  the 
medium,  than  any  of  the  former ;  but,  till  the  publication  of 
those  eaperimenis,Mre  cannot  avail  ours^lyes  of  all  the  disco- 
veries they  conti^n  In  the  mean  time  however  we  may  ex- 
tract from  them  the  three  following  tables  of  resistances,  for 
thr^  different  sizes  of  balls,  and  for  velocities  between  100 
feet  and  2000  feet  per  second  of  time. 


FRQBLEM  L 


To  determine  the  Resistance  of  the  Medium  against  a  Ball 
of  any  other  nze,  moving;  with  any  of  the  Velocities  given  (n 
the  foregoing  Tables. 

l^he  analogy  among  the  numbers  in  all  these  tables  is 
Tcryremarkable  and  unifonn^  the  same  general  laws  running 

tliroug^ 
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through  tlieni  ftlL  The  same  laws  are  also  observable  asm 
the  table  of  resistances  in  page  413  of  this  volurre,  parti- 
cularly tbe  1st  and  2d  remarks  immediately  following  that 
table,  viz  that  the  resistances  increase  in  a  higher  proportion 
than  the  square  of  the  velocities,  with  the  same  body  ;  loid 
that  the  reustances  also  increase  in  a  rather  higher  ratio  than 
the  sur&ces,  with  different  bodies,  but  the  same  velocity.  Yet 
tfaisiatter  case,  viz.  the  ratios  of  the  resistances  and  of  the 
sorfacest  or  of  the  squares  of  the  diameters  which  is  the  same 
thing,  are  so  nearly  alike,  that  they  may  be  considered  as 
equal  to  each  other  in  any  calculations  relating  to  artillery  prac- 
tice. For  example,  suppose  it  were  required  to  determine 
what  would  he  the  resistance  of  the  air  against  a  S4Ib  ball  dis- 
charged with  a  velocity  of  20C0  feet  per  second  of  time. 
Now,  by  the  1st  of  tl^s  foregoing  tables,  tbe  ball  of  1*965 
Inches  diameter,  when  movmg  with  the  velocity  2000,  suffer- 
ed a  resistance  of  98lb  :  then  since  the  resistances,  with  the 
^me  velocity,  are  as  the  surfaces ;  and  the  surfaces  are  as 
the  squares  of  the  diameters  ;  and  the  diameters  being  1-965 
and  5*6*  the  squares  of  which  are  3*86  and  31  36,  therefore  as 
3  86  :  31  36  : :  981b  :  796lb  ;  that  is,  the  241b  ball  would  suf- 
fer the  enormous  resistance  of  7961b  in  its  flight,  in  opposition 
to  the  direction  of  its  motion ! 

And,  in  general,  if  the  diameter  of  any  proposed  ball  be 
denoted  by  d,  and  r  denote  the  resistance  in  the  1st  table 

due  CO  the  proposed  velocity  of  the  1*965  ball ;  then-r^  will 

O'oO 

denote  the  resistance  with  the  same  velocity  against  the  ball 
whose  diameter  is  d  ;  or  it  is  nearly  \d*r  which  is  but  the  28th 
part  greater  than  the  former. 

PBOBLBM  11. 

To  assign  a  Rule  for  determining^  the  Renstance  due  to  arijf 
Indeterminate  Velocity  of  a  Given  BalU 

This  problem  is  very  difficult  to  perform  near  the  truth, 
on  account  of  the  variable  ratio  which  the  resistance  bears  to 
the  velocity,  increasing  always  more  and  more  above  that  of^ 
the  square  of  the  velocity,  at  least  to  a  certain  extent ;  and 
indeed  it  appears  that  there  is  no  single  integral  power  what- 
ever of  the  velocity^  or  no  expression  of  the- velocity  in  one 
term  only*  that  can  be  proportional  to  the  resistances  througb- 
om.  It  is  true  ii.deed  that  such  an  expression  can  be  assigned 
by  means  of  a  fractional  power  of  the  velocity,  or  rather  one 

whose  index  is  «  mixed  number^  viz.  2^^  or  2*1  j  thus  — ^  = 

the 
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the  i«ttstiuice»  u  -n  formula  in  meiemi  on^, wUci^sill 
asMrer  to  i41  the  numbers  in  the  first  tthliC4ofm»i»tancci  ▼eii' 
pearly^  «nd  oonsequemJyi  b]r  means  of  the  ratio  of  the  sqowes 
Af  the  diameters  of  the  ballS)  for  anf  oUicr  bails  jrhaftajres: 
This  formula  then*  though  ^senring  qmte  •  weU  lor  seme  p^r- 
tieuJar  resisUnoe,  w  even  for  coostmcitng  .axoapfote  «eiies 
or  table  of  resistances^  is  pot  ^prqper  for  «he  use.ef  frohksss 
in  which  flowms  anfi  fluenu  v»  concemeds  on  accoHH  of  tte 
jn'ixed  nuipber  j2  .J^  in  Oie  indc^.of  the  velocitj  9. 

We  must  thereioce  have  seoourse  to  an  co^cesmia  tm/^ 
terms,  or  a  fi»cmula  containing  two  integnal  psweisol  Uie 
velocity^as  v^  and  v»the.fiestaad  2d  poweca»  aiiesied  wilh 
general  coeftci^nu  m  andni  aa  mp*  4-  nv p*  riheiiettst- 
;ance.  Now,  to  deteroune  ^e  general  aumeriori  wl«iea  of 
the  coefficients  m  and  n,  we  must  adi4>t  this  gcnsiidl  tft- 
]>ression  htd*  -f  nv  sr|to4wo  particidar  cases  <^^Mlociqr 
«ata  covenient  distance  from  each  othert  in  .one  c»f  the  tore- 
going  tablea  of  resistances,  aa  the  first  fyt  maiance  Mow, 
.after  making  several  trials  in  this  way,  I  ha?e  famd^hattlie 
two  Tclooities  of  500  and  1000  answer  t]ie<general^nrpoiie 
better  than  any  other  that  has  been  tried.  Thns  then,  eio- 
jplojing  these  two  Closes,  we  must  first  mak/e  jf  ^  5iK>y  ai|d 
7  ■■  4|lb,  ita  correspondent  resistance,  m^  then  agw  -a  m 
1000,  and  r  «■  Sl-SSIbf  the  resistance  helfongiiig  m  it  •.  this 
.lril!  give  two  equations,  by  whioh  the  g^necul  n^^tf^m^ 
of  n  will  be  determined.  Thus  then  the  two  equattiws  being 
500«s«  +     SOOtt  «  4-5,  ^^ 

andlOOO*m+  1000a==  94^68; 
idtvidsng  the  1st  by  500,  and  the  5  SOOm  +  u^  -0Q9» 

3d  by  1000,  they  are    •    .     ^  lOOOei  4.^  n  -OSias^ 
the  dif.  of  these  is   .....     SOOmaa-oms, 
and  therefore  diT.  by  300,  gives  ^ikm  -00003576 ; 
hence  n  sv  '009  -^  SOOin  «si  009  ^  r0139#  ss  — ^00386  .^  a. 
Hence    th^n  the  general  formula   will  be  -OOOOSirev*— 
-<X)388va>r  the  resistance  nearly  in  aToirdupoiae  pounds^  in  all 
cas^s  or.all  vj^lQcitjw^  wia«tever. 


NolWi 


Digitized  by 


Google 


ofGvffifEicf. 


4«»' 


▼eloGs. 

Compat. 

Bzper. 

orv. 

TCtiStt 

resiiti 

10(> 

•^7 

20() 

-•a* 

•69 

300 

1-15 

1-56^ 

400 

257 

3«81. 

500 

4-50 

450 

600 

6-94 

6.69 

700 

990 

944 

80O 

13  38 

1381 

900 

I7*3flr 

16*94 

1000 

31*88 

31-68 

uoo 

36-90 

37  63 

1300 

3244 

34- 13 

1300 

3849 

41-31 

1400 

4506 

4906 

1500 

5214 

57-35 

160O 

5974 

65  69 

1700 

67-85 

74-13 

1800 

76-48 

82*44 

1900 

85-62 

90  44 

2000 

95-28 

98-06 

Iffow,  to  find  how  near  to  the 
(ruth  this  theorem  cofneft,  in 
•verjr  infttance  in  the  xM^i  by 
snbstltmiftfi  for  9, in  this  fonMlafc» 
M  the  itiftnA  tefecities,  1 00, 
300,  300,  &c.-to3oGe;theie  give 
the  correspondent  vidQes of r,  or 
tht;  resistances^  as  in  the  3d  eo» 
1un>n  of  the  annexed  table,  their 
^ptfiocifei«»  Mtiff^  in  the  fiMt  co- 
hifBli^  and  the  real-expierimented 
resistances  ate  set-  opposite  to 
them  in  the  3d  or  last  column  of 
the  same.  By  the  comparison  of 
the  numbers  in  these  two  co- 
kimns  together,  it  is  seen  that 
there  are  no  where  any  great  dif- 
fereilce  between  themy  being 
aometimes  a  tittle  in  excess^ 
and  again  a  little  in  defect,  by 
liery  small  differences ;  so  that, 
on  the  wholcy  they  will  nearly 
balaifce  one  another,  in  any  par* 
ticular  instance  of  the  range  or 
flight  of  a  bail,  in  all  degrees  of  its  velocity,  from  the  first  or 
greatest,  to  the  smallest  or  last.  Except  in  the  first  two  or 
three  numbers,  at  the  beginning  of  the  table,  for  the  veloci- 
ties 100^  300,  SOOi  foi*  which  cases  another  theorem  may  be 
employed.  Nowi  in  these  three  volocities,  as  well  as  tn  atl 
that  are  smaller,  down  to  nothing,  the  theorem  Q000l735v* 
or  r  the  resistance,  will  very  well  serve,  as  it  brings  out  for 
the  first  three  resisunces  17,  and  -69^  and  1*55},  dUTeriog 
ih  the  last  only  by  a  very  small  fraction. 

CdfoL  1.  The  foregoing  rule  ooooii^ev*  -^  •0O388i?  m  i*, 
dehiotes  the  resistance  for  the  ball  in  th6  first  table,  whosb 
diameter  is  1^65,  the  square  of  which  is  3-86,  or  almost  4; 
hence  to  adapi  it  to  a  half  of  any  other  diameter  4  we  have 
only  to  alter  the  former  in  proportion  to  the  squares  of  the 

liianieters*  by  which  it  becoraot  ^(-O00O2576v*.«-0O388v) 

»  (00000667v<.-*  ••OUr)d»  mx  (-OOOOOlv*  —  '0O\v)dt  ,whieh 
IS  the  resistaftoe  for  the  ball  whose  diameter)  is  d,  with  the 
veleeity  v. 

Coroi.  3.  And,  in  a  similar  maantr,  to  adapt  the  theorem 
<900OI725i»<  :b  Tf  for  tb^9mai4r  velocitiesi  to  any  other  shEO 
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of  ball*  we  must  multlplf  it  bj  —7,  the  ratio  of  the  soffiwoif 

ty  which  it  hecomes  •00000447d»v*  ■»  r. 

We  shall  soon  uke  occasion  to  make  some  applications  In 
the  use  of  the  foregoing  formulas,  after  conaidenng  the  effects 
of  such  velocities  in  the  cases  of  nonresistances. 

PROBLEM  WL 

To  determine  the  Height  to  which  a  Bmil  via  ritt  ^en 
fired  from  a  cannon  Perfiendieuiarly  Ufiward^  with  a  Given 
Velocity^  in  a  JVbnreriaiing  Medium^  or  Muftpnmx^  no  Re- 
pittance  in  the  Mr. 

Bf  art  73,  Motion  and  Forces,  this  vol.  it  appears  that  any 
body  projected  upwards,  with  a  given  velocity,  win  ascend  to 
the  height  due  to  the  velocity,  or  the  height  from  whidi  U 
must  naturally  fall  to  acquire  that  velocity  ;  and  the  spaces 
ikllen  being  as  the  square  of  the  velocities  ;  also  16  leet  bemg 
the  space  due  to  the  velocity  32  ;  therefore  the  space  due  to 
any  proposed  velocity  v,  will  be  found  thus,  as  33':  16  : :  v*:  # 
the  space  or  as  64 :  I  :  -.  v*  :  -^  v*es«  the  space,  or  the  height 
to  which  the  velocity  v  will  cause  tne  body  to  rise  indepeiid- 
ent  of  the  air's  resistance. 

Exam.  For  example,  if  the  first  or  projectile  velocity*  be 
3000  feet  per  second,  being  nearly  the  greatest  experimented 
velocity,  then  the  rule  j^vs  sa  %  becomes  ^^  x  3000*  a  63S0O 
feet  8s  n|  miles  :  that  is,  any  body,  projected  with  the  ve- 
locity 3000  feet,  would  ascend  nearly  1 3  miles  in  height,  with- 
out resistance. 

CoroL  Because,  by  art.  88  Projectiles  this  vol.  the  greatett 
range  is  just  double  the  height  dQe  to  the  projecUie  velocity, 
therefore  the  range  at  an  elevation  of45S  with  the  velocity 
in  the  last  example,  would  be  2S|  miles,  in  a  nonresisting  me« 
dium.  We  shall  now  see  what  the  effects  will  be  with  the 
resistance  of  the  air. 

pfiOBi^M  ir. 

To  determine  the  Height  to  which  a  Ball  firojected  Uji- 
ward^^aa  in  the  iaat firobtem^  will  ancendj  being  Retiated  by  the 
Atmoafihere. 

Putting  X  to  denote  any  variable  and  iocreaaing  height  as- 
cended by  the  ball;  v  its  variable  and  decreasing  velocity  there; 
d  the  diameter  of  the  ball,  its  weight  being  w  ;  m  n  -00000|« 
and  n  8s  001,  the  co*efficients  of  the  two  terms  denoting  the 
law  of  the  lir'a  resistance.    Then  [ytv^^nvyt^^  bj  cor.  1  to 

^TOb. 
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iPrcb.  3,  v^ll  be  tbe  resistance  of  the  air  again&t  the  ball  in 
.avoirdupois  pounds ;  to  which  if  the  weight  of  the  ball  be  add- 
ed, then  (tnv^^nv)d*  -t-w  will  be  the  whole  resistance  to  the 
balPs  motion ;  thia  divided  by  «^>  fhe  weight  of  the  ball  in 

-anotiMi  gives — ^ — « — - — d*+  !««/  the  retard- 
ing force.     Hence  the  general  formula  vve882j^(theor.  lo 

pa.  379  this  volume.)  becomes- vi  asS^-i  X  ^^^'^'^'^^'^ 

w 
making  v  negative  because  v  is  decreaaingi  whereas  16  fu ; 
and  hence 

fn         ma* 

Now,  for  the  easier  fhidiog  the  fluent  of  this,  assume 
t»  — ^^zi  thenv  «z  +JL.,iindi/«  csz*  +ilz  +  Jl 

and  vu  ««  zi  -f.*^--** ,  and  v-  -^  -^v  +  ~j  «z»,  and  v*-,- 

-^  i;  =s  z»  —  ~-.;these  being  substituted  in  the  above  value 
df  if  it  becomes^  x  «=  n 

putting /i  «i.,  and  5r»  =  ^  -  ^i*.  or  /i»  +  y»  =i~. 

Then  the  general  fluents,  taken  by  the  8iJi  and  1  ith  forms 
of thetableof Flu£nt5,giye ^=2~^^ L*^°&(**  +  9*)  "^^^ 
arc  to  rad.  q  and  tan.  z  \  zz^^  X  H  log.(Tr«-  ^  ^  -f  ;^  ;  -f- 

^  X  arc  to  rad.  g  and  tang,  v  — yi .].    But,  at  the  beginning 

of  the  aoiion,  when  the  first  velocity  is  v  for  instance^  and  the 
apace  x  is  s  O,  this  fluent  becomes 

tan.  V  —  /»].  Hence  by  subtraction,  and  taking  t^  =  0  for 
tftie  end  of  the  motion,  the  correct  fluent  becomes 

tjin.  V  — .  /i  --  arc  tan, »«.  /k  to  rad  y)]. 

.    But  as  pan  of  this^  fluent,  denoted  by  -^x^b^  dtf.of  the  two 

arcs  to  tans,  v  —  /»  and  —  /i,  is  always  very  small  in  com- 
Voh'  11.    '  N  n  n  parison 
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parison  with  the  other  preceding  terms,  they  may  be  omiued 
without  material  error  in  any  praaical  instance  ;  and  then  the 

fluent  is  X  —  ^^,^  ^TP-  ^^'  T '  ^   tl^    uW 

most  height  to  which  the  ball  will  ascend,  when  its  moti<» 
ceases,  and  is  stopped,  partly  by  its  own  gravity,  but  chiel^ 
by  the  resistance  of  the  air. 

But  now,  for  the  numerical  value  of  the  general  cOefikien^ 

-*^  >  and  the  term*^  ;  because  the  mass  of  the  ball  to  the 

diameter^,  is -5336^*,  if  its  specific  gravity  be  »,  lU  weight 

will  be  •533€#i/»  ^  w ;  therefore  i  s  •533€»rf,  and  -^    » 

78540#rf,  this  divided  by  ^g  or  64  it  gi^csj~^  ■=    122r-2ad 

for  the  v:  lue  of  the  general  coefficient,  ta  any  diameter  d 
and  specific  gravity  «.  And  if  we  further  suppose  the  baU 
to  be  cast  iron,  the  specirfic  gravity,  or  weight  of  t>ne  cubic 
Inch  of  which  is  *26855,  it  becomes  330</,  for  that  coefi. 

cient ;  also  78540*^  =  2lO?0d  «  -^,  and—  »  150.  And 

ma*         m 

hence  the  foregoing  fluent  becomes  330rf  X  hyp.Jog,      - 

v«  — 150n -|.210Q(W       ^^^.                 ,        v«  ^  ISOv  +  21O90cl 
^^ orreod  X  com.  log. ^^ 

changing  the  hyperbolic  for  the  common  logs.  And  this  Is 
a  general  expression  for  the  altitude  in  feet,  ascended  by  any 
iron  ball,  whose  diameter  is  d  inchesi  discharged  with  any 
Telocity  v  feet.  So  that,  substituting  any  values  ef  d  and  tf » 
the  particular  heights  ^ill  be  given  to  which  the  balls  will 
ascend,  which  it  is  evident  yi\\\  be  nearly  in  proportion  to  the 
diameter  d. 

£xam,  1,  Suppose  the.  ball  be  that  belonging  to  the  first 
^ble  of  resistances,  its  weight  being  16  oz.  13  dr.  or  ]*05  lb, 
and  its  diameter  1*966  inches,  when  discharged  with  the  ve- 
locity 3000  feet,  be\ng  nearly  the  greatest  charge  for  any  iron 
ball.  The  calculation  being  made  with  the$e  values  of  c^and 
t^t  the  height  ascended  is  found  to  be  3920  feet,  or  little  more 
than  half  a  mile  ;  though  found  to  be  almost  13  miles  with- 
out the  air's  resistance:  And  thus  the  height  may  be  found 
for  any  other  diameter  and  Velocity. 

Exam,  3.  Again,  for  the  24  lb  ball,  with  the  same  velo- 
city  2000,  its  diameter  being  5  6  -*  <f*  Here  760d  ts  435^  ; 
.«A!:l-150v+21090rf      3t^l81    .     ,         f     u-u-     .  .^«e« 

^*  "^ — 5i55or —  ■*  lip'  ^^^  ^S*  ""^  ^^^'^^  '*  ^^^^^®  • 

theref. 
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ttieref.  1*50958  X  4356  =3  6434  «  jr  the  height,  being  a  lit- 
tle more  than  a  mile. 

We  may  now  examine  what  will  be  the  height  ascended, 
conaideiiogthe  reaiatance  always  as  the  square  of  the  velocity. 

FBOBUBM  V. 

To  determine  the  Height  ascended  by  a  Bali  projected  aa  in 
XMe  tnooj^rtgotng probleme'^  eufi/toaing  the  Reeistance  of  the 
jUr  to  be  «•  the  Square  qf  the  reiocity* 

Here  it  will  be  proper  to  cpmmence  with  selecting  some 
experimented  resistance  corresponding  to  a  medium  kind  of 
Telocity  between  the  first'or  greatest  velocity  and  nothi^ 
from  which  to  compute  the  other  general  resistances,  by  c^ 
sidering  them  as  the  squares  of  the  velocities.  It  is  proper 
to  assume  a  near  medium  velocity  and  its  resistance,  because, 
if  we  assume  or  commence  with  the  greatest,  or  the  velocity 
of  projection,  and  compute  from  it  downwards,  the  resistances 
will  be  every  where  too  great,  and  the  altitude  ascended  much 
less  than  just ;  and»  on  the  other  band)  if  we  assume  or  com- 
mence with  a  small  resistance,  and  compute  from  it  all  the 
others  upwards,  they  will  be  much  too  little,  and  the  com- 
puted altitude  far  too  great.  But,  commencing  with  a  me- 
dium degree,  as  for  instance  that  which  has  a  resistance 
about  the  half  of  the  first  or  greatest  resistance,  or  rather  a 
little  more,  and  computing  from  that,  then  all  chose  computed 
resistances  above  that,  will  be  rather  too  little,  but  all  those 
below  it  too  great  i  by  which  It  will  happen,  that  the  defect  of 
the  one  side  will  be  compensated  by  the  excess  on  the  other, 
and  the  final  conclusion  must  be  near  the  truth. 

Thus  then,  if  we  wish  to  determine,  in  this  way,  the  aiti  i 
tude  ascended  by  the  ball  employed  in  the  1st  Ubleof  resis- 
tances when  projected  with  3000  feet  velocity ;  we  perceive 
by  the  table,  that  to  the  velocity  3000  corresponds  the  re* 
ststance  981b  ^  the  half  of  this  is  49  to  which  resistance 
corresponds  the  velocity  UOO  in  the  ubfe,  and  the  next 
greater  velocity  1500,  with  its  resistance  57 ^^  which  will  be 
properest  to  be  employed  here*  Hence  then,  for  any  other 
velocity  i;,  in  general,  it  will  be,  according  to  the  law  of  the 

squares  of    the    velocities,  as   1500*  « v«  :  s  57j:  ^^^  !« 

•000035{v'  »  av*t  putting  a  «s  'OOOOSSl,  which  will  denote 
the  air's  resistance  for  any  velocity  v,  very  nearly,  counting 
from  3000. 

Now  let  X  denote  the  altitude  ascended  when  the  velocity, 
IB  v^  and  10  the  weight  of  the  ball :  then,  as  above,  %v*,  is  the 

resmanpe 
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fosUUDce  irom  the  air/  hcftce  im*+  m  is  the  whole  resisdntr 
fcrcc,  and  SZli^-^/fh^  retarding  force  ; 

therefore  -  vt;=^2^j;=  — ^^  X  %x; 


tHi 


and  hence  x  =.  ^^  X2jni:;,=2^a  ^~  ,9  • 

the  fluent  of  which,  by  form  «> "  j~    X   h-  log.  (ira  +^)  ; 
which  when  ar  ==  0.  a»d  v  =  t  the  first  or  pPOjcctUe  velocity^ 
l^omea  0  «  ^  X  h.  I.  (v*  +-^)  1  iheref.  by  aubtractitig 

lhecorrcctflucnti»x===~.xh.  1.^^-—-^,    the  height    x- 

when  the  velocity  is  reduced  to  v  ;  and  when  v  ss  O,  or  the 

velocity  is  quite  exhausted,  this  becomesT —  X  h.  i. ~ — 

for  the  whole  height  to  which  the  ball  will  ascend. 

ht.  1.  The  values  of  the  letters  beitog  «  tr=  i-05lb,  4^  =s  64, 
a  ■=■  -0000351,  the  last  expression  becomes  645  X  hyp.  log. 

first  velocity  v  being  2000,  the  same  expression  1484  x  log. 

lL±ll?^.becoroe&  1484  X   log.  of  97-93  «   2955  for  the 

41266  * 

height  ascended,  on  this  hypothesis ;  which  was  3920  b^  the 
former  problem,  being  nearly  the  same. 

Ex  2.  Supposing  the  same  ball  to  be  projected  with  tb» 
velocity  of  only  1500  lect.  Then  taking  1 100  velocity,  who8» 
tabular  resistance  is  27-6,  bting  ncxi  above  the  half  of  that 
for  1 500.     Hence,  as  \  100»  :  i;«  $ :  27  6  :  •00002375v»  ^  av*. 

This  value  of  a  substituted  in  the  theorem  — ^  X  h.  1 — -- — 

also  1500  for  v,  and  105  for  tp,  it  brings  out  x  wm  3738  for 
the  height  in  this  case,  being  but  a  little  above  the  ratio  of 
the  square  roots  of  the  velocities  3000  and  1500,  as  that  ratio 
would  give  only' 2560. 

Ex,  3.  To  find  the  height  ascondcd  by  the  first  ball,  pro- 
jected with  86d  feet  velocity.  Here  taking  000,  whose  re- 
aistance  669  is  a.  near  medium  ;  then  as  600^  :  6  69  :  :  1  7 

•0000186  »:  a.  Hence  ^X  h,  I.  ^~a:  2334  the  height  ; 

which  is  less  than  half  the  ra!ige  (5  !00)  at  45^  elevation, but 
more  than«liaif  the  range  (4100)  at  15^  elevation,  art.  105  of 
Mot.  and  Forces,  being  indeed  nearly  a  medium  between 
the  two.  ^^' 
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Ejt.  4.    With  the  same  bM^  and  1646  veloci^;    Asaqme 
l»00,  whose  PBSisttncc  34' 1 3  ia  nearly  a  mediam.    Then  as 

1200«  s  34-13  :  M  :  '0000237  =  «•     Hehce  ~x  h.  1.^*'^^'*' 

o4fl  ^ 

^  S854 ;  again  less  than  halE  the  range  (6000)  by  experiment 
in  this  vol.  even  with  15**  elevation.  * 

£x.  5.    For  any  other  ball^  whose  diameter  is  tf,  and  its 
^weight  w,  the  resistance  of  the  air  being  f^a.  4-^! — ^bcpv^ 

putting  *  =  j^^,  the  reitwdlng  force    will  be  ^tS.. 

thence  -  «;  -  ?ffi  X  ^^,  and  i  -=^x  ^^>>iud 

thecor.flu.*»-^X.h.   «.Si"=,-^Xh...*.f!i- 

4gra"  ©a»i^4-tp      4^^f^  w 

for  the  whole  height  when  v  =  0,  Now  if  the  h»Jl  be  a  24 
.  IH>under,  whose  diameter  ia  5  6,  and  its  square  31/36;  then 

and  W^=a36^dtf^«=.  ^HtHi^^^  ?H^thercfore 

215 

J7  «.  1794  X  h.  1.  — ^   «  1794   >c  3  57888  a  6420  j  being 

more  than  double  the  height  of  that  of  the  small  ball,  or  a  Kt- 
tlc  more  than  a  mile,  an4  very  nearly  the  same  as  in  the  2d 
example  to  prob.  4. 

PROBLEM  Vt 
To  deiemdne  the    Time  of    tfie    Bali's  aacending  to  the 
Meight  determned  in  the  ia^C  firob^  bif  the  soine  Projectile 
Vtlotity  as  there  given* 

By  that  prob  i  => —^      ""^   ■  ,ther:;  ^J^ZlIZx     ^    ' 

?Ije  fluent  of  which,  by  form  n>is^  y/  ^  X  arc  to 
radius  1  tang.  -^t^H-*/  ^  x  arcian.  — ^  ;  or    by  cor- 

a  a 

rection  r  ^i-v'S  ^  (arctang.-^'  -  arc  tan.  — ^  ),  the 

time  in  genera)  when  the  first  velocity  v  is  reduced  to 
V.     And  when  v  sa  0,  or  the  velocity  cease »»  this  becomes 

t  IBS  ^  y^'^Lx  arc  totanc:. — ^  for  ihe  time    of  the    whole 
zt^       a  ^  °      to 

asceM.  Now, 
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Nowr,  as  in  Ihe  last  prob.  v«=3000,  v  =s  t'OS, «  =s  •O00025| 
—     ^^        Hence  5L«,  41266,  and  V   -    «=  203-14,   and 


9000000  a  '  ^      a 

-^^  9  98*445  the  tangent,  to  which  corresponds  the  arc 

of  89*  25',  whose  length  is    1-5606  ;  tben^    X  203  14  X 

1-5606  «  ^^-^^x^'^^^Og  ^  g^^^^  the  ^hQt^>  ^^  of  Mcetit 

Remark,  The  time  of  frctly  ascending  to  the  same  height 
2955   feet,  that  is,  without   the  air^s  resistance,  wvold  be 

OQ55 

v^^— V2955  r=  13'"59  ;   and  the  time  tA  frtriy  as- 

cendinf^,  commencing  with  the  same  ?eloeity  2000,  would  be 

Jl^?2e?=:62''4=l'2"i. 
.2^        32 

PUOBLEM  VU. 

To  determine  the  samd  c»  in  firob,  v,  taking  into  the  ec 
count  the  Decrease  of  Den»ty  in  the  jlir  as  the  Bali  OMcentU 
in  the  Atmo9fihere, 

In  the  piTcediog  problemsi  relating  to  the  height  and  dme 
of  balls  ascending  in  the  atmosphere,  the  decrease  of  denstcy 
in  the  upper  parts  of  it  has  been  neglected,  the  whole  height 
ascending  by  the  ball  being  supposed  in  air  of  the  same  den- 
sity as  at  tiie  earth's  surface.  But  it  is  well  known  chat  the 
atmosphere  must  and  does  decrease  in  density  upwards*  in  a 
Ytrf  rapid  degree  ;  so  much  so  indeed,  as  to  decrease  in  geo- 
metrical proii^ression ;  at  altitudes  which  rise  only  in  aruhme- 
lical  progression  :  by  which  it  happens,  that  the  altitudes 
ascended  are  proportional  only  to  the  logarithms  of  the  de- 
crease of  density  there.  Hence  it  results,  that  the  balls  roust 
he  always  less  and  less  resisted  in  their  ascent,  with  the  same 
velocity,  and  that  they  must  consequently  rise  to  greater 
heights  before  they  stop.  It  is  now  therefore  to  be  consi- 
dered what  may  be  the  difference  resulting  from  this  cir- 
cumstance* 

Now,  the  nature  and  measure  of  this  decreasing  density, 
of  ascents  in  the  atmosphere,  has  been  explained  and  deter- 
mined in  prop.  76,  Pneumatics.  It  is  there  shown,  that 
if  D  /Icnote  the  air's  density  al  the  earth's  sui^&ce,  and 
d  its  density  ut  any   altitude  a,  or  x  then  is  jr  ats  63551  X 

log.  of-jin  feet,  when  ihe    temperature  of  the  air  is  55*  ; 

m^Ci  600CO  X  log.  —  for  the  temperature  of  ff eeadng  cold ; 

we 
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we  may  therefore  assume  for  the  medium  x  as  62d00  x  log  ^ 

for  a  mean  degree  between  the  two. 

But  to  get  an  expression  for  th^  density  cf,  in  terms  of  x 
out  of  logarithms^  without  which  it  could  not  be  introduced 
into  the  measure  of  the  ball's  resistance,  in  a  manageable  form, 
we  fitid  in  the  first  place,  by  a  neat  approximate  expression 

for  the  natural  number  to  the  log.  of  a  ratio -,  whose  terms 

do  not  greatly  differ,  invented  by  Dr.  Halley,  and  explained 

ID  the  Introduction  to  our  Logarithms,  p.  1 10,  that  ^j^  X  » 

nearly^isthe  number  answering  to  the  log./  of  the  ratio -^ 
where  h  denotes  the  modulus  •43439448  8cc.  of  the  commor. 
logarithms.  But,  we  before  found  that  x  «  6$000  x  log.  of?, 

OP  -^—g  is  the  log.  of  ^,  which  log.  was  denoted  by  /  in  the 
expression  just  above,  for  the  number  whose  log.  is  /  or 
g^- ;  aubsUtuting  therefore  g^—  for  /,  in  the  expression 

!i^xb,it  gives  the  naxural number }?!^xnz=doT. 

^124000 

lHi2225z5=  rf,  the  density  of  the  air  at  the  altitude  4:,  put- 

ting  D  =  1  the  density  at  the  surface.     Now  pot  134000n  of 

nearly  54000  =  c ;  then  ^~  will  be  the*4ensity  of  the  air 

at  any  general  height  x* 

But,  in  the  5th  prob.  it  appeara  that  av^  denotes  the  re- 
sistance to  the  velocity  i;,  or  at  the  height,  x  for  the  density 
of  air  the  same  as^  at  the  surface,  which  is  too  great  in  the 

ratio  of  c  +  X  to  c^x  5    therefpre  av*  x  ^~^  will  be  thp 

resistance  at  the  height  x,  to  the  velocity  v,  where  a  s^ 
-OQOQSSf.    To  this  adding  vf,  the  weight  of  the  ball,   gives 

av^   X   -T-  +  w  for  the  whole  resistance,  both  from  the  air 

and  the  ball's  mass  ;  conseq. X  -^-  +  ^  will  denote 

the  accelerating    force  of  the  ball.    Or,  if  we  iBclude  the 

small    part  7  or  1,  within  the  factor  ^^,  which  will   make 

no  senaible  diffisirenco  in  the  result,  but  be  a  great  deal  simpler 


Digitized  by 


Google 


vt64  THEOBJ  AND  PKACTICJE 

•in  the  process,  ilico  is  — ^ —  x  jr;^  ==/  the  accelerating 
force.  Conseq.  -  -wi  =  25/x  ^^gx  X  ^X  ^^^it?,  and 
fcencc  ,^i  -  g >j  ^-.  or  by  division,  -  i  +-^ 

__  to  — tit» 

a 

Now  the  fluent  of  the  first  side  of  this  equation  b  evi- 
dently — .  jp  +  2c  X  h.  I.  (c  +  ^)  ;  and  the  fluent  of  the  lattc*- ' 

side,  the  ssrae  s&  in  prob.  5,  is  ~  X  h,  1.  (v*  +  ^)  $  there- 
fore the  general  flucntial  equa.  is  -  x  +  2c  x  h.  I.  (c  +  x)  cr 

^^-^  X  h.  I.  (r*  +  — )•  But,  when  xss  0,  and  v  sa  v  the  initial 
64a  a 

vclocily,  this  b^comps  0  +  2cxh.  Iccss^^  x  h.  !•  (v^  ^  !^)  J 

04tt  4t 

thercf  by  subtraction  the  correct  fluents  arc  —  :c  +  2c  x  h.  I. 

^jtf  c«^  X  h.  I.  "-—^^  when  the  first  velocity  v  is  dimi- 

nished  to  any  less  one  v  ;  and  when  it  is  quite  extinct,  the 

sUte  of  the  fluents  becomes  ^  x  -f  2c  X  h- 1.  lif^/!^  y 

c         04a 

'  Ji.  1.  for  the  greatest  height  x  ascended. 

Here,  in  the  quantity  h.  1.  ~^->  the  terra  x  is  always  small 
In  respect  of  the  other  term  c  ;  therefore,  by  the  nature  of 
logarithms,  theh.  I.of^— iis  nearly  =— A-o'^.rrr^  J  tbcret 

o  .  4c9        2cx— Jca^  2c— jr 

the  above  fluents  become   —  x   +r— r-^-^^rr —     s^^-^c 
«>  av2  4.«,  ^2c+jr       2c+ar        2c4j: 

:^  X  h.  I.  — 31-..     Now  the  latter  side  of  this  equauon  is 

^^64a  w 

the  same  value  for  x  a^s  was  found  in  the  5th  problem,  which 

therefore  put  •=  *>  then  the  value  of  jp  will  be   easily  found 

from  the  fbrmula  rr~  ^  =  d,  by  a  quadratic  equation.  On, 
still  easier,  and  sufficiently  near  the  truth,  by  substituting  d 
for  ar  In  the   numerator  and  the   denominator  of  ■■,*'■     then 

<*c  ^  jp 

'jf.ri-jr  =  5,artd  hence  x  e=  -it  ^,  or  by  proportion,  as 
2ci-A  2c— A  '      *^     * 

2c  —  6  :  2c  -|-  ^ :  :  ^  :  ^  ;  that  is,  only  increase  the  value  of 
Xy  found  by  prol>  5,  in  the  ratio  of  2c  -  6  to  2c-f  ^ 
NoAv,  in  tlie  first  cx^tmple  to  that  prob.  the  Talus  of  x  or 

*  was 


Digitized  by 


Google 


OF  GUNNERY.  465 

a  was  there  found  a  3d55  ;  apd  3r  being  a»  I08OQO,  theref. 
3c «*^  »  105045,  and  2c  +  *  «.  110955,  then  aa  10504^: 
1  iOd55  : :  2955  :  3121  =  the  value  of  the  height  ^  in  this* 
case,  being  only  166  feet,  or  ^xh  part  snore  than  before. 

Aiso,  fbt  the  2d  example  to  the  5th  prob*  where  x  was  =3 
6430 ;  therefore  as  3c-^6:2c+6  or  as  105045:  110955 
6420  :  6780  the  height  ascended  in  this  example,  being  also 
the  1 8th  part  more  than  before.    And  soon,  for  any  other  ex^ 
amplea  ;  the  value  of  3c  being  the  constant  number  108000. 

PHOBtEM  vnt. 

To  determine  the  7\me  qf  a  Ball**  Mcendingj  conaidering  the 
Decreaaing  Denaity  qf  the  Air  as  in  the  iaat  firob. 

The  Auxion  of  the  time  is  r'n  ^.     But  tli6   general  equa« 

tiofi  of  the  fluxions  of  the  space  x  and  velocity  v,  in  the  last 


prob.  was   ^i  =  ^x  -^5-;  ther.  i  — SL-t-^x-Hl  1 
*^  ci^x  32     av9+v'  *      32     c-x^^^iipi* 

htncct:^^^^^X—^K^^^:;;^.    But    X,  which  i»   al- 

ways  small  in  respect  of  c,  is  nearly  ss  ^  as  determined  in  tho 

last  problem  s  theref.  ~  may  be   substituted  for  ili5  with- 


c—ap 


out  sensible  error;  and  then  /*becomes=-^  x-~x-^^ 
^  ,  ,  ,  32     e-^b     ov^-Ihia* 

Now,  this  fluxion  beuig  to  that  m  prob.  6,  in  the  constant  ratio 
of  c— ^  to  c  +  hy  their  fluents  will  be  also  in  the  same  con* 
stant  ratio.  But,  by  the  last  prob.  c  ^  54000,  and  d  s:  395s 
for  the  first  example  in  prob.  5 ;  therefore  c  -*  5  »  5 IO45,  and 
c  +  *  aa  56955,  also,  the  time  in  problem  6  was  9"'9I  ;  there* 
fore  as  5 1045  :  56955  :  i  9''  9 1  :  I  I'a04  for  the  time  in  this  case 
being  l'''13inore  than  the  former>ornearly  the  9th  part  moref 
which  is  nearly  the  double,  or  as  the  square  of  the  diiference^ 
m  the  last  prob.  in  the  height  ascended. 
PROBLBM  IX.' 

To  determine  the  circumatances  d/Sfiaee^  Tjime,  and  Veloei^ 
tPi  of  a  Ball  Deacending  through  the  Atmoaphere  by  ita  DoiTt 
Weight. 

>  II  is  here  meant  that  the  balls  are  at  least  as  heavy  as  cast 
iron,  and  therefore  their  loss  of  weight  in  the  air  insensible  1 
and  .that  their  motion  commences  by  their  own  gravity  from  a 
state  of  rest  The  first  object  of  enquiry  may  be,  the  utmost 
degree  of  velocity  any  such  ball  acquires  by  thus  descending. 
Now  it  is  manifest  that  the  ball's  motion  is  commenced,  and 
uniformly  increased,  by  its  own  weight,  which  is  its  constant 
Uiging  forcOi  being  always  the  same,  and  producing  an  equal 
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increase  of  velocity  in  equal  times,  excepting  for  the  diiiiniir« 
tion  of  motion  by  the  ulr*ft  resistance.  It  is  also  erident  mai 
this  resistance,  beginning  from  nothing,  continuaUy  iocrttoe^ 
in  some  ratio,  with  the  increasbg  r^ociif  of  the  b$U.  Now, 
as  the  urging  *fbrcc  is  constantly  tht  sam^)  and  tie  resisting 
force  always  increasing,  it  mu3t  happen  Himt  the  latter  wiB 
at  length  become  equal  to  the  fonher  :  when  tin  happeosy 
there  can  afterwards  be  no  liirther  accekratleh  of  tlie  notioiiy 
tike  impelling  force  and  the  resistance  being  eq«al,  aakdthb  ball 
must  ever  alter  descend  with  a  uniform  motion.  It  lolloirs 
therefore  that}  to  answer  the  finn  enquiry,  we  have  colj  to  ^ 
termine  when  or  what  velocity  of  the  ball  will  cause  a  resist- 
'^ce  just  equal  to  lU  own  weight.    " 

Now,  by  inspecting  the  tables  of  resistances  prceeAkg 
prob^  1,  particularly  the  firat  of  the  three  tables,  il»  w«ght 
of  the  ball  being  I  05  lb,  we  perceive  that  thereustance  in- 
creaaesin  the  2d  column,  till  0"69  opposite  to  300  velocity^ 
and  1*55  answering  to  300  velocity,  between  whicb  two  the 
proposed  resistance  1*05,  and  the  correapondent  veloetty> 
fall.  But,  in  twu  vetocities  not  greatly  dtfierent^  the  raaisr* 
ances  are  very  nearly  proportional  to  the  aquaiea  ef  the  ve-^ 
locities.  Therefore,  having  given  the  velocity  300  aMwertng 
to  the  resistance  0*69,  to  find  the  velocity  answmag  10  ika 
resistance  1*05,  we  must  say,  as  0*69  ;  1-05  :  *  300»  :  p*z5 
eoaro,  iheref  v  t.  ^  ^^70  t^  S46,  i»  the  greaveat  veloci^ 
ihia  bail  can  Acquire  ;  after  which  it  will  descend  with  that 
velocity  uniformly,  or  at  least  with  a  velocity  oearif  approach-^ 
ing  to  246. 

The  same  greatest  or  uniform  velocity  will  also  be  directly 
found  from  the  rule  -000017251;*  «  r,  near  the  end  oC  pro- 
blem 2,  where  r  is  the  resistance  to  the  velocity  v,  by  making 

105  =  r  ;  for  then  v««i— -i^^  ^  608ro,  the  same  vafne 
for  t;»  as  before. 

But  now,  for  any  other  weight  of  ball ;  as^the  weights  of 
the  balls  increase  as  the  cubes  of  their  diameters,  and  their 
I'fesistances,  being  as  the  surfaces,  increase  only  as  the  squares 
of  the  same,  which  is  one  powerless;  and  the  resistances 
being  also  in  this  case,  as  the  squares  of  the  velocities,  we 
must  therefore  increase  the  squares  of  the  velocity  In  the 
ratio  of  the  diameters  of  the  balls  f  that  is,  as  1*965:  rf:  : 

246^  d 

246»  :  j-g-</«  x,aand  hence  ti  tec  246  V  7-955=  ^^^i  V  ^' 

If  we  take  here  the  31b  ball,  belonging  \o  the  3d  table  of 
resistances,  whose  diameter  dista  2-80  ;  then  v/2-80aa  I -673, 
and  17'5{  x  1*67  as  294,  is  the  greatest  or  uniform  velocity, 
with  which  the  3ifo  baU  wiU  descend.    And  if  we  take  the 
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€lb  bally  Tfl^Ofte  diameter  is  $  sa  inches,  as  in  tlie  3d  table  of 

resistances:  then  ^  3*53  «»  l-88»  sad    175i  X  1*88  ac  330, 

being  the  ^eatest  velocity  that  can  be  'acquired  by  the  6lb 

baUt  and  wiM^  wtuch  it  will  afterwards  uniformly    descend. 

For  a  9lb  ball)  whose  diameter  is  4  04,  the  velocity  will  be 

1754  X  3  01  =a  353,     And  so  on  for  any  other  size, of  iron 

baltf  as  in  the  fbUo^ing  table.    Where  the  first  column  con^ 

tftina  the  weight  of  the  balla. 

ID  lbs  i  the  2d  their  diame* 

vera  iii  inches  i  the  ^d  their 

velocitiea.   to.  which   they 

nearly  approach}  as  a  UmMif 

aod  therefore  called  their 

terminal  or  last  velocitiesi 

with  which  they  afterward 

descend  uniformly  ;  and  .the 

4th  .or    last    column    the 

heights  due  to  those  veloci* 

ties,  or  the  heights  from 

which  theballs  mustdescend 

io  vacuo  lb  acquire  them. 

But  it  ia  manifest  that  the 
Indls  can  never  attain  exactly 
to  these  velocities  in  any 
finite  time  or  descent,  being 
only  the  limits  to  which  they  continually  approach,  without 
ever  really  reaching,  though  they  arrive  very  nearly  at  them 
In  a  short  space  of  time  $  as  will  appear  by  the  following 
calculation. 

Toobtun  general  expressions  for  the  space  descended,  and 
the  time  of  the  descent,  in  terms  of  the  velocity  v :  put  x  » 
any  space  descended*  $  a  its  time,  and  v  the  velocity  ac- 
quired, the  weight  of  the  ball  w  a  1*05  lb.  Now,  by  the 
theorem  near  the  endof  prob.  2,  which  is  the  proper  rule  for 
this  case,  the  velocity  being  small,  'O0O01725v^  &;;  cv*  is  the 
resistance  due  to  the  velocity 'v;  theref.  w— cv*  is  the  impelling 

foreot  an4  — —  ss=/the  aocelerating  force  j  conseq.  vi  or 


Wt. 

lbs. 

Diam. 
inch. 

Term. 

Veloc. 
feet. 

Height 
due  to , 
v^  feet. 

1 

Id4 

241 

.930 

a 

2*45 

275 

1182 

3 

2-80 

294 

1260 

4 

308 

808 

1482 

6 

353 

330 

1701 

9 

4  04 

853 

1958 

H 

4  45 

370 

2139 

18 

509 

396 

2460 

24 

5-60 

415 

2691 

33 

617 

436 

2970. 
3080 

30 

6*41 

444 

42 

«'75 

456 

3249 

WW 


-^4, the  correct  flu-  ^ 

ent  of  which,  by  the  8th  form,  is  r  «=  —  x  b-  ^*      "  ■ 

the  general  value  of  the  space  ^  descended. 

Hero  it  appears  that  the  denominator  w^^ev*  decreases  as 
XI  increases  ;  conseq.  the  whole  valye  of  x,  the  descent,  in- 
creases with  Vj  till  it  becomes  infinite^  when  the  resistance 
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iv^  it  :7  V  the  weight  of  the  ball,  when  the  motion  becamet 
iiniforai,a8  before  remarked.  We  may  however  easily  assign 
theTalueofxalittl^before  the  veldcicy  becomes  umform, 
or  before  cv*  becomes  —  w.  Thus,  when  cp«  «=  «r,  ih«:i 
V  ^  346,  as  found  in  the  beginmng  of  this  f>roblem.  ABsume 
therefore  v  a  little  less  than  that  greatest  velotiiy^  as  for  in- 
stance 340:  then  this  value  of  v  subsiituied  in  the  general 
Ibrmula  for  x  above  deduced,  gives  jr  «=  ^781  feet,  a  little 
before  xh&  motion  becomes  uniform,  or  when  the  veiochj 
lias  arrived  at  340,  its  maximum  being  246. 

In  like  manner  is  the  space  to  be  computed  that  will  be 
due  to  any  otKer  velocity  less  than  the  greatest  or  terminal 
velochy.    On  the  contrary,  to  ftud  the  velocity  due  to  any 

proposed  spice  ar,fr9ro  the  formula  i«;^    x  h.  J.— ^; 

Her*  X  is  given,  to  find  v.    First  then  ^  «  k  K  ^^^^^^  ; 

take  therefore  the  number  to  the  hyp.  log.  of  ^,   which 

numbercallw;  then  »  «  ;~-;;7 ;  conaeq.  »w -^  »c»*  ==  «» 

imd  irwww :» iirv>,  and  r  =  V  ~^  w,  a  general  theorem 
for  the  value  of  v  due  to  any  distance  x.  Suppose,  for  In- 
sunce,  X  is   1006.    Now  4g  being  »=  64:,  w  «  I  05,  and 

c  =  00001725;   thcref.^^  «    1-0514,    and    the    natural 
w 

number  belonging  to  this,  considered  as  an  hyp*  log.  is 
2'86ir  :=  K ;  hence  then  v  —  V~-w  «=  19»»  "  ^^e  velo- 
city due  to  the  space  lOOO,  or  when  the  ball  has  descended 
^000  feet. 

Again,  for  the  time  r  of  descent :  here  i  «  *•;  but 

i^Hx^j;^!    a«  found  above,  theref.  ;  «g    ^^ 

-  V  — *+  yf 

the  fluent  of  which  is  r-V-^xh.l.—l. — -,    the     general 

value  of  the  time  /  for  any  value  of  the  velocttyr^  which  • 
value  of  t  evidently  increases  as  the  denominator  V  --  -    v 
decreases,  or  as  the  velocity  v  increases  ;  «d  ^c^^^^^^'^^^J 
tW  tdme  is  infinite  when  that  denominator  vamshes,  which 
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Is  when  v^x^^^orcv*  «  w,  the  resitttance equal  to  the 

ball's  weighty  being  the  same  case  as  when  the  space^ap  be-' 
comes  infinke,  as  above  remarked*  But,  like  as  was  done 
for  the  distance  x  as  abo▼^)  we  may  here  also  find  the  value 
of  /  corresponding  to  any  value  of  v»  less  than  iu  maximum 
:346|  and  consequently  to  any  value  of  Xy  as  when  v  is  ^40  for 
inscancet  or  x  s=  3781,  as  deternuned  above.  Now»  by  sub^ 
etjtuting  240  for  Vy  in  the  general  formula* 

^  SB  i  ^!?  X  h.  1. -,itbring80ut  /=  16^-575;    so 

c 
that  it  would  be  nearly  I6i  seconds  when  the  velocity  arrives 
at  240,  or  a  little  less  than  the  maximum  or  uniform  degree* 
viz.  246,  or  when  the  space  descended  is  27$  1  feet. 

Also,  to  determine  the  time  corresponding  to  the  same,  or 
when  the  descent  is  1000  feet,  or  the  velocity  199  :  find  the 

.1,-0       1     ,       105  246       123 

vaIueo!^.V-«=-V-:555oH5"*"64=-32-    ^^^"^ 

Hence  2-2479  x  -^  a  8"'64y  Uie  time  of  descending  1000 

feet,  or  when  the  velocity  is  199. 

See  other  speculations  on  this  problem,  in  Prob.  22,  PrO'* 
jectiles,  as  determined  from  theoiy^  vis.  without  using  the 
experimented  resistance  of  the  air. 

1>B0SLBM  X 

To  determine  the  Cireumgtance^.  of  the  Motion  of  a  BaU 
projected  HorizontaUy  in  the  Air  i  ahotracted  from  t/«  Fcrti* 
cml*De$€ent  hy  its  Gravitation, 

Putting  d  for  the  diameter,  and  w  the  weight  of  the  bal]| 
V  the  velocity  of  proiectioo,  and  v  the  velocity  of  the  baH 
after  having  moved  through  the  space  x.  Then  by  corol.  1 
to  prob.  2,  if  the  velocity  is  considerable,  such  as  usual  in 
practice,  the  resistance  of  the  ball  moving  with  the  velocity 

v,  i8-(mv*  —  »v)d*,  and  therefore  — ^^d»  is  the  retardive 

ibrce/;  hence  the  common  formula  v-i  «b  ^gfx%  ia  -*  ifv  >» 

•  and  theref.  i*  — ^  v  .-JZYL-  >»  — ^  x 

*  the  fluent  of  which  is  obviously 

w 
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•J!!L  X  -^  bjp*  1<^  ^  V  '""^  ^^  ^f  ^^  correction  bj  th^ 

«  T  — - 

ilrst  vclocfqr  y,  it  becomes^  ep  -—j  X  h.  Io|:. •!*,  the 

I^Miena  foraoU  br  tbe  di«t«»««  pttt«ed  oivr  id  levmi  of  the 

TcJocity. 

Now,  foranappIicadoDjIotit  bo  rOf^Mired  first*  to  deter- 
imne  in  whet  space  «  341b  ball  will  have  iu  veloeitjr  reduced 
from  1780  feet  to  1500,  that  is  losing  tSO  feet  of  its  Brst 
velocity.    Here,  d  »  5-6^  w  «■  a4,  v  a  ITSO,  and  t>  »  1500 ; 

aho  ~«  150.    Hence  ^^^  «  3587*4,  then  x  ^  3587-4  X 

•^'•.^=«'""<  "■'■^■""'■""^  '-^  - 

«76  fieet,  the  space  passed  over  when  the  ball  has  loat  tSO  feet 
of  its  motion. 

Ag&in  to  fiod  with  what  Telocity  the  same  ball  will  move, 
nfliiyii  iriiitL  described  lOOO  feet  in  iU  flight.    The  above 

theorem  is*  or  1000  f»si«r4x^-i-J^  «  3ar-4  K 

10000  .  1630  '      . 

hyp,  log  J^  is  1-7416  «  V  suppose  ;  then  M^—^^tud 

H^  —  150k  n  1630,  or  vv  zm  1630  +  ISOv,  and  v  a  — -  — 

150  a  936  —  150  »  786f  the  velocity,  when  the  ball  has 
moved  1000  feet. 

Next,  to  find  a  theor.  fior  the  time  of  describing  any  spece, 

or  destroying  any  velocity :  Hew  i  w  ^  m  ~^^  x 


n 


the  fluent  of  which,  by  the  9th  Ibrm  is  #  «.  ^^  x    ^    X 
h.  1.  — JJ^— » r-*^  >c  h.  1 — i-^,  and  by  correction 

-If*  '** 

^T^-~t  putlfag  V  for  the  first  velocity^  sad  IS^  for  -^ 

w  — 150      V  .  "     •  « 

its  value,  as  before. 
Now»  to  take  for  an  example  the. same  24lb  ball,  and  h? 

'  projected 
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projected  velocity  1>80,  as  before  ;  let  h  be  Required  to  find 
in  what  time  this  velocity  will  be  reduced  to  786.    Here  theft 

V  n  1780,  V  n  786,  w  »»  34,  d  ttA  5-^  d»«££3I«d6,  h  ea  •001  « 

,  ID  7SU     ^    *»4tt,it      "    J    ▼-150     «  1^30 

htnco -1  j^iss  Trrs    *=    33*9lOi  and r^,*-    s=   -^   X 

32«i/*        SI'S*  *  W-.150     ▼  636    ^. 


'1099  as  3''  6:a8|  the  time  required* 

For  another  e:ftanipie,  let  it  be  lequired  to  $hd  when  the 
velocity  will  be  reduced  to  lOOO,  or  780  destroyed     Here 
V  =a  iOOO,  and  all  the  other  quantities  as  before.     Tfaen 
V-^ISO  ^    V        1630  ^   1000         I6i0  ^.      .         ,  r      u-   ..  • 

Z=i5d  ^  ;  *  150  ^  1755=  i5i3''**^*'yP  *^e-°^  ''^*^^>* 
*07449  ;  theref.  31*36  X  07449  «a  I ''7^, id  the  time  sought* 
On  |Lhe  other  hand,  if  it  be  required  to  find  what  will  be 
the  velocity  aft^r  the  ball  has  been  in  motion  during  any  given 
timej  as  suppose  2  secondsi  we  must  revef se  the  oalculaiioQ 

tliQs  { /  a  3''  beinir  -»  —5^  x  b.  1.  ^— — -•— «  33'9l6  it 

**•  *•  ;=iS  *  T  *  ^^^  dm  ~  "^^^^^^ "  ^  ''yp*  •**•  '^ 

V«*-150    « 
^^^  *  — ,  the  number  anaweriog  to  which  is   1 -08735  =  n 

suppose,  that  is,  h  ""^^t^  •^-    Hence  kvp  -^  150  nv  « 

^       ,i./x  i  ;150wv  290290  ^    .      .     ' 

w  - 1501,,  and  X, «    _^_. «55_  »  951,  the  veto^ 

City  at  the  end  of  3  seconds. 

The  foregoing  caltulationa  serv^  only  for  the  higher  velo* 
cities,  such  as  exceed  300  or  300  feet  per  second  of  time, 
But,  for  those  that  are  below  300,  the  vVule  is  simpler,  as  the 
resistance  is  then,  by  cor.  3  prob*  3,  -00000447d*T;>  seed*  v% 
"Where  d  denotes  the  diameter  of  any  ball.    Hence  then, 

employing  the  same  notation  as  be£ore,<^>3;s/,aBd^  vitm, 
33/i  ..  33i  X  f^i  thereti  «  ^^^^  ^  ~-i  the  correct 

flw^nt  of  which  is  x  s-rr-rx  !»•  l-'^* 

Now,  for  an  e^mple,  suppose  the  first  velocity  to  be 
300    •&   V,  and  the  last  v  «   too  for  a  34lb  ball.    Then 
«r  4«  34,  d  »  5-6,  d«  *s  31*  36,  c  «di  60000447  ;  therefore 
V  3  V       300 

,sS  •  m^  -^^^^  *  "*^  ;  *  iSo  ~  ^'  ^^^  ^y^'  '^«^- 

of  which  is  1-0986  ;  thet'Cf.  1'0986  X  5350  ra  5878  e>  x,  is 
fhe  distanGe.**t.lf  the  first  velocity  be  only  200  t»  v;  then 
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Im  3,  the  bfp.  Tog.  of  which  is  -69315)  therefore  -69315  ^ 

535t)  ss  3ro«  a  or,  the  distance. 

And  conversely,  to  find  what  velocity  ^iU  remaiii  after 
DasHO£  over  any  space*  as  4000  feet  the  first  yrtSodty  being 
„'.,  .v.x  4008  409 

v-SOO.    Herethehyp^iog.of^pts  j~-e  —  oa—y 

ttr^aa    «74766,  the  natural  oamber  of  which  is  %  U20, 

107 

V      .       i-  ▼         300  ^  »     ,. 

tliatb,a-n2«-;thereforev«~j2«j^    =    947,  tlic 

veloci^. 

Againjforthetime^i  aincex  «•  ^^  x   -^i  tteefotc 
;  s  JLc»^;^_--x  --ri  ibc  correct  fluent  of  which  is 
*  -  .-^  X  (-^-M  ==  ^  X  -3!^.-  So,  for  eumple 
ava»300,andv=c  looj  then^ss  ^^^  "^"So*  '*'« 

-^or  5350  X  -^^  «  35''|=r«  r,  the  time  of  redudag  the 

300  velocity  to  100,  or  of  passing  over  the  space  5873  foet. 
And,  reversing,  to  find  the  velocity  v,  answering  to  any 

given  time  r:    Since  $  =■  t~^  X    (     — --)  »  S$s6  x 
(l-^)there£  vg^j..    Here,  if  e  be  given  ..  30'', 

andv«3O0;thenx.«~g^«g^x3OO*^« 
5350*f900a       1435  ^87 

1 13,  the  velocity  sought. 

CdroL    The  same  form  of  theorem,  a:  ss  -2-  x  h.  1.  — 

as  above,  is  brought  out  for  small  velocities,  wil  1  also  serve 
for  the  higher  ones,  if  we  employ  the  medium  resistance  be- 
tween the  two  proposed  velocities,  as  was  done  in  prob  5. 
Thus,  as  in  the  first  example  of  this  problemi  where  the  two 
velocities  are  1780  and  15<K),  the  resistance  doe  to  the  velo- 
city 1700,  in  the  first  table  of  resistances,  being  74*13,  tay  as 
1700*  :  1780*  ::  74'13:  8 1  37,  the  resistance  due  to  the  ve- 
lociiy  1780;  then  the  mean  between  81*37  and  57*35,  due 
to  1500  velocity,  is  69-36,  or  rather  take  69 j.  Ag^,as 
v^  65-7  :  V  ^^i ' :  1600  I  1646,  tiie  velocity  due  to  the  mc* 
dium  resistance  69 i«  Hence,  as  in  prob.  5,  asl646*:«':: 
e9i  :  '000gi3565v^  aa  supposc  m^^xht^  resistance  due  «» wf 

velocity 
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Wlocity  V)  between  1780  and  1500,  for  the  lOSlb  balL  And^ 
a9  1-965*  :  5-6»  nmv*  :8l24ava  =  00020838^*  =s  bv^  sup- 
pose, the  retdstance  due  to  the  same  velocity,  with  the  34ib 

ball.    Therefore  —  =/,  and   -  vi  =  32/i  =   J6v»i,  and 

-•*?  *  3  V  3 

jcc=-T^)  tbc  correct  fluent  of  which  ia  —x  h.  1-  -  »  77- 

4/iu  4d  w  46 

X  h.  i-rrr-  ==7T 
laO       46 

velocity  sought. 

PROBLEM  Xt. 
7h  determine  the  Ranges  <^  Projectiles  in  the  Air* 

To  determine*  by  theory,  the  trajectory  a  projectile  de* 
scribes  in  the  air,  is  one  of  the  most  difficult  problems  in  the 
whole  course  of  dynamics,  even  when  assisted  by  all  the  ex- 
periments that  have  hitherto  been  made  on  this  branch  of 
physics  ;^  and  Is  indeed  much  too  difficult  for  this  place,  in 
the  full  extent  of  the  problem  :  the  consideration  of  it  must 
therefore  be  reserved  for  another  occasion  when  the  nature 
of  the  air's  resistance  cs|;n  be  more  amply  discussed  Even 
the  solutions  of  Newton,  of  Bemoulii,  of  Euler,  of  Borda> 
2cc,  &(C.  after  t))e  most  elaborate  investigations,  assisted  by  all 
the  resources  of  the  modem  analysis,  amount  to  no  more 
than  distant  approximations,  that  are  rendered  nearly  useless, 
even  to  the  s{»eculative  philosopher,  from  the  assumption  of 
a  very  erroneoas  law  of  resistance  in  the  air,  and  much  more 
so  to  the  practical  artillerist,  both  on  thatacceunt,  and  from 
the  very  iiitricate  process  of  calculation,  which  is  quite  inapi> 
plicable  to  actual  service.  The  solution  of  this  problem  re- 
quires, as  an  indispensible  datum,  the  perfect  determination 
by  experiment  of  the  nature  and  laws  of  the  air's  resistance 
at  different  altitudes,  to  balls  of  different  sixes  and  densities^ 
moving  with  all  the  usual  degrees  of  celerity.  Unfortunately 
however,  hardly  any  experiments  of  this  kind  have  been 
made*  excepting  those  which  on  some  occasions  have  beea 
poblished  by  myself,  as  in  xaj  tracts  of  i  786,  as  well  as^  in 
my  Oictiooary,  some  f«w  of  which  are  also  given  in  art  105  of 
Mot  and  Forces,  with  some  practical  inferences*  And 
though  I  have  many  more  yet  to  publish,  of  the  same  4wind, 
much  more  extensive  and  varied,  I  cannot  yet  undertake 
to  pronounce  that  they  are  fully  adequate  to  the  purpose  in 
hand* 

All  that  can  be  here  done  then,  in  the  solution  of  the  pre- 
sent problem,  besides  what  is  delivered  in  this  volume, 
is  to  collect  together  some  of  the  best  practical  rulesi  founded 
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partly  on  theory,  and  partly  oto  praetiee.  1.  In  the  fifst  place 
then,  it  may  be  remarked,  that  the  initial  or  firat  vdocay  of 
a  ball  may  be  directly  computed  by  prob.  17,  page  S93 
of  this  Tolunac  ;  having  given  the  dimenaixina  of  the  piecei 
the  weight  of  the  ball,  and  the  cha^  of  powd^.  Or  other- 
vise,  the  same  may  be  made  out  from  the  table  of  ezpeii* 
neoted  ranges  and  velocities  in  pa.  141  of  this  volimie,iiy 
this  rule,  that  the  velocities  to  different  balla,- and  difiereot 
charges  of  powder,  are  as  the  square  roots  of  the  wdights  of 
the  powder  directly,  and  as  the  sfjuare  roots  of  the  woghta 
of  the  balls  Inversely.  Thus,  if  it  be  enquired,  with  what 
velocity  a  24lb  ball  will  be  discharged  by  Mb  of  powder. 
Now  it  appears  in  the  table,  that  8  ounces  of  powder  discliai^ 
the  lib  ball  with  1640  feet  velocity ;  and  because  Stt>  are  s-= 
188  ounces ;  therefore  by  the  rule,  as .  ^|.  ^  V  V|f  :  s  1640  ; 
164(Vy|  »  1^40^1  »  1339,  the  velocity  sought.  Or 
otherwise,  by  rule  1»  p.  148  of  this  vol.  as  v^4 :  |/ 16 ; : 
1 600 :  1 306,  the  same  velocity  nearly.  But  when  the  chai^ges 
bear  the  same  ratio  to  one  another  as  the  weight  of  the  btJlSf 
that  is  when  the  pieces  are  said  to  be  alike  charged,  then  the 
velocities  will  be  equal.  Thus,  the  lib  bail  by  the  3  oz  charge 
being  the  8th  part  of  the  weighti  and  the  84lb  baQ,  with  3lb 
of  powder,  its  8th  part  also,  will  have  the  sande  velocity,  viz. 
860  feec  In  like  manner,  the  1230  tabular  velociiy,  aik- 
swering  to  4  oz  of  powder,  the  4th  pan  of  the  ball,  will 
equally  belong  to  the  24lb,  ball  with  6ib  of  powder,  being  its 
4th  part,  and  the  ububir  velocity  1640^  answering  to  the 
8oz  charge,  which  is  j  the  weight  of  ball,  eUl  equally  belong 
to  the  24lb  ball  with  121b  of  powder,  being  also  the  i  of  iu 
weight. 

2.  By  prob.  9  will  be  found  what  is  called  tlie  tenmma 
Velocity  J  that  is,  the  greatest  velocity  a  ball  can  acquire  by 
descending  in  the  air  ;  indeed  a  table  is^  there  given  of  the 
several  terminal  velocities  belonging  to  the  different  ballav 
with  the  heights,  in  an  annexed  column,  due  to  those  veloci- 
ues  in  vacuo,  that  is  the  heights  from  which  a  body  must  fall 
in  tacuo,  to  acquire  those  velocities. 

^  3.  Given*  the  initii^l  velocity,  to  find  the  elevation  of  the 
piece  to  have  the  greatest  range,  and  the  extent  of  that  rtongeb 
These  will  be  found  by  m^ms  of  the  annexed  table,  altered 
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from  Professor  Kobbon's 
in  the  EBcyclopasdia  firi- 
tannicft»  and  founded  on  an 
approKimation  of  Sir  I. 
Newton's.  The  ntnnbers 
in  the  first  column,  multi- 
plied by  the  terminal  velo* 
city  of  the  ballf  give  the 
initial  velodty ;  and  the 
numbers  in  the  last  co- 
lumn, being  multiplied  by 
the  height>  give  the  great- 
test  ranges  ;  the  middle  co- 
lumn showing  the  elevations 
to  produce  those  ranges. 

To  use  this  table  then, 
dWide  the  given  initial  ve- 
locity by  the  terminal  ve- 
locity peculiar  to  the  balls 
found  in  the  table  in  prob. 
9,  and  look  for  the  quo- 
tient in  the  first  column 
here  annexed.  Ag^st 
this,  in  the  2d  column  will 
be  found  the  elevation  to 
l^veithe  greatest  range  ;  and  the  number  in  the  3d  column 
multiplied  by  a,  the  altitude  due  to  the  terminal  velocity^ 
also  found  in  the  table  in  problem  9,  will  give  the  range, 
nearly. 

iEx.  \.  Let  it  be  required  to  find  the  greatest  range  of  a 
S4ib  ball,  when  discharged  with  1640  feet  velocltyr. and  the 
corresponding  angle  to  produce  that  range.  By  the  table  ii^ 
prob.  9,  the  terminal  velocity  of  the  241b  ball  is  415,  and  its 

producing  altitude  2691  :  hence  -—  «sa  3-95,  nearly  equal  to 

3-9865  in  the  1st  column  of  our  table,  to  wluch  corresponds 
the  angle  34^ IS',  being  the  elevation  to  produce  Uie  greatest 
range;  and  th|^  correspondif^  number  2*9094,  in  the  3d 
oolunan,  multiplied  by  2.691',  gives  7829  feet,  for  the  greatest 
range,  being  nearly  a  mile  and  a  half. 

Exam.  2.  In  like  manner,  the  same  ball  discharged  with 
the  velocity  860feet|  will  have  for  its  greatest  range  3891 
feet,  or  nearly  J  of  a  mile,  and  the  elevation  producing  it 
:i9^  55'. 

iThese  examples,  9jaA  indeed  the  whole  table  in  the  9th 

problem, 


Taifle  qf  Elevations 

giving  thet 

Greatest  Range.        '    \ 

initial  vel. 
div.  by  V. 

Elevation. 

R  nge  dn 
by  a. 

0*69 10 

44«»  0' 

0-39 1 4 

0-9445 

43    15 

0-5850 

1M980 

4^  30 

0  7787 

14515 

41   45 

0-9724 

17O50 

41     0 

I- 1661 

1-9585 

40   15 

1-3598 

2  2120 

39  30 

1-5535 

24655 

38  45 

1  7472 

2  7190 

38     0 

19409 

2-9725 

37  15 

2-1346 

3-2260 

36  30 

2-3283 

3-4795 

35  45 

2  5220 

3-7330 

35     0     , 

2-7157 

.     3  9865 

34   15 

29094 

4  2400 

33  30 

3-i03l 

.4-4935 

32  45 

32968 

4-7470 

32     0 

3-4905  . 

50000 

31    15 

3  6842 
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prableiOy*  tre  only  adapted  to  the  use  of  caimon  balb*  Hut 
U  is  not  usual,  arid  indeed  not  easily  practicable,  to  discharge 
^annoti  shot  at  such  elevations,  in  the  British  service,  that 
practice  being  the  peculiar  office  of  mortar  shells.  On  this 
Recount  (fatn  it  will  be  necessary  to  make  out  a  table  of  ter-> 
mnal  velocities,  and  altitudes  due  to  them,  for  the  different 
-^Izes  of  such  shells.  The  several  kinds  of  these  ijn  preseot 
use,  are  denominated,  from  the  diameters  of  tbeir  mortar 
bores  in  inches,  being  the-  five  following,  viz.  the  4-6<,  the 
3  3,  the  8,  the  10,  and  the  13  inch  mortars,  as  in  the  first 
.  column  of  the  following  ubie,  BtU  the  outer  diameters  of 
the  shells  are  somewhat  smaller,  to  leave  a  little  room  or 
Apace  as  wmdage,  as  containeii  in  the  2d  columo. 


Tabie  ofdimtnnQn9s  i^c.  of  Mortar  ShelU,               j 

Diain.of 

MorUr. 

DIam.  of 

SheUs. 

Wei^rht 

of  Shells 

filled. 

Weigrhi 

of  equal 

solid. 

Ratio  of 
shell  to 
solkl. 

Terminal 
velocity. 

Alt.  a 
due  to 
veH»c 

inch. 

inch- 

lbs. 

lbs. 

feet. 

feet. 

4-6 

4-53 

9 

133 

1*43 

SI4 

1541 

58 

5-72 

18 

254 

1-42 

S53 

1936 

8 

r-90 

4r 

67 

143 

414 

26T8 

10 

9-84 

9li 

130 

1-42 

462 

3335 

13           13*^0    1 

301 

386 

I  43 

5^7 

4340 

The  3d  column  contains  the  weight  of  each  shell  when  the 
hollow  part  is  filled  with  powder  :  Ihe  diameter  of  the  hollow 
isusually  /y  of  that  of  the  mortar  :  the  weight  of  the  shells 
empty  and  when  filled,  with  other  circumstances,  may  be  seen 
at  quest.  53,  in  Mensuration,  end  of  vol.  I.  On  account  of  the 
▼acuity  of  tlie  shell  being,  filled  only  with  gunpowder,  the 
weight  of  the  whole  so  filled,  and  contained  in  column  3,  is 
much  less  than  the  weight  of  the  same  size  of  solid  iron,  and 
the  corresponding  weights  of  such  equal  solid  balls  are  con- 
tained in  col.  4.  The  ratio  of  these  weights,  or  the  latter  di- 
vided by  the'  former,  occupies  the  5th  cehimn. 

Now  because  the  loaded  or  filled  shells  are  of  less  specific 
gravity,  or  less  h^avy,  than  the  equal  solid  iron  balls,  in  the 
ratio  of  l  to  1*42,  as  in  column  5,  the  former  will  have  less 
power  or  force  to  oppose  the  resistance  of  the  air,  in  thatr 
same  proportion,  and  the  terminal  or  greatest  velocity,  as 
determined  in  the  ^th  prob.  will  be  correspondently  less. 
Therefore,  instead  of  the  rule  there  given,  viz.  175'5-v/rf,  fof 


thftt  velocity,  the  rule  must  now  be  175*5  y^—-  s 


:147-3v'<e=tf| 

the, 
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|be  ^BMoeter  of  the  ihell  befog  d  r  that  is,  the  terminal  yete- 
cities  will  be  all  less  in  the  ratio  of  147  3  to  175*5.  Novy 
computing  these  several  Telotlties  Uj  this  rule,  to  all  the  di& 
fereat  diameters,  they  are  found  as  placed  in  the  6tb  coL ; 
and  in  the  7tb  or  last  column  are  set  the  altitude  which 
would  produce  these  velocities  in  vacuo^ .  as  oomputed  froip 

this  theorem  —, 

Having  now  obtamed  these  terminal  velocities,  apd  tb^l^ 
producing  altitudes,  for  the  shells,  we  can,  from  them  aw 
the  former  table  of  ranges  and  elevations,  easily  compute  thp 
greatest  range^  and  the  corresponding  angle  of  elevatton»  for 
any  mortar  and  shell,  in  the  same  way  as  was  done  for  the 
balls  in  this  problem.  Thus,  for  example*  to  find  the  great- 
est range  and  elevation,  for  the  13  inch  shell,  when  projected 
with  the  velocity  of  2000  feet  per  second,  being  nearly  the 
greatest  velocity  that  balls  can  be  discharged  with.    No?(9 

2000 

by  the  method  before  used  -^—r  se  3*796  $  opposite  tc^fthiS} 

found  in  the  first  column  of  the  table  of  ranges,  corresponda  . 
34^49'  for  the  elevation  in  the  2d  column,  and  the  number 
3'764  in  the  3d  column  ;  this  multiplied  by  the  altitude  434Q« 
gives  i  1995  feet,  or  more  than  2^  miles,  for  the  greatest 
range. 

This  however  is  muph  short  of  the  distance  which  it  is  said 
the  French  have  lately  thrown  some  shells  at  the  siege  of 
Padiz,  viz.  3  miles,  which  it  seems  has  been  effected  by 
means  of  a  peculiar  piece  of  ordnalice,  and  by  loading  or  fill- 
ing the  cavity  of  the  shell  with  lead  to  render  it  heavier,  and 
thus  make  it  fitter  to  overcome  the  resistance  of  t^oair.  Let 
us  then  examine  what  will  be  the  greatest  Fange  of  our  13 
inch  shell,  if  its  usual  cavity  be  quite  filled  with  lead  when 
discharged,  with  the  projectile  velocity  of  2000  feet. 

Now  the  diameter  of  the  cavity,  being  about  ^  of  that  of 
the  mortar  13,  will  be  nearly  9  inches.  And  the  weight  of 
a  globe  of  lead  of  this  diameter  is  139  31b;  which  added  to 
187*8,  the  weight  of  the  shell  empt^,  gives  3271b»  the  whole^ 
weight  of  the  shell  when  the  cavity  is  filled  with  lead,  which 
was  found  286  when  supposed  all  of  solid  iron,  their  ratio  or 
quotient  is  -8783.    Then,  as  before,  jthe  theorem  will  b^ 

175-5 V:g^  «■  13^*3  \/d  for  the  termhial  velocity;  which, 

when   d  a  12*8,  becomes  670  for  the  terminal  velocity; 

therefore  its  prodedng  altitude  is  -—  =r  7014.    Then,  by 

2000 
the  same  method  as  before,  'jg—  »  2-985  ;  Which  number 

found 
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found  in  the  first  .column  of  the  table  of  ranges,  the  0|>p08it;e 
number  in  the  3d  col  is  37^  15'  tor  the  elevation  of  thepiece» 
and  in  the  3d  column  2*  14^  multiplied  by  7014,  ^ves  i50m 
feet,  or  nearely  3  chiles.  So  that  our  1 3  inch  shells,  discharged 
at  an  elevation  of  about  d7|  degrees,  would  range  nearly  the 
distance  mentioned  by  the  French,  when  filled  with  lead,  if 
Ihey  can  be  projected  with  so  much  as  2000  feet  Telocity,  or 
upwards.  This  however  it  is  thought  cannot  possMy  be 
affected  by-onr  mortars ;  and  tiiat  it  is  therefore  probabk  tba 
iPrench,  to  give  such  a  velociiy  to  those  shells,  must  have 
contrived  some  new  kind  of  large  cannon  on  the  occasion. 

4.  Having  shown  in  the  preceding  articles  and  probfemiy 
liow,  from  our  theory  of  the  air's  resistance,  can  be  foundr 
lirst  the  initial  or  projectile  velocity  of  shot  and  shells;  2diff 
the  terminal  velocity,  ot  the  greatest  velocity  a  baU  can  ac^ 
quire  by  descending  by  its  own  weight  in  the  air  ;  S%,the 
height  a  bail  will  ascend  to  in  the  dlt^  being  projected  verd" 
call^with  a  given  velocity,  also  the  time  of  diat  ascent ;  4thly, 
the  jfreatest  horizontal  ranges  of  given  shot,  projected  with  a 
given  velocity  I  as  also  the  particular  angle  ol  elevation  of 
the  plisce,  to  produce  that  greatest  range.  It  remains  then 
now  to  inquire,  what  laws  and  regulations  can  be  given  re«- 
spectingtha  ranges,  and  times  of  flight,  of  projects  tnaAe  at 
other  angles  of  elevation. 

Relating  to  this  inquiry,  the  Encyclopaedia  Britannica 
mentions  the  two  following  rules  :  1st.  ^  Balls  of  equal  den- 
sity projected  with  the  sajne  elevation,  and  with  velocities 
which  are  as  the  square  roots  of  their  diameters,  will  describe 
similar  curves.  This  is  evident,  because,  in  this  cSse,  the 
resistance  will  be  in  the  ratio  of  their  quantities  of  motioD  ; 
therefore  all  the  homologous  lines  of  the  motion  will  be  in 
the  proportion  of  the  diameters.*'  But  though  this  maybe 
nearly  correct,  yet  it  can  hardly  ever  be  of  any  use  in  prac- 
tice, since  it  is  usual  and  proper  to  project  small  b^Is,  not 
with  a  less,  but  with  a  greater  velocity,  than  the  larger  ones. 
3dly,  the  other  rule  is»  «  If  the  initial  velocities  of  balls,  prQ< 
jected  with  the  same  elevation,  be  in  the  inverse  subdupUcate 
ratio  of  the  whole  resistance,  the  ranges,  and  all  the  homo^ 
logons  lines  in  their  track,  will  be  inversely  as  thos^  resist- 
ances." This  rule  will  come  to  the  same  thing,  as  having 
the  initial  velocities  in  the  inverse  ratio  of  the  diaroetersi  as 
distant  perhaps  from  fitness  as  the  former.  Two  tables  are 
next  given  in  the  same  place,  for  the  comparison  of  ranges 
and  projectile  velocities,  the  numbers  in  which  appear  to  be 
much  wide  of  the  truth,  as  depending  on  very  erroneous 
effects  of  the  resistance.  Most  of  the  accompanying  remark^ 

however^ 
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Jbowerer.  we  >reiy  ingciuous,  judidousi  and  philosqilucaly 
a|i4  very  justly  recommeoding  the  making  and  recordiDg  of 
g<K»d  expeiiments  on  the  ranges  and  times  of  flights  of  pro- 
jects, of  various*  sizes,  made  with  different  velocUles,  »and  at 
farious  angles  of  elevadon. 

Besides  the  above,  we  find  rules  laid  down  by  Mr.  Robing 
and  Mr.  Simpson,  for  computuig  the  circumstances  relating 
to  projectiles  as  affected  by  the  resistimce  of  the  air  Those 
of  the  former  respectable  author,  in  his  ingenious  Tracts  on 
Gunnery,  being  founded  on  a  quantity  which  he  calls  Vf 
(answering  to  our  (etter  a  in  the  foregoing  pages),  I  find  to  be 
almost  unifontUy  double  of  what  it  ought  to  be,  owing  io  his 
improper  measures  of  the  air's  resistance ;  and  therefore  the 
eonclusions  derived  by  means  of  those  rules  lyiust  needs  bo 
very  erroneous.  Those  of  the  very  ingenious  Mr.  Simpson^ 
contioned  in  his  Select  £xercises,  being  partly  founded  on 
experimeiit,]9ay  bring  out  conclusions  in  some  of  the  cases 
not  very  incorrect;  while  some  of  them  particularly  those 
i:elating  to  the  impetus  and  the  time  of  flighty  must  be  very 
wide  of  the  truth.  We  must  therefore  refer  the  student^ 
fer  more  satlsiacdon,  to  our  rules  and  examples  before  givea 
in  pa.  142  thi&  vol.  &c.  especially  for  the  circumstanceaof  dif- 
isrent  ranges  and  elevations,  kc«  after  having  determined,  as. 
above,  those  for  the  greatest  ranges,  founded  on  the  real  meac^ 
^ure  ef  the  resistances. 
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FROMISCtTOUd  PRbBLBMS,  AS  EXERCISES  IN  MECHANICS^ 
STATICS,  DYNAMICS,  HYDROSTATICS,  HYDRAUUCS,  PRO- 
JECTILES, kc.  &6. 


PROBLEM  I. 

Let  AB  <tnd  kc  be  two  inclined  filaneM^  nhote  common  alti- 
iude  AD  U  given  a  Mfeet  ;  and  their  lengthe  euehy  that  a 
heavy  body  it  2  bccoiuU  of  time  longer  in  descending  through 
At  thitn  through  AC,  by  the  force  qfgrwity  ;  and  if  two  baUtf 
the  one  weighing  3  ahd  the  other  3/6,  be  connected  by  a  thread 
and  laid  on  the  filanes^  the  thread  eliding  freely  over  the  vertex 
A,  they  will  mutually  euetain  each  other*  Quere  the  lengthe 
i^fthe  two  planee, 

Trr  kogths  of  the  planes  of  the  sanie  height  being  as  the ' 
times  of  descent  down  them  (art  133  this  vol)i  and  also  as  the 
heights  of  bodies  mutually  sustahung  each  other  on  them 
(art.  1 23)9  therefore  the  limes  most  be  as  the  weights  ;  hence 
as  1 1  the  dilTerence  of  the  weights,  is  to  2  sec.  the  diff.  of 

times,  : :  j  ^  !  4  ^*  \  the  times  of  descending  down  the  two 

planes.     And  as  v^  16  :  v^64 : :  1  sec. :  2  sec.  the  time  of  de- 
scent dow,n  the  perpendicular  height  (art  70,).    Then,  by  the 

laws  of  descents  (art.  132),  as  2  sec. :  64  feet  \  ^  ^^*  \  ^  I 

feet,  the  lengths  of  the  planes. 

JVote.  In  this  solution  we  have  considered  16  feet  as  the 
space  freely  descended  by  bodies  in  the  1st  second  of  time, 
and  32  feet  as  the  velocity  acquired  in  that  time,  omitting 
the  fractions  xS  ^^  h  ^^  render  the  numeral  calculations 
simpler,  as  was  done  in  the  preceding  chapter  on  "projectiles) 
and  as  we  shall  do  also  in  solving  the  following  questions^ 
wherever  such  numbers  occur. 

Another  Solution  by  meane  ofA^ebra* 

Putx<±9  the  time  of  decent  down  the  less  plane;  then 
willjc,+  2  be  that  of  the  greater,  *  by  the  question*  Now 
the  weights  being  a^s  the  lengths  of  the  planes,  and  these 
again  as  the  times^  therefore  as  3  : 3  : : « •*  x  •f  2  $  hence 

2;r  + 


Digitized  by 


Google 


K 

ly 

lB_ 

V       D 

/^ 

■s" 

"^ 

A 

F 

— > 

F 

V 

X« 

PROMISCUOUS  EXERCrSES.  4gi 

2jc  +  4  =  SjTf  and  X  =  4  sec.  Then  the  lengths  of  the 
planes  are  found  as  in  the  last  proportion  of  the  former 
solution. 

PttOBLEM  2. 

If  an  elastic  ball  fall  from  the  hnght  of  bO  feet  above  the 
plane  of  the  horizon^  and  impinge  on  the  hard  surfiice  of  u:* 
filane  inclim  d  to  it  in  an  angle  of  [  5  degrees  ;  it  h  required  to 
firid  v)haf  ftart  of  the  filane  it  mu&t  strlkey  so  that  after  re- 
flection^  it  may  Jail  on  the  horizontal  filane^  at  the  greatest  ' 
distance  ftosaible  beyond  the  bottom  of  the  inclined  filane  ? 

Here   it  is  manifest  that  a  . 

the  ball  must  strike  the  ob- 
lique plane  coininued  on  a 
point  somewhere  below  the 
horizontal  plane ;  jfor  other- 
wise there  could  be  no  maxi-  ^ 
mum.     Therefore  let  Bc  be        .    ^  ^M 
the  inclined  pl^ie,CDGth%  horizontal  one,   b  the   point  ou 
which  the  ball  impinges  after  falling  from  the  point  a,  bkxji 
the  parabolic  path,  b  its  vertex,  bh  a  tangent  at  b,  beijxg 
the  direction  in,  whicji  thw  btvll  is  reaected  ;   and  the  oiher 
lines  as  are  evident  in  the  figure.  ^  Now.  by  the*  lasrs  of  re- 
flection, the  angle  of  incidence  abc,  is  equal  to  the  angle  of 
reflection  HBM.and  therefore  thi\i  latter,  as  well  as  the  former,  "^ 
is  equal  to  the  complement  of  the  ^t^  the  inclination  of  the  ' 
two  p^nes  ;   but  the  part  ibmis  ^  ^c,  therefore  tt»e  angle 
of  projection  hbi  is   «  the  comp.  of  double  the  Zc  and 
bcniK  the  comp.  of  hbk,  theref.  /.bbk  =a  2  ^c.     Now,  put    ' 
a  «*  50  «=  AD  the  hei^jlit  abovo  the  horizontal  line,  t  =  lan^. 
^DBC  oi'  7S^  the  comi>lement  of  the  plane's  incUoation,  r  = 
tan^f  urn  or  ^h=60<>  the  comp. of  2 /.c,  *  =  sine  of  2/.hbi 
=»  ISO*'  ihc  double  elevation,  or  r=  sine  of  4^c  s  also  x=a8    ' 
the  impetus  or  height  fallen  through.     Then, 

Bi  =  4KH  =s  2«jr,  bjr  the  projectiles  prop.  21, 

•^  |cD  =  r  X  BD  «  /  (jr-fl).  $  ^y  tJ-igonomctry ;  . 
also,  Kn  =»  BK  —  BD  «  i^sTx  -  j7  +  fl,  and  ke  =  Jbi  «  sx  [  ' 
then,  by   the  parabola,   V'  »k   :    a/  dk  : :    he   ;    fg  «  kk  m  / 

^r^^^ "V ^Vl-ax^{L  -.    ,3)  ^.j  «  . 

2h  ^  {ax  —  bix^),  puiting'd  =a  sine  of  2  ;^c  «=  sine  of  3<)o. 

Hence  cg  =s  on  -h  df  tFG=  tx^ta  +fij:nr2/,^(«^_  ^ajc-s) 

.  a  maximum,  the  fluxion  of  which  made  2=  o,  and  the  cqua- 

^  «duc«d.givc»*  *^,  X  (.  ±  V  ^,:,^y  .There  n^> 
Vql.II.  ■    •      ;;         Qqq  -^t^' 
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*  -f  t,  and  the  double  sign  ±  answers  to  the  two  roots  or  va* 
lues  of  Xy  or  to  the  two  points  g,  o,  where  the  parabolic  path 
cuts  the  horizontal  line  cG)  the  one  in  ascending  and  the  other 
in  descending. 

Now,  in  the  present  case,  when  the  ^c  bs  \s^y  i  =s  tang. 

•  75**  »  2  +  V  ^1  '^  «»  tan.  60«=s:V5»  »  «=  sin.  60^=^4  V" 3,  6« 
sin.  30«ss=  §,  n  =*  «  +  r  i4s  2+J ^  3  ;  thcn~j  rsz  2a  «  100,  and 

=  100   X  (I  ±  i  V  ^m^)«s'>00x(l±-994U)»l!>9-4M 

or  *586  ;  but  the  fornner  must  be  taken.    Hence  the  bodf 
'  snust  strike  the  inclined  plane  at  149*414  feet  below  the  ho- 
rizontal line;  and  its  path  after  reflection  will  cut  the  said 

line  in  two  points ;   or  it  wfU  touch  it  when  ^  =  tt-    Hence 

also  the  greatest  distance  co  required  is  826-99 1 5  feet. 

Coro/  If  it  were  required  to  %)d  co  or  /or  —  /a  +  ex  ± 
S6v^(ar  ^  6^x^)  cs  ^  a  given  quinUty,  this  equation  wuulj 
give  the  valine  of  j?  by  solving  a  quadratic^ 

FRpBL£M  S. 

Suppose  a  9h^  to  iuii  from  the  Orkney  lalanfU^  in  latitude 
59**  3'  nonh,  on  a  xf.  k.  e.  course »  at  the  rate  of  10  mlet  an 
hour  ;  it  in  required  to  determine  how  long  it  vail  he  before 
she  arrivee  at  the  fiole^  the  distance  ahe  wll  have  MaHedy  end 
the  difference  of  longitude  a  he  will  have  made  xuhen  the  arrives 
there ^ 

Let  ABC  represent  part  of  the  equator ; 
7  the  pole  ;  Amrp  a  loxodromic  or  rhutnb 
line,  or  the  path  of  the  ship  continued  to  the 
equator ;  pb,  pc,  any  two  meridians  indefi-* 
nitely  neareach other  ;  nr^  or  mt,  the  part 
.  of  a  parallel  of  latitude  intercepted  between 
them. 

Put  c  for  the  cosine, and/  for  the  tangent 
^  of  the  course,  or  angle  nmr  to  the  radius  r ; 
.    Am,  an^  variable  part  of  the  rhumb  from  the  equator,  «»  t^ ; 
the  latitude  Bm  ce  w  ;  its  sine  x^  and  Cosine  y  %  and  ab,  the 
.  dif.  of  longitude  from  a,  =st  z.    Then,  since  the  elementary 
triangle  mnr  may  be  considered  as  a  right-angled  plane  tri- 
angle, it  is,  as  rad.  rxcss  sin.  ^  mm  : :  i,  xs^nir  lia^  wf 

? :  «  :  w ;  theref.  tit  *=  rw,  or  v  ea?  ^  es  f?,  by  putdhgt  fcM* 

thp  MMDt  of  the  Znmr  the  ship's  oeui^.    In  KM  man- 
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aer,  if  w  be  any  other  latitude,  and  v  its  correspending  lengUi 


«.« 


of  the  rhumb  ;  then  v  «»  —  ;  and  hence  v— r  «•  r  x  — : — % 

or  D  c=s  -,  by  putting  oss  v— v  the  distance^  and  d  s=  w  -^  tr 

the  dif.  of  latitude  ;  which  U  the  common  rule.  ...  .   ^      ' 

The  same  is  evident  without  fiuxions  :  for  since  the  ^  mm. 
Is  the  same  in  whatever  point  of  the  path  Kmrt  the  point  m 
is  taken,  each  indefinitely  small  particle  of  Amrp,  must  be  t&        4gf 
the  corresponding   indefinitely  small  part  ofBm,  in  the  con-  •* 

stant  ratio  of  radius  to  the  cosine  of  the  course  ;  and  thero-' 
fore  the  whole  lines,  or  any  corresponding  parts  of  them,  must 
be  in  the  same  ratio  also,  as  above  determined.  In  the  same 
manner  it  is  proved  that  radius  :  sine  of  the  course  : :  dis* 
tance  :  the  departure. 

Again,  as  the  radius  r  :  r  es  tang,  nmr :' if  sb  mn  :  nr  or  mff 
and  as  r  :  y  : :  pb  :  p/n  : :  z  s  bc  :  mr  ;  hetice,  m  the  extremes 
of  these  proportions  are  the  same,  the  rectangles  of  the  means 

must  be  equal,  viz.  yz  s*  f w  »  ^  because  i  09^    by    the 

J,  y  * 

property  of  the  circle ;  theref.  i  aa^  »  -r-^>  ^^  general 

fluents  of  these  are  z  sa  /  x  hyp.  log.  ^ +  c  ;  which 

corrected  by  aup))08ing  z  =  0  when  x  x»  a,  are  z  sa  r  X(hyp«  * 

—  hyp.  log.  v^  — -)  is  the  meridional  parts  of  the  dif.  of  th©  * 
latitudes  whose  sines  are  a:  and  a,  which  call  6^  then  is 
;»  aaa  — ,  the  same  as  it  is  by  Mercator's  scdltng. 

Further,  putting  m  s=  2*71828  the  number  whose  hyp.  log; 

IS  1>  and  n  ca  -^ ;  then,  when  z  begins  at  a,  ntn  =  "^^tfE  and/ 

t                                                       **— -^  -i 

theref.  x  vs^r  x'^—r.  =»  r  —  -  i-r  :    hence  it  appears  that    '  ^           'i 

as  m",  or  rather  n  or  z  increases  (since  tn  is  consti^at},  that  x  ^ 

approximates  to  an  equaKty  with  r,  because  -^ — -ideGreases  or  . 

converges  to  0,  which  is  its  limit ;  consequently  r  is  the 
limit  or  ultimate  value  of  x  :  but  when  x  sa  r,  the  ship  will, 
be  at  the  pole  ;  theref.  the  pole  must  be  the  limit,  or  eva* 
Descent  state,  of  the  rhumb  or  course  :  so  that  the  ship  ma]r    - 
be  said  to  arrive  at  the  pole  after  making  an  infinite  numbet 

of  revolutions  round  it  j  for  the  above  expression     -jr^  van^ 

\  isbes 


Digitized  by 


Google 


484  PROMISCUOUS  EXERCISES. 

ishea  vthcn  7»,and  consequently  z,  is  inBnite,  in  which  case  ar 
is  =  r. 

Now,  from  the  equaiion  d  =  — ^  — ,  it    is   foand^    that, 

when  (/  =  3o"  57',  the  com  p.  of  the  piven  ht.  59  *>  3',  and  c  = 
sine  of  f7^^  30' the  romp,  of  tbe  course,  D  will  be  =:  2010 
g;  og'aplucal  miles,  ilie  requiied  uiiimate  distance;  which, 
ui  liie  rate  of  10  milts  an  hour,  vill  be  passed  over  in  20l 
hou'.a,  or  8^  clays.  Tht  dif  of  Jong,  is  showu  above  to  be  infi- 
•  r/m».  AVhcn  the  ship  has  madr  one  revolution,  she  wlU  be 
but  about  u  yard  from  ihc  pole,  considering  her  as  a  point. 

When  tht:  sl.ip  has  arrived  infiniiely  near  the  pole,  she  will 
go  r^^i.nd  in  ilic  manner  of  a  top,  with  an  infinite  vclocicyj 
which  at  once  accounts  for  this  paradox,  viz.  that  though  she 
mukc  an  inhniie  number  of  revolutions  round  the  pote,  yet 
her  disianre  run  will  have  an  uhimate  and  definite  value,  as 
above  determined:  for  it  is  evident  thai  however  great  the  num« 
ber  ot  rcvoluiions  of  a  top  may  be,  the  space  passed  over  by  its 
pivot  or  bo(ion\  point,  while  it  continues  on  or  nearly  on  the 
sauie-point,  n<usL  be  infinitely  small,  or  less  than  a  certain  as- 
signable (juantiiy. 

PROBLEM  4. 

A  current  of  water  is  cfuc/iargrd  by  three  equal  openings 
or  a/uicesy  in  (he  J'fAtoxvirtg  ahafics  :  the  first  a  rectangle^  the 
£fco7id  a  setmcircit',  avd  the  third  a  Jiarabola^  having  iheir 
altitudes  cfjualy  and  their  bases  in  the  same  horizontal  line,  and 
(he  water  level  ivich  the  to/i-s  of  the  arches  :  on  (his  sufifiosi- 
tioyi  it  i^t  required  lo  shqw  what  7nay  be  the  firojiortion  ^  the 
quantitits  discharged  by  these  sluices. 

Let  rn  be  halt*  ihe  parallelogram,  avc 
half  the  scnacircle,  and  avd  half  the  pa- 
rabola, that  is,  the  halves  of  the  respective 
S  sluices  or  ^ates.  Put  a  =:av  the  common 
alfitvidc,  and  c  rr  7854  :  then  is  ca*  the 
area  ol  each  of  the  figures  ;  also  ca  =.•  ab, 
a  =  AC,  and  ^ca  =  ad  ;  also  put  jr=  vr 
any  vuna!)lc  depth,  bnd  i  ■-=  v/i  Then,  the  water  discharged, 
at  any  depth  .r,  bcintr  as  the  velocity  and  aperture,  and  the 
velocity  being  in  all  ihc  figures  as  ^  a:,ihcrcfore  i  y':rXPQ, 

and  ivr  X  PR,  and  1-y/x  X  ps,  or  ca-r-x,  and  ariv'  (2a-.ar),v 
and  icy/a  X  a,\r^  arc  pi  (>p.»riJonal  to  the  fluxions  of  the  quan«  . 
xvy  of  vriter   o.if^chaigcd   by  the  said  figures  or  sluices  re- 
spiciivcly  ;  the  correct  fluents   of  which,  when  a:  =  a,  ai-e  ■ 

•^<:a%  and  V5^i"(B  1/2-7),   i.nd  5^a^  the  2d  fluent   being    ' 
luund  by  art.  60  pa.  3o5  of  this  vol.    Hence  the  quantities 
•     •      .   .  ■*....•         -   .  .    '       of . 
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of  water  discharfi^cd  by  the  rectanglcahc  semicircle,  and  the 
parabola,  are  respcctivelf  as  |.c,  ^d  /y(^  V  2-7>  and  |c,  or 

as  1,  and ^(8  V" 2 -7),  and|,orasl,  and  109847,  and  If 

PEOBLEM  5. 

Tke  initial  velocity. of  a  2416  ball  qf  coMt  irbn^  tifhich  ta  firo- 
Jected  in  a  direction  per/iendicular  to  the  horizon,  Seing-suh^ 
,'fiOited  1200  feet  tier  second  s  and  that  the  resistance  of  tke 
medium  is  constanily  as  the  square  of  the  velocity^  andeverv- 
where  of  the  same  density  :  required  the  time  of  flimht.  and 
ihe  height  to  which  it  will  ascend 

Jtm<iver,  By  problems  5  and  6,  of  the  last  chapter,  the^ 
asceni  wiU  be  found  «  5^37  feet,  and  the  time  of  the  ascent 
28  seconds. 

PROBLEM  C. 

To  determine  the  same  as  in  the  last  question,  sufifiostng 
the  drnsuy  if  the  atmosfihcrc  to  decrease  in  ascending  after  the 
usual  way  2 

Ans.  By  prohs  7  and  8,  the  heiglit  will  be  5614  feet,  and  ' 
the  time  34  seconds.  '      ^ 

PROBLEM  7. 

It  is  required  to  find  the  diameter  of  a  ■  circular  fiarachute. 
J  by  means  uf  nvhich  a  man  of  \SOldweiffhtmay  descend  on  the' 
J>  can h,  from  a  balloon  at  a  height  in  the  air ^  with  the  ve- 
locity  of  only  \0  feet  in  a  second  of  time,  being  the  velocity 
acquired  by  a  body  freely  deseendmg  through  a  sfiace  of  only^ 
\foot  6\inches,  or  of  a  man  ju?n/ung  down  from  a  height  of 
\8Z  inches:  the  tiara- hate  being  made  of  such  materials  and 
thickness,  that  a  cireU  of  it  of  50  feet  diameter,  weighs  only 
15015.  and  so  in  firotiorticn  more  or  less  according  to  the  area 
of  the  circle. 

If  a  falling  body  descend  with  a  uniform  velocity,  it  must 
necessarily  meet  with  a  rebistance,  from  the  medium  it  de- 
scends m,  equal  to  the  whole  weight  thkt  descends.  Let  x 
denote  the  diameter  of  the  parachute,  and  a  «= -7854.  c  theot 
a^3  win  be  us  area,  and  as  50^  :  x*  : ..  150:  ^^x-  the  weight 
.  oUhcsame,  to  which  adding  isolb,  the  man's  weight,  the 
?"mirV+  150  will  be  the  wJioIe  descending  weight  Atfain, 
m  the  rable  of  resistances  (in  the  scholium  to  prop  22,  Mot.  of 
hod.  in  mmds),  lire  find  timt  a  circle  of  |  of  a  square  foot  area, 
.moving  with  10  feet  velocity,  meets  with  a  resistance  df  -$7 
«niKe9  «  -0475  Ito ;  and  the  resistance^  with  the  same  velocity, 
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point  of  the  pilei  and  also  by  the  friction  of  the  earth  against 
the  surface  or  sides  of  the  pile  that  have  penetrated  below  the 
surface.    Consequently  the  effect  of  the  blow,  or  the  depth 
penetrated  by  the  pile,  will  be  inversely  in  the  compound 
ratio  of  these  three,  viz.  inversely  as  mtf^  where  vi  denotea       \\ 
the  mass  of  the  pile^  t  the  tenacity  or  cohesion  of  the  earthy  •     \ 
and/ the  friction  of  the  surface  penetrated  in  the  earth.  But^» 
in  the  same  soil  and  with  the  same  pile,  m  and  /  are  both 
constanti  in  which  case  the  depth  of  penetration  will  be  in** 
, versely  only  as  /the  friction.     On  all  accounts  then  the  pe- 

netration  will  be  as  —^t  or  simply  as  4  ^Ji  ^Of  the  sami 

weight  and  pile  and  soil. 

STo  determine  the  defith  aunk  by  the  ftile  at  each  ^roke  6/  thh' 

ram. 

After  a  few  strokes,  so  as  t»  give  the  pile  si  little  hold  in 
the  ground,  to  make  it  stand  firmly,  the  blows  of  the  ram 
may  be  considered  as  commencing  and  causing  the  pile  to 
sink  a  little  at  eyery  stroke,  by  which  small  successive  sink«> 
Sags  of  the  pile,  the  space  the  ram  falls  through  will  be  suc^ 
ceasively  increased  by  these  small  accessions,  and  the  force  of 
the  successive  blo-.vs  proportionally  increased.  But  these,  on 
the  other  hand,  are  resisted  and  opposed  by  the  friction  of 
the  part  of  the  pile  which  has  been  sunk  before,  and  which: 
also  sinks  at  each  stroke  ;  and  as  the  quantities  of  these  rub- 
bing surfaces  increase  in  a  greater  ratio  to  each  other,  than 
the  heights  fallen  through,  that  is>  the  resisting  forces  iiv> 
creasing  faster  than  the  impelling  forces,  it  is  manifest  that 
the  depths  successively  sunk  by  the  blows  must  gradually 
decrease  by  little  and  little  every  time  ;  which  is  also  found 
to  be  quite  conformable  to  experience.  Thus  then  the  suc- 
cessive sinkings  will  proceed  gradually  diminishing,  till  they 
become  so  small  as  to  be  almost  imperceptible.  *  ' 

Now  it  Was  foupd  above  that  -y  is  as    the  penetration  by 

any  blow  of  the  ram,  by  the  same  pile  in  the  same  soil^  that  is,  . 
as  the  height  fallen  directly,  and  as  the  resistance  or  friction 
in  the  earth  inversely.  Let  a  denote  any  other  and  greater 
height,  by  an  after  stroke,  and  f  its  friction  ;  also  v  tiie  pene* 
tration  by  the  fonner  blow,  and  fi  that  by  the  latter,  which 
must  be  the  smaller  :    then,  by    the  foregoing  prmciple, 

"2  :  -  : :  f  :  yi  J  hence  a  :  a  •  :/p  :  F/r,  which  is  a  general 

t]^corem* 

.  *     '  •  B\it 
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Sfiecimen  qf  the  Se- 

riea  qf  the    Success 

wvevaiue9t>fd^b^b\ 

d 

b 

b' 

10 

s    • 

2*65 

13 

2-65 

2  48 

15  65 

249 

232 

18  14 

2-32 

2  19 

20  46 

219     208 

&c. 

the  2d  Mroke.  Next,  tubstitnting 
<f«f6  for  d,  and  b'  for  6,  the  same 
theorem  gives  24*8  for  the  next 
fiinklngi  or  the  next  ?Bluoof  ^^ 
And  so  on  continually,  by  which 
means  the  aeries  of  the  successive 
corresponding  values  of  the  letters 
will  be  as  in  the  margin,  the  last 
column  showing  the  several  suc- 
cessive sinkings,  of  the  pile  by  the 
repeated  strokes  of  the  ram. 


Scholium.  Thus  then  it  appears,  that  the  effect  of  any 
operation  of  plle*driving  may  be  determined.  It  is  manifest 
also  that  the  greater  a  is,  or  the  higher  the  top  of  the  machine 
is  where  the  ram  falls  from,  above  the  top  of  the  pile  at  first, 
the  greater  will  be  every  stroke  of  the  ram,  and  consequently 
the  fewer  the  strokes  requisite  to  drive  the  pile  to  the  requi« 
site  depth.  But  then  every  stroke  will  take  a  longer  time, 
as  the  ram  will  be  both  longer  in  f&Hing  and  longer  in  rais- 
ing :  so  that  it  may  be  a  question  whether  on  the  whole  the 
business  may  be  effected  in  the  less  time  by  a  greater  height 
of  the  machine,  or  whether  there  be  any  limit  to  the  height, 
ao  as  to  produce  the  greatest  effect  in  a  given  time. 

To  answer  this  question,  let  a:  denote  the  indeterminate 
height  from  which  any  weight  vf  is  to  fall,  z  the  time  of 
raising  it  after  a  fall,  which  time  is  supposed  to  be  as  the 
heieht  x  to  which  it  is  raised,  also  m  the  given  time  of  pro- 
ducmg  a  proposed  effect ;  then  \^x  »>  the  time  of  the  weight 
falling  ;  therefore  ^  \/  a?  -f  r  =  the  whole  time  of  one  stroke  ; 

conseq.; ; — or 7—  is  the  number  of  strokes  made  in 

the  given  time  m,  and  hence -.*--    rs  the  whole  force  or 

effect  in  the  time  m.  Now  thii>  effect  or  fraction  increases  con- 
tinually as  X  increases,  because  the  numerator  increases  faster 
than  the  denominator,  since  the  former  increases  as  :ri  while 
in  the  latter  though  the  one  term  z  increases  as  ir,  yet  the 
other  term  \/  x  only  increases  as  the  root  of  x.  So  that,  on 
the  whole,  it  appears  that  the  effect,  in  any  given  time,  in- 
creases more  and  more  as  the  height  is  increased. 


VoL.n. 


Rrr 


PROBI£Bff 


Digitized  by 


Google 


4io  PROMISCUOUS  EXfiRCISES. 

PROBLEM  9. 

To  determue  htm  Jar  a  man^  who  puthf  vith  the  /orcr 
qf  lOO/A,  can  force  a  aftonge  into  o  fiuce  of  ordnance^  whote 
diameter  w  5  uic/utt  and  length  tenfeet^  when  the  barometer 
etand  at  30  inche* :  the  vent^  or  touch-hole,  being  etqfified, 
and  the  s/ionge  having  no  windage^  that  ie^Jltting  the  bote 
guit  close  ? 

A  column  of  quicksilver  30  ioches  high,  and  5  in  diameter, 
is  5*  X  30  X  -7854  "»  589*05  inches;  which,  at  8*103  oz. 
each  inch,  weighs  4773'4B  oz  or  298-S8lb,  which  is  the  pres- 
sure o£  the  atmosphere  alone,  bein^  equal  to  the  elasticiqr  of 
the  air  in  its  natural  stote;  to  this  adding  the  loolt),  gives 
398*38lb,  the  whole  external  pressure*  Then,  as  the  spaces 
which  a  quantity  of  air  possesses,  under  difiterent  preuures, 
are  in  the  reciprocal  ratio  of  those  pressures*  it  will  be,  as 
398*38 :  398  38  : :  10  feet  or  130  inches  :  90  inches  nearly, 
the  space  occupied  by  the  dr ;  thereC  130—90  ^  30  inches, 
is  the  distance  sought. 

FROBI£M  la 
To  assign  the  Cause  of  the  DeJlecHon  of  MUtart^  ProjeeiHei, 

It  having  been  surmized  that  in  the  practice  of  artillery, 
the  deflexion  of  the  ahot  in  its  flight,  to  the  right  or  left, 
from  the  line  or  direction  the  gun  is  laid  in,  chiefly  arises 
from  the  motion  of  the  gun  during  the  time  the  shot  is  pass- 
ing out  of  the  piece  ;  it  is  required  to  determine  what  space 
an  18  pounder  will  recoil  or  fly  back,  while  the  shot  is  passing 
out  of  the  gun  ;  supposing  its  weight  to  be  48001b,  that  of 
the  carriage  24001b,  the  quantity  of  powder  Bib,  the  Irogth 
of  the  cylinder  lOB  inches,  that  of  the  charge  13  inches,  and 
the  diameter  of  the  bore  5*1 3  inches ;  supposing  also  that  the 
*  resistance  from  the  friction  between  the  platform  and  carriage 
is  equal  to  3600lb  ? 

It  is  well  known  that  confined  gunpowder,  when  fired, 
immediately  changes  in  a  great  measure  into  an  elastic  ^r, 
which  endeavours  to  expand  in  all  directions.  Now,  in  the 
question,  the  action  of  this  fluid  is  exerted  equally  on  the 
bottom  of  the  bore  of  the  gun  and  on  the  ball,  during  the 
passage  of  the  latter  through  the  cylinder ;  the  two  bodies 
therefore  move  in  opposite  directions,  with  velocities  which 
are  at  all  times  in  the  inverse  ratio  of  the  quantities  of  matter 
moved.  Now  let  or  be  the  space  through  which  the  gun  re- 
coils ;  then,  as  the  charge  occupies  13  inches  of  the  barrel, 
and  the  semldiameter  of  the  barrel  is  3*565,  the  space  moved 
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throQgli  hf  the  ball  when  it  quits  the  piece,  is  108  —  13— 
9-f  65  -  J?  9  93'435— X  :  and  as  the  elastic  fluid  expands 
in  both  directions,  the  quantity  which  advances  towards  the 
muzzle,  is  to  that  which  retreats  from  it,  as  92*435  —  x  to  x  : 

8x  92'435«— X 

coiiBeq.^:jrj  and     ■    ^^     x    8  are  the  quantities  of  the 

powder  which  move,  the  former  with  the  gun,  and  the  latter 
with  the  ball ;  t>esides  these,  the  weight  of  ball  that  moves 
forwards  being  181b  ,  and  ol  the  weights  and  resistance  back- 
wards 4800  +  3400+  3600  a    108Q0lb,  henoe  the  whole 

8x 
weights  moved  in  the  two  directions  are  10800  +  ng^oj   ^^^ 

.-*     .     92'435-a?  ^  ^     ,  998298+ 8*  _. 2403-31 -8* 

1 3  J,       ■  X  8«  or  ■  .ana — ,  or  as  the 

n«inierators  of  these  only.  But  when  the  time  and  moving 
force  are  given,  or  the  same,  then  the  spaces  are  inversely 
as  the  quantities  of  matter;  therefore  x«  92  435  —  x : : 
3403-Sl-^8jr :  998298  +  8a;»  or  by  composition,  x  :  93435  :  ; 
3403  31  -8:r  :  lOOOroi-31,  and  by  div.  or  •  1  : :  2403-31  -8x  : 
10826,  theref.  10826:rss2403-3l— 8x,  or  10834ars9 2403-31, 
and  hence  x  a  •32i8  inch  sb  |  of  an  inch  nearly,  or  the  re- 
coll  of  the  gUQ  is  bBSS  than  a  quarter  of  ao  loch. 

Hence  it  may  be  concluded,  that  so  small  a  recoil,  straight 
backwards,  can  have  no  effect  in  causing  the  ball  to  deviate 
Irom  the  pointed  line  of  direction :  and  that  it  is  very  pro- 
bable we  are  to  seek  for  the  cause  of  this  effect  in  the  ball 
striking  or  rubbing  against  the  sides  of  the  bore,  in  its  passage 
through  it,  especiafiy  near  the  exit  at  the  muzzle  ;  by  which 
it  must  happen,  tliat  if  the  ball  strike  against  the  right  side, 
the  ball  will  deviate  to  the  left ;  if  it  strike  on  the  left  side, 
it  must  deviate  to  the  right;  if  it  strike  against  the  under 
side,  it  must  throw  the  ball  upwards,  and  make  it  to  range 
liBMther;  but  if  it  strike  against  the  upper  side  it  must  beat 
the  ball  downwards*  and  cause  a  shorter  range  :  all  which 
irregularities  are  found  to  take  place,  especially  in  guns  that 
have  much  windi^,  or  which  have  the  balls  too  small  for 
the  bore. 

FBOBLEM  a. 

A  baU  tf  lead^  qf  4  inches  diameter^  is  drofift^d  from  the 
tofi  qf  a  ipwcTt  qf  65  yard  Aigh^  and/aiU  into  a  cistern  full 
of  water  ut  the  bottom  qf  the  tower  ^  of  20^  yard$  dee  ft :  it  is 
reqavred  to  determine  the  tints  offdUin^y  ftoth  to  the  surface 
and  to  the  bottom  of  the  water. 

Thefidl  in  air  Is  195  feet)  and  in  water  60j  feet.  By  the 
common  rules  of  descent,  as  i/  16  :  v  l^^  :  •  ^''  *  W^^^  ^ 
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3-49  tcconds,  the  time  of  dcacen^ng  in  air.  And  as  v^  \%: 
V  195  : :  33 :  8  V  195  a  U 1-71  feet,  the  Telocity  at  the  cad 
of  that  time,  or  with  vhich  the  ball  eniew  the  water. 

AgaiB,  by  prob.  22  of  this  vol.  art.  3|  the  space  «  a-^xfayp. 
log.  of  ~^y  or  rather  ~X  hyp.  log.  of  ^^  ( the  Telocity 
being  decreasing  and  <r*  greater  than  a)  »^  x  com.  log.  •( 
f  **%hereyBw  11325  the  density  of  lead,   n  ss  lOODihat 

ofwLr,a»?^-::i!^,^«|i,  c  =   in-Tl  the   Telocity 

at  entering  the  water,  and  v  the  Telocity  at  any  time  after- 
wards, also  d  the  diameter  of  the  ball  »  4  tDches9  sod  m  = 
2-303585  the  hpy.  log.  of  10. 

Hence  then  n  a  1 1325,  n  «  lOOO,  x  —  n  «  loa25,  d  s 

±  «  1;  then  a  «.  £f!^»l^l^l^^  -  293i,  and 
12         3  '  3n  9000  ^ 

3fi       9»      9000        15  1  ,       Ai  iii.yi 

&aaB  *— ea— .q  ■■  -g-«t»^c»—    nCarlT.   AISO  f  ss  111*71  I 

Srfji      811     9C600      151       10    "^^^^V-  -^"~ 
therefore  «  «  6oj  =  ~  x  log.  of ^i^  «  5m  x  ^ZTzl' 

This  theorem  will  giTe  «  when  v  is  g^TOOt  and  by  reTening 
it  will  giTe  V  in  terms  of  «  in  the  following  manner. 

DiTiding  by  5w,  giTCS  -— =  log.  of  ^^^-  «  w,  by  putting 
1  e'  — a 

n  Bs  --  ;  therefore,  the  natural  number  is  lO*",  =   ,  *     ; 

hence  v*  -a  =  "JT^*  and  v  =  v'  («  +^^-)i^^^^>^y  *^" 
stituting  the  numbers  aboTe  mentioned  for  the  letters,  giTes 
v  Bs  17*134  for  the  last  Telocityi  when  the  space  «  =  602>  or 
when  the  ball  arriTOs  at  the  bottom  of  the  water. 

But  now  to  find  the  time  of  passing  through  the  water, 
putting  t  s=  any  time  in  motion,  and  9  and  v  the  correspond- 
ing space  apd  velocity  the  general  theorem  for  Tariable  forces 

gives  /tBss  -^.  But  the  above  general  Talue  of  «  being  —  X 
hyp.  log.i-^  or  5  X  hyp,  log.  ~?,  therefore  ite  fluxion 
a  aae  -r—^,  coHscq.  ^  or  -^  aa  *"    *  ,  the  corrcct  fluent  of 

which  is  ^  X  hyp.  \og/-4^  X  3±^)  «   ^  the   time, 

which  when  v  =  17*134,  or  «  n  60|,  gives  2*6542  seconds, 
for  the  time  of  descent  through  the  water.  PROBLEM 
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PBQBUBM  19. 

Heqtdred  to  determine  wfuit  must  be  the  diameter  of  a  wa* 
ter'Vfheety  90  aa  to  receive  the  greatest  effect  from  a  etream 
of  water  of  \2feet  fall  ? 

In  the  case  of  an  undershot  wheel 
put  the  height  of  the  water  ab  »  12 
feet  s=  ay  and  the  radius  bc  orcD  of 
the  wheel  =  x,  the  water  £dling  perpen- 
dicularly on  the  extremity  of  the  radius 
CB  at  D.  Then  ac  or  ao  zz  cx,  and  the 
velocity  due  to  this  height,  or  with  which 
the  water  strikes  the  wheel  at  d,  will  be 
as  v(iz— or),  and  the  effect  on  the  wheel  being  as  the  velocity 
and  as  the  length  of  the  lever  cd,  will  be  denoted  by 
jc>/(a— .ar)  or  \/  {ax^ — j?*),  which  therefore  must  be  atnaxi* 
muni»  or  its  square  ox^— ^x-s  a  maximum.  In  fluxions 
2axx  —  3x>x  3sa  O  ;  and  hence  x  «3  *a  »  a  feet,  the  radius. 

But  if  the  water  be  considered  as 
conducted  so  as  to  strike  on  the  bottom 
of  the  wheel,  as  io  the  annexed  figure, 
it  will  then  strike  the  wheel  with  its 
l^atest  velocity,  and  there  can  be  no 
limit  to  the  ^ze  of  the  wheel,  since  the 
greater  the  radius  or  lever  bc>  the 
greater  will  be  the  effect. 

In  the  case  of  an  overshot  wheel, 
a-»3x  will  be  the  fallof  water,\/(a— 3x) 
as  the  velocity,  and  x  \/  (a  -  3x)  or 
V^(flx« — 3x»)  the  effect,  then  ax«-^3x» 
is  a  maximum,  and  3ax^— .  6x>i  9  0  ; 
hence  x  es  |a  &»  4  feet  is  the  radius  of 
the  wheeL 

But  alluhese  calculations  are  to  be  considered  aslndepend*' 
ent  of  the  resistance  of  the  wheel,  and  of  the  weight  of  the 
water  in  the  buckets  of  it* 

PROBLEHC  13. 

What  angle  mtut  a  firojectUe  make  with  the  filane  <f  the 
horizon^  diaeharged  with  a  given  velocity  v,  «o  ae  to  deacribe 
in  ita  flight  a  parabola  including  the  great  eat  area  fioasible  } 

By  the  set  of  theorems  (in  art  92  Projectiles)  for  any 
proposed  angle,  there  can  be  assigned  expressions  for  the 
horizontal  range  and  the  greatest  height  the  projectile  rises 
to,  that  is  the  base  and  axis  of  the  parabolic  trajectory.  Thus, 
putting  -t  and  c  for  the  sine  and  cosine  of  the  angle  of  eleva*- 

tion : 
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tion  }  theDf'bjr  the  first  line  of  those  theorems,  the  velocitj 
being  v»  the  horisontal  range  r  it  a  •rv'cv*  $  andf  by  the  4th 
or  last  line  of  theoremst  the  greatest  height  h  is  »  ^  9*v*. 
But,  by  the  parabola^  ^  of  the  product  of  the  base  or  range 
and  the  height  is  the  area,  which  is  now  required  to  be  the 
greatest  possible.  Therefore  r  x  h  «  ^9cv*X^8*v*  must 
be  a  maximum)  or,  rejecting  the  constant  ikctors,  #'r  a  maxi- 
mum* But  the  cosine  c,  of  the  angle  whose  sine  is  «,  is 
s/(\^e*) ;  therefore ««f»«»  ^  0—**)  ^  V  (**-**)  "  the 
maximum,  or  its  spuare  «^  ^  «*  a  maximum.  In  ihixions 
6«»i  -  S8''i  «  0  =s  3  -  4«*  ;  hence  4«*  «  3,  or  •»  ss  }» and 
t  SI  i  V'  3  BBS  '8660254,  the  sine  of  60^,  which  is  the  angle  of 
elevation  to  produce  a  parabolic  trajectory  of  the  greatest 
area* 

FBOBUOC  14. 

Su/tfio»e  a  cannon  vfere  discharged  at  a  fiomt  a  ;  t/  u  re» 
fuired  to  determine  how  high  in  the  air  the  point  c  muet  be 
raieed  above  the  horizontal  Une  ABt  so  that  a  fierton  at  c 
letting  JaU  a  leaden  buUet  at  the  moment  ^f  the  cannoH*^ 
exfUotion^  it  may  arrive  at  B  at  the  eame  inttant  as  he  hear^ 
the  refiort  of  the  cannon^  but  not  till  ,^A  of  a  second  after 
the  sound  arrives  at  b  :  sufifiosing  the  velocity  tf  sound  to  be 
1 140  Jeet  fler  second^  and  that  the  bullet  falls  freely  vfithout 
any  resistance  from  the  air  f 

Let  X  denote  the  time  in  which  the  C 

sound  passes  to  c ;  then  will  x^  ^l  be 
the  time  in  passing  to  b,  andx  the  ame . 
also  the  bullet  is  falling  through  ca. 
Then,  by  uniform  motion,  1140xaAC|  ^ 
and  t )  40jr—  1  Usqab,  also  by  descents  *^ 
of  gravity,  1 «  :  a;'  : ;  16 « 1 6x««.  bc.  Then,  by  right-angled 
triangles, AC^—BC*«s>AB*,that  is  ll40«x«^16*x««*U40*x* 
*^S24X  IUOjt  4-  lU*,  hence  334  X  114Gx  ^  le'x^  cr 
1 14*,  or  l015"3x-^*«  50rr,  the  rootof  which  equa.  is  x 
zs,  10  03  seconds,  or  nearly  10  seconds ;  conseq.  bc  =  16x^ 
■■1610  feet  nearly,  the  height  required. 

PBOBLEM  15. 

Required  the  quantity  ^in  cubic  feet,  qfHght  earthy  necessary 
to  form  a  bank  on  the  side  of  a  canal^  vfhich  will  Just  sufiport 
a  pressure  of  water  5  feet  deep,  and  SOO  feet  long.  Jind  what 
mil  the  carriage  qf  the  earth  cost,  at  the  rate  of  I  skUlinr 
per  ton  P 
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This  question  may  be  considered  as 
relating  either  to  water  sustained  by  a 
solid  walli  or  by  a  bank  of  loose  earth. 
In  the  former  case^  let  abc  denote  the 
wall,  sustaining  the  pressure  of  the  water 
be(|ind  it.    Put  the  whole  altitude    ab 
sa^  the  base  bc  or  thickness  at  bottom 
as  6,   any   variable   depth    ad  =3  x^  and 
the  thickness  there  db  =  y.    Now  the  effect  which  any  num- 
ber of  particles  of  the  fluid  pressing  at  d  have  to  break  the 
wall  at  B,  or  to  overturn  it  there,  is  as  the  number  of  particles 
AD  or  Xy  and  as  the  lever  bd  :=:  a— x  ;  therefore  the  fluxion 
of  the  effect  of  all  the  forces  is  (a  '•xjxi  =  axi  «  x*  xt  the 
fluent  of  which  is  Jax*  —  fr*,  which,  when  x  =a,  is  ^^  for 
the  whole  effect  to  break  or  overturn  the  wall  at  b  ;  and  the 
effects  of  the  pressure  to  break  at  b  and  d  will  be  as  ab'  and 
ad'.    But  the  strength  of  the  wall  at  n,  to  resist  the  fracture 
there,  like  the  lateral  strength  of  timber,  is  as  the  square  of 
the  thickness,  db'.    Hence  the  curve  line  abc,  bounding 
the  back  of  the  wall,  so  as  to  be  every  where  equadly  strong* 
is  of  such  a  nature,  that  x^  is  always  proportional  to  y*,  or  y 

as  x^y  and  is  therefore  what  is  called  the  semicubical  parabola. 

Now,  to  find  the  area  abc,  or  content  of  the  wall  bounded 

by  this  convex  curve,  the  general  fluxion  of  all  are  as  yx  be- 

comes  x'^ir,  the  fluent  of  which  is  ^*  =  |xjr^=s|xy,  that 
is  I  of  the  rectangle  ab  x  bc  ;  and  is  therefore  less  than  the 
triangle  abc,  of  the  same  base  and  height,  in  the  proportion 
of  I  to  i,  or  of  4  to  5. 

But  in  the  case  of  a  bank  of  made 
earth,  it  would  not  stand  with   that 
concave  form  of  outside,  if  it  were  ne- 
cessary, but  would  dispose  itself  in  a 
straight  line  ac,  forming  a  triangular 
bank  abc.    And  even  if  this  were  not 
the  case  naturally,  it  would  be  proper 
the  make  it  such  by  art ;  because  now         1 
neither  is  the  bank  to  be  broken  as  with  t 
lever,  or  overturned  about  the  pivot  or  point  c,  nor  does  it 
resist  the  fracture  by  |he  effect  of  a  lever,  as  before  ;  but,  on 
the  contrary,  every  point  is  attempted  to  be  pushed  horizon- 
tally outwards,  by  the  horizontal  pressure  of  the  water,  and 
it  b  resisted  by  the  weight  or  resistance  of  Che  earth  at  any 
part,  0B.    Here  then,  by  hydrostatics,  the  pressure  of  the 
water  against  any  point  d,  is  as  the  depth  ad*,  and,  in  the 
triangle  of  earth  ade,  the  resisting  quantity  in  db  is  as  db, 
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which  is  alio  proportiowd  to  ad  by  BimaartsmaelM.  So 
that,  at  every  point  d  in  the  depth,  the  pressare  of  the  w««r 
mod  the  resuiance  of  the  aoU,  by  ineaw  of  tins  trianipiltf 
form,  increase  in  the  same  proportion,  and  the  wat^r  and  the 
earth  will  everywhere  nMituaUy  bahoee  each  other,  if  at  any 
one  point,  as  b,  the  thickness  bc  of  earth  be  taken  such  99  to 
balance  the  pressure  of  the  water  at  b,  and  then  the  straight 
line  AC  be  drawn,  to  deternune  the  outer  shape  of  the  earth. 
A«  the  earth  that  is  afterwards  phused  agaisat  the  side  ac,  %9t 
a  cooTenient  breadth  at  top  for  a  waUuntp  path»  8iu  wil  «lao 
frive  the  whole  a  sufficient  security. 

But  now  to  adapt  these  principles  to  the  nutflneral  calcals- 
tion  proposed  in  the  quesdon  s  the  pressure  of  wsier  against 
Uie  point  b  being  denoted  by  the  side  ab  ««  5  feet,  and  the 
weight  of  water  being  to  earth  as  iOOO  to  WB4,  thercfof^  as 
1964  X  ICXX) :  :  5  t  2-53  «  BC,  the  tldckness  of  euth  wfaldi 
will  just  bahmce  the  pressure  of  the  water  there ;  hence  the 
area  of  the  triangle  abc  -  iAB  X  bc  ^^2^  x  »5««6-3; 
this  mult,  by  the  length  SOO,  gives  1890  cidMc  foet  for  the 
quantity  of  earth  in  the  bank ;  and  Oiis  multiplied  by  1984 
minces,  the  weight  of  I  cubic  foot,  gives,  for  the  wdght  of  it, 
3749760  ounces  —  334360lbs«i  104  635  tons  ;  the  ei^enae 
of  which,  at  1  shilling  the  ton,  is  5/.  4a.  Tl^d. 

FHOBLBMU. 

jifierwn  ttaneUng  at  tht  dUtance  ^20fcet/rom  the  ionwi 
tfa  toaU^  vfhich  is  9Ufi/i09ed  fier/ectly  smooth  and  hard.  demrcM 
to  know  in  v)hat  direction  he  must  throw  an  elastic  hall  agatnat 
ir,  with  a  velocity  of  SO  feet  fier  second^  so  that^  after  rrfiettian 
from  the  wall^  it  may  fall  at  the  greatest  distance  possible  from 
the  bottom^  on  the  horizontal  tUane^  which  is  ^feet  helow  the 
hand  discharging  the  ball  ? 

In  the  annexed  let  figure  let  dk 
be  the  wail  against  which  the 
ball  is  thrown,  from  the  point  (j.^ 
A,  in  such  a  direction,  that  it];/ 
shall  describe  the  parabolic 
curve  A£  before  striking' the 
wail,  and  afterwards  be  so  reflected  as  to  describe  the  curve 
BP.  Now  it  £s  be  the  tangent  at  the  point  e>  to  the  curve 
A£  desbribed  before  the  reflection,  and  sv  the  tanjrent  at  the 
same  point  to  the  curve  which  the  ball  will  describe  after  re- 
flection, then  will  the  angle  &bf  be  a  cbs  ;  and  if  the  curve 
FE  be  produced,  so  as  to  have  gf  for  its  tangent,  it  will  meet 
AC  produced  in  b,  making  bc  cae  ac,  and  the  curve  ak  will  be 
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sinnilacand  equal  to  the  portion  Bft  of  the  parabola  rrp,  but- 
turned  the  contraiy  ^vay.  Conceiving  either  the  two  curves 
Afi  and  EP,  or  the  continued  curve  brp*  to  be  described  by 
a  projectiI&  in  its  motion,  it  is  miimfest  that,  whether  the 
gi'eater  portion  of  the  curve  be  described  before  or  after  the 
bajl  reaches  the  wail  dr.,  will  depend  on  its  initial  velocity, 
and  on  the  distance  ko  or  bc,  and  on  the  angle  of  projection. 
The  problem  then  is  now  reduced  to  this,  viz.  To  find  the 
angle  at  which  a  ball  3haU  be  projected  from  b,  with  a  given 
impetus,  so  that  the  distance  dp,  at  which  it  falls,  from  the 
given  point  d  on  the  plane  df^  parallel  to  the  horizon,  shall 
he  a  maximam. 

Now  this  problem  may  be   ^^-^ 
constructed  in  the  following 
manner:  From  any  point  e 
in    the    horizontal    line    dc, 

let  fall    the  indefinite  perp^     

so,  on  which  set  off  bb  »  -^ 
the    impetus    corresponding         Cf 

to  the  given  velocity,  and  bi  ==>  2  i  the  distance  of  the^iori- 
zontaf  plane  below  the  point  of  projection ;  also,  through  x 
draw  AP  parallel  to  dc.  From  the  point  a  set  off  bp  »  bb 
-*h  Ei>  and  bisect  the  angle  ebp  by  the  line  bu  :  then  will  bk 
be  the  required  direction  of  the  ball,  and  ip  the  maximum 
range  on  the  plane  A  p. 

^  For,  since  the  ball  moves  from  the  point  b  with  the  velo* 
city  acquired  by  falling  through  BBt  it  is  manifest,  from  p.1 36 
this  vol.  that  dc  is  the  directrix  of  the  parabola  described  by 
the  ball.  And  since  both  b  and  p  are  points  in  the  curve, 
,  each  of  them  must,  from  the  nature  of  the  parabola,  be  as  far 
from  the  forces  as  it  is  from  the  directrix ;  therefore  b  and 
P  will  be  the  greatest  distance  from  each  other  when  the  focus 
vis  directly  between  them,  that  is,  when'Bp  ^  br  4- cp* 
And  when  bp  is  a  maximum,  since  bi  is  constant,  it  is  ob- 
vious that  IP  is  a  mciximum  too.  Also,  the  angle  fbh  being 
"^  &BH,  tlie  line  bh  is  a  tangent  to  the  parabola  at  the  point 
Bi  and  consequently  it  is  the  direction  necessary  to  give  th» 
range  IP. 

,  Cor  u  When  b  coincides  with  i,  ip  will  be  «3  bp  c=: 
BB  -f  EI  =:=  2ei,  and  the  angle  ebh  will  be  45^  :  as  is  also 
manifest  from  the  common  modes  of  investigation. 

Cor.  2.  When  the  impetus  corresponding  to  the  initial 
velocity  of  the  ball  is  very  great  compared  with  ac  or  bc 
(fig.  1),  then  the  part  ae  of  the  curve  will  very  nearly  coin- 
cide with  its  tangent,  and  the  direction  and  velocity  at  a  may 
be  accounted  the  same  a?  those  at  e  witl^dt  any  sensible 

Vctiu  II.  Sss  error. 
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error.  In  this  case  too  the  ixnpeius  BE  (fig.  2)  vill  be  rerj 
Kreat  compared  with  bi,  and  consequently,  b  and  i  nearfr 
coinciding  the  angle  ebh  wiU  differ  bm  httle  from  45-. 

Cfl/r«/  From  the  foregoing  construction  the  calculauon 
will  be  very  easy.  Thus,  the  first  velocity  bcmg  80  fect=  v, 
then  (an.  9%  Projectiles) |=  ^  =  99481.6  =  bk  tbe 
impetus  ;  hence  ei  =  fp  =  10l-9bl86,and  bf=  be+ei  == 
20 1  46372.  Now,  in  the  right-angled  triangle  lip,  tbe  ssid^ 
Biand  BF  are  known,  hence  ip=  201.4482,  and  ^e  an^^ 
IBP  =  SQ'*  17'  20' :  half  the  suppl.  of  this  angle  is  45<>2l20 
«  EBH.  And,  in  fig.  1,  IP  -  IB  =  201-4482  ^  10^ 
19 1  4482  =  DP ;  the  distance  the  ball  falls  from  the  valJ  alter 

reflection. 

PROBLEM  ir. 

From  what  height  above  the  given  point  a  nnut  an  eloMiic 
ball  be  suffered  to  desce^id  freely  by  gramty,  90  thah  <ifi^ 
striking  the  hard filane  at  B,  it  maybe  reflected  back  again 
to  the  point  A,  in  the  least  time  fiossibU  from  the  instant  0/ 
dro/ifiing  it  T 

Let  c  be  the  point   required  ;  and  put  ac  =:aEr,aBA      IC 

AB  =-  fl  ;  then  }  V  «»=  W  (fl+^)  j*  ^^^  ^^^  '^5^^^      \ 
and  ^  0/  CA  =  i  V  J?  is  the  time  in  ca;  therefore       [A 
^^  (a+x)  —  I  v'  JT  is  the  time  down  ab,  or  the  time 
of  rising  from  b  to  a  again  :  hence  the  whole  time  of 
falling  through  cb  and  returning  to  a,  is  \  ^(a  +  x)       ^ 
—  i  V  ^>  which  must  be  a  min.  or  2  y  (a-fx)  —  ^  ^   "^ 

a  minimum,  in  fluxions  -r-r^  -  ^TVZ^   ^    ^»    ^^   hence 
X  =  ^a,  that  is,  ac  =  ^ab. 

PROBLEM  18. 

Given  the  height  of  an  inclined  plane  ;  reguired  id  lengthy 
so  that  a  given  poiver  acting  on  a  given  weight,  in  a  direction 
parallel  to  the  plancy  may  draw  it  up  in  the  least  time  pos- 
sible. 

Let  a  denote  the  height  of  the  plane,  x  its  length,  p  the 
power,  and  w  the  weight.     Now  the  tendency  down  the  plane 

il  5=:—,  hence//  —  -1-1  -a  the  motive  force,  and  — - —  = 
X  ^  /»+w 

^JLT^  sst  the  accelerating  force/;  hence,  by  the  theorems  for 
constant  fQrccs(Sce  Introduc.  toPrac.  Ex.  on  Forces)^*  =»--•*= 
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JtsiJ. — i-^  roust  be  a  muumum,  or a  mm. ;  m  fluxions. 

2(/i.r  —  avi)xx  —  t^x'^x  =  0,  or  fix  t=sa  2aiVf  aad  hence  ft  : 
w  :  :  2a  :x  ::  double  tiie  height  Of  the  plane  to  its  lengtb. 

P1U)BL£M  IJ.  . 

ji  cylinder  qf  oak  h  de{ireB8ed  in  water  tili  it9  tofi  i9  ju$t 
lev^l  with  the  surface^  and  then  is  suffered  to  ascend  ;  it  is 
reguired  to  determine  the  greatest  aliunde  to  which  it  will 
risc^  and  the  time  of  its  ascetit. 

Let  a  s  the  length,  ami  6  the  area  or  base  of  the  cylinder, 
in  the  specific  (gravity  of  oak,  that  of  water  being  1,  also  x 
any  vari^Ie  height  ihrotigh  which  the  cylinder  has  ascended. 
Then,  a  —  x  being  the  part  stiU  immersed  in  the  water, 
(a  —  r)  X  *Xl  =s  (fl  —  x)b  is  the  force  of  the  water  upwards 
to  raise  the  cylinder  ;  and  a  x  ^  X  »»  =■  abm  is  the  weight 
of  the  cylinder  opposing  its  ascent ;  therefore  the  efificacious 
force  to  raise  the  cylinder  is  (a  —  x)b  —  abm  ;  and,  the  itiass 
being  abm,  the  accelerating  force  is 

abm  am  am 

putting  n  s=  1  --  m  the  difference  between  the  specific  gra- 
vities of  water  and  oak. 

Now  if  V  denote  the  velocity  of  ascent  at  the  same  time 
when  X  space  is  ascended,  then  by  the  theorems  for  variable 

32 
forces,  vv  =»  32/ir  ae  —  X  (flni  —  ^x\  therefore 

ani  ' 

T»"saB—   X  (2a?ix  —  x^\s  and  v  »  8  V  -^"f"* —  ;  but  when 
am         ^  '  2am 

the  cylinder  has  acquired  its  greatest  ascent,  v  and  v^  ss  0, 

therefore  2anx  ^  x*  ea  0,  and  hence  xs=2an  the  part  of  the 

cylinder  that  rises  out  of  the  water,  being  «  -Ida  or-y\  of 

i|s  length. 

To  iiind  when  the  velocity  is  the  greatest,  the  factor  2anx 

—  X*  in  the  velocity  must  be  a  max.  then  2a«i  —  2xx  «»  0, 

and  X  =  aa,  being  the  licigbt  above  the  water  when  the  ve-  • 

.  locity  is  the  greatest,  and  which  it  appears  is  just  equal  to  the 
half  of  dan  above  found  for  the  greatest  rise,  when  the  up- 
ward motion  cease«,  and  the  cylinder  descends  again  to  the 
same  depth  as  at  first,  after  which  it  again  returns  ascending 
as  before ;  and  so  on,  continually  playing  up  and  down  to 
the  same  highest  and  lowest  points^  like  the   vibrations  of  a 

.  pendulum,  the  motion  ceasing  in  both  cases  in  a  similar  man- 
ner at  the  extreme  points,  then  returning,  it  gradually  acce- 
lerates till  arriving  at  the  middle  point,  where  it  is  the 
greatest,  then  gradually  retarding  all  the  way  to  the  next 

extrcmitv 
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extremity  cf  the  vibration,  thus  making  all  the  vibrations  ia 
equal  times,  to  the  same  extent  between  ibe  liighest  and 
lowest  points,  except  that,  by  the  small  tenacity  and  fnction 
&c.  of  the  water  against  the  sides  of  the  cylinder,  it  will  be 
gradually  and  slowly  retarded  in  its  motion,  and  ti^  extent 
of  the  vibrations  decrease  till  at  length  the  cylinder,  like  the 
pendulum,  conie  to  rest  in  the  middle  point  of  its  vibrationsj 
irhere  it  naturally  floats  in  its  qul&scent  staie>  with  the  part 
na  of  its  length  above  the  water. 

Tlie  quantity  of  the  greatest  velocity  will  be  found,  by 
substituting  na  for  x,  in  the  general  value  of  ilut  velocity 

8  ^  ^ — Z—  ~  when  it  becomes  Bn\/  --  =r*  J  a  vcrf  nearir. 

2am  2fn     *  '  ^ 

the  value  ot  m  being  •925,  and  consequently  that  of  «  =  I  — ' 
m  =  075. 

To  find  the  time   /    answering  to  any  space  x.    Here 

fcrm  the  fluent  is  r  =  J  */2ma  x  a,  where  a  denotes  the 
circular  arc  to  radius  I  and  versed  sine  ^.    Now  at  the  mid- 

na 

die  of  a  vibration  jt  is  =  wa,  and  then  the  vers.  —  =  --=;    l 

na  na 
the  radius,  and  a  is  the  qiiadrantal  arc  =:  1  5708  ;  then  the 
flu.  becomes  J  V'  2ma  X  \  S>70^  ^'\7  \/ aX\S70S  =^ -267 \/a 
for  the  time  of  a  semivibration  ;  hence  the  time  of  each  whole 
vibration  is  •534  v^a  =  ^j  yf  o,  which  time  iberefore  dep^^ds  - 
on  the  length  of  the  cylinder  a.  To  make  this  time  =  I 
second,  a  must  be  =  (y)*  very  nearly  =:  3i  feet  or  42  inches. 
That  is,  the  oaken  cylinder  of  42  inches  length  makes  \K% 
vertical  vibrations  each  in  I  second  of  time,  or  is  isochronous 
with  a  common  pendulum  of  39  J  inches  long,  the  extent  of 
each  vibration  of  the  former  being  6^^  inches. 

PROBUiM  20. 

Pequired  to  determine  the  quantity  of  matter  in  a  sfihere^ 
the  density  varying  as  the  nth  power  of  the  distance  from  the 
centre  ^ 

Let  r  denote  the  radius  of  the  sphere,  d  the  density  at 
its  surface,  a  =  31416  the  area  of  a  circle  whose  radius  is  I, 
and  X  any  distance  from  the  centre.  Then  4ajc*  will  be  the 
surface  of  a  sphere  whose  radius  is  x  which  may  be  codsI* 
dered  by  expansion  as  generating  the  magnitude  of  the  solid : 
therefore  4ax^'j;  will  be  the  fluxion  of  the  magnitude  ;  but 

as   ■. 
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as  r"  :  j:"  I :  (f :  —  the  density  at  the  distance  Xy  therefore 

fluent  of  which  .  '^  ■,  when  x  cs  r,  is  — -,  the  quan- 
tity of  ithe  matter  in  the  whole  sphere. 

CoroL  K  The  magnitude  of  a  sphere  whose  radius  is  r 
being  ^ar^,  which  call  m  ;  then  the  mass  or  solid  content  will 

be  — 3  X  W)  and  the  mean  density  is  --|-r-. 

CqtoU  3.  It  having  been  computed,  from  actual  experi- 
ments, that  the  medium  density  of  the  whole  mass  of  the 
earth  is  about  5  times  the  density  d  at  the  surface,  we  can 
now  determine  what  is  the  exponent  of  the  decreasing  ratio 
of  the  density  from  the  centre  to  the  circumference,  sup-- 
posing  it  to  decrease  by  a  regular  law,  viz.  as  r«  ;  for  then  it 

will  be  5d  s=  --7,  and  hence  n  sa   -  V'     So  that,  in  this 

—  IS  1 

case  the  law  of  decrease  is  as  r  ^  ,  or  as  -r^j  that  is,lnverse- 
ly  as  the  '|ths  power  of  the  radius. 

Hequired  to  determine  where  a  body  moving   down  the  co%* 
vex  aide  of  a  cycloid^  willjly  off  and  quit  the  curve. 

Let  AYXB  represent  the  cy- 
cloid, the  properties  of  which 
may  be  seen  at  arts.  146  and 
147thisvol.and  vnc  its  genera- 
ting semicircle.    Let  b  be  the 

point  where  the  motion  com-     .  c'  BG- 

mences,  whence  it  moves  along  the  curve,  its  velocity  in- 
creasing both  on  the  curve,  and  also  in  the  horizontal  direct- 
tion  DP,  till  it  come  to  such  a  point,  f  suppose,  that  the 
velocity  in  the  latter  direction  is  become  a  constant  quantity, 
then  that  will  be  the  point  where  it  will  quit  the  cycloid,  and 
afterwards  describe  a  parabola  ro,  tiecause  the  horizontal  ve- 
locity in  the  latter  curve  is  always  the  same  constant  quantity, 
(by  art.  76  Projectiles  ) 

Futthe  diameter  vc  5»rf,  VHsasa,  viaex ;  then  vDes  -/  </x, 
and  ID  =  y  {<ix-*,x*y  Now  the  velocity  in  the  curve  at  P 
in  descending  down  xf,  being  the  same  as  by  falling  through 
pi  or  x— ai  by  art.  139|Willbe  S9  8V(«-«a>;  but  this  ve- 

-  iocit]^ 
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locitv  itt  the  curve  at  f.  is  to  the  horizontal  velocity  there, 
as  VD  to  ID,  because   VDis  parallel  to  the  curve   or  to  the 
tongent  at  f,  that  is  y/  da: -.  V  (dx-x«)  :  :  8  V    U-^)  = 
8t^(j?  — a)X  ^{d-^x)  ^y^^^^  ig  jije  horizontal  velocity  at  r, 
'  Z/d 

where  the  body  is  supposed  to  have  that  velocity  a  constant 
quantity;  therefore  also  a/  (jf-a)  X  V.W-^>  ^  "^^^  a* 
A._fl)  X  (d-a:)  «  flr  +  dx-ad^x^  is  a  constant  quan- 
Uty,  and  also  ax  ^  dx --  x*  ;  but  the  fluxion  of  a  constant 
quantity  is  equal  to  nothing,  that  is  nx  ^  dx  ^  2j:x  =  0  « 
i  +  d  1  2x,  and  hence  jr  =:>  ja  +  i^  «  vi,  the  anthmeucal 
mean  between  vh  and  vc. 

If  the  motion  should  commence  at  v,  then  x  or  vi  wouiu 
be  Bs  Jrf,  and  x  would  be  the  centre  of  the  semicircle. 

PROBLEM  Sa 

If  a  body  begin  to  mow  from  a,  with  a  given  -oelocity^  along 
the  quadrant  of  a  circle  s\M  it  is  required  to  show  at  ^Jlat 
point  it  mUJly  off  from  the  curve. 

Let  n  denote  the  point  where  the 
body  quits  the  circle  adb,  and  then  de- 
scribes the  parabola  BE,  Draw  the  or- 
dinate  of,  and  let  ga  be  the  height 
producing  the  velocity  at  a.  Put  GAtsa^ 
AC  or  CD  K=  r,  AF  a=  X  ;  then  the  velp- 
city  in  the  curve  at  d  will  be  the  same 
as  that  acquired  by  falling  through  gf 
or  a+^i  which  is,  as  before,  8  y/  (a+x)  ;  ... 

but  the  velocity  in  the  curve  is  to  the  horizontal  velocity  as 
pntonin  or  as  CD  to  cf  by  similar  triangles,  that  Is,   as 

rir^x'iS^/  ix+a)  :  B^^  {x+a)  X  '^-^f  which  is  to 
be  a  constant  quantity  where  the  body  leaves  the  circle, 
therefore  also  (r-x)  V  Cr+fl)  and  (r^^y  X  Cr+a)  a  con- 
stant quantity  i  the  fluxion  of  which  made  to  vamsh,  gives 

r— 2a 


X  c=— r—  ea  AF 
3 


Hence,  if  <i  =  0,  or  the  body  only  commence  motion  at  a, 
ojen  X  ca  Ir,  or  af  =  |ac  when  it  quits  the  circle  at  d.  But 
if  a  or  oa  were  ==  ir  or  i  ac,  then  r  —  2a  =  0,  and  the  body 
would  instantly  quit  the  circle  at  the  vertex  a,  and  describe 
a  parabola  circumscribing  it,  and  having  the  same  vertex  a. 
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PROBLEM  23. 

To  deHrmine  the  fioaition  of  a  bar  or  beafn  ab,  bdt^  ^fi' 
fiorted  in  equilibrio  ^y  two  cords  ac>  bc,  having  thHr  tfoo 
ends  fixed  in  the  beam^  at  A  artd  B. 

By  art,  210  Statics,  the  position 
will  be  such,  that  its  centre  of  gra- 
vity G  will  be  in  the  perpendicular 
or  plumb  line  cg> 

CoroL  1.  Draw  gd  parallel  to  the 
.cord  AC.  Then  the  triangle  cgd^ 
having  its  three  sides  in  the  directions 
of,  or  parallel  to,  the  three  forces,  viz» 
the  weight  of  the  beam,  and  the  ten- 
sions of  the  two  cords  ac,  bc,  these  three  forces  will  be  pro- 
portional to  the  three  sides  cg,  gd,  cd,  respectively,  by  att* 
.44  ;  that  is,  ^g  is  as  the  weight  of  the  beam,  gd  as  the  ten- 
sion or  force  of  ac,  and  cd  as  the  tension  or  force  of  bc. 

CoroL  2.  If  two  planes  saf,  hbi,  perpendicular  to  the 
two  cords,  be  substituted  instead  of  these,  the  beam  will  be 
still  ^supported  by  the  two  planes,  just  the  same  as  before  bf 
%he  cords,  because  the  action  of  the  planes  is  in  the  direction 
perpendicular  to  their  surface ;  and  the  pressure  on  the  planes 
will  be  just  equal  to  the  tension  or  force  of  the  respective 
Gords.  So  that  it  is  the  very  same  thing,  whether  the  body 
is  sustained  by  the  two  cords  ac,  bc,  or  by  the  mo  planes 
HP,  HI ;  the  directions  and  quantities  of  the  forces  acting  at 
A  and  n  being  the  same  in  both  cases. — Also,  if  the  body  be 
made  to  vibrate  about  the  point  c,  the  points  a,  b  will  de- 
scribe circular  arcs  coinciding  with  the  touching  planes  at^  A} 
B  ;  and  moving  the  body  up  and  down  the  planes,  will  be 
jUBt  the  same  thing  as  making  it  vibrate  by  the  cords ;  con- 
sequently the  body  can  only  rest,  in  either  case,  when  the' 
centre, of  gravity  is  in  the  perpendicular  cg.    . 

PROBLEM  24. 

To  determine  the  fioaition  of  the  beam  ^aBj  hafiging  bg  one 
cord  ACfi,  having  its  enda  fastened  at  a  and  B|  «m2  aUding 
freely  over  a  tack  or  ptUley  fixed  at  c* 

G  being  the  centre  of  gravity  of  the  beam,  cg  will  be  per« 
•*  peudicular  to  the  horizoti,  as  in  the  last  problem.    Now  as 
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the  cord  acb  moves  freely  about  the  point 
c,  the  tension  of  the  cord  is  the  same  ia 
every  parti  or  the  same  both  in  ac  and  bc. 
Draw  OD  parallel  to  ac  :  then  the  sides  of 
the  triangle  cod  are  proportional  to  the 
three  forces,  the  weight  and  the  tensions 
of  the  string  ;  that  is,  cd  and  do  are  as 
the  forces  or  tensions  in  cb  and  ca.  But 
these  tensions  are  equal;  therefore  cd  =3 
the  opposite  angles  dcg  and  doc  are  also  equal ;  but  the  an- 
gle DOC  is  =  the  alternate  angle  acg;  theref.  the  angle  ac* 
=  BCG  ;  and  hence  the  line  co  bisects  the  vertical  angle  acb^ 
and  conseq.  ac  :  cb  : :  ao  :  ob» 


DOi 


and  conse^- 


PBOBLEH25 


To  determine  the  /losition  of  the  beam  ab,  moveabie  about 
the  end  b,  and  sustained  by  a  given  vteight  ^,  hanging  by  a 
card  Kzgy  going  over  a  fiuUey  at  c,  and  Jixed  tti  the  other 
end  A. 

Let  w  =  the  weight  of  the  beam,  C/ 

and  G  denote  the  place  of  its  cen- 
tre of  graviiy.  Produce  the  direc-  ^ 
tion  of  the  cord  ca  to  meet  the  ^ 
horizontal  line  Bf>r  in  d  ;  also  let 
fall  AE  pcrp.  to  BE  :  then  ae  is  the  "^  p  r 
direction  of  the  weight  of  the  beam,  and  da  the  direction  of 
the  weight  gj  the  former  acting  at  g  by  the  \ever  bg,  and 
the  latter  at  a  by  the  lever  ba  ;  theref.  the  mtensity  of  the 
former  is  w  X  bo,  and  that  of  the  latter  5^  x  ba  ;  but  these 
are  also  proportional  to  the  sines  of  their  angles  of  diKCtion 
with  ab,  that  is,  of  the  angles  bae,  and  bad  ;  therefore  the 
whole  intensity  of  the  former  it  w  X  bg  x  sin.  bae,  and  of 
the  latter  it  is  ^  x  ba  X  sin  bad.  But,  smce  these  two 
forces  balance  each  other,  they  are  equal,  viz.  w  x  bo  X  sin. 
bae  =  ^  X  ba  X  sin.  BAD,  and  therefore  w  \g  :  :  ba  X  s'm. 
bad  :  BG  X  sin.  bae,  6r«r  x  bg  ^^  x  ba  ::  sin,  bad  ; 
sin.  bae. 


PROBLEM  26; 

To  deterndne  the  fiosition  of  the  beam  ABf  matained  by  the 
given  weights  m,  71,  by  means  of  the  cords  ACm,  dd^  S^i^g 
over  tht  fixed  jiuUeys  c,  d. 
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Let  o  be  the  place  of  the  centre 
of  gravity  of  the  beam.  Now  the 
efTect  of  the  weight  wi,  is  as  w, 
ftnd  as  the  lever  ag>  and  as  the 
sine  of  the  angle  oi  direction  a  ; 
and  the  effect  of  the  weight  n,  is 
as  ff,  and  as  the  lever  bg  and  as 
the  sine  of  the  angle  ot  direction  b  >  but  these  two  effects 
are  equali  because  they  balance  each  other  i  that  is,  m  x  Aa 
X  sin.  A  «i »  X  BO  X  sin.  B ;  theref.  m  x  ao  :  n  x  bg  : : 
9in.  B  :  sin.  a« 


PROBLEM  97. 

To  deterndne  the  fiondon  of  the  two  fiotta  ad  and  BK, 
sufifiorting  the  beam  aBj  «o  that  the  beam  may  resi  in 
cguiHbrio, 

Through  the  centre  of  gravity 
c  of  the  beam,  draw  cg  perp  to 
the  horizon  ;  from  any  point  c 
in  which  draw  cady-cbe  through 
the  extremities  of  the  beam ;  then 
AD  and  BK  will  be  the  positions 
of  the  two  posts  or  props  re- 
quired, so  as  AB  may  be  sustained 
in  equilibrio ;  because  the  three 
forces  sustaining  any  body  in  such  a  state^  must  be  all  directed 
to  the  same  point  c. 

CoroL  If  GF  be  drawn  parallel  to  cd  ;  then  the  quantities 
of  the  three  forces  balancing  the  beam,  will  be  proportional 
to  the  three  sidei  of  the  triangle  cgf,  viz.  cg  as  the  weight 
of  the  beam,  cf  as  the  thrust  or  pressure  in  be,  and  fg  as  the 
thrust  or  pressure  in  ad. 

Scholium^  The  equilibrium  may  be  equally  maintained  by 
the  two  posts  or  props  ad,  be,  as  by  the  two  cords  ac,  fic> 
or  by  two  planes  at  a  and  b  perp.  to  those  cords. — It  does  not 
always  happen  that  the  centre  of  gravity  is  at  the  lowest  placa 
to  which  it  can  get,  to  make  an  equilibrium  ;  for  here  when 
the  beam  ab  is  supported  by  the  posts  da,  xb,  the  centre  of 
gravity  is  at  the  highest  it  can  get ;  and  being  in  that  posi« 
tion,  it  is  not  disposed  to  move  one  way  more  than  another, 
and  therefore  is  as  truly  in  equilibrio,  as  if  the  centre  was  at 
the  lowest  point.  It  is  true  this  is  only  a  tottering  equili* 
«  brium,  and  any  the  least  force  will  .destroy  it ;  and  then,  if 
the  beam  and  posts  be  moveable  aboiit  the  angles  Aj  b,  d,  e, 
Vol.  II.  T  1 1  which 
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which  is  an  along  supposed^  the  beam  will  descend  tiH  it  is 
below  the  points  d»  e,  and  gain  such  a  position  as  is  described 
in  prob.  26}  supposing  the  cords  fixed  at  c  and  d»  in  the  fig* 
to  that  prob.  and  then  o  will  be  at  the  lowest  point>  coming 
there  to  an  equilibrium  again.  In  planes,  the  centre  of  gra* 
yityomay  be  either  at  its  highest  or  lowest  point.  And 
there  are  cases,  when  that  centre  is  neither  at  its  highest  aor 
lowest  point)  as  may  happen  in  the  case  of  prob.  24* 

FB0BLBM8S. 

Sufi/ioMing  the  Seam  ab  hanging  by  a  fun  at  b,  and  lying  en 
the  wall  AC  5  tV  U  required  to  determine  the  forces  or  firea* 
eureSf  at  thefiointe  A  and  b,  and  their  directione* 

Draw  AD  perp*  to  aB|  and  through 
Of  the  centre  of  gravity  of  the  beam, 
draw  GD  perp.  to  the  horizon ;  and 
join  BD.  Then  the  weight  of  the 
beam,  and  the  two  forces  or  pres« 
sures  at  a  and  b,  will  be  in  the  di- 
rections of  tlie  three  sides  of  the 
triangle  abg;  or  in  the  directions 
ofy  and  proportional  to,  the  three 
sides  of  the  triangle  gdh,  haying 
drawn  oh  parallel  to  bo  ;  viz.  the  weight  of  the  beam  as  gd, 
the  pressure  at  a  as  hd,  and  the  pressure  B  as  gh>  and  in 
these  directions. 

For,  the  action  of  the  beam  is  in  the  direction  gd  ;  and 
the  action  of  the  wall  at  a,  is  in  the  perp.  ad  ;  conseq.  the 
stress  on  the  pin  at  b  must  be  in  the  direction  bd,  because 
all  the  three  forces  sustaining  a  body  in  equilibrio,  must  tend 
to  the  same  point,  as  d. 

CoroL  1.  If  the  beam  were  supported  by  a  pin  at  a,  and 
laid  upon  the  wall  at  b  i  the  like  construction  must  be  made 
at  Bj  as  has  been  done  at  a,  and  then  the  forces  and  their 
directions  will  be  obtained. 

CQr(U,  2.  It  is  all  the  same  thing,  whether  the  beam  is 
sustained  by  the  pin  b  and  the  wafi  ac,  or  by  two  cords  bb, 
AF,  acting  in  the  directions  bd,  da,  and  with  the  forces 


PROBLEM  529. 

To  determine  the  Quantitiee  and  Direction*  of  the  Forces 
exerted  by  a  heavy  beam  ab,  at  ita  two  Extremities  and  its 
Centre  of  Gravity ^  bearing  against  a  fierfi.  wall  at  its  ufi/ier 
€ndB» 

From 
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From  B  draw  bc  perp.  to  the  face  of 
the  vail  BB,  which  will  be  the  direction 
cnFthe  force  at.B  ;  also  through  g,  the 
centre  of  gravit^i  draw  coo  perp.  to 
the  horizontal  line  ab,  then  cd  is  tlie 
direction  of  the  weight  of  the  beam  ; 
and  because,  these  two  forces  meet  in 

the  point  c,  the  thirds  force  or  push  a^  mus  _^ 

from  c ;  so  that  the  three  forces  are  in  the  directions  cd,  bc', 
CAv  or  in  the  directions  cd,  da,  ca  ;  and,  these  last  three 
-forming  a  triangle,  the  three  forces  are  not  only  in  those  di- 
rections, but  are  also  proportional  to  these  three  lines ;  viz« 
the  weight  in  or  on  the  beam,  as  the  line  cd  ;  the  push  against 
the  wall  at  b,  as  the  horizontal  line  ad  ;  and  the  thrust  at 
the  bottom,  as  the  line  ac. 

Some  of  the  foregoing  problems  will  be  fotmd  useful  in 
Afferent  cases  of  curpentry,  especially  in  adapting  the  framing 
of  the  roofs  of  buildings,  so  as  to  be  nearest  in  equilibrio  ia 
all  their  parts.  And  the  last  problem,  in  particular,  will  be 
very  useful  in  determining  the  push  or  thrust  of  any  arch 
against  its  piers  or  abutments,  and  thence  to  assign  their 
thickness  necessary  to  resist  that  push.  The  following  pro- 
blem will  also  be  of  great  use  in  adjusting  the  form  of  a 
mansard  roof,  or  of  an  arch,  and  the  thickness  of  every  par^ 
ao  as  to  be  truly  balanced  in  a  state  of  just  equilibrium. 

PROBLEM  60. 

Let  there  be  any  number  of  Unea^  or  bara^  or  beams f  Ab^ 
BC,  CD,  DE,  ^c.  all  in  the  aame  vertical  plane^  connected  to*- 
gether  and  Jreely  moveable  about  the  joints  or  angles  a,  b, 
c»  D.  E,  ^c.  and  kejit  in  eguiiibrio  by  their  own  weights^  or  by 
weights  only  laid  on  the  angles  :  It  is  required  to  assign  the 
profiortion  ofthohe  weights  ;  as  also  the  force  or  flush  in  the 
direction  of  the  said  lines  i  and  the  horizontal  thrust  at  every 
angle. 

Through  any 
point,  as  D,  draw 
a  vertical  Ime 
a'DVLgy  Sec  :  to 
which,  from  any 
point,  as  c,  draw 
lines  in  the  direc*    k  ^ 

tion  of,  or  paral-  ^ 

lei  to,  the  given  lines  or  beams,  viz.  ca  parallel  to  ab,  and  cb 
parallel  to  bc,  and  c^  to  dB)  and  c/lo  bfj  and  eg  to  rG|  &c  ; 
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also  CH  parallel  to  the  horizoiii  or  perpendicular  to  the  Tcr« 
lical  line  od^i  in  which  also  all  these  parallels  ierinin«ite. 

Then  will  all  those  lines  be  exactly  proportional  to  the 
forces  acting  or  exerted  in  the  directions  to  which  thej  are 
parallel,  and  of  all  the  three  kiiidst  viz.  vertical,  borizoncali 
and  oblique.    Thai  is,  the  oblique  forces  or  tbru&is  in  rJrec* 

lion  of  the  bars ab«  bc.  gd«  de,  ef,  fo, 

are  proportional  to  their  parallels  c«,  c^  co,  c^,  cy,  c^  ^ 
and  the  vertical  weights  on  the  angles  b,  c,  d,  k.  f,  &c^ 
are  as  the  parts  of  the  vertical  .  •  ab»  6d,  d^ ,  e/^  Jgf 
and  the  weight  of  the  whole  frame  abcdefo* 
is  proportional  to  the  sum  of  all  the  verticals,  or  to^^;  also 
the  horizontal  thrust  at  every  angle,  is  every  where  the  same 
constant  quantity,  and  is  expressed  by  the  constant  honzoa- 
tal  line  cb. 

DetnonBtration.  All  these  proportions  of  the  forces  deme 
and  follow  immtdiately  from  the  general  well-known  pro- 
perty, in  Statics,  that  when  any  forces  balance  anu  keep  each 
other  in  equilibrio,  they  are  respectively  in  prop<M'tion  as  the 
lines  drawn  parallel  to  their  directions,  and  terminating  each 
other. 

Thus,  the  point  or  angle  b  is  kept  in  equilibrio  by  three 
ibrces,  viz.  the  weight  laid  and  acting  vertically  downward 
on  that  point,  and  by  the  two  oblique  forces  or  thrusts  of  the 
two  beams  ab,  cb,  and  in  these  directions.  But  co  is  parallel 
to  AB,  and  cb  to  bc,  and  ab  to  the  vertical  weight ;  these 
three  forces  are  therefore  prc^rtional  to  the  three  lines  a&^ 
ca,c^. 

In  like  manner,  the  angle  c  is  kept  in  its  position  by  the 
weight  laid  and  acting  vertically  on  it,  and  by  the  two  oblique 
forces  or  thrusts  in  the  direction  of  the  bars  bc,  cd  :  conse* 
quently  these  three  forces  are  proportional  to  the  three  lines 
6d,  c3,  C9,  which  are  parallel  to  them. 

Also,  the  three  forces  keeping  the  point  n  in  its  positiooy 
are  proportional  to  their  three  parallel  lines  n^,  en,  cr.  And 
the  three  forces  balancing  the  angle  x,  are  proportional  to 
their  three  parallel  lines  ef^  ce^  c/  And  the  three  forces 
balancing  the  angle  f,  arc  proportional  to  their  three  parallel 
lines  Jg,  c/;  c^-.  And  so  on  continually,  the  oblique  force* 
or  thrusts  in  the  directions  of  the  bars  or  beams,  being  al- 
ways proportional  to  the  parts  ot  the  lines  parallel  to  them, 
intercepted  by  the  common  vertical  line  ;  while  the  vertical 
forces  or  weights,  acting  or  laid  on  the  angles,  are  propor- 
tional to  the  parts  of  this  verticle  line  intercepted  by  the  two 
lines  parallel  to  the  lines  of  the  corresponding  angles- 

Agaipi  with  regard  to  the  horizontal  force  or  thrust :  since 
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the  line  dc  represents,  or  is  proportienal  to  the  force  in  the 
direciion  ]>c»  arising  from  the  weight  or  pressure  oinhe  angle 
o  ;  and  since  the  oblique  force  do  is  equivalent  to,  and  re** 
solves  into,  the  two  dh,  hc,  and  in  those  directions,  by  the  • 
resolution  of  forces*  viz,  the  vertical  force  sji,  and  the  hori- 
seonul  force  bc  ;  it  follows^  that  the  borisontai  force  or  thrust 
at  the  angle  d,  is  proportional  to  the  line  cu;  and  the  part 
ef  the  vertical  force  or  weight  on  the  angle  o,  which  pro« 
duces  the  oblique  force  dc,  is  proportional  to  the  part  of  the 
vertical  line  dh« 

In  like  manner,  the  oblique  force  cd,  acting  at  c,  in  the 
direction  cb,  resolves  into  the  two  ^h*  hc  ;  therefore  the 
horizontal  force  or  thrust  at  the  angle  c,  is  expressed  by  the 
line  CH,  the  very  same  as  it  was  before  for  the  angle  d  ;  and 
the  vertical  pressure  at  C|  arising  from  the  weights  on  both  i> 
and  c,is  denoted  by  the  verticaliinc  dn. 

Also,  the  oblique  force  ac,  acting  at  the  angle  s,  in  the 
direction  ba,  resolves  into  the  two  aB«  hc  i  therefore  again 
the  horizontal  thrust  at  the  angle  b,  is  i*e presented  by  the  line 
€H,  the  very  same  as  it  was  at  the  points  c  and  d  ;  and  the 
"vertical  pressure  at  b,  arising  from  the  weights  on  b,  c,  and 
o,  is  expressed  by  the  part  of  the  vertical  line  aa. 

Thus  also,  the  oblique  force  c^,  in  direction  de,  resolves 
Into  the  two  ch.  u^,  being  the  same  horizontal  force  with  the 
vertical  h(  ;  and  the  oblique  force  c/,  in  direction  bv,  re« 
solves  into  the  two  ch,  li^ ;  and  the  oblique  force  c£r$  in 
direction  fo,  resolves  into  the  two  ch,  h^;  and  the  oblique 
force  c^,  in  direction  fo,  resolves,  into  the  two  ch,  ng  ;  and 
so  on  continually,  the  '  horizontal  force  at  every  point  being 
expressed  by  the  same  constant  line  ch  ;  and  the  vertical 
pressures  on  the  angles  by  the  parts  of  the  verticals,  viz.  ak 
jthe  whole  vertical  pressure  at  b»  from  the  weiglns  on  the 
angles  b,  Cf  d  :  and  ^h  the  whole  pressure  on  e  Irom  the 
weights  on  c  and  d  \  and  bh  the  part  of  the  weight  on  d 
causing  the  ok>lique  force  dc  ;  and  ne  the  other.part  of  he 
weight  On  d  causing  the  oblique  pressure  de  *,  and  h/  the 
whole  vertical  pressure  at  e  from  the  weights  on  n  and  b  i 
and  Bg  the  whole  vertical  pressure  on  v  arising  from  the 
weights  laid  on  j>,  b,  and  f.     And  so  on. 

So  that,  on  the  whole,  an  denotes  the  whole  weight  on 
the  points  from  d^  to  a  ;  and  yg  the  whole  weight  on  the 
points  from  d  to  o  ;  and  ag  the  whole  Weight  on  all  the 
points  on  both  sides  ;  while  ad,  ^d,  Of,  ^,  fg  express  the 
several  particular  weights,  laid  on  the  angles  b,  c,  p,  e,  f. 

Also,  the  horizontal  hrust  is  every  where  the  same  con* 
slant  quantity,  and  is  denoted  by  the  line  ch* 

Lastly> 


Digitized  by 


Google 


I 

J 


5 10  PROMISCUOUS  EKERCISES. 

Lastly,  the  several  oblique  forces  or  thrusts,  in  the  direc* 
tions  AB,  Bc,  CD,  Ds,  EF,  VG,  are  expressed  l^,  or  are  pro-* 
portional  to,  their  corresponding  parallel  lines,  ca,  c^,  cb,  ce^ 
«/;  eg". 

Carol  1.  It  is  obvious,  and  remarkable,  that  the  lengths 
of  the  bars  ab,  bc,  8cc.  do^not  effect  or  alteh  the  propordoos 
ot  any  of  these  loads  or  thrusts  ;  since  all  the  lines  ca,  cd,  a6, 
9cc  remain  the  same,  whatever  be  the  lengths  of  ab,  bc,  kc. 
The  positions  of  the  bars,  al)d  the  weights  otk  the  angles  de- 
pending mutually  on  each  other,  as  well  as  the  horizontal 
and  oblique  thrusts.  Thus,  if  there  be  given  the  poaition  rf 
j>c,  and  the  weights  or  loads  laid  on  the  angles  d,  c,  b  ;  set 
these  on  the  vertical,  dh,  n6,  6a,  then  c6,  ca  give  the  direc* 
tions  or  positions  of  cb,  ba,  as  well  as  the  quantity  or  pro- 
portion CH  of  the  constant  horizontal  thrust. 

CnroL  3.  If  en  be  madr  radius  ;  then  it  is  evident  thai 
Ha  is  the  tangent,  and  ca  the  secant  of  the  elevation  of  ca  or 
iiB  above  the  horizon  ;  also  b^  is  the  tangent  and  c^  the  se- 
cant of  the  elevation  of  c6  or  cb  ;  also  hd  and  en  the  tangent 
and  secant  of  the  elevation  of  en  s  also  ne  and  ce  the  tangent 
and  secant  of  the  elevation  of  ce  or  ns  ;  also  s/and  c/the 
tanp^ent  and  secant  of  the  elevation  of  kf  ;  and  so  on  v  also 
the  parts  of  the  vertical  aby  6n,  e/,  fgs  denoting  the  weights 
laid  on  the  several  angles,  are  the  differences  of  the  said  un- 
l^ncs  ot  elevations.    Hence  then  in  general* 

J  St.  The  oblique  thrusts,  in  the  directions  of  the  bars,  are 
to  one  another,  directly  in  proportion  as  the  secants  of  their 
wangles  of  elevation  above  the  horizontal  directions  %  tft^  which 
is  the  same  thing,  reciprocally  proportional  to  the  coanes  of 
the  same  elevations,  or  reciprocally  proportional  to  the  sines 
«f  the  vertical  angles,  a,  6,  n,  t^f^  gy  3cc«  made  by  the  ver^ 
Ileal  line  with  the  several  directions  of  the  bars  ;  because  the 
secants  of  any  angles  are  always  reciprocally  in  proportion,  as 
their  cosines. 

3.  The  weight  or  load  laid  on  each  angle,  is  directly  pnv 
portional  to  the  difference  between  the  tangents  of  the  ele- 
vations above  the  horizon,  of  the  two  lines  which  form  the 
angle. 

3.  The  horizontal  thrust  at  every  angle,  is  the  same  con- 
stant quantity,  and  has  the  same  proportion  to  the  weight  on 
the  top  of  the  uppermost  bar,  as  radius  has  to  the  tangent  of 
the  elevation  of  that  bar.  Or,  as  the  whole  vertical  agy  is  to 
the  line  ch<  so  is  the  weight  of  the  whole  assemblage  of  barsy 
to  the  horizontal  thrust.  Other  properties  also,  concerning 
the  weights  and  the  thrusts,  might  be  pointed  aut*  but  they 
are  less  simple  and  elegant  than  the  above,  and  are  therefiure 
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omiltedi  the  following  only  eaccepted,  which  are  inserted 
here  on  accoont  of  their  usefulness. 

CoroL  3.  It  may  hen(;e  be  deduced  aUov  that  the  weight 
or  pressure  laid  on  any  anglq^  is  directly  praponioDal  to  the 
continual  product  of  the  s'me  of  that  angle  and  of  the  secants 
of  the  elevations  of  the  bars  or  lines  which  form  it  Thus, 
in  (he  triangle  6cx>»  in  which  the  side  6d,  is  proportional  to 
the  weight  laid  on  the  angle  c,  because  the  sides  of  any  tri- 
angle are  to  one  another  as  the  sines  of  their  opposite  angles^ 
therefore  as  sin,  n  :  c^  : :  sin.  bcjy  :  ^n ;  that  is,  bm  is  as 

-— ^x  cb  ;  but  the  sine  of  angle  d  is  the  cosine  of  iho 

sin  .0  0  i 

elevation  dch»  aAd  the  cosine  of  any  angle  is   reciprocally 

proportional  to  the  secant,  therefore  ^d  is  as  sin.  ben  x  sec. 

ocH  X  c6 ;  and  cb  being  as  the  secant  of  the  angle  ^ch  of 

the  elevation  of  be  or  bc  above  the  horizon,  therefore  6d  is 

as  sin.  6cn   X  sec.  bcvt  x   sec.  och  ;  and  the  sine  of  bct^ 

being  the  same  as  the  sine  of  its  sup]^eroent  bcd  ;  therefore 

the  weight  on  the  angle  c,  which  is  as  6d,  is  as  the  sin.  bcd 

X  sec  DCH  X  sec  ^cu,  that  is,  as  the  continual  product  of 

the  sine  of  that  angle,  and  the  secants  of  the  elevations  of  iu 

two  sides  above  the  horizon. 

Corol,  4.  Further,  it  eiisily  appears  also,  that  the  same 
weight  on  any  angle  c,  is  directly  proportional  to  the  sine  of 
that  angle  bcd,  and  inversely  proportional  to  the  sines  of 
the  two  parts  bcp,  nep,  into  which  the  same  angle  is  divided 
by  the  vertical  line  cf.  For  the  secants  of  angles  are  "reel-* 
procally  proportional  to  tiieir  cosines  or  sines  of  their  com- 
plements :  but  BCP  ss  cba^i  is  the  complement  of  the  eleva- 
tion 6c H,  and  DCP  is  the  complement  of  the  elevation  dch  ; 
therefore  the  secant  of  Ach  x  secant  of  dch  is  reciprocally 
as  the  sin.  bcp  x  sin.  dcp  ;  also  the  sine  of  6cd  is  ss  the 
sine  of  its  supplement  bcd  s  consequently  the  weight  on  the 
angle  c»  which  is  proportional  to  sin.  6cd  x  sec  6cu  X 

sec  dch,  is  also  proporttonal  to  -: — -"'  '- ,   when    the 

'  *     *  am.  Bcpxsin.  ncp 

whole  frame  or  series  of  angles  is  balanced,  or  Jkept  in  equi* 

librio*  by  the  weights  on  the  angles ;  the  same  as  in  the 

preceding  proposition. 

Scholium.  .  The  foregoing  proposition  is  very  fruitful  in 
its  practical  consequences,  and  contains  the  whole  theory  of 
arches,  which  may  be  deduced  from  the  premises  by  sup- 
posing the  constituting  bars  to  become  very  short,  like  arch 
stones,  so  as  to  form  the  curve  of  an  arch*  It  appears  too, 
that  the  horizontal  thrust,  which  is  constant  or  uniformly  the 
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same  throughout^  is  a  proper  measuriag  uoit,  by  meaos  of 
ivhich  to  estimate  the  oiher  thnisuand  pressures,  as  they^ 
are  all  determinable  from  it  and  the  given  po&idons  ;  aad  the 
value  of  it,  as  appears  above,  may  be  easily  computed  from 
the  uppermost  or  venical  part  alone,  or  from  the  whole  as- 
semblage together,  or  from  any  part  of  the  whole,  counted 
from  the  top  downwards* 

Tbe  solution  of  the  foregoing  proposition  depends  on'this 
consideration,  viz.  that  an  assemblage  of  bars  or  beiims,  beins 
connected  together  by  joints  at  their  extremities,  and  freely 
moveable  about  them,  may  be  placed  in  such  a  vertical  posi« 
tion,  as  to  be  exactly  balanced  or  kept  in  equilibrio,  by  their 
mutual  thrusts  and  pressures  at  the  joints  ;  and  tfaatihc  effect 
wiil  be  tbe  same  if  the  bars  themselves  be  considered  as  with- 
out weight,  and  the  angles  be  pressed  down  by  laying  on 
them  weights  which  shall  be  eqttal  to  the  vertical  pressures 
at  the  saofie  angles,  produced  by  tbe  bars  in  the  case  when 
they  are  considered  as  endued  with  their  own  natural  weights. 
And  as  we  have  found  that  the  bars  may  be  oi  any  lengtht 
without  affecting  the  general  properties  and  proportions  of 
the  thrusts  and  pressures,  therefore  by  supposing  them  to 
become  short,  like  arch  stones,  it  is  plain  that  we  shall  then 
have  the  same  principles  and  properties  accommodated  to  a 
real  arch  of  equilibration«  or  one  that  supports  itself  in  a  per- 
fect balance.  It  may  be  further  observed,  that  the  conclu- 
sions here  derived,  in  this  proposition  and  its  coroUarie% 
exactly  agree  with  those  derived  in  a  very  different  way,  in 
my  principles  of  bridges,  viz.  in  propositions  1  and  3^  and 
their  corollaries*  ^_ 

FBOBLfiM  SL 

I/the  Vfhole  figure  in  the  lat  firMem  be  inveriedt  or 
turned  round  the  hortzontal  iine  aq  ae  an  axU^  tiiiit  he msc* 
pletely  reverted^  or  in  the  ^ame  vertical  plane  bei^w  the  fir%t 
fiositiony  each  angle  d,  </,  ^r.  being,  in  the  same  plumb  line  : 
and  if  vf eights  U  ^i  If  «,  «,  which  are  respectively  equal  to 
the  weights  laid  on  the  angles  b,  c,  d,  b,  f,  qfthejirstjiguref 
be  nofo  suspended  by  threads  from  the  corresponding  angles 
bf  c,  d,  e,y;  of  the  lower  Jigure  i  it  is  required  to  show  that 
those  weights  keep  this  Jigure  in  exact  equilibrioj  the  same  as 
the  former^  and  all  the  tensions  or  forces  in  the  latter  easCf 
whether  vertical  or  horizontal  or  oblique^  will  be  exactly  eqttal 
to  the '  corresponding  forces  of  weight  or  pressure  or  thrust 
in  the  like  directions  of  the  first  Jigure. 

This 


Digitized  by 


Google 


PROMISCUOUS  EXBRCISESI. 


S)d 


r1 

/ 

.1 

n 

This  necessarily  hnppens,  from  the  equalitf  of  thQ  wei^bt»» 
and  the  similantf  ofthe  positions,  and  actions  of  the  whole 
in  both  cases.  Thus,  from  the  equality  of  the  corresponding 
weights^  at  the  like  angles,  the  ratios  of  the  weights,  a6,  bd^ 
dh^  hr^  8cc.  in  the  lower  figure,  are  the  rery  san>e  as  those,  ab^ 
Ad.  dh«k<?,  &c.  in  the  upper  figure  ;  and  fro^n  the  equality 
of  the  constant  horizontal  forces  cm,  ch^  and  the  similarity 
of  the  positions,  the  corresponding  vertical  lines,  denoting 
the  weights,  are  equal,  namel)r,  db-  ■»  ab^  bi>  »  M»  db  »  dh^ 
kc  The  same  miXf  be  said  of  the  oblique  lines  also,  ca,  cb^ 
kc.  which  being  parallel  to  the  beams  ib,  bc^  Sec.  will  denote 
the  tensions  of  these  in  the  direction  ot  rtieir  length,  th^ 
'sameas  the  oblique  thrusts  or  pushes  in  the  upper  figures.^ 
Thus,  all  the  corresponding^  weights  and  actions  and  poai- 
liooa,  in  the  two  situations,  being  exactly  equal  and  sixnilari 
changing  only  drawing  and  tension  for  pushing  and  thrusting, . 
the  balance  and  equilibrium  of  the  upper  figure  is  still  pre* 
served  the  same  in  the  banging  festoon  or  lower  pne. 

Scho&ufn.  The  same  figure,  it  is  evident,  will  also  arlse^ 
if  the  same  weights,  i,  i-, /,  m«  »,  be  suspended  at  like  dis<* 
lances,  xb^  ^c,&cc.  on  a  thread,  or  cord,  or  ch»in,  &c.  having 
in  itself  little  or  no  weight.  For  the  equality  of  the  weigjht^, 
and  their  direclions  and  distances,  will  put  the  whole  line, 
when  they  come  to  equilibrium,  into  the  same  festocm  shape 
of  figure.  So  thai,  whatever  properties  are  inferred  in  the 
corollaries  to  the  foregoing  prob.  will  equally  apply  to  the 
festoon  or  lower  figure  hanging  in  equilibrio. 

This  is  a  most  useful  principle  in  all  cases  ol  equilibriums, 
especially  to  the  mere  practical  mechanist,  and  enables  him 
in  an  experimental  way  to  resolve  problems,  which  the  best 
mathematicians  have  found  it  no  easy  matter^to  effect  by 

Vat*  J^«  Uuu  mere 


Digitized  by 


Google 


i\4 


PROMISCUOUS  EXERCISES. 


mere  computation.    For  thtts,  ia  » timple  and  etaif  vrvf  lie 
obtains  ihe  shape  of  an  equilibraied  arch  or  bridge  ;  and  ibus 
also  he  readUjr  obtains  the  positions  of  the  rafters  in  the  frauosc 
of  an  equilibrated  curb  or  fnansard  roof  ;  a  single  instance  of 
which  may  serve  to  show   the  extent  and  uses  to  which   it 
may  be  applied.    TbuS|  if  it  should  be  required  to  make  « 
curb  frame   roof  having  a  given 
width  AB,  and  consisting  of  four 
rafters  ab,  bc»  cd»  db,  which  shall 
either  be  equaJ  or  in  any  given  pro- 
portion to  each  other.    Thtrre  can 
be  no  doubt  but  that  the  best  form 
of  the  roof  will  be  that  which  puis 
all  its  parts  in  equUibrio,  sathat  there  may  be  no  unbalanced 
parts  which  may  require  the  aid  of  lies  or  stays  to  keep  the 
frame  in  its  position.    Here  the  mechanic  has  nothing  to  do 
but  to  take  four  like  but  small  piecesi  that  are  either  equal 
or  in  the  same  given  proportions  as  those  proposed,  and  con- 
nect them  closely  togetlier  at  the  joints  a,  b»  c,  d»  b,  by  pins 
or  strings,  so  as  to  be  freely  moveable  about  them  i  then 
suspend  this  from  two  pins  a,  ^, 
fixed  in  a  horiaontai  line,  and  the 
chain  of  the  pieces  will  arrange 
itself  In  such  a  festoon  or  forniy 
ahcde^  that  all  its  parts  will  come 
to  rest  in  equilibria    Then,  by 
inverting  the  figure,  it  will  ex* 
hibit  the  form  and   frame  of  a 
curb  roof  oCy^e,  which  will  also 
be  in  equilibrio,  the  thrusts  of 
the  pieces  now  balancing   each 
other,  in  the  same  manner  as  was  done  by  the  mutual  pulls 
or  tensions  of  the  hanging  festoon  a  6  e  d  e.    By  varying  the 
distance  dtj  of  the  points  of  suspension,  moving  them  nearer 
to,  or  father  ofi*,  the  chain  will  take  different  forms ;  then 
the  frame  abcdb  may  be  made  similar   to  that  form  which 
hafr  the  most  pleasing  or  convenient  shape,  found  above  as  a 
model. 

Indeed  this  principle  is  exceeding  truitful  in  Its  practical'' 
,  consequences.  It  is  easy  to  perceive  that  it  contains  the 
whole  theory  of  the  construction  of  arches  :  for  each  stone  of 
an  arch  may  be  considered  as  one  of  the  rafters  or  beams  in 
the  foregoing  frames,  since  the  whole  is  sustsylned  by  the 
mere  principle  of  equilibration,  and  the  method^  in  its  appli- 
cation, will  afibrd  some  elegant  and  simple  solutions  of  the 
mostdifiicuU  cases  of  this  important  probltmr 
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PROBLEM  59. 


.  Cy  all  Hollow  Cylinders  J  whote  LengthM  and  the  Diame' 
€era  of  (he  Inner  and  Outer  Circlea  continue  the  aamef  it  ia 
-required  to  show  what  will  be  the  Position  of  the  Inner 
Circle  when  the  Cylinder  ia  the  Strongeat  Laterally. 

Since  the  mafi^nitttde  of  the  two  circles  are  constant,  the 
area  of  the  solid  spact  included  between  their  two  circum- 
ferences, will  be  the  same,  whatever  be  the  position  of  the 
inner  circle,  that  is,  there  is  the  same  number  of  fibres  to  be 
broken)  and  in  this  respect  the  ;streng^h  will  be  always  the 
-same.  The  strength  then  can  only  vary  according  to  the 
situation  of  the  centre  of  gravity  of  the  solid  part,  and  this 
again  will  depend  oti  the  place  where  the  cylinder  must  first 
break,  or  on  the  manner  in  which  it  is  fixed* . 

Now,  by  cor  8  art.  251  Sta- 
tics, the  cylinder  ia  strongest 
when  the  holloW|Or  inner  cir- 
cle, is  nearest  to  that  side 
trhere  the  frai^ture  is  to  end, 
thart  is,  at  the  bottom  when  it 
breaks  firsts^  the  upper  side, 
or  when  the  cylinder  is  fixed 
only  at  one  end  as  in  the  first 
fif^ure.  But  the  reverse  will  be 
the  case  when  the  cylinder  is 

fixed  at  both  ends;  and  con  

4  sequent  ly  when  it  opens  first  below,  or  esds  above,  as  in  the 
3d. figure  annexed. 

PROBLEM  531 

To  determine  the  Dimenaiona  v^  the  Strongeat  Rectangular 
Beamy  that  can  he  cui  out  ^  q  Given  Cylinder, 
Let  aa,  the  breadth  of .  the  required  aj>^'*'"'^^vB 

beam»  be  denoted  bf  6.  ad  the  depth  by 
d,and  the  diameter  xe  of  the  cylinder 
by  o.  Now  when  as  is  horizontal,  the 
lateral  atrength  im  denoted  by  bd*(bf  art% 
348Sutics),  which  is  to  be  a  maximum. 
Bttt  ad'  5=  AC*— ab«,  or  <**•»»» -.i»  ;  ^ 

t>ierei^rf»— (D«-^*)^«»»^-A*isamax-  ^ 

imum  :  in  fluxions  J)^i  *-36*i  «aO  =xD*"-.36*,  oro*  =«  S*»; 
alsod*  t=  ^«-.^»  «3^>-  **  =a  a6«.  Con$eq.  A*  :  rf«  :©•  :: 
1:9:3,  that  is,  the  squares  of  the  breadth,  and  of  the 
depth,  and  of  the  cylinder's  diameter,  arc  to  one  another 
respectively  as  th^  three  numbers  1,  2,  3.  . 

Corol, 
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CortO.  I.  Hcftc«  rcsuto  this  easy  prac- 
tiod  coostructioD  :  divide  the  diameter  ac 
into  three  equal  pait8«  at  the  points  My  v  ; 
ereei  the  peipeodiculara  eb«  td  ;  and  join 
the  points  b>  d  to  the  exiitiimties  nt  ihe 
diaineier :  so  shall  abcd  be  the  rectan^tt^ 
lar  end  of  the  beam  as  required,  For» 
because  as,  aBi  ac  are  in  continued  pro- 
portion (ihcor.  87  Geom  ),  t/i*  ref.  as  «  ac  s  :  am*  =  ac*  ;aod 
in  like  tnanner  af  :  ac  :  ao*  .  ac  ^  ;  hence  ab  :  ar  ^  ac  •  i 
AB*  :  AD*  :  ac«  ::  i :  2  :  3 

Corol.  S.  The  ratios  of  the  three  By  </,  d,  being  as  the 
three  v^  U  ^3,  V^SjOras  I,  l*4U.  I  732,  are  nearly  as  (he 
thrpe  5,  r,  8*6,  or  more  nearly  as  iS,  17, 20-B. 

CoroL  3.  A  square  beam  cut  out  of  the  same  cJlllldev^ 
would  have  its  side  %  Dvi^io  %/  2.  And  its  solidity  would 
be  to  ^hat  of  the  strongest  beanii  as  in*  to|D>v/3,  oras 
3  to  2v^,  or  as  3  to  2  828  ;  while  its  strength  would  be  to  that 
rf  the  stitjngest  beam,  as  (dV*)*  to  ©v^j.  x  f  d*,  ot  as  J  ^2 
to  ^3,  or  as  9  ^  2  to  8^/3,  or  nearly  as  10 1  to  1 10. 

Coroi,  4.  Either  of  these  beams  will  exert  the  greatest 
lateral  strength,  when  the  diagonal  of  its  end  is  placed  ferd- 
catiy,  by  art.  253  Stmiics. 

Corol.  5.  The  strength  of  the  whole  cylinder  will  be  to 
that  of  the  square  beam,  when  plaotd  with  its  diagonal  rer^- 
tlcally,  as  the  area  of  the  circle  to  that  of  its  inscribed  square. 
Por,  the  centre  of  the  circle  will  be  the  centre  of  gravity  of 
both  beams,  and  is  a^  the  distance  of  the  radius  from  the 
lowtst  point  in  each  of  them  ;  conseq.  their  strcnths  wiH 
be  as  their  areas,  by  art.  243  Statics. 

PROBLEM  3^ 

To  determine  the  Difference  in  the  Strength  of  a  Tnanr 
gular  Beam,  according  as  it  lies  ttnth  the  Edgeorvitht^ 
Fiat  Side  UfivHirds. 

In  the  same  beam,  the  area  is  the  same,  and  therefore  the 
strength  can  only  vary  with  the  distance  of  the  centre  of 
gravity  from  the  highest  or  Ipvest  point ;  but,  in  a  triangle ,thQ 
distance  of  the  centre  of  gravity  from  an  angle,  is  double  <rf 
its  distance  from  the  opposite  side  ;  therefore  the  atrengibof 
the  beam  will  be  as  2  tu  1  with  the  different  sides  upwards, 
under  different  circumstances,  viz.  when  the  centre  of  grt- 
.  vity  is  farthest  from  the  place  where  fr;9Cture  ends,  by  art  343 
Statics,  that  is,  with  the  angle  upwards  when  the  bcaipij 
'      ^''  BOpposteQ 
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supported  at  both  ends;  bist  with  the  side  upwards,  whetirit 
18  supported  only  at  one  end,  (art.  24t  StaUcs),  because  in  the 
former  case  the  t^am  breaks  first  beloW)  but  the  reverse  in 
thcs  latter  case* 

PROBLEM  S5.  *. 

Given  the  Length  and  Weight  of  a  Clylinder  or  PriBniy 
/Uaeed  Horizontaily  with  one  end  firmly  fi^ed^  and  wiU  just 
wfi/iort  a  given  weight  at  the  other  end  without  breaking  ;  it 
j>  required  to  find  the  Length  of  a  SimUar'  Prism  or  Cylin* 
der  which,  when  iufifiorted  in  Hke  manner  at  one  end^  ahail 
jtt$t  bear  without  broking  another  given  weight  at  the  unaufh* 
ported  end. 

Let  I  denote  the  length  of  the  given  cylinder  or  prlsin»  d 
the  diameter  or  depth  of  its  end,  w  its  weight,  and  u  the 
weight  hanging  at  the  unsupported  end;  also  let  the  like 
captt&ls  L,  »,  w,  0  denote  the  corresponding  particulars  of 
the  other  prism  or  cylinder.  Then,  the  weights  of  similar 
^lids  of  the  same  matter  being  as  the  cubes  of  their  lengths^ 

as  /'  :  L^  : :  f(f  ^^-Tj-v,  the  weight  of  the  prism  whose  length 

is  L.  Now  \wl  will  be  the  stress  on  the  first  beam  by  its  own 
weight  w  acting  at  its  centre  of  gravity,  or  at  half  its  length ; 
and  iu  the  stress  of  the  added  weight  u  at  its  extremity,  thei^ 
sum  {\w  +tiy  will  therefore  be  the  whole  stress  on  the  given 
beam :  in  like  manner  the  whole  stress  on  the  other  beam, 

f  S  1.5 

whose  weight  is  w  or  --^  w,  will  be  Q'W+0)l  or  (o77^+^)*i» 

But  the  lateral  strength  of  the  first  beam  is  to  that  of  the 
second,  as  d^  to  o'  (art  346  Statics),  or  as  /'  to  l'  ;  and  the 
strengths  and  stresses  of  the  two  beams  must  be  in  the  same 
ratio,  to  answer  the  conditions  of  the  problem  ;  therefore  as 

(4fv+o)^ :  (|^3W-fu}L  : :  ^^  :  i»^ ;  this  analogy,  turned  into 

an  equation,  f^ves  l»—  ^^i-^/L*+-/*  u  ^  0,  a  cubic  equa* 

•  Ijoo  from  which  the  numeral  value  of  i.  may  be  easily  deter- 
mined, when  those  of  the  other  letters  are  known* 

CoroL  1.     When  u  vanishes,  the  equation  gives  l'  =s 

y.   ■  "/i>^,  or  L  «3— — ?/,  whence  w  i  w+2i*  5 :  / ;  l,  for  the 

tp  to 

length  of  the  beam,  which  will  but  just  support  its  own 
weight. 

CoroL  %  If  a  beam  just  only  support  its  own  weight, 
when  fixe^  at  one  end  >  then  a  beam  of  double  its  length, 
fixed  at  both  ends,  will  also  jusi  sustain  itself  <  or  if  the  on^ 
just  break,  the  other  will  do  the  same. 
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nOBLEM  36. 

Given  tht  Length  mkd  Weight  of  a  Cylinder  or  Pritm^ 
fixed  Horizoniatiy  at  m  the  f^egtdng  firablem^  and  a  weight 
which^  when  hung  at  a  given  fiointy  breaks  the  Pritm :  it 
U  required  to  determine  how  much  longer  the  Priem^  of  equeA 
Diameter  or  of  equal  Breadth  and  Deftth^  may  be  extended 
before  it  Breaks  either  by  ite  own  weighty  or  by  the  addition 
t^any  other  adventitiouo  weight* 

Let /denote  the  length  of  the  given  prism,  w  it8  weight, 
and  u  a  weight  attached  to  it  at  the  distance  d  from  the  fixed 
end  ;  also  let  l  denote  the  required  length  of  the  other  prism, 
and  u  the  weight  attached  to  it  at  the  disrance  d.  Now  the 
strain  occasioned  by  the  weight  of  the  first  beam  is  t«i/,  uA 
that  by  the  weight  u  at  the  distance  d^  is  d%t^  their  sum  \wl 
^  du  being  the  whole  strain*    In  tike  manner  iwL  +  nir  is 

the  strain  on  the  second  beam  ;  but  i  :  l  :  :  w  :  -^  as  w  the 

weigbt  of  this  beamt  theref.  ^  -f.  du  cs  its  strain*  But  the 
strength  of  the  beam,  which  is  just  suficient  to  resist  these 
strainsi  is  the  same  in  both  cases  ;  therefore  -^  +  du  s 
\wl  -f-  du^  and  hencci  by  reduction^  the  required  length 

L=:    VWX )• 

Coroi,  1 .  When  the  lengthened  beam  just  breaks  by  its 
own  weight,  then  u  ==  0  or  vanishes}  and  the  required  length 

becemes  t  «  V(/ X  "^—"y 

Coro/.  3.    Also  when  u  vanishes,  if  if  become  oal^then 

Lss  /•  '         "the  required  length. 


PBOBLRM  ST. 


Let  KB  be  a  beam  moveable  about  the  end  a^  eo  as  ia 
make  any  angle  »ac  with  the  plane  qf  the  horizon  ac  :  it  ia 
required  to  determine  the  fioeition  qf  a  proft  or  eufifiarter  x»s 
of  a  given  lengthy  which  ahait  ntotain  it  with  the  greatest  ease 
in  any  given  position  $  also  to  ascertain  the  angle  bag  when 
the  least  foret  which  can  sustain  ab^  is  greater  than  the  lease 
force  in  any  other  position. 

Let 
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Let  G  be  the  centre  of  gravity  of  the 
beam ;  and  draw  ^m  perp,  to  ab,  on  to 
Ac»  nm  to  otth  and  ath  to  os.  Put 
r  oi  AOy>k  op  DX,  w  ai  the  weight  of  the 
beam  ab,  and  An  »  x.  Then  by  the 
nature  of  the  parallelogram  of  forcesy 
on :  oiRy  or  by  aim.  triangles^  ao  aa  r  : 

Ansssx  I'  ^  z  -^»  the  force  which  acting 

at  o  in  the  direction  tnOf  is  sufficient  to  austain  the  beam  ; 

and  by  the  nature  of  the  lever,  a&  :  ao  a  r  ::  —  the  re* 

AO 

quliite  force  at  o  :  —  ^  the  force  capable  of  aupporHng  it  at  x 

in  a  direction  perp.  to  ab  or  parallel  to  mo ;  and  again  aa 

AV  :  AX  : :  ^  :  — ,  the  force  or  pressure  actually  sustained  by 

the  given  prop  l>x  in  a  direction  perp.  to  af.  And  this  latter 
force  will  manifestly  be  the  least  possible  when  the  perp  av 
upon  DB  is  the  greatest  possible,  whatever  the  angle  a  Ac  may 
be«  which  is  when  the  triangle  adx  is  isosceles,  or  has  the 
aide  AD  HI  AX,  by  an  obvious  eorot.  from  the  latter  pai^  of 
prob.  6,  Division  of  Surfaces,  vol.  1. 

Secondly,  for  a  solution  to  the  latter  part  of  the  problem^ 

we  have  to  find  when  —  is  a  maximum  ;  the  angles  o  and 

B  being  always  equal  to  each  other,  while  they  vary  in  mag- 
nitude by  the  change  In  the  position  of  ab.  Let  af  produced 
meet  on  in  h:  then,  in  the  similar  triangles  adf,  ah»,  it 

will  be  Av  :  An  ««  X  : :  DF  »  i/^  :  in,  hence  —  =■  p,  and 

conseq, —x  «r  ■■  ^^^  ^  *'^-  But,  by  theor,  83  Geom»  and 
comp,  £LO  +  An  tmr  +  x  :  An  ss9  x  :  :  on  ■»  y  (r*  — x*)  3 
Knae.^^(r*.jr<)saxV  ^"x"  •  cowcq'icnily  the  force 

--  X  O)  acting  on  the  prop»  is  also  truly  expressed  by 
iP 

r^V*^^^.  Then  the  fluxion  of  this  made  to  vanish  gives 
iP     r+x 

X  sas  y  ^  r  the  cos.  angle  bac  «=s  51^  50',  the  inclination 
required. 
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PBOBUBMdS. 

Suftfiote  the  Beam  ABf  instead  of  being  moveable  abom  thtr 
centre  a,  om  in  the  laet  problem,  to  be  sttfifiorted  in  a  givewM^ 
fiosition  by  means  of  the  given  prop  de  :  it  u  required  to 
determine  the  position  of  that  prop^  so  that  the  prtsmatte 
beam  ac,  on  which  it  stands^  may  be  the  least  Uable  to  breaks 
ingy  this  latter  beam  being  only  supported  at  its  /wo  eneU  A 
and  c. 

Put  tlie  base  ac  ta  d,  the  prop  db  «  p^ 
AG  s  r,  the  weight  of  ab  =  w,  •  and  c  the 
iine  and  coaine  of  Z-A)  x  «»  ain.  JL  b, 
y  »  Mn.  Z  Di  «nd  z  as  ab.    Then,  by 

trigOD.  z  ;  y  :  •  ^  s  »>  or  ^  es  -»  and 

*       r 

An  a  ^;  also  co  s  the  force  of  the  beam 

t 

at  o  in  direction  om.    Let  t  denote  the  force  sustaiiifaig  the 

beam  at  b  in  the  direction  bo  :  then»  because  action  and  re* 

,  action  are  equal  and  oppoute«  the  same  force  will  be  exerted 

at  D  in  the  direction  ns  :  therefore  ao  .  cfp  «■  izx,  and 

9  «  ^^^    Again,  the  vertical  atresa  at  b,  will  be  as  f  X  sine 

aatuUngl  for  its  equal  y~  X^  X  ^^  «  rew  X 
2lI3£f  c^  ^25?  X  (-  —  x)  S5=  a  minimum  by  the  pnAieoK 

Conaeq*    -  w  jr  is  aminimtim,  or  x  a  maximiim>  that  k, 

a:  »  ^  and  the  angle  e  is  a  right  angle.    Hence  the  point  x 
is  easily  found  by  this  proportion,  sin.  a  :  cos.  a  : :  bd  :  ba* 

PROBL£M  ao.  .     ' 

To  ea^lamihe  Disposition  of  the  Parts  qf  Machinee. 
When  several  pieces  of  timber,  iron,  or  any  other  materials, 
are  employed  in  a  machine  or  structure  of  any  kind,  all  the 
parts,  both  of  tlie  same  piece,  and  of  the  diflferem  pieces  id 
the  fabric,  ought  to  be  so  adjusted  with  respect  to  magnitude, 
that  the  strength  in  every  part  may  be,  as  near  as  possible,  in 
a  C9nstaot  proportion  to  the  stress  or  strain  to  which  Uiey 
UriU  be  subjected.  Thus,  in  the  «)nstructiott  of  any  engine, 
the  weight  and  pressure  on  every  part  should  be  invesUgated, 
and  the  strength  apponioned  accordingly.  All  levers,  for 
msunce,  slMuld  be  made  strongest  where  they  are  most 
atfMneckgFK  levers  of  the  first  kind,  at  the  fulcc^  ;  levers 
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of  the  decoiidkiodi  where  tfae  weight  acu  ;  i&d  theie  otthp 
third  kind*  where  the  power  1$  applied*  The  axles  of  wheels 
and  pullejra,  the  teeth  of  wheels,  also  ropes,  &c.  must  be  m^ 
stronger  or  weaker,  as  they  are  to  be  more  or  less  acted  on. 
The  strength  allotted  should  be  more  than  fully  competent 
to  the  stress  to  which  the  parts  can  ever  be  liable ;  but  with- 
out allowiag  the  sorplus  to  tye  extravagant  for  an  over  ex-» 
cess  of  strength  in  any  part,  instead  o^  being  serviceable! 
would  be  very  injnrious,  by  increasing  the. resistance  the  ma« 
chine  has  to  overcome,  and  thus  encumbering,  impe^g,  and 
even  preventing  the  requisite  motion }  while,  on  the  other 
hand,  a  defect  of  strength  in  any  part  will  cause  a  fidlure 
there,  and  either  render  the  whole  useless^  or  demand  very 
frequent  repairs. 

STo  astettain  the  Strength  of  Piiriotu  Suh§tanct$» 

The  oroportions  that  we  have  given  on  the  strength  and 
stress  of  materials,  however  true,  according  to  the  principles 
assumed,  are  of  little  or  no  use  in  practice,  till  the  compara* 
tive  fttrenjgth  of  different  substances  is  escertidned :  and  evea 
then  they  will  apply  more  or  less  accurately  to  different  sub^ 
stances^  Hitherto  they  haveheen  applied  almost  exclusively 
to  the  resisting  force  of  beams  of  timber ;  though .  probably 
no  materials  whatever  accord  less  with  tlje  theory  than  timber 
oi  M  kinds.  In  the  theory,  the  resisung  body  is  supposed 
to  be  perfectly  homogeneous,  or  composed  of  parallel  fibres^ 
equally  distributed  round  an  axis»  and  presenting  oniform  rfh 
aistance  to  rupture.  But  this  is  vtdt  the  ease  in  a  beam  oC 
timber  :  for,  by  tracing  the  process  of  vegeution,  it  is  readil)^ 
seen  that  the  ligneous  coats  of  a  tree,  formed  by  its  annual 
Cprowth  are  ^most  concentric  -,  being  like  so  many  hollow 
cylinders  thrust  into  each  other*  and  united  by  a  kind  of  me* 
duUary  subsunce,  which  offers  but  little  reristance  i  these 
hollow  cylinders  therefore  furnish  the  chief  strength  and 
resistance  to  the  force  which  lends  to  break  them* 

Now*  when  the  trunk  of  a  tree  is  squared,  in  order  Aat  1$ 
may  be  converted  into  a  beam*  it  is  plain  that  all  the  ligneous 
cylinders,  greater  than  the  oircls  inscribed  in  Ihs  square  or 
recungle,  which  is  the  transverse  section  oi  the  beam,  aiw 
euioffat  the  sides  ;  and  therefore  almost  the  whole  strength 
or  reststSBce  arises  from  the  oylindric  trunk  inscribed  ia  the 
solid  part  of  the  beam  ;  the  portioos  of  the  cylindric  costs* 
situatsd  towards,  the  angles,  adduig  but  little  companuiveiy 
to  the  strength  and  roMatance  of  the  beam.  Hence  it  follows 
that  we  catmot,  by  legitimate  comparison,  aecurately  dednce 

VoL.n.  Xxx  tl» 
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Uie  Btrenftk  o(  a  joistf  cut  from  a^  amttU  liM»  by 
on  aoother  which  has  been  aawa  from  a  much  larger  tree  cv 
block.  Aa  to  the  concentric  cylindera  above  mentioiicd,  they 
are'  evidcn* ly  not  all  of  equal  strength:  thoac  nearest  the 
centre,  being  the  oldest)  are  also  the  hardeat  and  atroiigeat; 
vhich  af^in  is  contrary  to  the  theory*  in  which  they  are  au^ 
posed  uniform  throughout  But  yet)  after  aU  howeter,  it  is 
still  found  that,  in  some  of  the  moat  important  prohkms,  tte 
resulu  of  the  theory  and  well-conducted  experiments  coio* 
cide,  even  with  regard  to  timber  :  thus,  for  example*  tfaeex* 
perlments  on  rectangular  beams  a£Fbrd  resulu  devtatisig  bat 
in  a  very  slight  degree  from  the  theorem*  that  the  strengdi 
IB  proporpoiuil  to  the  product  of  the  breadth  and  the  sqtiaio 
of  the  depth. 

Experiments  on  the  strength  of  different  kinds  of  wood» 
are  by  no  means  so  numerous  as  might  be  wished :  the  most 
useful  seem  to  be  those  made  by  Muschenbroekt  Bufbiit 
Emerson,  Parent,  Banks,  at»d  Girard.  But  it  will  be  at  aB 
time$  highly  advantageous  to  make  new  experiments  on  th» 
same  subject ;  a  labour  especially  reserved  for  engineers  whQ 
possess  ^ki)l  and  zeal  for  the  advancement  of  their  profisasiQii. 
It  has  been  found  by  experiments,  that  the  same  kind  of 
wood,  and  of  the  same  shape  and  dimeaaiooa,  will  bear  or 
break  with  very  difierent  weighu  :  that  one  piece  is  much 
stronger  than  another,  not  only  cut  out  of  the  same  tree,  but 
out  of  the  same  rod;  and  that  even,  if  a  fuece  of  m^  lengthy 
planed  equally  thick  throughout,  be  separated  into  three  or 
four  pieces  of  an  equal  length,  it  will  dEten  be  fooad  that 
these  pieces  require  difiTerent  weights  to  hresk  them-  Emer- 
son observes  that  wood  fi%m  the  boughs  and  biODchea  of  trees 
is  far  weaker  than  that  of  the  trunk  or  body  ;  the  wood  o£ 
the  large  limbs  stronger  than  that  of  the  smaUer  ones  i  and 
the  wood  in  the  heart  of  a  sound  tree  strongest  of  all  { though 
some  authors  differ  on  this  point.  It  Is  aUo  observed  that  a 
piece  of  timber  wtuch  has  borne  a  great  weight  for  a  short 
t^me,  has  broke  with  a  far  less  weight,  when  left  upon  it  for 
a  much  longer  time.  Wood  is  also  weaker  when  green,  and 
strongest  when  throughly  dried,  in  the  course  ci  two  or 
three  years*  at  least.  Wood  is  often  very  much  weskened  by 
knots  in  it ;  also  when  cross-grained,  as  oftefl  happens  ia 
sawing,  it  will  be  weakened  in  a  greater  or  less  degree,  00- 
cording  as  the  cut  runs  more  or  less  across  the  gmin.  From 
^1  which  it  follows,  that  a  considerable  allowance  onght  to  be 
made  for  the  various  strength  of  wood,  when  applied  to  say 
use  where  strength  and  durability  are  required. 

Iron  is  much  more  imiform  in  its  strength  than  wood.    Yet 
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MpiBrifiii^t9  iho^  that  there  h  some  diffbrence  ar!a!nfir  from 
different  kinds  of  ore  :  a  difTerence-  is  also  found  not  only  in 
iron  from  diflerent  furnaces,  but  from  the  same  fomacei  and 
4^eD  from  the  same  meititig  i  which  may  arise  in  a  greal 
Ineaanre  from  the  different  degrees  of  heat  it^has  when  poured 
Into  the  mould. 

Every  beam  or  bar,  whether  of  Wood,  iron,  or  stone,  ii 
inore  easily  broken  by  any  transverise  strain,  while  it  is  also 
ftufferlng  any  very  great  compression  endways  ;  so  much  sO 
Indeed  that  we  have  sometimes  seen  a  rod,  or  a  long  slender 
beam  when  used  as  a  prop  or  shoar,  urged  home  to  such  « 
degree,  that  it  has  burst  asunder  with  a  violent  spring.  Se-^ 
▼eral  experiments  have  been  made  on  this  kind  of  strain  :  a 
{liece  of  white  marble^  {  of  an  inch  square,  and  3  Uiches  \onzi 
bore  38lbs  ;  but  when  compressed  endways  with  300lbs»  it 
broke  with  Uilbs.  The  eflpect  is  much  more  observably 
In  timber,  and  more  elastic  bodies  ;  but  is  considerable  in  alL 
This  is  a  point  therefore  that  must  be  attended  to  in  all  ex^ 
periments ;  as  well  as  the  following,  vis;^  that  a  beam  sup*- 
ported  at  both  ends,  will  carry  almost  twice  as  much  when 
the  ends  beyond  the  props  are  kept  firom  rising,  as  when  the 
beams  rest  loosely  on  the  props. 

The  following  list  of  the  absolute  strength  of  several  ma^ 
teriats,  is  extracted  from  the  collection  made  by  protessor 
Robison,  froni  the  experiments  of  Muschenbroek  and  other 
•xperinientaiists.  The  specimens  are  supposed  to  be  prisms 
or  cylinders  of  one  square  inch  transverse  area,  which  are 
itretched  or  drawn  lengthways  by  suspended  weights,  gra- 
dually increased  till  the  bars  parted  or  were  torn  asunder  by; 
the  number  of  avoirdupois  pounds,  on  a  medium  of  inany 
trialsi  set  opposite  each  name. 

1st  Metals. 

lbs.  lbs. 

<3old,cast  •  .  •  32,000  Tin^cast  ;  •  .  •  5,000 
Silver,  cast  •  .  •  4^  000  Lead,  cast  •  .  •  «  860 
Copper,  cast  .    .    •'    344OOO    Regains  of  Antimony     1,000 

Iron,  cast  .     .    •     »    50,000    Zinc 3,600 

Iron,  bar  ...  .  70,000  Bismuth  •  .  •  •  .  3,900 
Steel,  bar       ...  135,000 

■  • 

It  is  very  remarkable  that  almost  all  the  metallie  mixture^ 
lire  more  tenacious  than  the  metals  themselves.  The  change  of 
tenacity  depends  much  on  the  proportion  of  the  ingredients  ; 
ttid  yet  the  proportion  which  produces  the  most  tenacious 
mi^tarei  is  different  in  the  different  metals.    The  proportion 
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itlagftHmm  hare  tebeted,  i&chit  which  prod«cM  the  gnfiai^ 

MtStlCDfth. 

lbs. 

Iba. 

t  parti  gold  ifnth  I 

BrassiO^copperaiid  tio  51/)00 

-   vhrar    •    •    •    • 

98,000 

3  liB,  1  lead      .      . 

tOiteo 

9  px%  gdd,  1  copper 

S0.0O0 

8  tio,  I  zinc      . 

]0,OOC| 

§  ttifon  I  eo{|wr   , 

48.500 

4  tiDi  1  regul.  aBtim« 

18/300 

4  silven  1  tin      •    • 

4i,000 

8  leady  1  sine  . 

4t50a 

6  copper^  1  tiii    •    . 

60/XX) 

4  da,  1  lead,  1  Kinc 

13,000 

These  numbers  are  of  considerable  use  m  the  arti 

u    The 

mixtures  of  copper  and  tin  are  particularly  intereaiing  in  the 
fiUiric  of  fir^'eat  guns.  By  imslng  oopper,  whose  greatest 
strength  does  not  exceed  37,800,  with  fin  which  does  not 
exceed  6000,  is  produced  a  metal  whose  tenacity  Is  aknost 
double,  at  the  same  time  that  it  is  harder  and  ntore  e&sily 
wrought :  it  is  however  more  fusible.  We  see  also  that  a 
Tery  smalt  ad<tition  of  sine  almost  doubles  the  tanacity  of 
tint  and  increases  tiie  tenacity  of  lead  S  times  }  and  a  small 
addition  of  load  doubles  the  tenacity  of  tih.  These  are  eco^ 
Bomicat  mixtures ;  and  afford  Taloable  information  to  plumb- 
ers for  augmenting  the  strength  of  water-pipes.  Also,  by 
having  recourse  to  these  tables,  the  engineer  can  proponioii 
tiie  thickness  of  his  pipes,  of  whatever  naeud)  to  the  presaurea 
they  sfo  to  suiTer,       ' 


Locust  tree 
Jiujeb     . 
Beech/>ah 

Orange  • 
Alder  . 
Elm       . 

^^ 

Ash 
Plum 
J^lder     . 
Pomegranale 
IienKm 


td.  Woons,  he. 

lbs.  lbs. 

20,100  Tamarind    ....  8,758 

18»56o  Fir 8,330. 

17,300  Walnut,     .     .     .    •  8,1 3q 

) 5,500  Pitch  pine       •    •    •  7,650 

13,900  Quipce        •     ,     •     •  6,75)8 

13,200  Cypresa       .    .    .    <  6.000 

.  I3i500  Poplar     .     •    ,     •     .  5«50O 

12,^00  Cedar     .    •    .    i    •  4*^80 

12^000  Ivory       •     ,    .     ^     .  16,270 

11,800  ^one       5,350 

10,000  Horn 8,750 

9,750  Whalebone.    .    .    ,  7,500 

9,250  Tooth pf sea-calf.    •  4,075 


IX  is  to  be  observed  that  these  numbers  express  aomethiiqp 
more  thai^  the  Dtmast  cohesion  ^  tl^e  weigbta  heii^g  such  as 
lytll  very  soon  perhaps  in  a  mioc^te  or  two,  tear  the  rods 
asunder,  (t  may  be  c^aid  in  geq^rsl,  that  |  ^  these  weigbta 
VUI  aensibljr  impair  .the  strength  after  acting  a  coasiderahto 
^hiloi  i^d  thi^  <0|^H^  ^  the  quonos^  H^  c^n  ^cemaitu  per? 

favmut^ 
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tMDCiidf  smpepded •(  ihe  rocis  wiili ttAif ;  and kh  tite 
last  altotmem  that  the  engiiieer  should  reckon  udod  in  lu« 
constroctions.  There  is  however  coosidenihle  difference  m 
this  respect :  woods^of  a  very  stndght  fibre,  such  asfir,  wiK 
be  less  imiNdred  by  eny  load  whidh  is  not  sufficient  to  brekk 
them  bnaiediately.  According  to  Mr#  Emerson^  the  load 
irhich  inay^  be  safety  suqwoded  to  an  inch  square  of  vaxioua 
saaterialsy  is  as  f611#«ni : 

lbs. 

76,400 

S5»60O 

19,600 

15,700 

7,850 
6,070 


Iron     .    •    j    •    « 
Brass   t    •    •    •    ^ 

Hempen  rope    •    ♦ 

Ivory 

Oak>  box,  yew,  plum 
Elm,  ash,  beech 
Wfthiuti plumb.    • 


5,360 


IbSk 
Red  fir,  hoDy,  elder, 

plane  .  •  •  • 
Cherry,  hazle  •  • 
Alder,  asp,  birch^ 

willow 4,3^ 

Freestone    •    •    •    •       914 
Lead       .    .    •    .    •       430 


5.00g 
4,760 


cwts« 
He  gives  also  the  praetical  rule,  that  Iron  •  «  ..»  135d* 
«  cylinder  whose  diameter  is  d  inches,  Good  rope  22d* 
loaded  to  i  of  its  absolute  strength*  Oak  •  •  •  •  14d^ 
will  carry  permanently  as  here  ah«  Fir.  ...  «  9d^ 
nexed. 

Experiments  on  the  transverse  strength  ofbodiesare  eaulf 
made,  and  accordingly  are  very  numerous,  especially  thoso 
made  on  timber,  being  the  most  common  and  the  most  in- 
teresting. The  compietest  series  we  have  seen  is  that  glvea 
by  Belidor,  in  his  Science  des  Ingenieurs,  and  is  exhibited  in 
the  following  table.  The  first  column  umply  indicates  the 
ndmber  of  the  experiments  i  the  column  d  shows  the  breadth 
of  the  (deces,  in  inches ;  the  colomn  d  contains  their  depths  ; 
the  column /shows  the  lengths;  and  column  /6«  shows  the 
weights  in  pounds  which  broke  them,  when  suspended  by 
their  middle  points,  being  tlie  medium  of  3  trials  of  each 
piece ;  the  accompanying  words,  Jixed  and  l909e  denoting 
whether  the  ends  were  firmly  fixed  down,  or  simply  by  loose 
4>u  the  supports* 


No. 

b 

d 

/ 

169. 

i 

1 

1 

18 

406     loose. 

3 

1 

1 

18 

608     fixed. 

3 

9 

i 

18 

805    loose. 

4 

I 

2 

18 

1580    loose. 

5 

1 

1 

36 

187    loose. 

6 

1 

I 

36 

S83    fixed. 

7 

« 

sr 

36 

1585    loose. 

8 

.}i^ 

-i^T 

36 

1660    loose. 

«* 
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mOMISCUOUS  EXERCISES. 


{»roponkmil  to  the  brea4tb. 

Experimenu  3  and  4  show  the  ttrength  to  be  » the  I 
multiplied  by  the  squtire  of  the  depth. 

Expenmeiits  1  end  S  shbw  the  strength  nearly  in  the  in* 
eene  leclo  of  the  lengths,  but  with  a  tenuble  deficieacy  in  the 
longer  pieces.  ^ 

Experiments  5  and  7  show  the  strength  to  be  propDmonal 
Id  the  breadth  and  the  square  of  the  dep^ 

Experiments  1  and  7  show  the  saiue  things  compoonded 
with  the  inverse  ratio  of  the  length  ;  the  deficiency  of  which 
U  not  so  remarkable  here. 

Experiments  1  and^,  and  experiments  5  and  6,  show  the  in* 
crease  of  strength,  l^  fastening  down  the  ends,  to  be  iu  the  pro* 
portion  of  2  to  3  ;  which  the  theory  states  as  2  to  4,  the 
difference  being  probably  owing  to  the  manner  of  fixing. 

Mr.  Buffbn  made  numerous  experiments,  both  on  small 
bars,  and  on  large  ones,  which  are  the  best.  The  foUowii^ 
Is  a  specimen  cSdne  set^  made  on  bars  of  sound  oaky  clear  ot 
kDots« 


Broke               | 

Length 

VSTcight 

with 

Bent 

Time- 

feet 

lbs 

lbs. 

inch. 

nun. 

7 

5  ^ 

I    56 

5350 

3-5 

39' 

5275 

45 

33 

8 

<;  ^8 

4600 

375 

15 

;  63 

4500 

47 

13 

9 

';  rr 

4100 

4  85 

14 

71 

3950 

5-5 

13 

10 

I   82 

3635 

5  83 

15 

3600 

6-5 

15 

12 

UOO 

3050 

7 

ir«8 

393^ 

8 

Cdumtt  1  shows  the  length  of  the  bar^  in  feet)  clear  be* 
tween  the  8upports.«-Xolumn  Sis  the  weight  of  the  bar  ki 
lbs,  the  2d  day  after  it  was  felled.^— Column  3  shows  the 
number  of  pounds  necessary  for  breaking  the  tree  ill  a  few 
iiiinutes.««.Col.  4  is  the  number  of  inches  it  bent  down  befsre 
breaking. — Col.  5  is  the  time  at  which  it  broke.*>^The  parts 
next  to  the  root  were  always  the  heaviest  and  strongest. 

The  following  experiments  on  other  rises  were  made  in  die 
same  way  ;  two  at  least  bf  each  length  being  taken,  and  the 
table  coilitaiHs  the  mean  rdsults.  The  bdams  were  all  squarec^ 
and  their  side$  Iq  inches  are  placed  at  tte  top  bf  the  cohwms, 

their 
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th«ir  l«Dgtl«  ta  fcet  beingiii  tlie  fint  ariwfin.    Th«  aumbera 
in  the  other  etdnnuw,  are  the  pounds  weight  which  broke  th« 


t 


, 

-v^ 

pr" 

j-""?^ 

7 

^  |i  >. 

7 

5312 

11525 

18950 

32200 

47649 

1 1525 

8 

4550 

9787 

15525 

26050 

39750 

10086 

9 

4'.i25 

8308 

13' 50 

22350 

32800 

8964 

10 

3612 

.7125 

n250 

19475 

27750 

8068 

13 

29«J7 

6075 

9100 

16175 

2:>450 

6723 

14 

5300 

7475 

13225 

19775 

5763 

16 

4350 

6362 

1 1 000 

16376 

5042 

18 

3700 

5562 

9245 

1 3200 

4482 

20 

3225 

4950 

8375 

11487 

4034 

U2 

2975 

3667 

24 

2162 

3362 

138 

1775  ] 

.  '   'i 

288 1 

Mr.  Buffon  had  found,  by  many  trials,  that  oak  timl^B 
lost  much  of  Its  atrength  in  the  course  of  seasoning  or  dryinir 
and  therefore,  to  scQurc  uniformity,  his  trees  were  all  felled 
In  the  same  seasop  of  the  year,  were  squared  the  day  after 
and  th^  experiments  tried  the  third  day.  Trying  tbem  in  this 
^een  sute  gave  him  an  opportunity  of  ob6ervif^^  a  very  cu- 
rios phenomenon.  When  the  weights  were  Ud  qnicklv 
cm,  nearly  sufficient  to  break  the  beam,  a  very  sensible  smoke 
was  observed  to  issue  from  the  two  ends  with  a  sharp  hissing 
sound  ;  which  continued  all  the  time  the  tree  waa  bendini 
and  cracking.  This  shows  the  great  effects  of  the  oompres- 
aion,  and  that  the  beam  is  strained  through  its  whole  lencrib. 
which  is  shown  also  by  its  bending  through  the  whoS 
length. 

Mr.  Buffon  considers  the  experiments  with  the  5-inch  bars 
as  the  standard  of  comparison,  having  both  extended  these  to 
greater  iengthSf  and  also  tried  more  pieces  of  each  length. 
Now,  the  theory  determines  the  relative  strength  of  bars,  of 
tbe  same  section,  to  be  inversely  as  their  lengths  t  but  most 
of  the  trials  show  a  great  deviation  from  this  rule,  probablv 
awing,  in  part  at  least,  to  tJie  wclghta  of  the  pieces  them- 
selves.  Thus,  the  54nch  bar  of  28  feet  long  should  hava 
half  the  strength  of  that  of  U  feet  or  2650,  whereas  it  is 
only  177S  ;  the  bar  of  14  feet  should  have  half  tht  strenffth 
of  that  of  7  &e^  or  5762,  but  is  only  5300 ;  and  so  of 
others.  The  cohimnA  is  added,  to  show  the  sireiigth  that 
each  of  tbe5'iiiBb  bars  ought  to  have  by  the  theory. 

Mr. 
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f  Mr.  B«lB%«iiiig«nkNiB  lectorer  on  msaoM  jkikam^tKfi 
huB  made  muDj  experiments  on  the  strength  of  o^  deal,  and 
iron.  He  found  that  the  worst  or  weakest  piece  of  diy  hesft 
^  oakf  I  inch  square,  and  1  foot  long,  hroke  with  4503lbs, 
and  the  strongest  piece  with  974tlbs :  the  worst  piece  of  deri 
bnte  with  464lb9,  and  the  best  with  ^Olbs.  A  tike  bar  of 
the  worst  kind  of  cast  iron  2190lbs.  Bars  of  iron  set  op  ia 
positions  oblique  to  the  horiaon,  showed  strengths  nearijr 
proponioniil  to  the  sines  of  elcTatien  of  the  pieces.  Equal 
bars  placed,  horizontallirt  on  supports  3  foot  distant,  bore  6]^ 
ewt ;  the  same  at  3^  Jeet  distance  broke  onlf  with  9  cwt-.-' 
An  arched  rib  of  39 j.  feet  span,  and  1 1  inches  high  in  the 
centre,  supported  99|  cwt  j  it  sunk  in  the  middle  SXinchesp 
and  rose  again  |  on  removing  the  load.  The  same  nb  tried 
without  abutmenu,  broke  with  55  cwt.— Another  lib,  a  seg* 
menc  of  a  circle,  39  J  feet  span,  and  3  feet  high  in  the  middle 
bore  100^  cwt,  and  sunk  Ir^in  the  middle.  The  same  rib 
without  abutments,  broke  with  64j>  cwt. 

Mr.  Banks  made  also  experiments  at  another  foundry,  oo 
like  bars  of  1  inch  square,  each  pird  in  length  weighing  9lba> 
the  props  at  3  feet  asunder. 

The  1st  bar  broke  with 963  lbs. 

The  3<l  ditto •    •    •    95S 

The  3d  ditto      .     •    • •     .     .    994 

Bar  made  from  the  cupola,  broke  with   •    .    .    864 
Bar  equally  thick  in  the  middle,  but  the  ends 
shaped  into  a  parabok,  and  weighed  e^llbs, 

broke  with B74 

From  these,  and  roai^  other  experiments,  Mr.  Banks  cooi^ 
eludes,  that  cast  iron  is  from  34  to  4{  times  stxonger  than 
oak  of  the  .same  dimensions^  and  from  5  to  6^  times  stronger 
than  deaL         * 

Some  ExamfUetfor  PraiHee^ 

The  theoiy,  as  has  been  before  mentioned,  is,  That  tfa» 
strength  of  a  bar,  or  the  weight  it  will  bear,  is  diraetlf  aa 
the  breadth  and  square  of  the  depth  difided  bf  the  length; 
So  that,  if  b  denote  the  breadth  of  a  bar,  4  the  depth,  I  tbd 
length,  and  w  the  woight  it  wiU  bear  ;  and  the  capitals  a,  »y 
L^  w  denote  the  Uke  quantities  in  another  bar ;  then,  by  tho 

bd^  an* 

rule  -J-  •  w  :  ---j--  :  w,  which  gim  this  general  equation 

^ofSLW«»Bn'/«,  from  which  wf.  one  of  tbe  letters  is  easBy 
found  when  the  rest  are  given. 

Now,  if  w*e  take,  for  a  standard  of  comparisen,  this  expe- 
-riraent  of  Alr.Bank^  that  a  bar  of  oak  an  inch  square  4Hidn 
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Soot  in  len^b)  \yv^  on  «  prop  at  each  end^  ancUu  Mrom^li/ ' 
or  the  utmost  weight  it  can  bear,  on  its  middle,.  660lba :  here 
^  >B  1, 1^  »  I,  /  =s  i )  w  s  660 ;  theae  alibstituted  in  the  above 
^qqation,  A  becomes  lw  •-  660bi>*,  from  whiciiany  oneof 
,thc  four  quantities  l,  w,  d,  Dj  may  be  found,  when  the  other 
three  are  given,  when  the  calcuiauon  respeQt^  oak  limber* 
But  for  iir  the  liiie  rule  will  be  lw  =  400bo»,  and  for.  iron 
X.W  =s  2640BD*. 

Exam.  1.  Required  the  utmost  strength  of  an  oak  beam> 
of  6  inches  square  and  3  feet  long,  supported  at  each  end,  or 
the  weight  to  break  it  in  the  middle  ? 

660BDa 

Here  are  given  b  =  6,  n  =3  6yis  ssb  8,  to  find  w  ««  — - — 

^660x6x36_  g^Q^  ^  ^^  ^  jyg20  lbs. 

Exam.  2.  Required  the  depth  of  an  oak  beam,  of  the 
same  length  and  strength  as  above,  but  only  3  inches  breadth  1 

Here*  as  3 :  6  : :  36  :  d*  =  72,  theref.  n  «  -/  72  c=  8  48S 
the  depth. 

This  last  beam,  though  as  strong  as  the  former,  is  but  little 
more  than  f  of  its  size  or  quantity.  And  thus,  by  txraking 
joists  thinner,  a  great  part  of  the  expehce  is  saved,  as  in  the 
modern  style  of  flooring,  Sec. 

Exam.  3.  To  determine  the  utmost  strength  of  a  deal 
joist  of  2  inches  thick  and  8  inches  deep,  the  bearing  05 
breadth  of  the  room  being    12   fcet^—Here  b  =  2,d  :»  S, 

.    ;  410XBXD* 

Xp  =  12  ;  then  the  rule  lw  =«=  440bd«  gives  w  =--^-7; "^ 

440X2X64^440X32  ^ 

12        .  3 

Exam.  4.  Required  the  depth  of  a  bar  of  iron  2  inches 
broad  and  8  feet  long,  to  sustain  a  load  of  20,000lbs  ?— Here 
H  SB  2,  L  =  8,  and  w  «  20,000,  to  find   o  from  the  equation 

LW         8X20000     1000  ^^  ^ 

X.WC.  2640Bn%  VIZ.  ^z=._— ^^^^j^=_=:=   30.3, 

«nd  D  o  ^  30*3  ra  5|  inches  the  depth. 

Exam.  5.  To  find  the  length  of  a  bar  of  oaky  an  inch 
square,  so  that  when  supported  at  both  c^s  it  may  just  brcalk 
byits  own  weighs ?-* Here  according  to 'the  notation, and 
oalculation  in  prob.  36,  /  «  I,  w  «  |of.a  lb,  tiie  weight  of 

I  foot  in  lengtbi  and  u  «  660lbs.    Then  l  «=;/  '"^'^  ** 

4/3301  ta  57-45  feet,  nearly. 

Exam.  6,  To  find  the  length  of  an  iron  bar  an  inch  square, 
that  it  may  break  by  its  own  weight,  when  it  is  supported  at 
both  ends.— Here  as  before  /  -a  1,  «  «  3Ibs  nearly  the 

Vol.  U.  Yyy  weight 
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^640.    Therefert  x. 


weight  of  I  foot  in  leflgth,  also  i* 
I  ^  !!+i!f «  41-97  feet  nearly. 

JsTotc.  It  might  perhaps  have  hcen  supposed  thai  this  last 
result  should  exceed  the  preceding  ones  but  U  muse  be  con- 
sided  (bat  while  iron  is  only  about  4  tiaiea  siroDger  thaa 
oak,  it  is  at  least  8  times  heavier. 

Exam,  7,  When  a  weight  w  is  suspended  from  k  oa  the 
arm  of  a  crane  abcdb,  it  is  required  to  find  the  prcasuieaf 
the  end  n  of  the  spurt  snd  that  s^  n  against  the  upnght 
post  ac. 

Here,  by  the  nature  of  the  Icver^w  » 
'   *  en 

the  pressure  at  d  in  the  vertical  direction 

nv :  but  this  pressure  in  df  is  to  that  in  nn 

CC  eE.SB 

as  nt  to  nB,viz.  df  :  ob:  ;-  w  :  jj^ir 
the  pressure  in  db  ;  and  agaiU)  db  :  fb  or 

CE.DB 


CD  ; 


W  ' 


"  w  the  pressure 


DF.CD  DV 

against  n  in  direcuon  fb. 
Thus,  for  example,  if  cb 

BD  ca  10,  and  w  8s  S  tons  :  then 


I  16  feet,  Be  s  6i,  CD  =  S, 
ex  .  BD         16 .  10 


6.8 


BC  .CD 

tonsj  for  the  pressure  on  the  spur  db. 

3  «s  8  tons,  the  force  tending  to  brealc  the  bar  ac  at  b< 


X  3  =  10  • 


^ ,       CB  16 

Also — w=-^ 

CD  6 


PROBLEM  41. 

7\>  determine  the  circumstances  qf  Sfiaec,  Fenetraticn^ 
Velocity^  and  Time^  aruing  from  a  Bail  moving  mth  a 
Given  Velocity^  and  Striking  a  moveable  Block  of  Wood,  or 
other  substance. 


Let  the  ball  movfe  in  the  direction  ae  passing  through  the 

centre  oi  gravity  of  the  block  b,  impinging'  on  the  point  c » 

and  when  the  block  has  moved  through  the  space  cd  ia 

consequence  of  the  blow,  let  the  bail  have  penetrated  to  the 

depth  D£. 

Let  B  «a  the  mass  or  matter  in  the  block, 

h  K  the  same  in  the  ball, 

«  fis  CD  the  space  moved  by  the  block? 


X  = 
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X  sa  DB  tbe  peneiraUoQ  ol  tbe  MU  and  tberef. 
^  ^  jr  »  CB  the  space  described  by  tbe  baUy 
a  SB  the  first  velocity  of  the  ball, 
vasctlie  velocity  of  the  ball  at  s^ 
t»  B>  velocity  of  the  block  at  the  same  instant, 
t  99  tbe  ume  of  penetration,  or  of  the  motion, 
r  =  the  resisting  force  of  the  wood. 

Then  shall  -  be  the  accelerating  force  of  the  block, 
and  -  the  retarding  force  of  the  ball. 

o 

Now  because  the  momentum  bu>  communicated  to  the 
block  in  the  time  i,  is  that  which  is  lost  by  the  ball,  nani^ely. 
•-  biy  therefore  »i  =  —  *ij  and  nu  =5  ^  bv.  But  when 
Tf  =  a,  u  a  0  ;  therefore,  by  correcting,  bu  =  *(a-v);  or 
the  momentum  of  the  block  is  every  where  equal  to  the  mo- 
mentum lost  by  the  balL  And  when  the  ball  has  penetrated 
to  the  utmost  depth,  or  when  w  »  v,  this  becomes  bu  =»  A 
(a  ^  u»)  or  a6  i=s  (b  +  ^)tt;  that  Is,  the  momentum  before 
the  stroke,  is  equal  to  the  momentum  afker  it.  And  the  ve- 
locity communicated  will  be  the  same,  whatever  be  the  re- 
sisting force  of  the  block,  the  weight  being  the  same. 

Again,  (by  prob.  6,  Forces),  it  is  «»  «  -^i.,jmd~ 
^1  ssiS^  y^  (»  +  ^)j  or  rather,  by  correction,  a«-:.Tf»  =& 
t^  (ff  +  x).  Hence  the  penetration  or  x  _,i(£Ll|Jnfe* 
And  when  v  «=  «,  by  subsututing  u  for  v,  and  bu«  for  4^r*, 


the  greatest  penetration  becomes  .  ^;  -■ 

by  writiQg  ab  for  its  value  (b  +  6>,  gives  the  greatest  pene 

tration  x  =  rrr-rT>==  4ir  ^  ^       bTP 


and  this  again 

greatest  pene* 

_  ,        ,  ,  ^  ^,     Which  is  barely 

equal  to  ^  when  the  block  is  fixed,  or  infinitely  great  $  and 

*^  ba* 

is  always  very  nearly  equal  to  the  samt—   when  b  is  very 

great  in  respect  of  b. 


Hence  s  +Xi 


^  ;; — 

'b::xi» 


And  thcrcf  b  +  6  :  b  +  26  : :  a?  •  «  +  x,  or  b  +  d  ; 

-  bx  _^     BA^a* 

Rxam.    When  the  ball    is  ironj  and  weighs  I  pound,  it 

penetrates 
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penetrates  elm  about  13  inchc§  when  it  moves  with  a  vtlor 
city  of  1500  feet  per  second,  in  which  case, 

T"^       4X16, iXH        1^^X13  »»««'J 

When  B  =  5001b,  and  A  =  1  ;  then  tt  =:  Jlf^^^Soi 
feet  neatly  per  second^  the  velocity  of  the  block. 
Also.=^- '-^^^ --i-^,partofafoal,ar^ 

Also  «  —  4^      4  X  16  ,^  X  32284.     461^  *^  ^ 

of  en  inch,  which  is  the  space  moved  by  the  block  whcai  the 
ball  has  completed  its  penetration. 

Ai^d  t  =  :^  -3^i^^3  -  4  part  of  a  second,  or 
,-  2^+2^    ^^^r^^   ^  'J±L3.J2i..  JL  part  of  a  st- 

'—        t»      "^      1500  t>. 231. 1500       69!2    *^ 

cond,  the  time  of  penetration. 

PROBLEM  42. 
To  find  the    Felociiy  and  Time  of  a  Heavy  Body  defend" 
ing  down   the  Arc    of  a   Circle^  or  -vibrating  in  the  Arc  by  a 
Line  fixed  in  the  Centre » 

Let  D  be  the  beginning  of  the  descent, 
c  the  centre,  and  a  the  lowest  point  of  the 
circle  i  draw  dk  and  pq  perpendicular  to 
AC  Then  the  velocity  in  p  bemg  the  same 
as  in  Q  by  falling  through  Bq,  it  will  be 
V  =2v'(^  X  Eq)=8v^  (a^j;),whena=AK, 
^  =  Aq. 

But  the  flux,  of  the  time  i  is  s»  ^^^  ,  and  ap  =  "^T^j^Hx^ 

where  rmthc  radius  ac.  Theref.  l  ='-s  X-tt;; 1.-     .,„  -%' 

where  d  «=»  2r  the  diameter. 

by  developing  V  (*  — 7)  in  a  series. 

But  the  fluent  of    ,   * — ^  .is  -  X  arc  to  radius  la  aa4 
v'v^'*' — ^  )     a 

vers.  X,  or  it  is  the  arc  whose  rad,  is  1  and  vera.  —  ?  which 

a 

call  a.     And  let  the  6uents  of  the  succeeding  terms,  witJ»^' 
the  coefficients,  be,  p,  c,  n,  e,  &c.  Then  will  the  fluxiopoT^ny 

POO 
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«fne,as  4.>  at  n  ffistMice  froig  a,  be  ^^b  x"  a  »  « }  i  which 
tupposealso  =  the  flux,  of  *p— rfa:"-»  V  («*-•*;*)  ei  4*  — 

d(n  -  I)i«-V  («*-*»)-rfi*-»  X  J;^^,^  =:    6i  ^ 
Hence,  bf  equating  the  coefficients  of  the  like  terms, 

^■*T-^"""^^''"*^=" — 2ir^ ^-- 

Which  being  substituted,  the  fluential  terms   become^  x 

^""  ^   ""aj*  2  "*  2-4^  i  * 

^-j-g^  ^-^ '  -  &c>     Or    the    same    fluents 

lyill  be  found  by  art.  80  Fluxions. 

But  when,  a?  sa  a,  those  terms  become  barely  '  ^^X 
,-      ■  l*a       12.3««         l».3».5«a3  . 

^""  ^  '^  ^d ""  2r^5» ""  2«4«.6«J* ""  *'^>'  ^*^^  ^«*^e 

subtracted,  and  x  taken  =  0,  there  arises  for  the  whole- 
time  of  descending  down  da,  or  the  corrected  value  of  f  ts 
S'lU6^d  ,   1««    .    1^3«a«         l«.3M»o3 

16        ^  V^+  2*^/  "^  2sM?5»'  ■*■  2».4«.6trf3  +  ^^> 
When  the  arc  is  small,  as  in  the  vibration  of  the  pendu- 
lum of  a  clock,  all  the  terms  of  the  series  may  be  omitted 
after  the  second,  and  then  the  time  of  a  semi-vibration  t  is 
nearly  ta  51^2?^ I  x(l  +|^).      And  therei.    the  times  of 

vibration  of  a  pendulum^  in  different  arcs,  are  as  8r  -f-  a*  or  8' 
times  the  radius  added  to  the  versed  sine  of  the  arc. 

If  D  be  the  degrees  of  the  pendulum's  vibration,  on  each 
side  of  the  lowest  point  of  the  small  arc,  the  radius  being  r, 
the  diameter  d,  and  3*1416  »/%;  then  is  the  length  of  that 

arc  A  est  i^'*  5^-  ^^  ^^^  versed  sine  in  terms  of  the 
arc  isa  =  — -~+  &c.  ^  7.-    +     &c.      Therefore, 

V  S"""  IrfT  +  ^^-  =-  360^  "•3-^3604+  ^^'  ^'  "^^y^Sm 
the  first  term,  by  rejecting  all  the  rest  of  the  terms  on  ac« 

CAunt  of  their  smallness,  or  2-  «*  f-  nearly  ss:  -5 — .    Xhis 
^       d         2r  '         13131       * 

yalue  then  being  substituted  for  -^or  ^  in    the    last    near 

l*^f?Y)8         f  '  Tift 

value  of  the  lime,  it  becomes  t  »  — -—  y'  -  x  (l  +  ~-\ 

aearty. 
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nearlf*  And  therefore  the  times  of  Tibradoa  in  (fifiTerent 
small  ftrcsi  are  as  SS524  +  d',  or  as  53534  added  to  the  square 
of  the  Dumber  of  degrees  in  the  arc* 

Hence  it  foUovs  that  the  time  lost  in  each  second,  by  ti* 

faritmg  in  a  circle,  instead  of  the  cy^cloid,  is     °  ■     ;  and  coaf- 

aequently  the  time  lost  in  a  whole  day  of  34  hours,  or  S4  x 
60  X  60  secoods.  Is  ^d^  nearly.  In  like  manner,  the  secondg 
lost  per  day  by  vibrating^  in  the  arc  of  A  degnees,  is  4  /i*. 
Therefore,  if  the  pendulum  keep  true  time  in  one  of  these 
arcs,  the  seconds  lost  or  gained  per  day,  by  vibrating  in  the 
other,  ^ill  be  f  (d>  —  A  ')•  So,  for  example,  if  a  pendulum 
measure  true  time  in  an  arc  of  3  degrees,  it  will  lose  1 1^  se« 
conds  a  day  by  vibrating  4  degrees ;  and  36|  seconds  a  day 
by  vibrating  5  degrees  ;  and  so  on. 

And  in  like  manner,  we  might  proceed  for  any  other  curvey 
as  the  ellipse,  hyperbola,  parabola,  &c. 

Scholium.  By  comparing  this  with  the  results  of  the  pro- 
blems 13  and  14,  Prac.  Ex.  on  Forces,  it  will  appear  that  the 
times  in  the  cycloid,  and  in  the  arc  of  a  circle,  and  in  any  chord 
of  the  circle,  arc  respectively  as  the  three  quantities. 

],  1  J.  .^  Arc  and  ■ 
^      ^  8r  -7854 

or  nearly  as  the  three  quantities  1»  1  +  |-}  1*37334 ;  the  first 

or 
and  last  being  constant,  but  the  middle  one,  or  the  time  in  the 
circle,  varying  with  the  esuent  of  the  arc  of  vibration.  Also 
.  the  time  in  the  cycloid  is  the  least,  but  in  the  chord  the 
greatest ;  for  the  greatest  valoe  oi  the  series*  in  this  prob. 
when  4z  sss  r,  on  the  arc  ad  is  a  quadrant,  is  1*18014  ;  and  in 
that  case  the  proportion  of  the  three  times  is  as  the  number^ 
1,  M80I4,  1*27334.  Moreover  the  time  in  the  circle  ap- 
proaches to  that  in  the  cycloid,  as  the  are  decreases,  and  they 
are  very  nearly  equal  when  that  arc  is  very  small. 

PROBUeM  43. 

Tojind  the  time  and  Velocity  qfa  Chain^  constating  of  very 
email  linksy  descending  from  a  smooth  horizontal  Jilane  s  ^he 
Chain  being  100  inches  iong^  undone  inch  of  it  hanging  off  the 
Plane  at  the  commencement  of  Motion, 

Put  a  am  \  inch,  the  length  at  the  beginning  ; 

/  es  100  the  whole  length  of  the  chain  ; 

X  ea  any  variable  length  of  the  plane. 
Then  x  is  the  motive  force  to  move  the  body, 

X 

and  y  =:/  the  accelerative  force. 

Hence 
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Hence  vi  «  ^gfi  =« 
,  The  fluenU  give  v* 


2^  X  -  X  J? 


— r 

But  ^  o 

theref*  by  carrection,  v*  «=  2|grX  — j— ^d  v=*^(3^X^^^^^^^) 

tbe  velocior-for  any  length  a%     And  when  the  chain  jnsc 
quits  the  planei  x  oe  i,  and  then  the  greatest  YclocHy  ^ 


Oy  when  X  as  o. 


196*45903  inches,  or  16*371585  feet|  per  second 


100 


/ 


^2^^V(f» 


the  correct  fluent  of 


*   Aedn  /  or  — 

which  is  r  as  v"  ^  >c  log.  "^^  ^"  ^^  ^    the 

length  X.    And  when  x  u  ^  s  100|  it  is  r  =  v^  ^  X  log* 

386  ^ 

2*69676  secondsi  the  time  when  the  last  of  the 


time  for  any 
too 


lOQ'fv/9999 

Cham  just  quits  the  plane^ 

PROBLEM  4i. 

Tb  find  the  TLme  and  VelocUy  of  a  Chainy  of  very  ^mdU 
i»ink9f  qid^Hnga  Pidley^  by  panti^fretly  ever  U  :  tie  rokolc 
JLcngth  being^  200  Inches^  and  the  one  End  hanging  3  Inchcjt 
below  the  other  at  the  Beginning, 

Put  a  cs  2,  /  =  200,  and  :r  a  bd  any  variable  A 

difference  of  the  two  parts  ab,  ac.    Then  '^ 

y,  and  t»i  or  25/;  «  2^  .  7  .  I  i  ^  £fi. 


I 

Hence  the  correct  fluent  is  v^  sa  g  y^  — —  ,  and 


reloc. 


af*— a*. 


-)»  the  general  expression  for  the 


■D 
B 


ly  or  when  c  arrives  at  A|  it 


A 


200 
196-45902 


And  when  xsx 
ist,«V(^x^Y 

\    \     ^  ^        100    ^       ^  100 

inches,  or  16*371585  feet  for  the  greatest  velocity 

when  the  chain  just  quits  the  pulley. 

Again,  i  or  -  ■»  is=  •  -~  X  -77- ^ — y.-.      And  the  cor- 

rect  fluent  is  r  =  J  L  x  log.'^'^^^^''^"'^   the  general 
expression  for  the  Ume.    And  when  x  »/,  it  becomes/  « 


Digitized  by 


Google 


53d  PROMISCUOUS  EXERCISES. 

^1  X  iog/±^t^*>=  •  ^  X  log.  ?22±v:f21rai)« 

100           ,        lOO+v'9999         ^^«^^^  J      .,. 

^-TTT-    X  lor- ^ =  2.69676  seconds,  the  whole 

time  when  the  chafai  justs  quits  the  pulley. 

So  that  the  velocity  and  Ume  at  quitting  the  puUey  in  this 
prob.  and  the  plane  in  the  last  prob.  are  the  same ;  the  d» 
tance  descended  99  being  the  aaine  in  both.  For  though 
the  weight  /  moved  in  this  latter  case,  be  double  of  what  it 
was  in  the  former,  the  moving  force  x  is  also  double,  because 
here  the  one  end  of  the  chain  shortens  as  much  as  the  other 
end  lengthens,  so  that  the  space  descended  ^  Is  doubledi 

and  becomes  jr  ;  snd  hence  the  accelerative  force^  of  y  is 

the  same  in  both  ;  and  of  course  the  velocity  ond  time  the 
same  for  the  same  distance  descended. 

FBOBLEM  45. 

To  Jind  the  Mtmber  <^  Vibrations  mnde.by  two  Weighti^ 
connected  by  a  very  fine  Thready  flashing  freely  over  a  Tuck 
or  a  Pulley^  vMe  the  lese  Weight  ia  drawn  ufi  to  it  by  the  De- 
$cent  of  the  heavier  Weight  at  the  other  End. 

Suppose  the  motion  to  commence  at  equal  dis-         . 
tances  below  the  pulley  at  b  ;  and  that  the  weightsarc        A^ 
1  and  3  pounds.  iZ> ' 

Put  a  as  AB,  half  the  length  of  the  thread  ;  ' 

b  cs  39|  inc.  or  3^  feet,  the  second's  pcnd- 
X  ss  Bw  =  Bw,  any  space  passed  over  ;  «4 

z  oi  the  number  of  vibrations. 


w— •!(; 


Then  —r—-— /=  ^  is  the  accelerating  force-       n^^. 

And  hence  t;  or  ^  4gfi  a  ^  4£fx,  and  r'  or  *  =  — ^-— ^ 

But  by  the  natufe  of  pendulums,  V  (^±^)  -s/  b:il  vibr.  : 

V'-qr—  ^^  vibrations  per  second  made  by   either  weight, 

namely,  the  longer  or  shorter,  according  as  the  upper  or 
under  sign  is  used,  if  the  threads  were  to  continue  of  that 
length  for  1  second.    Hence,  then,  as 


v^.:xr:i  «;• -r-«^/ir>x 


tlie  fiuxion  of  the  number  of  vibrations. 


Now  when  the  upper  sign  +   takes  place,  the  fluent  is 


and 
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And  when  x  as  a,  the  same  then  becomes  z  »  v^  —  x  log* 

i  +  V  2«.  t/  J  X  log-  1  +  V  2«v^^  X  log.  l  +  ^2zs: 

-6885  M ,  the  whole  number  of  Tibrations  made  by  the  descend^ 
ing  weight. 
,  But  when  the  lower  sign,  or  —  >  takes  place,  the  fiueht  is 

V  T->  X  arc  to  rad.  1  tod  versL  — .    Which,  when  x  st  €u 

gives  \n^K^  8.1416  X    V  ^^^=  ?i^  XV  '^* 
^  ■      ^  Sf  4X193  2  ^193 

1-227091,  the  whole  number  of  vibrations  made  by  the  lesser 
<n  ascending  weight. 

Sch^L    It  is  evident  that  the  whole  number  of  vibrations, . 
in  each  case,  is  the  same^  whatever  the  length  of  the  thread 
is.     And  tbat  the  greater  number  is  to  the  less,  as  1-5708  to 
the  hyp.  log.  of  1  +  V^  3. 

Farther,  the  number  of  vibrations  performed  in  the  same 
time  /,  by  an  invariable  pendulum,  constantly  of  the  same 

length  a,  is  v'  -r  =*  'T'^l  190.  For,  the  time  of  descending 
the  space  a,  or  the  fluent  of  i  =  *  ■,  when  ^  =  a,  is  r  ka 
l/  — .  And;  by  the  nature  of  pendulums,  v'  «  •  \/  * : ; 
1  vibr. :  V  -  the  number  of  vibrations  performed  in  1  se- 
cond ;  hence  1"  :  / » :  y  - :  ^  V  -  =  V-x»  the  constant  num- 
ber of  vibrations: 

So  that  the  three  numbers  of  vibrations,  namely,  of  tke 
ascending,  consunt,  and  descending  pendulums,  are  propor« 
tional  to  the  numbers  1-5708,  I,  and  hyp.  log,  1  +  v' 2,  or  as 
1-5708,  1,  and  -88137 ;  whatever  be  the  length  of  the  thread. 

BEAIAIUS. 

The  solution  here  given  by  Dr.  Button  to  this  45th  prq- 
biem,  is  erroneous  ;  one  of  his  errors  in  the  solution  cotinists 
in  his  not  attending  to  the  difference  of  t^i\sion  in  the  pendu- 
lum as  it  ascend:),  descends,  or  continues^  of  an  invariable 
leagth ;  his  method  will  give  vibrations  to  the  descending 
pendulum,  even  when  the  tension  is  infinitely  small  or  noth- 
ing. A  true  investigation  of  the  problem  affords  several  cu- 
rious results ;  but  in  Mpmg  caaei  we  are  led  to  very  tedious 
computations. 

V^L.  II.  Z  » z  PWBUSMi 
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PROBLBM  4<k 

To  deUrminc  the  Circumstances  of  the  Accent  and  DeUeni 
qf  tvfo  unequal  U'cighta^  stis/iended  at  the  two  £nd9  of  a 
Thr'ead  fiaMing  over  a  Pulley  :  the  Weight  of  the  Thread 
and  of  the  FUliey  being  considered  in  the  Solution* 

Let  i  ^  the  whole  length  of  the  thread 
a  es  the  weight  of  the  same  ; 
6  835  Afv  the  dif  of  lengths  at  first ; 
d  CSS  w^«9  the  dif.  of  the  two  weights ; 
f  CSS  a  weight  applied  to  the  drcumference, 
siich  as  to  be  equal  to  its  whole  wt.  sni 
friction  reduced  to  the  circumference ; 
s  «3Es  w+vj+a+c  the  sum  of  the  weights  moved* 

Then  the  weight  of  6  is  yiand  rf  —  y  is  the.  moviag  force 

at  first.  But  if  x  denote  any  variable  space  descended  bj  w, 
or  ascended  by  v)y  the  difference  of  the  lengths  of  the  thread 
will  be  altered  3j:  ;  so  that  the  difference  will  then  be  ^-*3j?, 

t»d  its  weight   "*      a;  conseq.  the  motive  force  there  wiD  be 

d  -  t^  «  «  £|^a*+2«  ^^  ^^^^  £-^  ^^^  ^, 

celcrating  force  there.    Hence  then  vi  »  2gfx  =*  a^i  X 
J —  ;  the  fluents  of  which  give  v»  "^  ^jp  x  —    ,^^ 

or  i;=2  ^  ^  X  \^  {ex+x^)  the  general  expression  for  the" 

velocity,  putting  e  ta  — ^^ — .  And  when  x  es  6,  or  w  becomes 
as  far  below  t9  as  it  was  above  it  at  the  beginning,  ii  is  barely 
V  sac  2  v^  ^1£  for  the  velocity  at  that  time.  Also,  when  a, 
the  weight  of  the  thready  is  nothing,  the  velocity  is  only 
2v^  *f,a8itought. 

Again,  for  the  time  /  or  -  «  j  y  ~  x  — ,*  -^  ;  ^c 
fluehts  of  which  give  r  «  V  -  X  log.  ^^•*"^(''+^^   the  ge- 

ag  ^e 

neral  expression  for  the  time  of  descending  any  space  x. 

And  it  the  racjicals  be  expanded  in  a  scries,  and  the  log. 
of  it  be  taken,  the  same  time  will  become 

Whicli  therefore  becomes  barely  */  ~  when  a^  the  weight 

og 
of  the  thread,  is  nothing ;  as  it  ought.  -  PJ10BL£M 
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PROBLEM  47. 

To  find  the  Velocity  andTime  of  Vibration  of  a  emaU  Weighty 
fixed  to  the  middle  qfa  Line^  or  fine  Thread  void  of  Gravity j 
and  9tretched  by  a  given  Tension  ;  the  extent  of  the  Vibration 
Mng  very  amalL 


B 

Let  /  »  AC  half  the  length  of  the  tfafead  ; 
a  aa  CD  the  extent  of  tne  vibi*ation  ; 
;r  sss  CE  any  variable  distance  from  c  ; 
vf  rs  wt.  of  the  small  body  fixed  to  the  middle  ;  g 

'  w  sa  a  wt.  which  hoog   at  each  end  of  the    thread, 
will  be  equal  to  the  constant  tension  at  each  end» 
acting  in  the  direction  of  the  thread. 
Now,  by  the  nature  of  fbrces,  ae  :  ce  :  :  w  the  force  in 
direction  ea  :  the  force  in  direction  so.     Or,  because  ac  is 
nearly  sa  ae,  the  vibration  being  very  smaU,  taking  ac  in- 
stead of  ae,  it  is  AC :  cs  : :  w  :  ^  the  force  in  ec  anisiog 
from  the  tension  in  ea.    Which  will  be  also  the  same  for 
that  in  eb.    Therefore  the  sum  is  — p  =s  the  whole  motire 
force  in  sc  arising  from  the  tensions  on  both  sides.    Conse* 
quently  — —  ess   /*  the  accelerative  force  there.    Hence  the 

equation  of  the  fluxions  vi  or  igfs  xss'—^^  ;  and  the  flus. 

V*  zsi--  ^S^^.  But  when  x«a,  this  is  —  Jl^,  and  should 

be  si=  0 ;  iheret  the  correct  fluents  arc  v*  »  4gvf  x  — r: — > 

and  hence  v  «  ^  {4gw  X  "^  ^^*)  the  velocity  of  the  little 

body  w  at  any  point  s.    And  when  a?  ss  0,  it  is  v  =*  3a  V'  ^^— 

Cor  the  greatest  velocity  at  the  point  c. 

Now  if  we  suppose  w  =  I  grain,  w  =  5lb  troy,  or  28800 
grains,  and  2/  =  ab  »  3  feet ;  the  velocity  at  c  becomes 

,  V^^^i^^'-^^i-imfr.  So  that 

if  fl  sss  ^  inc.  the  greatest  vcloc.  Is  9^  ft.  per  sec. 
if^  B=s  1  inc.  the  greatest  vcloc.  is  92  JJ  ft.  per  sec. 
if  <i  39  6  inc.  the  greatest  veloc.  is^,555^  ft  per  sec.     To 
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Tofindthctimc /,it  isi  or'^i^iV-^  X     ^  ^* — rr* 

Hence  the  correct  fluent  is  r  =  i  J  -— >c  s[rc  to  cosine  —and 
racfiut  1,  for  the  time  in  hb.  And  when  jr  ~  o,  the  whole 
time  in  do,  or  of  half  a  Tibration)  it  *7854  %/  ^  ;    and  conseq. 

the  time  of  a  whole  vibration  throughne/  is  1*5708  v  ~^* 

Using  the  foregoing  numbers,  namely  o  ss  l>  w  s 
S8800,  and  2/  a  3  feet ;  this  expression  for  the  time  gives 

'     "^  es  353f,  the  number  of  ^brations  per  second.    But  if 

«9  a  3,  there  would  be  250  vibrations  per  second  ;  and  if 
to  ««  100,  there  would  be  35^  vibrations  per  tecood. 
%  PBOBLEM  is. 

Tq  determine  the  mmte  a<  in  the  lasi  Problem^  when  the 
Hutance  cD  beav  Mome  Betmble  Proportion  to  the  Length  ab  ; 
the  Tension  of  the  Thread  hovfever  being  still  eufiftosed  a  Con- 
Mtant  Quantity^ 


Using  here  the  same  notation  as  in  the  last  problem,  and 
taking  3ie  true  variable  length  as  for  ac»  it  is  ae  oi*  eb  :  ce  : : 

2wx  2wM  * 

^w  :*—  aa  '     ^  , — -•  the  whole  motive  force  firom  the  two 

2w  X 

equal  tenslens  w  In  as  and  ab  $  and  th««f.  —  x  -*-r- — ^=5/ 

is  Ae  accelerative  force  at  e.    Theref.  the  fluxlonai  equation 

is  vi  or  ^g/i  SB  t^  X  ^^T5%>  an^  ^1^«  fluents  v***-^  x 

^y  (/*  +  x^ ).    But  vrhcn  x  »  «,  these  ere  0  bbb  -^  x  — 

8W4^ 

i/  (^  +  «•) ;  therefore  the  correct  fluents  are  v*»»  — ^   X 
[V  a*  +  fl«)--v/  (/*  +  x*y\  «  ?^  X  (AD  -  ae).    And 

Jicnce  V  tssv^  [^2?  X  (ad^-ae)"]  the  general  espresdon  fot 

t^c  velocity  at  e«    And  when  £  arrives  at  c,  it  gives  the 

greater 
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graaest  Telocitf  there  «  /  \^^  x  (ad  -  ac)].    Which 

triien  w  OB  28SOO,  10  »  1,  2i  (9  3.  feet,  and  cd  as  6  inches 

or  i  a  foot,  is  •(8X28800X16^  X  "^^^"^  »  548^   feet 

per  second*  Which  came  out  BSS^^  in  the  bist  problem^  by  , 
using  always  ac  for  as  in  the  value  of  /.  But  when  the  ex« 
tent  of  the  vibrat^ns  is  very  small,  as  -fj^^  of  an  inch^  as  it 
coimnonly  is,  this  greatest  velocity  here  will  be  ^  8  x  28800 
X  ^^Ti^vsiw  *"  9^.Deai^,  which  in  the  last  proUen  was 
9y»|y  nearly. 

making  <r  ss  ad  =s  \/(/*+tf*)..  To  find  the  fiueot^the  easier, 
jDultipIy  the  nucner*  and  deoom.  both  by  v^t_r+v^(^'+x*),J 

.so.hau;-  V  ^x ~i5Pj  X  v* re  +v  (i»  +*«)!. 

Expand  now  the  quantity  'Z  [c  +  ^  Q^  +  *•)*]  in  a  series^ 
and  put  rf  -  .  +./,  M  SWI  ;  «  •  ^  X;;;7^~(l+5- 

the  fluent  of  the  first  term  —— ?!  ..^  is  «&  the  arc  to  sine  -■ 

and  radius  1»  which  arc  call  a  ;  and  let  f,  q  be  the  fluents  of 
any  other  two  successive  terms,  without  the  coefficients,  the 
distance  of  q  from  the  first  term  a  being  n  ;  then  it  is  evi« 
dent  that  J^  «  a?*  p  »»  j?*"a»  and  p  =sx««-^ a.  Assume  theref, 
q^BsdF— ex**^!  ^ia* — a?*);  thenis  ^or  or^ptatA  P~(2»— I)   . 

^jt;*p  =5.  Af  —  (3»—  l)tfa*  V+  8ttejc'p.    Then,  comparing  the 

coefficients  of  the  like  terms,  we  find  1  a  2^»,  and  b  =s 

1  2ii— 1 

.(3»— l)tfa'  ;  from  which  are  obtained  fe»  5-»andd=3— ^ — a»; 

Consequently  q  ■«  ^ ■  ■         ^   ■       ■ ,  the    general 

equation  between  any  two  successive  terms,  and  by  means  of 
which  the  series  may  be  continued  as  far  as  we  please.  And 
hence,  neglecting  the  coefficients,  putting  a  a=  the  first  term,  . 

namely  the  arc  whose  sine  is  ^,and  a,  c,  b,  8cc.  the  follow- 

o 

l«g  terms,  the  aerie*  b  as  foUows,  a  +  ^  *  -  ^^^  l"*-^)^ 

3o»B 
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this  series  »  0 ;  and  when  j?  s  a,  the  series  becomes  ifi  -f 
£ll  J.  ^^  £ii5&c.  where  /t  •  SUW,  or  the  scries  k 

i/^  (I  +  ia^  +  5-^a*  +  2— 4— Ja^  &€.) 

So  that,  by  taking  In  the  coefficients,  th^  general  dme  of 
passing  over  any  distance  d*  will  be 

4/  !l<iilJ  X  i/i  X  f  1  +  — .  *a«-.  ^^^ .  i^tt*&c.^arcsifl, 

a       4dl*^,       ~2  ^^^324*1^'  4  *^* 

And  hence,  taking  x  ss  0,  and  doubiingi  the  time  of  a 

whole  vibration,  or  double  the  time  of  passing  over  cd  will 

4</»-f 2r//+/a  1  .  3jJ    ^      40rfs>f  8rP/4-  i^rfr<  4-5/3 1,.  3 .  5 . 7 
""a^SJa/T^'^Ti  .  6  ^  204Ad^l^  .  -2.4.6. 8^*^V 

Which,  when  a  «=  0,  or  c  «  /,  becomes  only  ifi  y/  — ,    the 

-same  as  in  tlie  fast  problem,  as  it  ought. 

Taking  here  the  same  numbers  as  in  the  last  problem, 
viz    /  «  i,  azz   i,  w  »  2,  w  «  28800,  g  «    16^  j  then 

j/jy'!;!!:!:^  8=0040514,  and  the  series  is  I  +  •006/62  — 

•000175  +  -000003   &c  »  1*006590;  therefore  «00405l4  x 

1-006590  ss  K)040965  sa  ----  is  the  time  of  one  whole  vi- 

245-J 

bration,  and  consequently  245|  vibrations  are  performed  ia 
a  second;  which  were  250  in  the  last  problem. 

PROBLEM  49. 

li  w  firofio^ed  f»  determine  the  Veloeity^  and  the  time  of^  V> 
bration  of  a  Fluid  in  the  arms  qfa  Canal  or  bent  Tube. 

Let  the  tube  abcdef  have  its  two        A- 
branches  xq,  ge  vertical,  and  the  lower 
part  CDK  in  any  position  whatever,  the         j^  \ 
whole  being  of  an  uniform  diameter  or         ^ 
width  throughout.  Let  water,or  quick- 
silver, or  any  other  fiuid,  be  poured  in, 
till  it  stand  in  equilibrio,  at  any  hori-    *  _ 

zontal  line  By.  Then  let  one  surface  be  pressed  or  pushed 
down  by  shaking,  from  b  to  c,  and  the  pther  will  ascend 
through  the  equal  spacojo  i  after  which  let  them  be  per- 

^  mit^d 
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ndtted  freety  to  return*  The  stir&ces  wiU  then  contiiiuslly 
vibrate  in  equal  times  between  ac  and  eg  The  Telocity 
and  times  of  which  oscillations  are  therefore  required. 

When  the  surfcces  are  any  where  out  of  a  hoHzomsA  line, 
as  at  p  and  q»  the  p^rts  of  the  fluid  in  qDa,  joa  each  side, 
below  qa«  will  balance  each  other ;  and  the  weight  of  the 
part  in  PR,  which  is  equal  to  2pf,  gives  motion  to  the  whole. 
So   that  the  weight  of  the  part  2pf  is  the  motive  force  by 

■  which  the  whole  fluid  is  yrgcd^  and  therefore  ^^^^^^-  is  the 

accelerative  force.  Which  weights  being  proportional  to 
<rtheir  lengths,  if  I  be  the  length  of  the  whole  fluid,  or  aads  of 

the  tube  filled,  and  a  «  fg  or  bc  j  then  is  ythe  accelerative 

force.'    Putting  theref.  jt  «  gp  any  vanable  distance,  v  the 

velocity^and  t  the  Ume ;  then  pf  =a  a — x,  and    ~ —    bs  / 

the  accelerativrforce  ;   hence  vv  or  %gfs  =r  -|1  (a^^  —  jp^) . 

the  fluent  of  which  give  ■»•  «  -p  (2ax— or*),    and  v    ss 

^  (4sr  X  ^^7*  )  is  the  general  expression  for  the  velocity 

at  any  term.  And  when  x  =s  a»  it  becomes  v  =:Sa  v^  ^  ^Ibr 
the  greatest  velocity  at  b  and  f. 

Again,forthe  amc,wc  have  /or^  =  j^ix  ^^— -^^; 

the  fluenu  of  which  give  t  =  J\/-   X  arc  to  versed  sintf  -^ 

^  a- 

and  radius  1,  the  general  exf^ression  fqr  the  time.  And 
when  xsao,  it  becomes  rssi/^—  for    the   time  of  moving 

from  o  to  F,/k  being  ;=3  3*14I6i  and   consequently  ifis/— 

the  time  of  a  nfhole  vibration  from  o  to  £,  or  from  c  to  a^ 
And  which  therefore  is  the  same,  whatever  ab  is,  the  whole 
length  /  remaining  the  same. 

And  the  time  of  vibration  is  also  equal  to  thje  time  of  the 
vibration  of  a  pendulum  whose  length  is  i/,or  Iralf  the  length 
of  the  axis  of  the  fluid.  So  that,  if  the  length  I  be  78}  inches, 
it  will  oscillate  in  i  second. 

SchoUutn,  Thisreciprocationof  the  water  in  the  canal,  is 
hearly  similar  to  the  motion  of  the  waves  of  the  sea.  For 
the  time  of  vibration  is  the  same,  however  short  the  branches 
are,  provided  the  whole  length  be  the  same.    So  that  when 

the 
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the  height  is  small,  in  proportion  to  the  length  of  the  caiakf 
the  moiioD  is  similar  to  that  of  a  waTe,  from  the  top  to  the 
boitom  or  hollow,  and  from  the  bottom  to  the  top  of  the 
next  wave  ;  being  equal  lo  two  TibratioDS  of  the  eanal ;  the 
whole  length  ot  a  wave,  from  top  to  top,  being  douUe  the 
length  of  the  canal.  Hence  the  wave  will  inoTC  forward  bjr 
a  space  nearly  equal  to  its  breadth,  in  the  time  of  tvo  vibr^ 
tions  of  a  pendulum  whose  length  is  (4/)  half  the  length  <d 
the  canal,  or  one-founh  of  the  breadth  of  a  ware,  or  in  the 
time  of  one  vibration  of  a  pendulum  whose  length  taihe 
whole  breadth  of  ibe  wave,  since  the  times  of  vibration  are 
as  the  square  roots  of  their  lengths.  Consequemiy,  wares 
whose  breadth  is  equal  to  39^  inches,  or  3||  feet,  wxU  more 
over  3|}  feet  in  a  second,  or  195{  feet  in  a  minute^  or  near/jr 
2  mileu  and  a  quarter  in  an  hour.  And  the  velocity  of  greater 
or  less  waves  will  be  increased  or  diminished  in  the  subdu- 
plicate  ratio  of  their  breadths. 

Thus,  for  instance,  for  a  wave  of  1 8  ipches  breadth,  as 
X/39i  :  39|  :  :  ^  \8  :  V{^H  ^  ^8)  =»  |  V  313  =  26S37T 
the  velocity  of  the  wave  of  18  inches  breadth. 

PROBLEM  sa 
To   determine  the  Time  ^  emptying  any  Ditch^  w  Inuri' 
daiioTiy  i!fc.    by  a  Cut  or  JVouhy  /rom  the  Top  to  the  Botttm 
of  it.  \ 

Let  or  •.  AB  the  variable  height  of  water  at 
any  time ; 
d  S3  AC  the  breadth  of  the  cut  ^ 
rf  =  the  whole  or  first  depth*  of  water  ; 
A  =s  the  area  of  the  surface  of  the  water 

in  the  ditch  \ 
g  =s  le^f^Vc^eet. 

The  velocity  at  any  point  d,  is  as^/RD,  that  is,  as  the  ordi* 
nate  oe  of  a  parabola  bec,  whose  base  is  ac»  and  altitude  ab. 
Therefore  the  velocities  at  all  the  points  in  AB«  are  as  all  the 
ordinates  of  the  parabola.  Consequently  the  quantity  of 
water  running  through  the  cut  aboc,  in  any  time*  is  to  tlie 
quantity  which  would  run  through  an  equal  aperture  placed 
all  at  the  bottom  in  the  same  time,  as  the  area  of  the  para- 
bola ABC,  to  the  area  of  the  parallelogram  aboC;  that  is,  as 
2  to  3. 

Bui  V'^'  •  V^  !  5  2^  *  2v^^x  the  velocity  at  ac  ;  therefore 
I  X  2\/  gx  x^^  ^  ^bx  ^  gx  is  the  quantity  discharged  per 

second  through  aboc  ;  and  consequently  ,^^^'^,  is  Uie  Te- 
locity per  second  of  the  descending  surface.  Hence  then 
*ifji^  :  _i  : :  1"  :  ^^  «.  i  the  fiuxion  of  the  timecf 

3  A  ^bX\/gX 

descending.  No^ 
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Now  vrtien  a  the  surface  of  the  watef  is  constant)  or  the 
ditch  is  eqAially  broad  throughput,  the  correct  fluent  of  this 

fiaxioii;gtv6s  t  s=  ^HT*  ^  ^  ^^"^  ^^^  ^^«  general  lime  of 
striking  the  surface  to  any  depth  x.  And  when  x  ^  0,  this 
expression  is  iniinitc  ;  which  shows  that  the  tittie  of  a  com- 
plete exhaustion  is  infinite. 

But  if  rf  =  »  feet,  d  =^2  feet,  a  =  21  x  1000  »  21000, 
and  it  be  required  to  exhaust  the  water  down  to  ^V  ^^  ^ 
foot  deep  ;  then  x  =5  -^V*  *"^  ^^®  above  expression  becomes 
nx^iQQO  ^  td^  14400",  or  ju»t  4  houro  for  that  time^ 

4x4ir^  jl  , 

And  it  it  be  required  to  depress  it  8  feet  or  till  1  foot  depth 
of  water  remain  in  the  ditch,  the  time  of  sidking  the  water 
td that  point  will  be  43'  58'. 

Again,  if  tlie  ditch  be  the  same  depth  and  length  as  before, 
but  20  feet  broad  bottom,  and  22  at  top;  then  the  descend- 
ing surface  wiU  be  a, variable  quantity,  and,  (by  prob.  16  Prac, 

Ex.  on  Forces),it  will  be  -^X  20000  ;  hence  In  this  ca^h  the 

.  ^3Ai    ,  —500^90+37  ,  , 

flux,  of  the  un;ie,  or  ^-j^^^,becomes^j-^X^^^  x>    the 

^    ,.  ,    .            1000     ,  ,90— a^       90-rf,   ^   . 
correct  fluent  of  which  is  t  =»  ^^  X  (~7^ ^  J  ^^ 

the  time  of  sinking  the  water  to-any  depth  «» 

Now  when  or  =  0,  this  expression  for  the  complete  ex- . 
haustion  becomes  infinite. 

But  if  .  ^.  OP  ■»  1  loot,  the  time ^  is  42'  56"4. 

And  when  Jp  «  tI  foot,  thotimcis  3^*  50'  28''{, 

PROBLEM  51. 

To  determine  the  nme  gf  filtirtg  the.  Ditches  of  a  Fortifi- 
cation 6  Feet  deefi  loith  water,  through  the  Sluice  of  a  Trunk 
oj  3  Feet  Square^  the  Bottom  of  which  is  level  with  the  Bot- 
tomof  the  Ditch,  and  the  Height  of  the  auM^V^^S  ^ater  is 
9  Fetfi  above  the  Bottom  qfthe  Diich. 

Let  ACDB  represent  the  area  of  the  vertical  sluice,  being 
a  square  of  9  square  feet,  and  ab  level  with  the  bottom  of  the 
ditch.  And  suppose  the  ditch  filled  to  any  height  ab,  the 
xiurface  being  then  at  bv. 

Pat  o  aa  9  the  height  of  the  head  or  supply  ; 

A  sa  S  cs  AB  &■  AC  ; 

5r««t6^l;  O —  H 

A  ^  the  area  of  ^  horizontal  section  of  c^ 1> 

the  ditches;  i:'  -p 

jf  «s  a  ^  AE,  the  height  of  the  head  | 

above  b?»  AS 

VoL.IL  Aaaa  1'^^cn 


Digitized  by 


Google 


546  PROMISCUOUS  EXERCISES, 

TUen  J^'\/^"'^^'^^^^  ^'^®  vcloc'uy  with  which  the 
ivaicrmesies  ihrouj^h  the  part  aefb  ;  and  iheref  yrar  X 
j,E.VB^Uy/^x{a-^x)\^^i^c  quantity  per  second  lunnin^ 
through   AEKB.     Aiso,    the     quantity    running:    per   second 

nearly.  For  the  real  quantity  is,  by  proceeding:  as  m  the  last 
nix)b.  the  difference  between  two  parab.  sej^s.  the  alt.  of  the 
one  betn^  x,  its  base  b,  and  the  alt.  of  the  other  a  -r  ^J  and 
the  medium  of  that  dif.  between  its  greatest  slate  at  ab, 
where  h  is  ^|ad,  and  its  least  state  at  co,  where  it  is  0.  is 
nearly  ^ed.  Consequently  the  sum  of  the  two,  or  idy/gT 
(a+  11^^-  J^)is  the  quantity  per  second  running  in  by  the 

'  whole  sluice  acdb.     Hence  then  li>  V  gr  X  X"'^''  ** 

the  rate  or  velocity  per  second  with  which  the  water  rises  in 

the  ditches  ;  and  so  v  :  —  i  : :  l":  i   =""^~6^^  e  -  J 

the  fluxion  of  the  time  of  filling  to  any   height  ae,  putting 

c  e=  a  +  1 16. 

Now  when  the  ditches  arc  of  equal  width  iliroughout,  a 
is  a  constant  quantity,  and  in  that  case  the  correct  fluent  of 

this  fluxion  i,  .  =  ^,  X.og.(^^>  ^^J  the  ge- 
neral  expression  for  the  time  of  filling  to  any  height  ae,  or 
a  ^  jcy  not   exceeding  the  height  ag  of  the   sluice.    And 


when  ar=Ac=a— A  =  rf  suppose,  then  t  m=  - —   X    log. 
^c4Vf  tllLod)  is  the  time  of  filling  to  cd  the  top  of 

the  sluice. 

Again,  fo  r  filling  to  any  height  oh  above  the  sluice,  x  de- 
noting as  before  a  —  ao  the  height  of  the  head  above  gh, 
2  v''5"'iP  will  ^^  ^^^^ '^'^^'^^^^y  of  the  water  through  the  whole 
sluice  AD  ••  and   therefore  26' v^^x  the  quantity  per  second, 

j^P^  ?2iy-^=i;the  rise  per  second  of  the  water  in  the  ditches; 

consequently  v  :  --  i- :  •  I''  •'  i  =  — --  =t-^ —  X  -—■    the 

general   fluxion  of  the  time;   the  correct  fluent  of  which 

being  0  when  x  =^  a  —  d  =  d^is  t  =z  -  {^  d  -^  \/ x)  the 

lime  of  filling  from  cd  to  gh- 

Then  the  sum  of  the  two  times,  namely,  that  of  filling 
from    AB    to    CD,    and    that  of  filling  from  cd  to   gh,  is 

A  L^^i^Zp^+Aiog.C^'ii-^i' .  :<^4)l  for  the  whole 

titn6 
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time  required-    And,    using    the  numbers  in   the  prob., 

this  becomes  .^—~.+  —x  »(;^^:79  ;;4iq:3)J 

ea   0'0S5TT277\f  the  time  id  terms  of  a  the  area  of  the 
.length  and  bfeadthy   6r   horizontal    section  of  the  4itches. 
And  if  we  suppose   that  area  to  be  200000  square  feet,  the 
time  required  will  be  7 1 54%  or  1*^  59'  1 4\ 

And  if  the  sides  of  the  ditch  slope  a  little,  so  as  to  be  a 
Utile  narrower  at  the  bottom  than  at  top,  the  process  will  be 
nearly  the  same,  substituiing  for  a  its  variable  value,  as  in 
the  pi^ceding  problem.  And  the  time  of  filling  will  be  very 
nearly  the  same  as  that  above  determined. 

PROBLKM  2S. 

But  if  the  Wateri/rom  which  the  DiicAeJtaretoiteJilied, 
be  the  Tidc%  wfilch  at  Low  Water  is  belQtv  tht  Bottom  of  the 
Yrunk^and  rinea  to  9  J^eet  above  the  Bottom  of  it  by  a  rrgti* 
iarRiae  of  One  Foot  in  Hatf  an  Hour;  it  ia  required  to 
ascertain  the  Time  of  Filling  it  to  6  Ftet  higliy  aa  before  in 
the  last  Problem,  ' 

Let  ACDB  represent  the  sluice  ;  and  when  the  tide  has  risen 
to  any  height  GH,  below  en  the  top  of  the  sluice,  without 
the  ditches,  let  ef  be  the  mean  height  of  the  water  within. 

And  put  ^  as  3  -B  AB  «=s  AC  ; 

A  =  horizontal  section  of  the  ditches ; 

JT  =  AG  ; 
Z    =  A». 

Then  v^^"  :  %/»<*  '  >  ^S  >  ^\^S  (^—2)  the  velo- 
city of  the  water  through  akfa  ;  and. 
a/s  I  v^E^  •  *.  1^ :  tVs{^-^z)  the  mean  vel.  through  eghf  ; 
thercf.  2bz^g\x-^z)  is  the  quantity  per  sec.  ihraugh  akfb  t 
and  ^*(jr— 2)\/^'^*"^)  ^*  ^^®  ^skint  through  eghf  ; 
conseq.  f6v  S"  X  (Sjt  -f  z)\/(a:  —  z)  is  the    whole  through 
AGHB  per  second.     This  quantity  divided  by  the  surface  a> 

giyes  '^-—^  X  C2x  +  z)i/  ix-^z)  =  V  the  velocity  per  second 
vith  which  ef,  or  the  surface  of  the  water  in  the  ditcheft, 
rises.    Theretore  ^      ^^  3^  i 

But»  as  GH  rises  uniformly  1  foot  in  30  or  1800",  therc- 
ifore  1  :  AG  ;  :  IdOO"  :  IdOOjt?  =  i  the  time  of  the  tide  rising 

through  AG  ;  conseq.  1  *  I800i  =  -—  X  ^^x^zW^^'^'^' 

Or  mi  =(3jt7+z)  V(*— ^)  •  ^  "  '^*  fluxional  cqua.  expressing 

A    .  o200 

the  relation  between  x  and  z ;  where  m  =  {i^OObZ^'  ~  Im 

^  I  Si}  J  when  A  =»  2qpOOO  square  feet.  Nowr 
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Now  to  find  the  fluent   of  this  equatiooi  assume  z  =± 
AJP*+Bx^4xx  ^^+t>x^  &c.    So  shall 

X      A      t  A»+4B       I      A»-f4;AB48c       \f^ 

»         t         n 

I.        3At      ^.      as-Kab      1 «  .     . 


»V-4»  *J  OTcr  »j 


i» 


and  7iii  =  4inAar  *i+ |mBJtr»jr+  *»  wcx  ^jr.+ V«»^  '  x    &C,: 
Then  equate  ihc  cocfHcients  of  the  like  termsi 

so  shall  ftod  conaequemly 

4mA  ==2,  A^±, 

.JmB  =0,  B  =  0, 

*  24 

&c ;  &c. 

Which  values  of  a,  b,  c^  Sec.  iubstitttted  in  the  assumed 
value  of  r,  give 

.  5m         •       275m3  -*  875/n*  *" 

I  •  4    t 

--  -         -x*  very  nearly. 


or  Zi 


D 


And  ivhcn  jr  e=  3  =3  ac,  then  2  =  '866  of  a  foot,  or  10| 
inches,  =  A£,  the  height  of  the  water  in  the  ditches  when 
the  tide  is  at  cd  or  3  feet  high  without,  or  in  the  first  hour  and 
half  of  time. 

Again,  to  find  the  tlmc^  after  the  above,  when 
EF  arrives  at  ci>j  or  when  the  water  in  the      G"- 
ditches  arrives  as  high  as  the  top  of  the  sluice.       O  - 

The  notation  remaining  as  befbre,  j; « 

then  2dzx/g[x-^z)  per  sec.  runs  through  af, 
atid  1^(3^2)  ^g^a;—  z)  per  sec.  thro'  ed  nearly ;      a"        _- 
therefore  idVgx{\2  +  z)  1/  (x— r)  is  the  whole  per  sccon^ 
'    through  AD  nearly. 

conseq.  "-^^  X  (12  4.  2)  v  (^--)  —  v  is  the  velocity  per 

second  of  the  point  b  j  and  therefore, 

^:i::r':,«f=^^Xp^.^(^^j=.l800   i,   or 

m=  »  (i2+2V(^-z)  .  X,  Tvherem  =  7255^=*^^"«^- 

Assume 
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Assume  *=  A*^+B*'+c«*+o*"*"fcc-  So  »haH 

( 12-f  it)  .  »/  (-C— x) .  i  =42jpTr— 6Ajc*i-i-(|A»+6B)jc«i8cc  ; 

mi  5=  JmAap^i4.*mBx^i'+  Jmcarai  &c.  ^ 

Then,  equaling  the  Uk^  ternw,  &:c.  we  have 

8  24  96  6^  1     • 

Hence.  =  iJ-l*x.+^:rJ+^.fc, 

TO  ma  out*      •  ^  off** 

8   «  «     ^ 

Ori  =3  —a?*  nearly.  « 

But,  by  the  first  process,  when  x  -»  3,  2  as  •886  ^  which 
substituted  for  them,  we  have  2  ^  '886^  and  the  series  ^ 
1*63  ;  therefore  the  correct  fluents  are 

8     3       24 
Z  —  -886  «=  —  1'63  +   ~a?« rX«  &c. 

or  3  +  -774   =    ia.*-~a:«  &C. 

And  wheh  r  r:  3  r=  ac,  it  gives  x  c=  6-369  for  the  height 
of  the  tide  without,  when  the  ditches  are  filled  to  the  top  of 
the  sluice,  or  3  feet  high ;  which  answers  to  3»»  M '  4". 

Lastly,  to  find  the  time  of  rising  the  remaining   3  feet 
above  the  top  of  the  sluice  ;  let 
X  =  CG  the  height  of  the  tide  above  CD,  ©r 


a,  =  CE  ditto  in  the  ditches  above  cd  ;  E^ HP 

and  the  other  dimensions  as  before.  •       C D 

Then  V  ^  5  V  ^^  •* :  2^ :  2    •/  g{jjc  —2)  =  the 

velocity  with  which  the  water  runs  through  the       ^ 

whole  sluice  AD ;   conseq.  ad  x  2v^^(x— 2)=    A         ». 
18^/^(0?— r)  is  the  quantity  per  second  running  through  the 

sluioe,  and  -  ^  ^J  (x— z)  «  v  the  velocity  of  z,  or  the  rise 

•f  the  water  in  the  ditches,  per  second ;  hence  v  :  i  : :  1"  :  r 

=*-  — -A-  X  -T7-^ »  l80Oi,and  mi  =iv'(jp-.z)»is  the 

«     '      •  •  ,_  ■     ■     *^         3200 

fiuxionai  equation  ;  where  m  =  ^^^     =g^> 


•  JVT»/<.  Thefluxi'>nal«quatl«twira»^*v<C'*'r^5n>»ybe  integrated 
without  seriet— -Editor.    .        ; 

To 
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To  find  the  fluent, 

S  4  5  6 

AssQine  r  =  Ar«-f  Br*+c:r«-i-Dj:»  &c. 

Thenx— r  a=  or— Ax»— BJ?*— cx^&c.  ^ 

1  S  9  / 

mz  =  I^Ar^i:  -|-  *« B.r»jc  +  Jncx*i  See. 
Then  equating  the  like  terms  gives. 

Hence  z  «  |--'  -ir^^'+g^r-^^'  ^^' 

But,  by   the  second  case,  when  z  =  0,  jt  =    5'369,  which 
being  used  in  the  scyics,  it  i%   1-936;   therefore  the  correct 

fluent  is  =  =  —  1-936  +  i**  ""  6^  **  ^^-  -^"^^^  '^^"^ 
2  =■  3,  J^  =*  7  ;  the  heights  above  the  top  of  the  sluice  ; 
anhvvering  to  6  and  10  feet  above  the  boiiom  of  the  diichcs- 
Tliui  is,  tor  the  water  to  rise  to  the  height  of  6  feet  within 
the  ditches,  it  is  necessary  for  the  tide  to  rise  to  10  feet  with- 
out, which  just  answers  to  5  hours;  and  so  long  it  would 
take  to  fill  the  ditches  6  feet  deep  with  water,  tlieir  horizontal 
area  being  200000  square  feet. 

Further,  when  x  =  6,  then  2:  =  2M  17  the  height  above 
the  top  of  the  sluice  ;  to  which  add  3,  the  height  of  the  sluice, 
and  the  sum  5  117,  is  the  depth  of  water  in  the  ditches  in  4 
hours  and  a  half,  or  when  the  tide  has  risen  to  the  height  of 
9  ieet  without  the  ditches. 

N^ote.  In  the  foregoing  problems,  concem'mg  the  cffiux 
of  water,  it  is  taken  for  granted  liiat  the  velocity  is  ib^  same 
as  that  which  is  due  to  the  whole  height  of  the  surface  of  the 
supplying  water:  a  supposition  which  agrees  with  the  prin- 
ciples of  the  greater  number  of  authors  *•  though  some  make 
llic  velocity  to  be  that  which  is  due  to  the  half  height  only  : 
and  oihcrs  make  it  still  less. 

Also  in  some  places,  where  the  differeocc  between  two 
parabolic  s€«^mcnts  was  to  be  taken,  in  esiimattng  ihe  luean 
Telocity  of  the  water  through  a  variable  oritice,  1  have  used 
a  near  mean  value  of  the  expression  ;  which  makes  the  ope- 
ration of  fifiding  the  fluents  much  more  easy,  and  is  at  the 
same  time  sufficiently  exact  for  the  purpose  in  hand. 

We  may  further  add  a  remark  here  concerning  the  method 
of  finding  the  flucniti  of  the  tliree  fluxional  forms  that  occur 
in  the  solution  of  this  problem,  viz.  the  three  forms  w 2  «=» 
(2;c  +*)   V  (^"  —  :=>?  and  mz  ^  {\2  +  z)^{x  -  zjx,  and 
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mz  8=  \/  (x  —  z)ij  the  fluents  of  which  are  found  bf  assum- 
ing the  fluent  mz  in  an  infinite  series  ascending  in  terms  of 
a?  with  indeterminate  coefficients  .A,  b,  c,  &c  which  coeffi- 
cients are  afterwards  determined  in  the  usual  way,  by  equat- 
ing the  corresponding  terms  of  tW  similar  and  equal  seriesi 
the  one  series  denoting  one  side  of  the  fiyxional  equation,  and 
the  other  scries  the  other  side.  By  similar  series,  is  meant 
when  they  have  equal  or  like  exponents  >  though  it  iib  hot 
necessary  that  the  exponents  of  all  the  terms  should  be  like 
or  pairs,  but  only  some  of  them,  as  those  that  are  not  in  pairs 
will  be  cancelled  or  expelled  by  making  their  coefficients  «= 
O  or  nothing.  Now  the  general  way  to  make  the  two  series 
similar,  is  to  assume  the  fluent  z  equal  to  a  series  in  terms  of 
jcy  either  ascending  or  descending,  as  here 

z  =  x*"  +  x*"**  +  x'"^^  &c  for  ascending, 
or  z  ==  jC  +  x^"^  +  x^^^  &c  for  a  descending 
series,  having  the  exponents  r^  r  ±.  s^  r  ±,  2«,  &c  in  arith- 
metical progression,  the  first  term  r,  and  common  difference 
«;  without  the  general  coefficients  a,  b,  c,  &c.  till  the  values 
of  the  exponents  be  determined.  In  terms  of  this  assumed 
series  for  z,  find  the  values  of  the  two  sides  of  the  given  flux- 
ional  equation,  by  subsdtuting  in  it  the  sard  series  instead  of 
r  ;  then  put  the  exponent  of  the  first  term  of  the  one  side 
equal  that  of  the  other,  wiych  will  give  the  value  of. the  first 
exponent  r ;  in  like  manner  put  the  exponents  of  the  two  2d 
terms  equal,  which  will  give  the  value  of  the  coitimon  differ- 
ence »  ;  and  hence  the  whole  series  of  exponents  Vfrdc  s,r 
zh  2«,  Sec.  becomes  known. 

Thus,  for  the  last  of  the  three  fiuxional  equations  above 
menti^oned,  viz.  mi  =z  v/(x  — z)i,  or  only  i  =sy(x— zi); 
having  assumed  as  above  z  =»  jt''  +  x^*»  &c.  and  taking  the 
fluxion,  then  z  «  ^>r^'  i  +  x^^*^*  x  +  &c.  omitting  the 
coefi^cients ;  and  the  other  side  of  the  equation  y/{ar^2)x  « 

y  (j?— .r*-  -jT'^^'Scc)  ^x^x-^x^^x  &c.  Now  the  expo- 
nentsof  the  first  terms  made  equal,  give  r  —  I  =  i,  theref. 
r  =  I  +  ^  =  ^  i  and  those  of  the  2d  terms  made  equaU 
give  r-J-*  -  I  ca  r  —  i,  theref.  9-- 1  sa  -«  },  and  «  »  1  ~  }  c=s j ; 
conseq.  the  whole  assumed  series  of  exponents  r,  r  +  «, 
r  4-  2«,  &c.  become  ii  ^,  ^,  Scc  as  assumed  above. 

Again,  for  the  2d  equation  mi  or  i  =a  (12  +  z)  v(x--r)i 
£=  (o+z)  ^  (X'^z)x ;  assuming  z  «s  x''  +  x'***  Sec  as  before, 

then  h  «  x"^'  x+J^*^'x  &c.  and  •  (x-z)i  s=  j?*i-  x^  *i 
&c.  both  as  above  ;  tliia  mult,  by  a  +  z  or  o  +  a:''  +  xf^^*  &c. 

gives  (ir  i— ax»*-Ji»  8cc :  then  equating  the  first  exponents 
givcsr-.l«c.Jorr«4,  aadf*+  *— 1  «ir-{,or«=i-4=5si; 

hence 
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heMe  the  series  of  exponents  is  •!»  f*  |»  &c.  the  same  as  the 
ibrmeri  and  as  assHined  above. 

Lastly,  assuming  the  same  form  of  series  for  z  and  z  as  in 
the  above  two  cases,  for  the    1st  fluxional  equation    also,  viz. 

mz  =:  (2jr+2)  v^(x-z)i:  then  v^(x—z)x=x*i— arr-^r  &c. 

which  mult,  by  2jr  +  z,  gives  Srii— ^>^  x&c :  here  equat- 
ing the  first  exponents  gives  r  —  I  «  3-  or  r  =  |,  and  cquat*- 
ing  the  2d  exponents  gives  r  4-  «*-  1  =  r-f  4>  or  *  =£  J  *. 
hence  the  series  of  exponents  in  this  case  is|,  f,  y,  Scc,  as 
used  for  this  case  above.  Then,  in  every  case,  the  general 
coefficienls  a,  B,  c,  &c.  are  joined  to  the  assumed  terms  xr>t 
x^*,  Scc.  and  the  whole  process  conducted  as  in  the  three 
series  just  referred  to. 

*  Such  then  is  the  regular  and  legitimate  way  of  proceeding, 
•  to  obtain  the  form  of  the  scries  with  respect  to  the  expo- 
nents of  the  terms.  But.  in  many  cases  we  may  perceive  at 
«ight,  without  that  formal  process,  what  the  law  €»f  the  ex* 
ponents  will  be,  as  t  indeed  did  in  tl^e  solutions  in  the  series 
above  referred  to;  and  any  person  v»ith  a  little. practice  may 
easily  do  the  saitie. 

PROBLEM  SS, 

To  determine  the  fall  of  the    Water  in  the  Archea  qfa  Bridge, 

The  effects  of  obstacles  placed  in  a  current  of  water,  such 
as  the  piers  of  a  bridgei  are,  a  sudden  steep  descent,  and  an 
increase  of  velocity  in  the  stream  of  water,  just  under  the 
arches,  more  or  less  in  proportion  to  the  quantity  of  the  ob- 
struction and  velocity  of  the  current :  being  very  small  and 
hardly  perceptible  where  the  arches  are  large  and  the  piers 
few  or  small,  but  in  a  high  and  extraordinary  degree  at 
London*bridge,  and  some  others,  where  th^  piers  and  the 
sterlings  are  so  very  large,  in  proportion  to  the  arches.  This 
is  the  case,  not  only  in  such  streams  as  run  ah?ays  ihe  same 
way,  but  in  tide  rivers  also,  both  upward  and  downward,  but 
much  less  in  the  former  than  in  the  latter.  During  the  time 
of  flood,  when  the  tide  is  flowing  upward,  the  rise  of  the 
water  is  against  the  under  side  of  the  piers  i  but  the  differ- 
ence between  the  two  sides  gradually  diminishes  as  the  tide 
flows  less  rapidly  towards  the  conclusion  of  the  flood*  When 
this  has  attained  its  full  height,  and  there  is  no  longer  any 
current,  but  a  stillness  prevails  in  the  water  for  a  short  time, 
the  surface  assumes  an  equal  level,  both  above  and  belo>y 
bridge.  But,  as  soon  as  the  tide  begins  to  ebb  or  return 
again,  the  resistance  of  the  piers  against  the  stream,  a»d  the 
contmction  of  the  waterway*  cause  a  rise  of  the  surface  above 
and  under  the  arches^  with  a  full  and  a  more  rapid  descent  in 

tlxe 
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the  contracted  streafA  just  below.  Tbe  quantity  of  this  rise, 
and  of  the  consequent  velocity  below,  keep  both  gradually 
increasini^Y  as  the  tide  cootinuea  ebUog^  tiil  st  quite  iow 
-water,  when  the  stream  or  naiural  current  being  the  quick^ 
est,  tiie  fall  under  the  arches  Is  the  greatest  And  it  is  tbo 
quantity  of  Uiisiall  which  it  is  the  object  of  this  problem  to 
^tttermine. 

Now^  the  motion  of  free  ninniag  water  is  the  consequence 
of,  and  produced  by  ihe  foree  of  gravity^  as  well  as  that  of  any 
other  lalling  body.  Hence  tbe  height  due  to  the  Telocity, 
that  is,  the  height  to  be*  freely  fallen  by  a»y  body  to  acquire  the 
observed. velocity  of  the  lURusal  stream^  in  the  river  a  little 
vay  above  bridge,  becomes  known.  From  the  same  velocity 
also  will  be  found  that  of  the  increased  current  in  tlie  narrow- 
ed way  of  the  arches,  by  taking  it  in  the  reciprocal  proportion 
of  the  breadth  of  the  river  ahovct  to  the  contracted  way  in  the 
arches ;  viz.  by  saying,  as  the  latter  is  to  the  former,  so  is  the 
first  velocity,  or  slower  motion,  to  the  quicker.  Next,  from 
this  last  velocity,  will  be  found  the  height  due  to  it  as  before, 
that  is^'the  height  to  be  freely  fallen  through  by  gravity,  to 
produce  it*  Then  the  difference  of  these  two  heights,  thua 
freely  fallen  by  gravityi  to  produce  the  two  velocities,  is  the 
required  quantity  of  tbe  waterfall  in  the  arches ;  allowing 
t^wevcr»  lathe  calculation  for  the  contraction,  in  the  narrow- 
zed  passage,  at  the  rate  as  observed  by  Sir  L  Newton,  in  prop* 
3f>  oJF  the  3d  book  of  the  Principia»  or  by  other  authors,  being 
nearly  in  the  ratio  of  25  to  21.  Such  then  are  the  elements 
and  pripciples  on  which  the  soluuon  of  the  problem  |s  easily- 
made  oat  as  follows. 

Let  6  ss  the  breadth  of  the  channel  in  feet ; 

V  =  mean  velocity  of  the  water  in  feet  per  second  i 
e  «.    breadth  of  the  waterway  between  the  obstacles* 

21 
Mow  25  i  2 1  :  $  c  :  jrc,  the  waterway  contracted  as  above. 

21  25S 

'^"^  25^  '  ^  ' '  *  '  ST^'  ^^  velocity  in  the  contracted  way. 
Also  32'  iv*  It  16 :  ^v*i  height  fallen  to  gain  the  velocity  xr; 
And  32«;(5f^)*  : :  16  :  (|g)«  X  ,^,t^^,  ditto  for  the  vel.  |g  v. 

Then  (gj^.)*  X  gf— gj  "  ^^^  measure  of  the  fall  required- 

Or[(2jj)«  —  0  ^  54  **  a  ^^'®  ^^^  computing  the  felL 

Or  rather  — g~~.  x  v^  very  nearly,  for  the  fall. 

Vol.  IL  B  b  b  b  Exam. 
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Exam.  K    Pot  Ijandon-bridge. 

By  the  obwrvationt  made  by  Mr  I^belye  in  1746, 
The  bi^adth  of  ihe  Thames  at  LondoD-bridge  is  926  ftet ; 
The  sum  of  the  waterways  at  the  time  of  low- water  is  236  ft. ; 
Mean  velocity  of  the  stream  lUst  above  bridge  is  3^  ft  per  sec 
But  ander  almost  all  the  arches  are  drivea  into  the  bed  great 
numbers  of  what  are  called  dripshot  [^es,  to  prevent  the  bed 
from  being  washed  away  by  the  fidl.  These  dripshot  piles 
still  further  contract  the  waterways,  at  least  J  of  tfaek  measur- 
ed breadth,  or  near  39  feet  in  the  whole  ;  so  that  the  waterway 
wUi  be  reduced  to  197  feet,  or  in  round  numbers  suppose  200 

feet. 

Then  6  ==  926,  c  ss  200,  «  =  3  J. 
„  l-42*«  -ct     1217616--40Q00  _ 

*^^°^^  — 64ct      -      64X40000        ""   *^- 

Theref. '46  X  10T|=4T3ft.e4ft.  8|in.  the&ll  required. 
By  the  most  exact  observations  made  about  the  year  1736, 
the  measure  of  the  fsdl  was  4  feet  9  inches. 

ExAH.2.    For  We9tmin9ter4frid^e^^ 

Though  the  breadth  of  the  river  at  Westminster-bridge  is 
1220  feet ;  yet,  at  the  time  of  the  greatest  fidi,  there  is  water 
through  only  the  13  large  arches,  which  amount  to  but  B-20 
feet ;  to  which  adding  the  breadth  of  the  12  intermediate 
piers,  equal  to  174  feet,  gives  994  for  the  breadth  of  the 
river  at  that  time  ;  and  the  velocity  of  the  water  a  tittle  above 
the  bridge,  from  many  experiments,  is  not  more  than  %\  ft. 
per  second. 

Here  then  b  ^  994,  e  »  820,  v  s:^  »  {• 
„  1'436«-^     1403011  ^«672400        ^.^^ 

H^"^^  -643 64X672400 ^^"^ 

And  !;«-—«  %^. 

Theref.  •01722  x  5, V  »  '0872  ft.«sl  in.  the  fall  required ; 
which  is  about  half  an  inch  more  than  the  greatest  &11  ob- 
served by  Mr.  Labelye. 

And,  forBlackfriar's-bridge,  the  fall  will  be  much  the  same 
as  that  of  Westminster. 
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ADDITIONS, 

BY  THE  EDITOR,  B.  ADBAIK. 


vVh»  method  of  determining  the  Angle  contained  by  the  ckorde^ 
qftwo  ndee  of  a  Spherical  Triangle. 

See  prob.  ?•  page  77,  toL  % 


THEOREM, 

If  any  two  sides  of  a  Spherical  Triangle  be  produced  till  the 
continuation  of  each  side  be  half  the  supplement  of  that 
side»  the  arc  of  a  great  Circle  joining  the  extremities  of  the 
sides  thus  produced  will  be  the  measure  of  the  Angle  con- 
tained by  the  chords  of  those  two  sides. 


DEMOKSTRATIOK. 

Let  the  two  sides  ab^  ac  of  the  spherical 
triangle  abc  be  produced  till  they  meet  in 
o,  and  let  the  supplements  bo,  cg,  be  bi- 
sected in  D  and  By  also  let  the  chords  airB} 
Anc  of  the  arcs  ab,  ac  be  drawn ;  and 
the  great  circular  arc  db  will  be  the  mea- 
sure of  the  rectilineal  angle  contained  by  the 
chords  AmBi  Anc. 

Let  the  diameter  ao  be  the  common  seoibn  of  the  planes 
of  ABO,  Aco,  and  f  the  centre  of  the  sphere  from  which  draw 
the  straight  lines  fo>  fb. 

Since,  by  hypothesis,  ob  is  the  half  of  gc,  therefore  the 
angle  at  the  centre  ofb  is  equal  to  the  angle  at  the  circumfe- 
rence GAnc(theo.  49,  Geom.j,  and  therefiore  Anc  and  fb,  being 
in  the  same  plane,  are  parallel  >  in  like  manner,  it  is  showit 
that  FD  and  awb  are  parallel,  and  therefore  the  rectilineal 
angles  bac  and  dfb  are  equal,  and  consequently,  since  db  is 
the  measure  of  the  angle  DFBf  it  is  also  the  measure  of  the 
aD|;le.contained  by  the  chorda  ahib  and  4^9.  h*  b.  d. 
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Ntvf  method  of  defermimng  the  09ciUation9  of  a    VmriakU 
Penduium. 

The  principles  adopted  by  Dr  Hutton  in  the  tolutioo  of 
bb  45tb  probletDi  p»ge  537,to1  d,are,  in  my  opinlon,erroneou9. 
He  siupposes  the  number  of  TibratioDS  mude  in  a  given  parti* 
cle  of  time  to  depend  on  the  length  of  the  pendulum  «mlyy 
without  considering  the  accelerative  tension  of  the  thread ;  so 
that  by  his  fonnula  we  have  a  finite  niui>ber  of  yibvatioos  per* 
formed  in  a  finite  time  l^  the  descesding  weight*  even  when 
the  ascending  weight  is  infinitely  small  or  nothing.  Besidesy 
the  stating  by  which  he  finds  the  fluxion  of  the  number  of  vi« 
brationS)  is  referred  to  no  geometrical  or  mechanical  princi* 
pie,  and  appears  to  be  nothing  bat  a  mei^  hypothesis.  The 
following  is  a  specimen  of  the  method  by  which  such  prob* 
lems  may  be  solyed  according  to  acknowledged  principles. 

J/tvto  unequal  weights  m  and  m  connected  by  a  thread  pas* 
ring  freely  orver  afiuiley^  are  9U9/iended  verticuUy^  and  exposed 
to  the  action  qf  common  gravity,  it  is  rtquirtd  to  investigate 
the  number  of  vibrations  made  im  a  given  time  by  the  greater 
weight  m,  stifi/iosing  it  to  descend  from  the  fioint  qfsus/iensionf 
and  to  0ake  ind^niteiy  small  removals  from  the  verticaL 

SOLUTION. 

Let  the  sutmnit  A  of  a  vertical  abcdb  be  the 
poit>t  from  which  fh  descends,  b  any  point  in  ab 
taken  as  the  beginning  of  the  phme  curve  amnn 
described  by  m^  which  ii  connected  with  m'  by 
the  thread  Am  Let  mc  be  at  right  angles  to  ab* 
and  put  AC  =  jfiCm  ss  y,  aw  9  r ;  also  let  r.  t 
and  T  be  the  ticiie»of  the  descent  of  m  through 
the  vertical  spaces  ABy  ACi  and  Bc;  ^1 
feet.  «B  the  itieaaore  of  acoelerattve  gravky' 
f^  the  measure  of  the  reufdin^  fiwrce  _ 

the  tension  of  the  thtcad  exertsoD.  m  in  the  direction'  uta,  and 
c  ss  the  indefinttely  smaNhoriacnMal  velocity  of  m  ai  »* . 

A^  r  :  X ::/!  —  =5  the  vertical  action  of  the  tension  on  m  i 

and  theref  jr-  ^^the  true  aqcieleratiye  force  with,  wbichm  is 

urged  in  a  vertical  direction. 

•  Agpin* 


let  r.  I         C  f 
hroti^h  /  > 

-.321         / 
:niv«y;       / 

which      J     jg 
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Af^ain,  r:yt  r/:-^  =-  the  hortzontd  action  on  m  produced 

by  the  tension  of  the  thread  Am.  Thus  the  whole  accelerative 
forces  by  which  m  is  uf  ged  in  directbns  parallel  to  x  and  v« 

arc  j^— —-fand^Tthc  former  <tf  theso  Ibrcos tendiog  to  in- 

crease  ;r^  iM>d  the  latter  to  dimintsh  y  i  aad  therefore  by  th^ 
general  and  well  known  theorem  of  variable  motions  (See 
Mec.  CtL  B.  1,  Chap.  2),  we  have  the  two  eqoationa 

#»  '       r  |»  r 

But  by  hypothesis,  the  angle  mAC  is  indefinitely  smalK  vefM^ve 
therefore^  =  i,  and/  =*^;^/  =  a  given  quantity  ;  our  first 
fluxional  equation  therefore  becomes 

of  which  the  proper  fluent  is  x  =  ^K^y— -/)/*  ;  and  by  subsfitu- 
ting  for  X  the  value  just  found»  our  second  fluxional  equation 
becomes 

Now  when/^  is  less  than  ^,  let  g^V  \  '^  fi*  and  in  this  case 
the  correct  fluent  of  the  equation^T^+/ky  sO)  is  easily  fotmd 
to  be 

from  which  equation  it  is  manifest  that  as  /  increases  y  also  in- 
creases, so  that  m  never  returns  to  the  vertical,  and  there  are 
no  vibrations.  Again,  when/k  —  J,  the  correct  fluent  of  the 
same  fluxional  equation  is 

So  that  in  this  case  also,  when  t  increases  y  increases,  and  the 
body  m  never  returns  to  the  vertical.    Since  b  this  case  ft  s 

;^Z:^*^  ii  therefore  17m'  =  m,  and  therefore  by  this  case 
and  the  preceding,  there  are  no  vibrations  performed  by  the 
descending  weight  m  when  it  is  equal  to  or  greater  thaa 
IT  times  the  ascending  weight  mL 

But 
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But  when  A  is  greater  than  |,  put  n  ^  4/  /i— J,  andin  thift 
oase  the  correct  equation  of  the  fluents  b 

ia= sm*  (fi  .  hyp.  log.  — > 

This  equation  shows  us  that  we  shall  have  ^  =5  0  as  often  as 

9.  hyjv  log.^becomes  equal  to  any  complete  number  of  seim- 

circumferences  :  if  therefore  a-  ss  3M416y  and  h  ss  any  num- 
ber in  the  series  1,  2,  3,  4,  5,  &c.  wc  can  have  y  ■=  0  only 

^hen  n.  hyp.  log.;i«  hat,  from  which  wo  have  ^  ^  ^  ^  ^-^» 

supposing  hyp.  log.  e  ess  1,  and  therefore 

which  shows  the  relation  between  the  number  of  vibrations  » 
«nd  the  time  t  in  which  they  are  performed. 

Hence  it  is  manifest^  that  the  times  or  durations  of  the  seve* 
ral  succesnve  vibrations  constitute  a  series  in  geometrical 
progression. 
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NUMBERS 

vaos 
1  to  1000. 


N. 

T 

Log. 

26 

Log. 

N. 
51 

Log. 

1-70757* 

N. 
76 

Log. 

0-000000 

1  414973 

18808 14 

2 

0-301030 

27 

1-431364 

52 

I  7:6003 

77 

1  886491 

3 

0-477121 

28 

1-447158 

53 

1-724276 

78 

1*892095 

4 

0*602060 

29 

1*462398 

54 

1-732394 

79 

1-897627 

5 

0-698970 

30 

1-477121 

55 

1740363 

80 

1-903090 

6 

0-778151 

31 

1-491362 

56 

'748188 

81 

1  908485 

7 

0-845098 

32 

1-505150 

57 

1-755875 

82 

1  913814 

8 

0-903090 

S3 

1-518514 

58 

1-763428 

83 

1919078 

9 

0*954243 

34 

1  531479 

59 

1*770852 

84 

1-924279 

10 

I-OOOOOO 

35 

1*544068 

6a 

1-778151 

85 

1-929419 

11 

1*041393 

36 

1-556303 

61 

J  785330 
1*792392 

86 

L  934498 

12 

1-079181 

37 

1  568202 

62 

87 

1  939519 

13 

1-113943 

38 

1-579784 

63 

1-799341 

88 

1-944483 

14 

1-146128 

39 

1-591065 

64 

1-806180 

89 

1-949390 

15 

1*176091 

40 

1-602060 

65 

1-812913 

90 

1*954243 

16 

1*204120 

41 

1  612784 

66 

1-819544 

91 

1-959041 

17 

1*230449 

42 

1  623249 

67 

1-826075 

92 

1*963788 

18 

P255273 

43 

1*633468 

68 

1*832509 

93 

1*968483 

19 

1*278754 

44 

1-643453 

69 

1838849 

94 

1  973128 

20 

1-301030 

45 

1*653213 

70 

1-845098 

95 

1*977724 

21 

1*322219 

46 

1-662758 

71 

1-851258 

96 

1*982271 

22 

1*342423 

47 

1*672098 

72 

1*857333 

97 

1-986772 

23 

1*361728 

48 

1-681241 

73 

1*863323 

98 

1-991226 

24 

1*380211 

49 

1-690196 

74 

1-869232 

99 

1*995635 

25 

1-397940 

50 

1*698970 

75 

1-875061 

100 

2-000000 
f 

N.  B.  In  the  following  table*  in  the  last  nine  colomns  of  each  paee« 
where  the  first  or  leading  figures  change  from  9  V  to  0*8,  points  or 
4pt8  are  now  introduced  instead  of  the  O's  through  the  rest  of  tho 
line,  to  catch  the  eye,  and  to  indicate  that  from  Sience  the  corres- 
ponding natural  number  in  the  first  column  stands  in  the  next  lower 
line,  and  its  annexed  first  two  figures  of  the  Logarithm  in  the  second 
eoluovn, 
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2L 

100 
101 
102 
U)S 
i04 
105 
106 
107 
108 
109 

no 

til 
112 
113 
114 
115 
116 
117 
118 
119 
120 
131 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
184 
1S5 
136 
157 
138 
139 
140 
141 
142 
U% 
144 
145 
146 
•47 
148 
149 


OOoOOO 
432 
8600 

012837 
7033 

021189 
5306 
9384 

033424 
7426 

04 ( 393 
5323 
9218 

O5307« 
6905 

0606vd 
4468 
81 

071882 
5547 
9181 

082785 
6360 
9905 


0434 

475 

9026|945 
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7629  7725- 
8584  8679; 
9536  9631 
.486.581 
1434  1529 
2380  2475 
3324  34«8 
4266:4360 
5206J5299 
6143|6237 
7079|7173 
80i3!8t06 
8945|9038 
9875;9967 
0802{0895 
1728  1821 


.693 
2596 
3497 
4396 
5294 
6189 
7083 
7975 
8865 
9753 
0639 
1524 
2406 
3287 
4166 
5044 
5919 
6793 
r665 
8535 


,  I. 


3984 


4946  5042 


2652 
3574 
4494 
5412 
6328 
7242 
8154 
9064 
9973 


0789  0879 


1784 
2686 
iSB7 
4486 
5383 
6279 
7172 
8O64 
8953 
9841 
0728 
1612 
2494 
375 
4254 
5131 
6007 
6880 
7752 
8622 


2744 
3666 
4586 
5503 
6419 
733 
8245 
9155 
63 
0970 
18^4 
2777 
3677 
4576 
5473 
6368 
7261 
8153 
9042 
9930 
0816 
1700 
2583 
3463 
4342 
5219 
6094 
6968 
7839 
8709 


5906 
6964 
7820 
8774 
9726 
.676 
1623 
2569 
3512 
4454 
5393 
6331 
7266 
8199 
9^31 
60 
0988 
1913 
2836 
3758 
4677 
5595 
6511 


8336 
9246 
.154 
1 060 
19^4 
2867 
3767 
4666 
5563 
6458 
735 1 
8242 
9131 
19 
0905 
1789 
2671 
355 1 
4430 
5307 
6182 


4080 


6002 
6960 
7916 
8870 
9821 
.771 
I7i8 
2663 
3607 
4548 
5487 
6424 
7360 
8293 
91^24 
153 
1080 
2005 
2929 
3850 
4769 
5687 
6602 


7424  7516 


8427 
9337 
•  245 
1151 
2055 
2957 
3857 
4756 
5652 
6547 
7440 
8331 
9220 
107 
0993 
1877 
2759 
3639 
4517 
5394 
6269 


7055  7142 
7926  8014 
8796  8883 
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501 
502 
503 
504 
505 
506 
507 
508 
509 
510 
511 
513 
513 
514 
515 
516 
517 
5i8 
519 
520 
521 
522 
523 
524 
525 
526 
527 
526 
529 
530 
531 
532 
533 
534 
535 
536 
537 
538 
539 
540 
541 
542 
543 
544 
545 
546 
547 
548 
549 


698970 
9838 

700704 
1568 
2431 
3291 
4151 
5008 
5864 
6718 
7570 
8421 
9270 

710117 
0963 
1807 
2650 
3491 
4330 
5167 
6003 
6838 
7671 
8502 
9331 

720159 
0986 
1811 
2634 
3456 
4276 
5095 


6727 
754! 


8354  8435 


9165 
9974 
730782 
1589 
2394 
3197 
3999 
4800 
5599 
6397 
7193 
7987 
8781 


9057 
9924 
0790 
1654 
2517 
3»77 
4236 
5094 
5949 
6803 
7655 
8506 
9355 
0202 
1048 
189 
2734 
575 
4414 
5251 
6087 
6921 
7754 
8585 
9414 
0243 
1068 
1893 
27l6 
3538 
4358 
517^ 


08770963 


1741 
260 : 
3463 
4327 
5179 
6OS5 
6888 
7740 
8591 
9440 
0287 
1132 
1976 
3818 
3659 
4497 
5335 


5912  5993 


6809 
7623 


9246 
55 
O860 
1669 
2474 
3278 
4079 
4880 
5679 
6476 
7272 
8067 


95729651 


3 


9144 
li 


9231 
98 


1827 
3689 
3549 
4408 
5265 
6120 
6974 
7826 
8676 
9524 
0371 
1217 
2060 
2902 
742 
4581 
5418 


6170  6254 


7O04 


7088 


7837  7920 


8668 


9497  9580 


0325 
1151 

975 
3798 
3630 
4440 
5258 
6075 
6890 
7704 
8516 
9327 

136 
0944 
1750 
2655 
3358 
4160 
4960 
5759 
6556 
7352 
8146 


8860  8939 


9731 


8751 


4 
9317 
.  184 
1050 
1913 
2775 
3635 
4494 
5350 
6206 
7059 
7910 
8761 
9609 
0456 
1301 
2144 
2986 

826 
4665 
55O2 
6337 
7171 
8003 
8834 
9663 


0407 
1233 
2058 
2881 
3702 


5340 
6156 
6972 
7785 
8597 
9408 
.217 
1024 
1830 
2635 
3438 
4240 
5040 
5838 
6635 
7431 
8325 
9018 
9810 


9404 
.271 
1136 
»999 
286  ( 
3721 
4i79 
5436 
6291 
7144 
7996 


S!694 
0540 
1385 
2229 
3070 
3910 
4749 


6421 
7254 


1316 

2140 

2963 

784 


4522  46O4 


5422 
6238 
7053 
7866 
8678 


.298 
1105 
1911 
2715 
3518 
4320 
5120 
5^18 
6715 
7511 
8305 
9097 
9889 


9491 
358 
1223 
2U86 
2947 
3807 
4665 
5522 
6376 
2229 
8081 


8846  893 


9779 
0625 
1470 
23l3 
3154 
3994 
4833 


5586  5669 


8086  8169 
89  7  9000 


9745 


9828 


0490  0573  0655 


1398 
2222 


3866 
4685 
5503 
6320 


8759 


9489  9570 


.378 
1186 


2796 
3598 
4400 
5200 
5998 
6795 
7590 
8384 
9177 


9578 
444 
1309 
2172 
3033 
3895 
475 
5607 
6462 
7315 
8166 
9015 
9863 


6504 
7338 


1481 
2305 


3045  31*7 


3948 
4767 
5585 
6401 


71347316 
7948  8029 


8841 
9651 
.459 
1256 


19912072 


2876 
3679 
4480 
5279 
6078 
6874 
7670! 
8463 
9256 


8 


9664] 
531 
1395 
2258 
3i  19 
3979 
4837 
5693 
6547 
7400 
8251 
9100 
9948 


07  [0  0794 


1554 
2397 
3238 
4078 
4916 
5753 
6588 
7431 
8253 
9083 
9911 
0738 
1563 
2387 
3209 
403() 
4849 
5607 
6483 
7297 
8110 
8922 
9732 
.440 
1347 
2152 
2956 
3759 
4560 
5359 
6157 
6954 
7749 
8543 


1639 
2481 
3336 
4163 
5000 
5836 
6671 
7504 
8336 
9165 
9994 
0831 
1646 
2469 
3291 
4112 
4931 
5748 
6564 
7379 
8191 
9003 
9ai3 
621 
1428 
2333 
3037 
3839 
4640 
5439 
6237 
7034 
7829 
8622 


9335  9414 
■99681..  47.  136.305^ 


9751 
617 
1482 
2344 
3205 
4065 
4v22 
5778 
6633 
748:» 
8336 
9185 
33 
U879 
1723 
3566 
3407 
4246 
5084 
5920 
8754 
7587 
84.9 
9248 
77 
0903 
1738 
2552 
3374 
4194 
5013 
5830 
6646 
7460 
8273 
9084 
989S 
.702 
1508 
2313 
3117 
3919 
47 -iO 
5519] 
6317 
7113 
79O8 
8701) 
94931 
284 1 
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551 
552 
553 
554 
555 
556 
557 
556 
559 
560 
561 
562 
563 
564 
565 
566 
567 
568 
569 
570 
571 
572 
573 
574 
575 
576 
577 
578 
579 
580 
581 
582 
583 
584 
585 
586 
587 
588 
589 
590 
591 
592 
593 
594 
595 
596 
597 
598 
599 


7403^3  0442  052 1  0560  0678  0757 
1152  1230  1309  1388  1467  1546 


1939 
2725 
3510 
4293 
5075 
5855 
6634 
7412 
8188 
8963 
9736 
750508 
1279 
2048 
2816 
3583 
4348 
5112 
5875 
6636 
7396 
8155 
8912 


1176 


9668  9743  9819 
760422  0498  0573 


1251 


1928  2003 
2679J2754 


3428:3503  3578 
4176^4251  4326 
4998  5072 
5743  5818 


4923 
5669 
6413 
7156 

^  7898 
8638 
9377 

770115 
0852 
1587 
2322 
3055 
3786 
4517 
5246 
5974 
6701 
7427 


6487  6562  6636  6710 
7230  7304  7379  7453 


43714449 
5153  5231 
5933  6011 
6712  6790 
7489  7567 
8266  8343 
9040  9118 
98149891 
0586  0663 
1356  1433 
2125  2202 
2893  2970 
3660  3736 
4425  4501 
5189  5265 
5951  6027 
6712  6788 
7472  7548 
8230  8306 
8988  9068 


1326 
2078 
2829 


3 


2018  2096  2175  2254  2332 
2804  2882  2961  3039  3118 
3588  3667  3745  3823  3902 
4528  4606  4684 
5309  5387  5465 
6089  6167  6245 
6868  6945  7023 
7645  7722  7800 
8421  8498  8576 
9195  9272  9350 
9968..  45.  12 
0740  0817  0894 
1510  1587  1664 
2279  2356  2433 
3047  3123  3200 
3813  3889  5966 
4578  4654  4730 
5341  5417  5494 
6103  6180  6256 
6864  6940  7016 
7624  7700  7775 
8382  8458  8533 
9139  92149290 
9894 9970.. 45 
0649  0724  0799 
1402  1477  1552 
2153  2228  2303 
2904  2978  3053 
3653  3727  3802 
4400  4475  4550 
5147  5221  5296 
5892  5966  6041 
6785 


7527 

7972  8046  8120  8194S268 
8712  8786  8860  8934  9008 
945 1  9525  9599  9673  9746 
0189  0263  0336  0410  0484 
0926  0999  1073  1146 
1661  1734,1808  1881 
2395  2468  2542  2615  2688 
3128  320113274  3348  3421 
3860  393314006  4079  4152 
4590  4663  4736  4809  4882 
5319  5392;5465  5538  5610 
6047  6120.6193  626516 
6774  6846J6919  6992'7064 
7499  757217644  7717  7789 


1220 
1955 


6 

0*836 
1624 
2411 
3196 
3980 
4762 
5543 
6323 
7101 
7878 
8653 
9427 

200 
0971 
1741 
2509 
3277 
4042 
4807 
55701 
6332 
7092 
7851 
8^09 
9366 

121 
0875 
1627 
2378 
3128 
3877 
4624 
5370 
6115 
6859 
7601 
8342 
9082 
9820 
0557 
1293 
2028 
2762 
3494 
4225 
4955 
5683 
6411 
7137 
7862 


0915 
1703 
2489 
5275 
4058 
4840 
5621 
6401 
7179 
7955 
8731 
9504 
.277 
1048 
1818 
2586 

353 
4119 
4883 
5646 
6408 
7168 
7927 
8685 
9441 

196 
0950 
1702 
2453 
3203 
3952 
4699 
5445 
6190 
6933 
7675 
8416 
9156 
9894 
0631 
1367 
2102 
2835 
3567 
4298 
5028 
5756 
6483 
7209 
7934 


8 

0994 
1782 
2568 
3353 
4136 
4919 
5699 
6479 
7256 
8033 
8808 
9582 
.354 
1125 


1073 
1860 
2646 
3431 
4215 
4997 
5777 
6556 
7334 
8110 
8885 
9659 
431 
1202 
1895  1972 


2663 
3430 
4195 
4960 
5722 
6484 
7244 
8003 
8761 
9517 
272 
1025 
1778 
2529 
3278 
4027 
4774 
5520 
6264 


2740 

3506 

4272 

5036 

5799 

65  6d 

7320 

8079 

8836 

9592 

.347 

1101 

1853 

26g4 

3353 

4101 

484; 

559 

6338 


I. 


7007  7082 


7749 
8490 
9230 
9968 
0705 
1440 
2175 
2908 
3640 
4371 
5100 
5829 
6556 
7282 
8006 


7823 
8564 
9303 
42 
0778 
1514 
2248 
2981 
3713, 
4444 
5173 
5902 
6629 
7354 
8079 
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600 
601 
602 
603 
604 
€05 
606 
607 
608 
609 
610 
611 
612 
613 
614 
615 
616 
617 
618 
619 
62a 
621 
622 
I  623 
624 
625 
626 
627 
628 
629 
630 
,^31 
632 
633 
634 
'635 
636 
,637 
638 
639 
640 
641 
642 
643 
644 
645 
646 
647 
648 
649 


778151 


JB874  8947 


9596 
7B03\7 
1037 
1755 
2473 
3189 
3904 
4617 
5330 
6041 
6751 
7460 
8168 
8875 
9581 
790285 
0988 
1691 
2392 
3092 
3790 
4488 
5185 
5880 
6574 
7268 
7960 
8651 
9341 
800(529 
0717 
1404 
2089 
2774 
3457 
4139 


9669 
0389 
1109 
1827 
2544 
3260 
3975 
4689 
5401 
6112 
6822 
7531 
8239 


8224 


8946  9016 


9651 
0356 
1059 
1761 
2462 
3162 
3860 
4558 
5254 
5949 
6644 
7337 
8029 


48214889 


5501 
6180 
6858 
7535 
8211 
8886 
9560 
810233 
0904 
1575 
2245 


9409 
0098 
0786 
1472 
2158 
2842 
3525 
4208 


5669 

6248 

6926 

7603 

8279 

895 

9627 

0300 

0971 

1642 

2312 


8296 
9019 
9741 
0461 
1181 
1899 
2616 
3332 
4046 
4760 
5472 
6183 
6893 
7602 
8310 


9722 
0426 
1129 
1831 
2532 
3231 


4627 
5324 
6019 
6713 
7406 


8368 
9091 
9813 
0533 
1253 
1971 
2688 
3403 
4118 
4831 
5543 
6254 
6964 
7673 
8381 
9087 
9792 
0496 
1199 
1901 
2602 
3301 


3930  4000  4070 


8098  8167 


8720  8789 


9478 
0167 
0854 
1541 
2226 
2910 
3594 


4276  4354 


4957 
5637 
6316 
6994 
7670 
8346 
9021 
9694 
0367 
1039 
1709 
2379 


4697 
5393 
6088 
6782 
7475 


8858 
9547 


1609 
2295 
2979 
3662 


5025 
5705 
6384 
7061 
7738 
8414 
9088 
9762 
0434 
1106 
1776 
2445 


8441 

9163 

9885 

0605 

1324 

2042 

2759 

3475 

4189 

4902 

5615 

6325 

7035 

7744  78 

8451 

9157 

9863 

0867 

1269 

1971 

2672 

3371 


4767 
5463 
6158 
6852 
7545 
8236 
8927 
9610 


02360305 
0923  0992 


1678 
2363 
3047 
3730 
4412 
5093 
5773 
6451 
7129 
7806 
8481 
9156 
9829 
0501 
1173 
1843 
2512 


8513 
9236 
9957 
0677- 
1396 
2114 
2831 
3546 
4261 
4974 
5686 
6396 
7106 
15 
8522 
9228 
9933 
0637 
1340 
2041 
2742 
3441 
4139 
4836 
5532 
6227 
6921 
7614 
8305 
8996 
9685 
0373 
1061 
1747 
2332 
3116 
3798 
4480 
5161 
5841 
6519 
7157 
7873 
8549 
9223 
9896 
0596 
1240 
1910 


8585 
9308 
..29 


0749  0821 


1468 
2186 
2902 
3618 
4332 
5045 
5757 
6467 
7177 
7885 


15^p 
2258 
2974 
3689 
4403 
5116 
5828 
6538 
7248 
7956 


85938663 


9299  9 


.4 

0707 
1410 
2111 
2812 
4511 
4209 
4906 
5602 
6297 
6990 
7683 
8374 
9065 
9754 
0442 
1129 
1815 
2500 


3867 
4548 
5229 
5908 
6587 
7264 
7941 
8616 
9290 
9964 
0636 
1307 
1977 


257912646 


8658 

9380 

lOl 


69 
..74 
0778 
1480 
2181 
2882 
3581 
4279 
4976 
5672 
6366 
7060 
7752 
8443 
9134 
9823 
0511 
1198 
1884 
2568 


3184  3252 


3905 


5297 
5976 
6655 
7332 
8008 
8684 
9358 
31 
0703 
1374 
2044 
2713 


8 


8730 

9452 

173 


0893  0965 


1612 
2329 
30461 
3761 
4475 
5187 
5899 
6609 
7319 


8027  8098 


8734 


9440  9510 


144 


0848  0918 


1550 


2252  2322 


2952 
3651 
4349 
5045 
5741 
6436 
7129 
7821 
8513 
9203 
9892 
0580 
1266 
1952 
2637 
3321 
4003 


4616  4685 


5365 
6044 
6723 
7400 
8076 
8751 
9425 
08 


1441 


8802 

9524 

245 


1684 
2401 

^iir 

3832 
4546 
5259 
5970 
6680 
7390 


8804 


215 


1620 


3022 
3721 
4418 
5115 
5811 
6505 
7198 
7890 
8582 
9272 
9961 
0648 
1335 
2021 
2705 
3389 
4071 
4753 
5433 
61i2 
6790 
7467 
8143 
8818 
9492 
165 


,0770  0837 


J  508 


21L12178 
278013847 
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651 
652 
653 
654 
655 
656 
657 
658 
659 
660 
661 
662 
663 
664 
665 
666 
667 
668 
669 
670 
671 
672 
673 
674 
675 
676 
677 
678 
679 
680 
681 
682 
683 
684 
685 
686 
687 
688. 
689 
690 
691 
692 
693 
694 
695 
696 
697 
698 
699 


&13913 

3581 

4248 

4913 

5578 

6241 

6904 

7565 

8226 

8885 

9544 
820201 

0858 

1514 

2168 

2822 

3474 

4126 

4776 

5426 

6075 

6723 

7369 

8015 

8660 

9304  9368 


J 

2980 

3648 

4314 

4980 

5644 

6308 

6970 

7631 

8292 

895 

9610 

0267 

0924 

1579 

2233 

2887 

3539 

4191 

4841 

5491 

6140 

6787 

7434 

8080 

8724 


9947 
830589 
1^30 
1870 
2509 
3147 
w  3784 
4421 
5056 
5691 
6324 
69S7 
7588 
8219 
8849 
9478 


8401060169 


0733 
1359 
1985 
2609 
$233 
3855 
4477 


U 

0653 
1294 
1934 
?573 
3211 
3848 
4484 
5120 
5754 
6387 
7020 
7652 
8282 
8912 
9541 


0796 
1422 
2047 
2672 
3295 
3918 
4539 


3047 
3714 
4381 
5046 
5711 
6374 
7036 
7698 
8358 
9017 
9676 
0333 
0989 
1645 
2299 
2952 
3605 
4256 
4906 
5556 
6204 
6852 
7499 
8144 
8789 
9432 
.75 
0717 
1358 
1998 
2637 
3275 
3912 
4548 
5183 
5817 
6451 
7083 
7715 
8345 
8975 
9604 
0232 
0859 
1485 
2110 


3357 
3980 
4601 


3 


3114 
3781 
4447 
5113 
5777 
6440 
7102 
7764 


8424  8490  8556  8622 


9083 
9741 
0399 
1055 
1710 
2364 
3018 
3670 
4321 
4971 
5621 
6269 
6917 
7563 
8209 
8853 
9497 
139 
0781 
1422 
2062 
2700 
3338 
3975 
4611 
5247 
5881 
6514 
7146 
7778 
8408 
9038 
9667 
0294 
0921 
1547 
2172 


2734  2796  2859 


3420 
4042 
4664 


3181 

3848 

4514  458) 

5179 

5843 

6506 

7169 

7830 


9149 
9807 
0464 
1120 
L775 


9215 
9873 
0530 
1186 
184i 


3148^13 
3800  3865 


2430  2495  2560 

3083 

3735 

4386 

5036 

5686 


4451 
5101 
5751 


1486 
2126 


3402 
4039 
4675 


6577 
7210 
7841 
8471 
9101 
9729 
0357 
0984 
1610 
2235 


3482 
4104 
4726 


3247  3314 
391413981 
4647 
524615312 
5910  5976 
6573  6639 
7235  7301 
7896  7962 


4516 
5166 
5815 
6464 
704617111 


7757 


63S4  6399 
6981 

762a  7692 
^273  8338  8402 
8918  8982  9046 
9561 
204 


268 
084510909 


1550 
2189 


2764  2828 


3466 
4103 
4739 


5310  5373  5437 
5944  6007  6071 


6641 
7273 


1046 
1672 


2921 


3544  3606 

4104  4166  4229 

478814850 


9281 
9939 
0595 
1251 
1906 


4581 
5231 
5880 
6528 
7175 
7821 
8467 
9111 
9625  9690  9754 


332 
0973 
1614 
2253 
2892 


4166 
4802 


6704 
7356 


7904  7967 
8534  8597 
9164  9227 
9792  9855 
0420  0482 


1109 
1735 


2297  2360 


2983 


338 
4048 
47  U 
5378 
6042 
6705 
7367 
8028 
8688 
9346 
.4 
0661 
1317 
1972 
2626 
3279 


4114 
4780 
5445  55 
6109 
6771 
7433 
8094 
8754 
9412 
•  70 
0727 
1382 
2037 
2691 
3344 


39303996 


.396 
1037 
1678 
2317 


3530  3593  3657 


4230 

4866 

5500 

6134 

6767 

7399 

8030 

8660 

9289 

9918 

0545 

1172 

1797 

2422 

3046  3 

3669 

4291 

4912 


8 


3448  3514 


4646 
5296 
5945 
6593 
7240 
7886 
8531 
9175 
9818 
460 
1102 
1742 
2381 


2956  3020 


4294 
4929 
5564 
6197 
6830 
7462 
8093 
8723 
9352 
9981 
0608 
1234 
1860 
2484 
108 
3731 
4353 
4974 


4181 
4847 
11 
6175 
6838 
7499 
8160 
8820 
9478 

136 
0792 
1448 
2103 
2756 
3409 
4061 
4711 
5361 
6010 
6658 
7305 
7951 
8595 
9239 
9882 

525 
1166 
1806 
2445 
3083 
3721 
4357 
4993 
5627 
6261 
6894 
7525 
8156 
8786 
9415 
43 
0671 
1297 
1922 
2547 
3170 
3793 
4415 
5036  ( 


Digitized  by 


Google 


LOGARITHNfS 


700 
701 
702 
703 
704 
705 
706 
707 
70S 
709 
710 
711 
712 
713 
714 
715 
716 
717 
718 
719 
720 
721 
722 
723 
724 
725 
726 
727 
728 
729 
730 
731 
732 
733 
734 
735 
736 
737 
738 
739 
740 
741 
742 
743 
744 
745 
746 
747 
74B 
749 


845098 
5718 
6337  6399 


6955 
7573 
8189 
8805 
9419 
850033 


7634  7676 
82518312 


8866 
9481 
0095 


0646  0707 


1258 
1870 


2480  2541 


3090  3150  3211 


3698 
4306 
4913 
5519 
6124 
6729 
7332 
7935 
8537 
9138 
9739 
860338 


0937  0996 


1534 
2131 
2728 
3323 
3917 
4511 
5104 
5696 
6287 
6878 
7467 
8056 
8644 
9232 
9818 
870404 
0989 
1573 
2156 
2739 
3321 
3902 
4482 


1 


2 
5160  5222 
57S0  5842 


;:oir 


1320 
1931 


3759 
4367 
4974 
5580 
6185 
6789 
7393 
7995 
8597 
9198 
9799 
0398 


1594 

2191 

2787 

33 

3977 

4570 

5163 

5755 

6346 

6937 

7526 

8115 

8703 

9290 

9877 

0462 

1047 

1631 

2215 

2797 

3379 

3960 

4540 


6461  6523 


7079 


8928 
9543 
0156 
0769 
1381 
1992 
2602 


0217 
0830 
1442 
2053 


ir663  2724 


3^20 
4428 
5034 
5640 
6245 
6850 
7453 


3272 
3881 
4488 
5095 
5701 


7513 


805681168176 


8657 


8718 


0258  9318 


9859 
0458 
1056 
1654 
2251 
847 
442 
4036 
4630 
5222 
5814 
6405 
6996 
7585 
8174 
8762 
9349 
9935 
0521 
1106 
1690 
2273 
2855 
3437 
4018 
4598 


5284  5346 
5904  5966 


7141 
7758 


8374  8435 


8989 


9604  9665 


0891 
1503 
[3114 


6306  6366 
6910  6970 


7574 


9918 


1116 
1714 
2310 
2906 
3501 
4096 
4689 
5282 


5465 
7055 


8233 
8821 
9408 
9994 
0579 
1164 
1748 
2331 
2913 
3495 


6585 
7202 
7819 


9051 


0279  0340  0401 


3333 
3941 
4,549 
5156 
5761 


8778 
9379 
9978 


0518  0578 


1176 

177; 

2370 

2966 

3561 

4155 

4748 

5341 


5874  5933 


6524 
7114 


7644  7703 


8292 

8879 

9466 
53 

0638 

1223 

1806 

2389 

2972i3030 

3553i3611 
4076*4134  4192 
4656  471414772 


5408 

6038  609016] 51 


6646  6708 


7264  7326  7388 


7831 
8497 
9112 


9726  9788 


0952 


1564  1625 


2175 
2785 


3394  3455 


4002 
4610 


5216  5277 


5822 
6427 
7031 
7634 
8236 
8838 
9439 
38 
0637 
1236 
1833 
2430 
3025 
3620 
4214 
4808 
5400 
5992 
6583 
7173 
7762 
8350 
8938 
9525 
111 
0696 
1281 
1865 
2448 


5470  5532^5594 


7943 
8559 
9174 


1014 


2236 


2846  2907 


4063 
4670 


5882 
6487 
7091 
7694 
8297 
8898 
9499 
.«98 
0697 
1295 
1893 
2489 
3085 
3680 
4274 
4867 
5459 
6051 
6642 
7232 
7821 
8409 
8997 
9584 
,  170 
0755 
1339 
1923 
2506 
3088 
3669 
4250 
4830 


6770 


6213 
6832 
7449 


800418066 
8620:8682 
92359297 
9849:991) 
a462  0524 
1136 
1747 
2358 
2968 
3577 
4185 
4792 


1075 
1686 
2297 


3516 
4124 
4731 


5337  5398 


5943 
6548 
7152 
7755 
8557 
8958 
9559 
158 


07570817 


1355 
1952 
2549 
3144 
3739 
4333 


5519 


6701 
7291 
7880 
8468 
9056 
9642 
228 
0813 
1398 
1981 
2564 
3146 
3727 
4308 
4838 


6003 
6608 
7212 
7815 
8417 
9018 
9619 
218 


1415 
2012 
2608 
3204 
3799 
4392 


4926  4985 


5578 


61106169 


6760 
7350 
7939 
8527 
9114 
9701 
287 
0872 
1456 
2040 
2622'! 


9^ 

5656 
6275 
6894 
7511 
8128 
8743 
9358 
9972 
0585 
1197 
1809 
2419 
3029 
3637 
4245 
4852 
5459 
6064 
6668 
7272 
7875 
8477 
9078 
9679 
.278 
0877 
1475 
2072 
2668 
5263 
3858 
4452 
5045 
5637 
6228 
6819 
7409 
7998 
8586 
9173 
9760 
345 
0930 
1515 
2098 
2681 


3204i3262 

7^513844 

4360i4424 

.494515003 
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OF  NUMBERS. 


750 
75 1 
752 
753 
754 
755 
756 
757 
758 
759 
760 
761 
763 
763 
764 
765 
766 
767 
768 
769 
770 
771 
772 
773 
774 
775 
776 
777 
778 
779 
780 
781 
782 
783 
784 
785 
786 
787 
788 
789 
790 
791 
792 
793 
794 
795 
796 
797 
798 
799 


0 


875061 
5640 
6218 
6795 
7371 
7947 
8522 
9096 
9669 

880242 
0814 
1385 
1955 
2525 
3093 
3661 
4229 
4795 
5361 
5926 
6491 
7054 
7617 
8179 
8741 
9302 
9862 

890421 
0980 
1537 
2095 
2651 
3207 
3762 
4316 
4870 
5423 
5975 
6526 
7077 
7627 
8176 
8725 
9273 
9821 

900367 
091 
1458 
2003 
2547 


51i9 
5698 
6276 
6853 


7429  7487 


8004 
8579 
9153 


9726  9784 


1 


0299 
0871 
1442 
2012 
2581 
3150 
3718 
528*5 
4852 
5418 
5983 
6547 
7111 
7674 
8236 
8797 
9358 
9918 
0477 
1035 
1593 
2150 
2707 
3262 
3817 
4371 
4925 
5478 
6030 
6581 
7132 
7682 
8231 


9328 
9875 


5177 
5756 
6333 
6910 


8062 
8637 

9211 


0356 
0928 
1499 
2069 
2638 
3207 
3775 
4342 
4909 
5474 
6039 
6604 
7167 
7730 
8292 
8853 
9414 
9974 
0533 
1091 
1649 
2206 
2762 
3318 
3873 
4427 
4980 
5533 
6085 
6636 
7187 
7737 
8286 


8780  8835 


9383 
9930 


0422,0476 
0968. 1022 
1513  1567 
2057.2112 
260112655 


5235 
5813 
6391 
6968 


7544  7602 


8119 
8694 
9268 
9841 
0413 
0985 
1556 
2126 
2695 
3264 
3832 
4399 
4965 
5531 
6096 
6660 
7233 
7786 
8348 
8909 
9470 
30 
0589 
1147 
1705 
2262 
2818 
3373 
3928 
4482 
5036 
5588 
6140 
6692 
7242 
7792 
8341 


8177 
8752 
9325 
9898 
0471 
1042 
1613 
2183 
2752 
3321 
3888 
4455 
5022 
5587 
6152 
6716 
7280 
7842 


9437 
9985 
0531 
1077 
1622 
2166 
2710 


5293 
5871 
6449 
7026 


0528  0585 


8965 
9526 
86 
0645 
1203 
1760 
2317 
2873 
3429 
3984 
4538 
5091 
5644 
6195 
6747 
7297 
7847 
8396 


8890  8944  8999 


5351 
5929 
6507 
7083 
7659 
,8234 
8809 
9383 
9956 


1099 

1670 

2240 

2809 

3377 

3945 

45 

5078 

5644 

6209 

6773 

73 

7898 


3434 

4002 

12  4569 

5135 


8404  8460 


9021 
9582 
141 
0700 
1259 
1816 
2373 
2929 
3484 
4039 
459 
5146 
5699 
6251 
6802 
7352 
7902 
8451 


9492 
39 
0586 
1131 
1676 
2221 
2764 


1186 
1731 
2275 
2818 


5409 
5987 
6564 
7141 
7717 
8292 
8866 
9440  9497 


.  13 


1156 
1727 

2297 


2866  29S3 


57005757 


6265 
6829 
67392 
7955 
8516 
9077 
9638 
197 
0756 
1314 
1872 
2429 
2985 
3540 


9547 
.  .94 
0640  0695 


4094  41 
464B 
5201 
5754 
6306 
6857 
7407 
7957 
8506 
9054 
9602 
149 


1240 
1785 
2329 
2873 


8 

5524 
6102 
6680 
7256 
7832 


5466 
6045 
6622 
7199 
7774 
8349  8407 


8924 
97 
70 


0642  0699 


1213 
1784 
2354 


3491 
4059 
4625 
5192 


6321 
6885 
7449 
8011 
8573 
9134 
9694 
253 
0812 
1370 
1928 
2484 
3040 
3595 
50 
4704 
5257 
5809 
6361 
6912 
7462 
8012 
8561 
9109 
9656 
.203 
0749 
1295 
1840 
2384 
2927 


8981 

9555 

127 


1571 
1841 
2411 


5582 
6160 
6737 
7314 
7889 
8464 
9039 
9612 
185 
0756 
1328 
1898 
2468 


29803037 


3548 
4115 
4682 
5248 
5813 
6378 
6942 
7505 
8067 
8629 
9190 
9750 

309 
0868 
1426 
1983 
2540 
3096 
3651 
4205 
4759 
5312 
5864 
6416 
6967 
7517 
8067 
8615 
9164 
9711 

258 
0804 
1349 
1894 
2438 
2981 


3605 
4172 
4739 
5305 
5870 
6434 
6998 
7561 
8123 
8685 
9246 
9806 
365 
0924 
1482 
2039 
2595 
3151 
3706 
4261 
4814 
5367 
5920 
6471 
7022 
7572 
8122 
8670 
9218 
9766 
.312 
0859 
1404 
1948 
2492 
3036 
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800 
801 
802 
803 
804 
805 
806 

8or 

808 
809 
810 
811 
812 
813 
814 
815 
816 
817 
818 
819 
820 
821 
822 
823 
824 
825 
826 
827 
838 
829 
830 
831 
832 
833 
834 
835 
836 
837 
838 
839 
840 
841 
842 
843 
844 
845 
846 
847 
848 
849 


T 


I 


903090  3144 


3633 
4174 
4716 
5356 
5796 
6335 
6874 
7411 
7949 
8485 
9021 
9556 
910091 
0624 
1158 
1690 
2222 
2753 
3284 


3687 
4229 
4770 
5310 
5850 
6389 
6927 
7465 
8002 
8539 
9074 
9610 


01440197 


0678 
1211 
1743 
2275 
2806 
3337 


38143867 


4343 
4872 


4396 
4925 


5400  5453 


5927 
6454 
6980 
7506 
8030 
8555 
9078 
9601 

920123 
0645 
1166 
1686 

^2206 
2725 
3244 
5762 
4279 
4796 
5312 
5828 
6342 
6857 
7370 
7883 


8396  8447 


8908 


8592  8646 


9128 
9663 


0731 
1264 
1797 
2323 
2859 


3390  3443 
3920  3973 


5980 
6507 
7033 
7558 
7083 
8607 
9130 
9653 
0176 
0697 
1218 
1738 
2258 
2777 


4331 
4848 
5364 
5879 


6908 
7422 


8959 


3199 
3741 
4283 
4824 
5364 
5904 
6443 
6981 
7519 


8056  8110  8163 


9181 
9716 
0251 


0784  0838  0891 


4449 
4977 
5505 
6033 
6559 
7085 
7611 
8185 
8659 
9183 
9706 
0228 
0749 
1270 
1790 
2310 
2829 


3296  3348 
3814  3865 


4383 
4899 
5415 
5931 


6394  6445 


6959 
7473 


7935  7986 


8498 


3:^53  3307 


3795  3849  3904  3958 


4337 
4878 


5418  5472 


5958 
6497 
7035 
7573 


6012 
6551 
7089 
7626 


8699 
9235 
9770 
0304 


1317 
1850 
2381 
2913 


4502 


1371 
1903 
2435 
2966 
3496 
4026 
4555 


503Q5083 


5558 
6085 


7138 

766 

8188 

8712 

9235 

9758 


1322 
1842 
3362 
2881 
3399 
3917 
4434 
4951 


5982 
6497 
7011 


8037 
8549 


901019061 


t    9 


4391 
4932 


4445 

4986 
5526 
6066 
o604 
7143 
7680 
8217 
8753 
9389 
9823 
0358 


24881 
3019 
3549 
4079 
4608 


5611 
6138 


6612  5664 


0280  0332 
0801  0853 


1374 
1894 
2414 
2933 
3451 
3969 
4486 
5003 


5467  5518 


6548 
7062 


7524  7576 


8088 
8601 
9112 


3301 


1424 


4499 
5040 
5510 
6119 
6656 
7196 
7734 
8270 
8807 
9342 
9877 
0411 
0944 
1477 


1956  2009 


51365189 


7190 
7716 
8240 
8764 
9287 

981019862 
0384 


5664 
6191 
6717 
7243 
7768 
8293 
8816 


[0906 
1426 
1946 
2466 
2985 
3503 
4021 
4538 
5054 
5570 


6034  6085 


6600 
7114 
7627 
8140 
8652 
9163 


6 

3416 


2541 
3072 
3602 
4133 


9930 
0464 
0998 
1530 
2063 
2594 
3125 
3655 
4184 


466P4713 


5716 
6243 

6770 
7295 
7820 
8345 
8869 


9340  9392 
9914 
0436 


0958 
1478 
1998 
2518 
3037 
3555 
4072 
4589 
5106 
5621 
6137 
6651 
7165 
7678 
8191 
8703 
9215 


3470  3524 


4012  4066  4120 


4553 
5094 
5634 


6173  6337 


6713 
7250 
7787 
8334 


8860  8914 
9396  9449 


5341 
5769 


9984 
0518 
1051 
1584 
3116 
3647 
3178 
3708 
4837 
4766 
5394 
5833 


6823 
7348 
7873 
8397 
8931 
9444 
9967 
0489 
1010 
1530 


3570 
3089 
3607 
4134 
4641 
5157 
5673 
6186 
6702 


8343 
8754 
9266 


4607  4661 


5148 
5688 


6766 

7304 
7841 
8378 


6896  6:.49 


6875 
7400 
7935 
8450 
8973 
9496 
19 
0541 
1062 
1582 


205U3102 


3622 


3658 
4176 
4693 
5309 
5725 
6340 
6754 


7316/368 
7730  7781 


8893 


9317 


3578 


5203 
5743 
6281 
6820 
7358 
7896 
8431 
8967 
9503 
S7 
0571 
1104 
^637 
2169 
2700 
33  J 1 
3761 
4290 
48)9 
5347 
5875 
6401 
6937 
7453 
7978 
8503 
9036 
9549 
.71 
0593 
1114 
1634 
2154 
2674 


J1403198 


3710 
4338 
4744 
5261 
5776 
6291 
6805 
7319 
7833 
8345 


8805  8857 


9368 


Digitized  by 
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850 
851 
853 
853 
854 
855 
856 
857 
858 
859 
860 
861 
862 
863 
864 
865 
866 
867 
866 
869 
870 
871 
872 
873 
874 
875 
876 
877 
878 
879 
880 
881 
882 
883 
884 
885 
886 

as7 

888 
889 
890 
891 
892 
893 
894 
895 
896 
897 
898 
1 899 


OP  NUMBERS. 
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11-892707 


8- 11 69031 1 1-883037 


11-873490 


8-135851jll-864l49 
8-144990  11-855004 

11-846048 
11-837273 
11-828672 
1 1-8202.}; 
11-811964 
11-803844 

11-765874 
11-78804; 
11-780359 
a-772805 
li-765379 
11-758079 


Tmiir. 


Sine. 
8-241855 
8-2490.53 
8-2500'J4 
8'203U*2 
8-i09881 
8-270114 
8-283i<:43 

8-289773 
8-2902O7 
8-30'i54G 
8-308794 
8-31-i954 
8-321027 

8-327016 
8-332924 
8-338753 
8-344504 
8-350181 
8-355783 

8-361315 
8-300777 
8-372171 
8-377499 
8-382702 
8-387962 

8-393101 
8-398179 
8-403199 
8  408161 
'  8-413068 
8-417919 

8-422717 
8-427462 
8-432150 
8-4^30800 
8-441394 
8-445941 

8-450-UO 

8-454893 

8-459.'>(» 

8-40300 

8-467985 

8-472263 

8-476408 
8-480693 
8-484848 
8-488963 
8-493(H0 
8-497078 

8-501080 
8-505045 
8-508974 
8-512867 
8-516726 
8-520551 

8-521343 
»-528102 
8-531828 
8-535523 
8-5391^6 
8-542819 
Coaine. 


Ccfoiuc. 

9-990034 

9-999932 

9-999920 

9-999927 

9-999925 

9-999922 

9-999980 

9^J99918 
9-999915 
9-999913 
9-999910 
9-9909O7 
9-999905 

9-999902 
9-999890 
9-99989; 
9-999894 
9-999891 
9-999888 

9-999885 
9-999882 
9-999879 
9-999876 
9-99987S 
9-999870 

9  999867 
9-999804 
9-999861 
9-999858 
9-9998.54 
9-999851 

9-999848 
9*999845 
9-999841 
9-999838 
9-999834 
9-999831 

9-999827 
9-999824 
9-999820 
9-999816 
9-999813 
9-999809 

0-909805 
9-999801 
9-999797 
9-999794 
9-999790 
9-999786 

9-999782 
9-999778 
9-999774 
9'999769 
9-999705 
9-999761 

9-999757 
9-999753 
9-999748 
9-999744 
9-999740 
9-999735 

Sine. 


_TaMg.    I 

8'24l92i' 
8-249  <0t2 
8-'256165 
8-263115 
8-269956 
8-276691 
8-283J23 


1W58079;60 
U-75089»5ii 
<  1-743835  58 
11- 736885  ;57 
11-730044.56 
ll'723309l55 
Il-716677'54 


8-289856: 

8-296292 

8-30^:634 

8-308884 

8-31504611-61^*954.44 

8-32112211-678878:48 


>:n-710l44  51 
J'11-703708J52 
fll-6l>7360l51 
f  11*691110150 


11 -672886147 
II -6(6975  !46 
11 -661144145 
11-655390J44 
11-649711  43 
11-6U105  42 

41 


8-327114 
8-333(J25 
8-338856 
8-34*k510 
^-350289 
8-355895 

8-361430' 11-638570 
8-366895  U -6331 05 140 
8-372292  11-627708  3  > 
8-377622;  11 '622378  38 
8-382889ill-6l7llll37 
8-388092! It  611 908 136 


8-393234  11 
8-3983I5lll< 
8-403338;  11  ■ 
8-408304  11 
8'413-213ii 


606760135 
'601685  34 


596.66-2 

5  16«:.6 

586787 

8-418068,11.581932 


8-422869!  n 
8-427618|n 
8-43£I15>iI- 
8-436962|ll 
8-441560lli< 
8-446110)11 


-577131 
•572382 
567685 
'56.^38 
558440 
'55S810 


8  45061S:ll-54v387 
8-455070' 11 -544930 
8-459481  !ll-54051(j 
8-463849111-536151 
-8-468l72:ll-53l8«8 
8-47245411-527546 

8-47669.'»^n -523307 
8-480892JU-519108 
8-485050|ll-5l4050 
8-489170,11-510830 
8-493250  11-506750 
8-497293  11 -502707 


8-501298 
8-505267 
8-509200 
8-513098 
8-516961 
8-520790 

8-524586 
8-528349 
8-532080 
8-535779 
8-539447 
8-543084 

Coun. 


11-408702 
11-404733 
11-490800 
ll-486»02 
11-483039 
11-479210 

11-475414 
U -471 65 1 
11467920 
U  464221 
11-460553 
1-456916 


Tang. 


33 
52 
31 

SO 

29 
28 
VI 
26 
25 
24 

26 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 

10 

9 

8 

7 


89   l>g. 


88    Ueg. 

Digitized  by  Cj0051C' 


^8' 


LOG.  SINES,  TANGENTS,  fcc 


Peg. 


■TTKT 


0| 

1 

,S 
4 
5 
6 

7 
8 
9 

10 

11 

12 

13 
14 
15 
16 
17 
18 

19 
20 
i\ 
\2'2 
iii 
2. 

3:. 
ifi 
27 
28 
29 
30 

31 
52 

S,i 
3^ 
55 

30 

87 
38 
99 
4(> 
i1 

kS 
U 
ks 
i6 
i7 
18 

49 
SO 
51 

52 
5r 
S4j 

55 
56 
57 
56 
59 


Sine. 

8-542819 
8-54642*i 
8*349995 
8-553539 
8•557(^54 
8-5605  kO 
8563999 

1-567431 
8-570836 
S-5742U 
8-577366 
8*580892 
8-584193 

8-587469 
8  59072t 
8^93948 
8-597152 
8-6*X)33! 
8*603489 

8-606623 
8-609734 
8-61'i8'23 
8-615891 
8-618937 
8621962 

8*624905 
8-627948 
8-630911 
8*633854 
8-636776 
8-639680 

8-642563 
8-645428 
8-648274 
8  651102 
8-65391 1 
8-656702 

8*659475 
8-662230 
R-664968 
»-6fi76»9 
8-670393 
8  573080 

8-G75751 
8-678405 
8-68tOi3 
8-083665 
8-680272 
8-GSSd63 

8-691438 
8-69S998 
8-696543 
8-699073 
8-701589 
8-70*0^0 

8-706577 
8-709049 
8  711507 
8  713952 
8:716383 
8r718800 

Cosine. 


"9999735 
9*999731 
9-999726 
9  9997-Z2 
9-999717 
9*999713 
9999708 

9-999704 
9*999699 
9-999694 
9  999b89 
9-999685 
9-999680 

9-999675 
9-999670 
9-999665 
9-999660 
9  999655 
9-999650 

9*999645 
9  999640 
9-9996« 
9-999029 
9-999624 
9-999619 

9*999614 
9*999608 
9-999603 
9-999597 
9*999592 
9-999586 

9*999581 
9-999575 
9999570 
9*999564 
9-990558 
9  999553 

9-999547 
9-099541 
9-9995.^5 
9-999529 
9*999524 
9999518 

9-999512 
9-999506 
9-999500 
9  999493 
9*999487 
9  999481 

9-999475 
9*999469 
9-999463 
9-999456 
9*999450 
9-999443 

9-999137 
9*999431 
9*999424 
9  999418 
9*999411 
9  999404 


Sine. 
^87 


Tung.   .  CotanK- 
r543084{ll4569l6{ 
8-546691 1 11*453309 
1-550268  11*449732 


553817 
8-5573^6 
8-560828 
8  564291 

8-567727 
8-571137 
8-574520 
8-577877 
8-5812(J8 
S  584514 

8-587795 
8*591051 
8-594283 
8597492 
8  600677 
8-603839 

8-606978 
8610094 
8-613189 
8-616262 
8*619313 
862"J343 

8.625352 
8  628340 
8-631308 
8-63i256 
8-637184 
8-640093 

8-642982 
8  645853 
8  648704 
8-651537 
8-654352 
8-657149 

8659928 
8-662689 
8-665433 
8-668160 
8-670870 
8.673563 


?*C76239 

8-678900 1 

8-681544 

8-684172 

8-686784 

8-689381 


8-691963 
8-604529 
8-697081 
8-699617 
8*7021.39 
8.-704646 

8*707140 
8-709618 
8-712083 
8-714534 
8-716972 
8*719396 


Coian. 


11*446183 
11442664 
1 1-439 1 79 
11*435709 

11*438273 
11-428863' 
11-425480 
11*422123 
11*418;92 
11*415486 

11-412205 
II  408949 
1 1 -40571 7 
11402508 
11-39932.) 
1: -396161 

11*393^22 
11-389909 
11.386811 
U -383738 
11-380687 
n -377657 

11*374648 
1 1*37 » 660 
11-368692 
11-365744 
11*362816 
U-359907 

11-357018! 
11-354147 
11-351296 
11  -b^  •  163 
ll-34564»: 
11-342851 

11-340072' 
11-337311 
fl-334567 
11-331840' 
11-S29130J 
U-326437' 


U-323761; 

1-.321100; 
ll-31W56| 

1*315828 
11.3132101 
11310619 


11-308037 

ll«305471 

11-302919 

1130038^ 

11-29780r 

11-295354! 

1 1-292860 
11-2903821 
11-28791 7  i 
11'285466{ 
U-283028 
11*280604 


Tuny. 


Sine. 


8-718800 
8-721204 
8-723505 
8*725972 
8-728.S37 
8-730688 
8  733027 

8-735354 
8-737667 
8'739969 
8-742259 
8-744536 
8-746802 

8-749055 
8-751297 
8-753528 
8-755747 
8*757955 
8-760151 

8-762.137 
8-764511 
8-766675 
8*768828 
8-770970 
8-773101 

8-775223 
8-777333 
8-779434 
^-781524 
8.783605 
8-785675 

8*787736 
8-789787 
8-791828 
8-793859 
8-795881 
8-7<i7894 

8-799897 
8-801892 
8-80,3876 
8-805852 
8-807819 
8809777 

8  811726 
8-813607 


Cosine. 


9-999404 
9-999398 
9*999391 
9-999S84 
9  999378 
9-999371 
9-999364 

9-999357 
9  999350 
9-999343 
9999^i36 
9*999329 
9-999322 

9999315 
9*999308 
9  999301 
9*99929  i 
9*999287 
9999279 

9*999272 
9-999265 
9*999267 
9-999250 
9-999242 
9-999235 

9-999227 
9-999220 
9-999212 
9*999205 
9*999197 
9-999189 

9-909181 
9-999174 
9-999166 
9-999158 
9-999150 
9*999142 

9-990134 
9-999126 
9*999118 
9-999110 
9-999102 
9-999094 

9*999086 
9-999077 


8-8155091  9  999069 


8-817522 
8-819436 
8-821343 

8-82324P 
8.825130 
8-827011 
8-SK28884 
8-830749 
8-8326V 

8-8.34456 
8-8.S6297 
8-838130 
8-839956 
8-841774 
8-843585 


Cnsine. 


9-999061 
9*999053 
9999044 

9-900a36 
0-0990  :;7 
9-999019 
9-999010 
9-9990(« 
9998993 

9-9O80B4 
9*998976 
9-998967 
9-99.8958 
9-998950 
9-998941 


Sine. 


8-735996 
8-738317 
8-740626 
8-742922 
8-745207 
8-747479 

8-749740 
8f5l989 
8*754227 
8-756453 
8-758668 
8*760872 

8-763065 
8-765246 
8-767417 
8-769578 
8-771727 
8-773566 

8-77509S 
8-778114 
8-7802«2 
8-782320 
8*784408 
8-786486 

8-788554 
8-790613 
8*792662 
8-794701 
8-796731 
8-798752 

8*800763 
8802765 
8-804758 
8-806742 
8-808717 
8-810683 

8-812641 
8-8 145  89 
8*816529 
8-818461 
8-820384 
8-822298 


11*273412 
11*271041 
11-268683 
11-266337 

11-264004  5^ 

11-261683 

11-259374 

11^7078 

11*254793 

11-252521 


Couiiig. 

11*280604 
U- -78194 


Tang. 

8-719396 
8-7*-'l806 

8*724204 11*«75796 
.8-726588 
8*728959 
8-731317 
8-7.W663 


6( 

5«; 

5«    • 

57 

56 

55 

54 


1 1  2502^0 
ll-2480n 
11*245773 
11-24354: 
11-241332 
11*239128 

11*236935 
lf*234754 
11-232583 
11-230422 
11-228273 
U-226134 

11-224005 
11*221886 
11-219778 
11*217^80 
11*215592 
11*213514 

U-211446 
ll-«09337 
11*207338 
11*205299 
11-203289 
11-201848 


11-19023723 

11*197235 

11*195242 

11193258 

11*191283 

11189317 


11187359 
11-185411 
11*183471 
11  181 539 
11-179616 
11-1777 


1117579511 

U-173897 

11172008 

11-170126 

II  168252 

11-166387 


11-164629 
11-162679 
11*160837 
11-159002 
11-157175 
U155356 


Tnng. 


5Q 
51 
5(] 
48 
4£ 

47 
4€ 

45 
44 
43 

4!i^ 

41 

4C 
39 
38 
37 

30 

35 
34 
3S 
3S 
31 
30 

29 
28 
27 
26 
25 
24 


21 

'Jl 

2a 

19 


II 

17 
16 
15 

Id 


02  IS 


IG 

9 


U3L 


^eS^tSiTtOWF' 


IX)&  SINES,  TANGKNTS,  kf. 


4  Peg. 


TS^ 


^*^'- 


Sine. 


10 
11 

i:i 
14 
15 
16 
17 
IH 

19 
20 
21 
2! 
2.» 
24 

2(i 
27 
28 
29 

30 

31 
32 
*  33 
34 
35 
36 

3: 

38 

39 

40 

41 

i2 

id 
44 
15 

47 
48 

49 
50 
51 
52 
53 
54 

55 
56 

s: 

58 
59 
60 


8-843585 
8-845387 
8-847183 
8-848971 
8-850751 
8-852525 
8-854291 

8-856049 
8-857801 
8-859546 
8-861283 
8-863014 
8-864738 

886^455 
8*868165 
b  8698G8 
8-871565 
8-873255 
8  874938 

8*876615 
8-878285 
8-879949 
8881607 
8-883258 
8-884903 

8-886542 
8-888174 

8-889801 
8-891421 
8-893035 
8-894643 

8-896246 
8-8978i2 
8-899432 
8-901017 
8-90  >^96 
8904169 

8-905736 
8-907297 
8-908853 
8-910104 
8-91  I94a 
8-913488 

8-915022 
8-916550 
8-918073 
8  919591 
8-92 1103 
^922610 

8-924112 
8-925609 
^927100 
8-928587 
8-930068 
8-931514 

8-933015 
8-934481 
8-935942 
8-937308 
8-938850 
8-940296 

Cosine, 


Cosine. 

7998941 
9-998932 
9998923 
9-998914 
9-998905 
9-998896 
9-998887 

9-998878 
9-998869 
9-99886' » 
9-998851 
9-998841 
9-998832 

9-998823 
9-998813 
9-998804 
9-998795 
9998785 
9  998776 

9-998766 
9-998757 
9  998747 
9-998738 
g-998728 
9  998718 

9-998708 
9-998699 
9-908689 
9-998C79 
9  998669 
9-998659 

9-998649 
9-998G39 
9-998629 
9  998619 
9998609 
9  998599 

9  998589 
9998578 
9-998568 
9-998558 
9-998548 
9-99853 

9-998527 
9-998516 
9-998506 
9998495 
9-998485 
9  998474 

9-998464 
9  998453 
9-998442 
9-998431 
9-998421 
9-998410 


Tang.      Cotang. 
8844644  11155556 


8-846455 
8-848260 
8-850057 
8  851846 
8-853628 
8:855403 

8-857171 
8-858932 
8-860686 
8-8624*3 
8-864173 
8-865906 

8-867632 

8-869351 

8-871064 

8-872770  1 

8-874469 

8-876162 


11'15S545 
I115ir40 
11-14994.5 
11-148154 
11-146372 
11-144597 

11142829 
11-141068 
11-1393U 
U-137567 
11-135827 
11-I340W 


Sine. 


ll-l.>2368 
1  130649 

U  128936 
M '27230 

11125631 

11-123838 

11-122151 
120471 
1-118798 
11-117131 
1M15470 
11-113815 


9U 


8-877849 

8-8795 

8-88120-J 

8-882869 

8-884530 

8-886185 

8-887833  11-112167 

8-889476  11-110524 


8-891112 
8  892742 
8-894366 
8-895984 


8-897596 
8-899203 
8-900803 
8-902398 
8-903987 
8  90557011-094450 


8  907147 
8-908719 
8-910285 
8-911846 
8  918401 
8-914951 

8-916495 
8-9l8aH 
8-919568 
8-921096 
8  922619 
8-924136 

8925649 
8  927156 
8-928658 
8-930155 
8-931647 
8-9^3134 

8-934616 
8-936093 
8-937505 

3-939032 


1 1 -10^888 
lM072iS 
11-105634 
11-104016 


11102404 
11-100797 
1I«099I97 
11-097602 
11-096013 


n -092853 
11-091281 
11089715 
11-088154 
11-086599 
11-085049 

11083505 
U-081966 
11-080432 
11078904 
11-077381 
11-075864 

U-074351 
11-072844 
11-071342 

11 -0695+5 
11-068353 
U-OC680G 

11'06.'»384 

11-OG30O7 

11-062435 

1-060968 


85  Peg. 


,8-940494  11-059506 
8-941952  11-058048 
Cotan.   i   Tang. 


Sine. 

8Wl296| 
8-9417.3S 
8-04;U74 
8-<»44.r);wi 
8-9460.S4 
H -94745  6 
8  948874 

8-95(V287 
8-951696 
8.953100 
8  954499 
8-955894 
8-957'i84 

8-958670 

8-96005 

8-96  J  429 

8-96-2801 

8-964170 

8-965534 

8  966893 
8-9<)8249 
8-9G9600 
8-970947 

8  972289 
8-973628 

8-974962 
8-976293 
8-977619 
8-978941 
8-980259 
8-981 57.1 

8-982883 
8-984189 
8-985  491 
8-986789 
8-t»  88083 
8-98"374 

8-990660 
8-991  L'43 
8-993222 
8-'".»44>7 
8'*»<'5768 
8-997036 

8-9  '8299 
8-9'.'9560 

9  000816 
n-00A)6' 
9-003318 
9-004563 

9-005805 
9-007044 
9-008278 
J*  00  510 
■-01073; 
9-011962 

9-013182 
9-014400 
9015613 
9-016824 
9018031 
9019235 

Cosine, 


J     Sine,     j  (;osine.  j    Tang.    ;  Cotmg.  | 


9'.»'.iS344 

9*':••:JS;>.^3| 
9-U'J8322 
W'V  '8311 

'.|-'J'.>828.' 
'.»-«*«j8277 

9-998266 

9-098255 

'.»-»'>8e43 

•998232 

9-998220 

y-9'J8ao9 

0-?«81'>7 
9-99818  . 
•«j-l»y8l7i 
0-0'»8l6> 
9-908151 
9-90813 

9-998128 

0-0'-811G 
9-908 104 
9-998- 10*2 
9-00808' 
0-098068 

9 -90  805  6 
9-998044 
9-008032 
9-'?  '8020 
9-998008 
9-907996 

9*907984 

9-007 

0-or7l!5M 

9*007947 

9-907035 

9-997022 

9-997910 
0-907897 
9-997885 
^)-'.l'»7872 
9-9^7860 
9-997847 

9-997835 
9-997822 
9-0078'»9 
9-007797 
9-997784 
9-997771 

9*997758 
9*997745 
9-997732 
9-997719 
9-9077O6 
9-997696 

9-907680 
9*997667 
9-997654 
9-997r4l 
9-907628 
9-997614 

Sine. 


8-41152 

S -943404 
8--"44S5" 


I -05  &  48 
11-056596 
n-055148 


462' 15  11-05.3705 


8--'47734 
8-940168 
8-*' 50597 


11.05*^266 
11. 05(^832 
II  (4940:i 


8-i52021  11.047979 
8-i.5.M-4l  lU^i559 
8- ;54850;i  1.045144 


GO 
59 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 

4; 

4fj 
45 

44 
43 

42 

41 

40 
39 
38 
37 
36 


8-"56267  11.04:1733 
8-957674,11.04*2326 
8-959075  11<4092j 

8*060473  11-039527 
8-'>61866U-0;>S13-l 
8-  63255  11-03674:: 
8-  64630  11 -03536  J 

8-  66010  11  (mosi 

8-.67394llO3260<-. 

8-068766  11-0312,14 
8^701 33  11-029867 
8-07l4?6ll-C>285O4 
8-"72855  11-027 
8'>74200  11.025701 
8-'>7.5560IlO2^i44( 

8*076006 
8-078248 
8'970586 
8*98u021 
8-082251 
8-083577 

8*084899  11-015101 
8-' 86217  11-013783 
8-087532  11-012468 
8"88842  11-011158 
8-99014'  11-009851 
8-991451  11-008549 

8-0.'275O!  11-007250  23 
8*994045  11-005955  22 
8-9^53371  U -004663  21 
8-906624!  11-003376  20 
8-0079O8fll-OO2(»9219 
8-9991 881 1 1-000812  18 


n-023094.35 

11-021752 

11.020414 

11-019079 

114)17749 

11-016423 


9-000465  10-999535 
9-0017381 10-998262 
9-003007  10-996993 


9-004272 


10-995728 


9-005534  I0.9944G6 


9-W6702 

9-008047 
9-009208! 
9-010546 
9*011790; 
9-013a31 
9014268 

9-0*15502 
9-016732 
9017959 
9-010 1S3 

9-020  V03 
9-021 62tl| 


Cotan.    I    Tanff. 


10-993208 

10-991953 
10-990702 
10-989454 
10  988210 
10-986969 
10-985732 

lO-984't-P8 
10-983268 
10-982041 
I0-980S17 
10-979597 
10-978380 


H  l)cg. 


Digitized  by 


Kj^V!f^rt^ 


JLOG.  SINES,  TANGENTS,  kt. 


T!5 


n  Dei 


■&• 


leg. 


'  .     Siue^     I  Cosine.  .    Tang.    |  Cotang. 

Q-OiyiSSjli^Gll  9-<>2l(V2()  lO-y783S()| 

cjH*'2U435  9-997601  9'<V2^8;U  1097716(1 

O-O^iiei^J  9-0*- 7588  9'0'24(>i4  U)-975956i 

9-022825  9-997574  9*0*2:>25l  10-974749 

9-024016  9-997561  90i2645 5  10-973545 

9-025^3  9-997547  9\y27655  10.972345 

9-026386  9-997534  9028852  10-97U 48 


9 
10 
11 

12 

13 
14 
15 

16 
17 
18 

19 

20 
21 
22 
23 
24 

25 

26 
27 
28 
29 
30 

31 

32 
33 
34 
5 
56 

37 
38 
39 
40 
41 
42 

43 
44 
45 

4G 

4 

48 

49 
50 
51 

52 
53 
54 

55 
56 
57 
58 
59 
60 


9-027567 
9-028744 
9-02  ''IS 
9-031089 
9032257 
9-033421 

9-034582 

9-035741 
9-036896 
9 -(XSSI  y4  8 
9-039197 
9-040342 

9-041485 
9-042625 
904S762 
9-f)44895 
9-046026 
9-047154 

9-04S277 
9-O19400 
9-0505 1 M 
9-051635 
9-052749 
9-4B3859 

9-054966 
9-056071 
9-057172 
9-058271 
9-050:567 
9-060460 

9-061551 
9-002639 
9063724 
9-OW800 
90G5885 
9-066.'62 

9-068036 
906  107 
9-070176 
9-071242 
9't)7230G 
9  073366 


9-997520 
9-0975O7 
1|-9974'.'.1 
9-9*^7480 
9-997466 
9*997452 

9-997431I 
9-l»fl7425 
9-997411 

9-997397 
9-997383 
9-997360 

9-997355 
9-997341 
9-997327 
9-997313 
9-997299 
9-997285 

9-997271 
9*U9"257 
9-997242 
9-997928 
9-997214 
9-997199 

9-997185 
9-997170 
9-'.>«.»7l56 
9.9'/7l4l 
9-99712; 
9-997112 

9-997098 
9-997083 
<*-997068 
9-997053 
9-997a>9 
9-997024 

9'99700'j 
9-996904 
9-996979 
9-996964 
9-906949 
9-996934 

9-990919 
9-9960O4 
9-096889 
9'996874 
9'9068:»8 
9-996843 

9-996828 
9-996HI2 
9-996797 
9-996782| 
9-996766 
9-996751 

Cosine.    Sine. 


9-030046 
9-031237 
9-032425 
9-0;S36i)9 
90.U791 
9-035969 

9-037I44 

9.038316 

9039^85 

9.(>il)ri5 

90-U813 

9-04297.) 

9-044130 
9-045284 
9-046434 
9-047582 
9-048727 
9-049869 

9-051008 
9-052144 
9-053277 
9-054407 
9-055535 
9056659 

9-057781 
9-058900 
9-060016 
9-061 13(J 
9-062240 
9063348 

9-064453 

9-065556 

9-06665 

9067752 

9-068846 

9069938 

9-071027 
9-072113 

9-073197 
9-074278 
9-07535r 
9-076432 

9-07750: 
9-078576 
9-079644 
9-080710 
9-081773 
90S2833 


9-083891 

9084947 

9086(X)0  10' 

9<»87050 

9-088098 

9089144 

Gotan. 


10-9699541 
10-968763 
10-967575 
10-966391 
10-965209 
10-964031 

10-962856 
10.961684 
U»-9f)0515 
10.959349 
10-958187 
10-957027 

10-955870 
10-954716 
10-953566 
10-95'2418 
10  951273 
10-950131 

10-948992 
10-947856 
10.946723 
10  945593 
10.944465 
10-943341 

10.942219 
1 0-941 10«) 
10.939984 
10.938870 
10.937760 
10936652 

10-935547 
10-934444 
10-933345 
10-932-248 
10-931 154i 
10-9r>0062 

10-928973 

10-92788; 

10.926803; 

10.925722; 

I0.924644i 

10-923568 

10-922^195 
10-921424 
10-920356 
10-919290 
10-918227 
10-917167 


10-916109 
10-915053 
t-9l4oor> 
10-912950 
10-911902 
10-910856 


Tang. 


Sine.     I  Cosine,  j    Tang.    |  Cotang.  i 

9^85894  "9^996751  IkiKOTW  10-010856  ^ 

9-086922  9-996735  9-0901 S7  1()-9(I0813 

9-(.»87947  9-906720  9-091228  10-1HJ8 7 72 

9-088970  9-996704  9'<.)9'2262  lO-9077iH 

9089990  9-996688  94.»93302 10-90<>698 

9.091006  9-996673  9.094;j36  10-905664 

9092024  9-996657  9-095367  10-904633 


74 


9-093037 
9-094OV7 
9-095O56 
94»96062 
9097065 
9-098(;66 

9-099065 
9-l(KHMV2 
9-101056 
9-U)2<i48 
9-10:V03; 
9104O25 

9-105010 
9-105992 
9-106973 
9-107951 
9-108927 
9109901 

9-U0873 

9-111842 

9-112809 

9-11377 

9-11473: 

9115698 

9-116656 
9-117613 
9-118567 
9119519 
9120469 
9  121417 

9122362 
9-12:3306 
9-1242^;8 
9- 125 1 87 
9-126125 
9127060 

9-127993 
9-12892.1 
9-129854 
9-130781 
9-131706 
9-132630 

9-133551 
9-134470 
9-135887 
9-136.«)3 
9-137216 
9-138128 

9-139037 
9-1399  U 
9-140850 
9-141754 
9-142655 
9-14,3555 


9-996641 
9-096625 
9-996610 
9-996594 
9-996578 
9-996562 

9-996546 
9-996530 
9-996514 
9.99r498 
9-996482 
9996465 

9-996449 
9-996433 
9-996417 
9-996400 
9-996.)84 
9-996368 

9-996351 
9-l»96335 
9-996^318 
9-996.302 
9-996285 
9-996269 

9-996252 
9996235 
9-996219 
9-996202 
9-9061 85 
9-996168 

9-996151 

9-996134 

9-99611 

9-996100 

9-996083 

9996066 

9-996049 
9-996032 
9-996015 
9-995998 
9*)9.5980 
9-995963 

9-995946 
9-995928 
9-995911 
9-995894 
9-995876 
9-995859 

9-995841 
9-995823 
9-995806 
9-995788 
9-995771 
9*995753 


Cosine.   Sine.   Cotan.   Tang. 


9-096395 
9-097422 
9-098448 
9-O90468 
9-10*487 
9-101504 

9-102519 
9-103532 
9-114.542 
9.105550 
9-106556 
9-107559 

9-108560 
9-109559 
9-110556 
9-111,551 
9-112543 
9-113533 

9114521 
9-115507 
9-116491 
9-117472 
9-118452 
9119429 

9-120404 
9-121.377 
9-122348 
9.12,'3317 
9-124284 
9-125249 

9-126211 
9I27I72 
9-1281.30 
9-129(»87 

9-130041 
9-130994 

9-131941 
9-132893 
9-133839 
9.134784 
9-135726 
9*136667 

9-137605 
9-138542 
9-1.39476 
9-1404419 
9-141,340 
9-142260 

9-143196 
9-144121 

9-1450U 
9-145966 
9-144)88.1 
9-147803 


10-903605 
10-902.>78 
10-901554 
10-900532 
10-899513 
10-898496 

10-897481 
10-896468 
10-895458 
10-894450 
10-893444 
10  89-2441 


10*891440|41 

1O890441 

10889444 

10.888449 

10887457 

10-886467 


10-885479 
10-884403 
10-883509 
10-882528 
10-8«1548 
10^8805: 

10-879596 

10-8786' 

10-877652 

10-876683 

10.875716 

10-874751 

10-873789 
10-872828 
10-871870 
10-870913 
10-869959 
10-869006 

10-868056 
10-867107 
10-866161 
10-865216 
10-864274 
1^863333 

10-862395 
10-861458 
10-860524 
10-859591 
10-858660 
10-857731 

10-856804 
10-855879 
10-854956 
10854034 
10-853115 
10-852197 


83  I)ejr. 


82l>eg._ 


L9G.  SlNliS,  TANGENTS,  kc. 


llep 


y  i)cK'. 


y 

10 

It 

\2 

13 
14 
In 
lf> 
17 
IS 

IP 
20 
21 
2*2 
2> 

e5 

20 
27 

28 

,^> 

31 

|.3'2{ 

3.i; 
.U 

■U); 

;>8 

jy 

VI 

i.> 
u 

45 
16 
V7 
18 

l?> 
jO 
51 


.55 
56 
5 

»(> 
GO 


y-i-^^3.>5 

0-1. V5;>4'J 
9-l4r,2isi 
9l471.> 

yi4H«)2 
•J-14SUI5 

O.!40R'>2 
9.|506S». 
9.I51561> 
9.l5'Ji7»l 

91542<»S 

9-l.i5(»S.S 
9-15.59:.7 

9*i5ris.i< 

9-l577rK 
9*1 585(19 
9-1594.K' 

9l6<^ilOl 
9-101104 
9-l0'2<)25 
9-|628vS5 
9-l6.374o 
9-lf>46<XJ 

9-10545  V 
9iOO,-507 
9- 107 1 59 
9-108tH)8 
9-10)JS50 
9- 109702 

9-170547 
9-171.J89 
9-1 7-22.10 
9-ir.j070 
9-l7o908 
9-1747+4 

9-17557S 
9l7r)4n 
9-177242 
9178072 
9-17S1MM) 
917U720 

9180551 
9l8l,i74 
9182190 
9-|8;^O10 
9-lS.)S.U 
9-184051 

9-lS5iC0 
9-1S028O 
9-lS7(»92 
9' 18790.) 
9-188712 
9-189519 

9'190.)2. 
9l9li:«> 
9-19 1933 
9-l^H27.M 
9-193534 
9- 194332 

Cosine 


Cowne 

9-9957;).) 
9-995735 
9-995717 
9-9^J50'.t9 
9.W.><)SI 
9.yi»50'ii 
9-99ji)i0 

9-'.»9502H 
9-9950 1*  > 
9-995.)9l 
9-99.1573 
9-995555 
9-995537 


T»np.  Cotaiig.  I 
9  1 47X7)  |0-S5'2197; 
9- 1487  IS  10-S51282, 
9-149032  10-850308 


9-15054+ 
9-1514U 
9'l52^i03 
9-153209 

9154174 
9-15507 
9-1 5  59  7  S 
9  1508: 
9' 1 577/0 
9-138071 


9-995519'  9-159505 


y-995;»01 
9-99  j4  82 
9-995404 
9-'^.)544<i 
9  995427 

9-095 109 

9-995,)90 

9-99537 

9-995353 

9-995334 

9  995310 

9-995297 

9-995278 
9 -995200 
9-W52;i 
9-995222 
9  995203 

9-995184 
9-995105 
9-995140 
9-995127 
9-995108 
9  995089 

9-095O7O 

9-9950.1 

9-9950)2 

9-995013 

9-994993 

9  994974 

9-99  V955 
9-991935 
9-994910 
9-994890 
9-994877 
9-994857 

9-994838 

9-994818 

9-994798 

9-994779 

9-99V7 

9-99-*739 

9-99472f 
9-994700 
9.99  V08O 
9. 994000 
9.99404^) 
9.99402<'! 

Sine. 


910O457 
910l3i7 

9-l022.itl 
9-10312.3 
9-104(X)S 

9-104892 
9-  05774 
9'100054 


l')-8U»45t 
I  (».H  4-8540 
ll)-847ii37 
10-840731 

IO-8V5820 
|0-8ri-92J 
10.84102*2 
10-84,312:*' 
I0.842^2i«! 
IO-84l3'2y| 

IO-84/>Uv 

10-839543 

10-838053 

10-83770  V 

10-83087; 

10-83599 

10.8351081 
10-83  i-jr 
10-8333  •»<" 


9-l075.>2llO-832-ir.8 


9-10S4O9 
9-1092S4 

9*17(M5 

9-171029 
9-171899 


10-831591 
10-830710 

10-829843 
104J2S971 
10.828101 


9'172707'l(>-827-2.r) 
9-173034  10.820300 
9-174499  10-825501 

9-1 7530210-82  i038| 
9-1702-24  10-823770 
9-177084  1O-8-22910 
9-1779  4-2' 10-822058 

9-l78799jlO-821201 
9-179055  10-820345| 

9-1 80508' 10-819492| 

9-181301 J  

9182211 
9*1 8:1059 
9-18390; 
9184752 


9-18559: 
9180119 
9-187280 
9-188120 
9-188958 
9-189794 

9-190029 
9-191402 
9-192294 
9-19.S124 

9-193953 
9-1 94780 

9- 195000 
9-190  4.M') 
9-1972.»3 
919»*74 
9-198894 
9-ll»971^ 
Cotan. 


10-81 804OI 
10-817789 
MV810941 
10-81 C093 
10-815248 

10-814403 
10-81 3501 
10-8127-20 
IO-81IS80 
10-811042 
10-81(h200 

10-809.)7I 
10-8085.)8 
IO-80770!1 
lO.8',>0870 
10800017 
10  805J20 

in.80-V394 
10..SO.M70 
10-SO2747 
10-801920 
10.801  KM- 
10  80<^2S7 
Tj 


Trr94k^2 

91951'21» 
9-195925 
9-19671^ 

9-197; 
9-19SS02 
9  199091 

9199879 
9-2«)O000 
y-2<  M4.il 
9-2(^22.U 
9-*2rK3<117 
9"20.579; 

9-20i57: 
9  205354 
9'20»'»131 
9-2O09(M'> 
9-2O7079 
9-208  U2 

9-'2'>9'2'2'2 
l>-'2iHJ9'»2 
9-21O70O 
9-211.VJ0 
9212291 
9-2U05J 

9-*2l.l818 
9-214579 
9  21 5338 
9-21 0<K>: 
9-21 085  i 
9  217009 

9  218,103 
9-219110 
9-219808 
9-22O018 
9-221307 
9  222115 

9  •2-22801 
9-2'230O0 
9-22kl49 
9-'2'25092 
9-225833 
9-2205; 

9-'2273n 

9-228048 
9-22878  i 
9-22951 
9-2.;02.1 
9-230984 

9-23171 

9-2.1'244l 
9-23)172 
9-233S99 
a-2.i4.(' 
9  2.15349 

9.2.)0O7.' 
9.2.i079.i 
9.2.^7515 
9.2.18235 
9.2.i8953 
9-2.19070 

Cosine. 


Cosine. 


Tung.    I  Col»4rj^.  J 

9-994020  <rr9'9Tri  icV8r)<Tw7  00 

9-9940OO  9«tft>052y  10-799471  59 

9-99458<»  9-2')l.S45  1O79H055  58 

9-99450*  >  9- 20-2 1 59  10-797841 

9-9«»4540i  9.2«>2951  10-797029 

9-9945 1 9I  9.20.>782  10-79621 8 

9  994499  9  2t  >4592j  1 0-795408  54 

9-994479  9'2054J>  h  1 0-7944(X»  5.1 
9-9<>4V59  9-200207!  10-79.1793  52 
9-994438^  9-2«  )70l  3!  1 0-792987  5 1 
9-994*18]  9.2«J78J7  10-7921 8.i  50 
9-994,i98:  9-2^)80 1 9;  10.79 1 381  49 
9-9yi.>77i  9-209420' 10-790580  48 


9-*2tn220 
9-21  ^Ol  8 
9-211.81.5 
9.212t»ll 
92134^)5 
9  214198 

9-214989 
9-21578* 
9-216508 
9.217.150 
9.218142 
9.-2i892G 


10  10-; 


9-2197 

9-220492 

9-22l27ti 

9-22205'J 

9-2228.10 

9  22,i607 


9-994,157 
9-9943.^0 
9-99  UlO 
9-994295 
9-994274 
9  99V254 

9-9942,13 
9-994212 
9-994191 
9-'-»94171 
9-994150 
9-994129 

9-994108 
9-99-WI87 
9-994<H)0 
9-994045 
9•994(^24 
9-994(KJ3 

9-993982 
9-99390O 
9-99.19.>9 
9-99.)918 
9-993897 
9-993875 

9-993854 
9-99.^8.52 
9-99.)81 1 
9-993789 
9-993708 
9-993740 

9-993725 
9-993703 
9-993081 
9-99.560O 
9-993038 
9-993016 

9-99.1.»94 
9-993572 
9-9935  5(» 
9-993528 
9-99.55O0 
9  99,U84 

9-99.U02  9-2+21 
9-99.1440)  9-24.J354 


9-224182  10-775618 


9-225150 
9-225929 
9.220700 
9.227471 
9-228239 

9-229007 
9-229773 
9-2:105.'19 
9-231 3<>2 
9-232065 
9-'232826 

9-2.>3580 
9-2.14  J45 
9-2-J510.} 
9-2,15859 


9-237368 


9-2.1?! 

9.2.5S872 

9-2,39022 

9-240371 

9.241118 

9'24l80.i 


9"993418 
9-99:1,590 


9-99.>351 
"Sine. 


9-244097 
9-244839 


9-99.1.174   9-245579 


9-240319 


Cot«n. 


10-789780 

10-78898: 

10-788185 

10-787389 

10-780395 

10-785802 


10-78.5011 
10-784220]  441 
ia78.34i2 
10  782iU 
10.781858 
10^781074 


80-290 
10-789508 
10-778728 
10-777948 
10-777170 
10  776393 


10774844  '2fi 


1077407 
10-77.1100 
10-772529 
10771761 

10-770993 
10-770227 
10-769401 
1O-768098 
1^767935 
10-767174 

10-766414  i: 
10-76.'>655 
10-76489; 
19-764141 


9-2.^6014  10.76:3386 


10»762632 


3812OJ10-7618SO 
10-761 12s 
10-760378 
107.^9629 
10-758882 
107581.15 


20 10|  10-757390 
10-750046 
lO-7559ai 
10.755101 
10.75U21 
10  753681 


Tanj:. 


4i 


:8io 


81  Peg- 


80  Dec: 


Digitized 


dbyi^OOgft 


_^   ii^i».*-.«:m 


LOG.  SINES,  TANGENTS,  &ti 


u 

1 

2 
3 

5 
6 

7 
8 
U 
10 
11 
12 

13 
14 
15 
16 
17 
18 

19 
20 
«1 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 

32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


9-23967b 
9-240386 
9  24U01 
9-241814 
9.24252Gi 
9.243237 
9«243947 

9-244656 
9-245363 
9-246069 
9-246775 
9-247478 
9248181 

9-248883 
9-2t9583 
9-250282 
9*250980 
9.251677 
9-252373 

9-253067 
9-253761 
9-254453 
9-255144 
9-255834 
9-256523 

9-257211 
0-257898 
9-258583 
9-259268 
9.259951 
9-260633 

9261314 
9-261994 
9-262673 
9.263351 
9.204027 
9-264703 

9-265377 
9-266051 
9-266723 
9-267395 
9-268065 
9-268734 

9-269402 
9-270069 
9-270735 
9271400 
9.272064 
9-272726 

9-273388 
9-274049 
9-274708 
9-275367 
9276025 
9-276681 

9-277337 
9277991 
9-278645 
9.279297 
9-279948 
9-280599 


10  Dug. 


Cosine. 


CoMiie. 
"9^93351 
9-993329 
9-993307 
9-993284 
9-993262 
9-993240 
9-993217 

9-993195 
9-993172 
9-993149 
9.993127 
9.99SHJ4 
9*993081 

9-993059 
9-993036 
9-993013 
9-99'291»0 
9-992967 
9-992944 

9-992921 
9-992898 
9-992875 
9-99CJ852 
9-992829 
9  992806 

9-992783 
9-992759 
9-992736 
9-992713 
9-99269<J 
9992666 

9-992643 
9992619 
9-992596 
9-992572 
3-992549 
9-992525 

9-992501 
9-992478 
9-992454 
9-992430 
9-992406 
9-992382 

9-992359 
9-992335 
9-99231 1 
9-992287 
9-992263 
9  992239 

9*992214 
9-992190 
9-992166 
9-992142 
9-992118 
9-992093 

9-992069 
9-992044 
9-999020 
9-991996 
9991971 
9-991947 


Sine. 


9-i^i6ol'J 
9-247057 
9-247794 
9^248530 
9-249264 
9-249998 
9*250730 

9-251461 
9-252191 
9-252920 
9253648 
9-254374 
9-255100 

9-255824 
9-256547 
9-257269 
9-257990 
9-258710 
9259429 

9-260146 
9-260863 
9-261578 
9-262292 
9-263005 
9-203717 

9-264428 
9-265138 

9-205847 
9-266555 
9-267261 
926796; 

9-20SG71 
9-269375 
9-270077 
9-27Cy779 
9-271479 
9-272178 


Cotan. 


Cotang. 

lO-75aC8i 
10-752943 
10-752206 
10-751470 
10-750736 
10-750002 
10749270 

10-748539 
10-747809 
10-7470801 
10-746352| 
10-745626 
10'744900| 


79  D. 


10-744176! 
10  7434531 
10-742731 
lt)-7420l0 
10-741290 
10-74(»571 

10-739854 
JO.739137 
10.738422 
10-737708 
1 0.736995  j 
10-736283 

10-735572 
10-734862 
10-734153 
10-733445 
10-732739 
10-732033 

10-731329 
10-730625 
10.729923 
10.729221 
10.728521  i 
10.7ii7822 

10-727124 
10-726427 
10-725731 
10-7250:3(j 
10.724.542 
10  723649 

10-72295 

10-722266 

10.721576 

10.720887 

10.720199 

10-719512 

10.718826 
10-718142 
10.717458 
10-716775 
10.716093 
10-715412 

I  •714732 
10-714053 
10-713376 
10-712699 
10-71202.3 
10-711348 

Taug. 


Sine. 
¥280591' 
9-281248 
9-281897 
9-282544 
9-2831 9t» 
9.2&J836 
9-284480 

9-285124 

9-285766 
9-286408 
9-287048 
9-287688 
9-288320 

9-288964 
9-289600 
9-290236 
9-290870 
9-291504 
9-292137 

9-292708 
9.293399 
9.294029 
9-294058 
9-295286 
9-295913 

9-296539 
9-297164 
9-297788 
9-298412 
9-299034 
9-299655 

9-300276 
9-300895 
9-301514 
9-302132 
9-302748 
9  303364 

9-303979 
9-304593 
9-305207 
9-305819 
9-306430 
9307041 

9307650 
9-308259 
9-308867 
9-309474 
9-310080 
9  310685 

9-311289 
9-3U893 
9-312495 
9  313097 
9-313698 
9-31429; 

9-314897 
9-315495 
9-3.6092 
9-316689 
9-317284 
9-317879 

Cosine, 


11  De 


I'ang. 


Cosine. 

~9-99r94'7 
9-99192^' 
9-99189; 
9-991873 
9-991848 
9-991823 
9-991799 

9-991774 
9-991749 
9-991724 
9-991699 
9-991674 
9-991649 

9-9916i^l 
9-991599 
9^91574 
9-991549 
9-991524 
"9-991498 

9-991473 
9-99 14.W 
9-991 422 
9-991397 
9-991372 
9-991346 

9-991.321 
9-991295 
9-991270 
9-991244 
9-991218 
9-991193 

9-991167 
9-991141 
9-991115 
9-991090 
9-991064 
9.991038 

9-991012  9-31296S 
9-990986  9-313608 


9-2S8C5i 
9-289320 
9-28999U 
9-290671 
9-291.342 
9-292013 
9-292632 

9-293350 

9-2944)1 

9-294684 

9-295349 

9-296(»13 

9-29667; 

9-2973.39 
9-298(X)l 
9-298602 
9-299322 
9-299980 
9-3(J0638 

9-301295 
9  301951 
9-302607 
9-303261 
9-303914 
9-304567 

9-305218 
9-305869 
9-306519 
9-307168 
9-307816 
9-308463 

9-309109 
9-309754 
9-30a^99 
9-311042 
9-311085 
9-3123^7 


Coiaug. 


9-990960 
9-9(K)934 
9-990908 
9-990882 

9-990855 
9-990829 
9:990803 
9-990777 
9.990750 
9-990724 

9-990697 
9-990671 
9-990645 
9-990618 
9-9W591 
9-990565 

9-990538 
9-990511 
9-990485 
9.990458 
9-99^)431 
9.990404 


Sine. 


9-324358 
9-,32-i9K3 
9-325607 
9-326231 
9-326853 
9-327475 


CoUn. 


10-71134S 
10-710674 
10-71  (H)Ol 
10-709329 
10-708658 
10-707987 
10-707318 

10-706650 
10-705983 
10-70.'>310 
10-704651 
10-703987 
10-703323 

10-702661 
10-701999 
10-701338 
10-700678 
10-700020 
10-699362 

10-098705 
10-698049 
10-697393 
10-696739 
10-696066 
10-695433 

10-694782 
10-694131 
10-693481 
10.692832 
10.692184 
10.691537 

10-690891 
10-690246 
10-689601 
10.088958 
10-688315 
10-687673 

10-6870.'?2 
10-686392 
10-685753 
10-685115 
10.684477  19 
10-683841  18 


9-314247 
9314885 
9-315523 
9-316159 

9-316795 
9-3174,30 
9-318064 
9-318697 
9-319.3.30 
9-319961 

9-320592llO-679408 

9-3212221 

9-321851 

9-322479 

9-32.1106 

9-323733 


10-68,3205 
10-682570 
10-681936 
10-681,303 
10-680070 
10-680039 


10-678778 
10-678149 
10-677521 
10-676894 
ia0702e7 

10-075642 
10  075Ot; 
U>674^MI3 
10-073769 
I0.673?47 
10-672525 


*K. 


78  0" 


Tanjf. 


GO 
59 
58 
57 
50 
55 
54 

53 

52 

51 

50 

49  . 

18 

47 
46 
45 
44 
43 
42 

41 

40 
39 
38  ' 
37 
36 

35 
34 

33  • 

32 

31 

30 

29 

;^8 

^ 

26  - 

25 

24 

23 
22, 
21 
20 


17 
16 
15 
14 

13 
12 

11 
10 
9 
8 
7 
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Digitized  by 


Google 


LOG.  SINES,  TANGENTS,  kci 


I'ilieg.                       IJ  Ucg.             i 

* 

Sine,  . 

Cosine.  ^  Tang.  |  Cotang.  „  Sine. 

Cosine. 

Tang^ 

Cotang.  ^  1 

7) 

9-317879 

9-99;>40-t 

9-327475  10-672323 

9-332088 

9-988724 

9-363364 

10-63f.636 

60 

1 

9-31847.) 

9-i'90,)78 

9-32S01»5  10-671905 

9-352635 

9-988695 

9-363940 

10-63606( 

39 

o 

9-3|l.H)6il 

9-99(1331 

9-.  v28  71 5  j  10- 671 285 

9-353181 

9-988666 

9-364515 

10635485 

58 

3 

9-3l96a3 

9-990324 

9'.v29334!l(>67(Mi66 

9-353726 

9-988636 

9-365090 

10-6349 1  ( 

:T7 

4 

9-320249 

9-9'J(.>297 

9-32^^933 

10-6700-V7 

9-354271 

9-988607 

9-365664 

106,343.36 

56 

5 

9-32<J840 

9-99(>270 

9-3.30570 

10-669430 

9-354815 

9-988578 

9  366t>,37 

10.633763 

35 

6 

9-321430 

9-99ih^43 

9-331187 

10-668813 

9-355358 

9-988548 

9-366810 

10-63S19U 

54 

7 

9-322019 

9-990215 

9-331803 

10-6681,97 

9-355901 

9988519 

9-367382 

106.32618 

53 

8 

9-322rj07 

9-99(a88 

9-332418 

10667582 

9-356443 

9-988489 

9-367953 

10-632047 

32 

9 

9.32,il94 

9-99(H6l 

9-33.'>033 

10-666967 

9-35698'i 

9-9884r»0 

9-368524 

10-631476 

51 

10 

9-323780 

9-9901;34 

9-333»Vf6 

10-666354 

9-357524 

9-9884,30 

9-369094 

10-63«)9O6 

50 

n 

9-324.)66 

9-9901(^7 

9 -33*239 

10-665741 

9-358064 

9-988401 

9-369663 

10-630337 

49 

12 

9-324950 

9  990079 

9-334871 

10-665129 

9-35864)3 

9-988371 

9-370232 

10.629768 

48 

1.3 

9-325334 

9-91HI052 

9-335482|lO-6«45l8 

9-359141 

9-98834i? 

9-97(»799 

10-629201 

47 

u 

9-326111 

9-990025 

9-3.)6093 

10-663907 

9-359678 

9-988312 

9-371367 

10-6286.33 

46 

15 

9-32r.r(M) 

9-989997 

9 -.536702 

IO-6632<J8 

9-360215 

9-988282 

9-371933 

10-628067 

45 

16 

9-327281 

9-989970 

9-337311 

10-662689 

9.360752 

9-988252 

9-372499 

10.627501 

44 

17 

9-327862 

9-989942 

9-337919 

10-662081 

9^361287 

9-08822,3 

9-373064 

10-62()936 

43 

18 

9-328442 

9-989915 

9-338527 

10-661473 

9-361822 

9-988193 

9-373629 

10-626371 

42 

19 

9-321^021 

9-989887 

9-339133 

1O660867 

9-362356 

9-988163 

9-.374193 

10-625807 

41 

20 

9-32<J5y9 

9-9S9860 

9-339739 

10-66(K>61 

9-362889 

9-988133 

9-374756 

10-625244 

40 

L'l 

9-3,30176 

9-989832 

9-340344 

lCJ-659656 

9-36.'U22 

9-988103 

9-375319 

10-624681 

39 

2^2 

9-3.3<J753 

9-9898 '4 

9'34«j948 

10-659052 

9-363954 

9-988073 

9.375881 

10-624119 

38 

23 

9-331329 

9-989777 

9-341552 

10-658448 

9-364485 

9-988(>i3 

9-.^644t? 

10-62:3558 

St 

24 

9-331903 

9-989749 

9-5421 55 

10-657845 

9-365016 

9-988013 

9-377003 

lO-62i997 

36 

25 

9-33'2478 

9-989721 

9-342757 

10-657243 

9-365546 

9-987983 

9-377563 

10-692437 

35 

2G 

9-33:3051 

9-989693 

9-.>43358 

10-656642 

9-366075 

9-987953 

9-378122 

10-621878 

34 

27 

9-3336'24i  9-989665 

9-343959 

10-656042 

9-366604 

9-98792^2 

9-,37868| 

10.621319 

33 

28 

9.3;U195 

9989637 

9.:344558 

10-655442 

9-367131 

9987892 

9-379^239 

10.620761 

32 

29 

9.334767 

9.98tmiO 

9-3^*5157 

1().65484;3 

9-367659 

9-987862 

9-379797 

10-620203 

31 

30 

9-335337 

9  989582 

9345755 

10654245 

9  368185 

9987832 

9380354 

10-619646 

30 

31 

9-335906 

9-989553 

9-316353 

10-653647 

9-368711 

9-987801 

9-380910 

10.619090 

29 

32 

9-336475 

9-989525 

9-346949 

10-653051 

9-369236 

9-987771 

9-381466 

10-61 85:34 

28 

33 

9-337043 

9-989497 

9-347545 

10-652455 

9369761 

9-987740 

9-382020 

10-617980 

27 

34 

9-337610 

9-989469 

9-.H8141 

10-651859 

9-370285 

9-987710 

9-38252-5 

10-617425 

26 

35 

9-338176 

9-989441 

9-348735 

10-651265 

9-370808 

9-987679 

9..S83129 

10-616871 

25 

36 

9-338742 

9-989413 

9-349329 

10  650671 

9-371330 

9-987649 

9-383682 

10*616318 

34 

37 

9-339307 

9-989385 

9-.349922 

10-65(X)78 

9-371852 

9-987618 

9-384234 

10-6l5r66 

il 

38 

9-339871 

9-989356 

9-350514 

10-649486 

9-372373 

9-987588 

9-384786 

10-615214 

22 

39 

9-34043^^ 

.9-989328 

9-351 1(X) 

10-648894 

9-372894 

9-987557 

9-385337 

10-614663 

21 

40 

9-3^i0996 

9-9R9300 

9-351697 

10-648303 

9-373414 

9-987526 

9-385888 

10-614112 

20 

41 

9-341358 

9-9S9271 

9-352287 

10-647713 

9-373933 

9-987496 

9.386-^38 

10-613562 

19 

42 

9-342119 

9-989243 

9-352876 

10-647124 

9  374452 

9-987465 

9-386987 

10  613013 

18 

43 

9-342679 

9-989214 

9-35.U65 

10-646535 

9*374  970 

9-987434 

9-387536 

10-612464 

17 

44 

9-343239 

9-989186 

9-354053 

10-645947 

9-375487 

9-987403 

9-388084 

10-611916 

16 

45 

9.;343797 

9-989157 

9-3.54640 

10-645360 

9-376003 

9-987372 

9-388631 

10-611369 

15 

46 

9-3^44355 

9-989128 

9-355227 

10-64*773 

9-376519 

9-987341 

9-389178 

10-610822 

14 

47 

9-344912 

9-989100 

9355813 

10-644187 

9-377035 

9-987310 

9.;3«9724 

10.610276 

13 

48 

9-345469 

9*989071 

9356398 

10-643602 

9.377549 

9-987279 

9-390270 

10'61973<3 

12 

49 

9-346024 

9-989042 

9-356982 

10-643018 

9-378063 

9-987248 

9-.'?908l5 

10-609185 
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'.)! 
.52 

■  :5;5 
i54 
^5 
36 

37 
,  .58 
39 
40 
41 
42 

4.5 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
$9 
60 

F- 


Si'ie. 

¥489982 
9-490371 
9-490759 
9-4§ll47 
9-491555 
9-491922 
9-492.508 

94920951 
9-493081 
9-49.5466 
9-49.5851 
9-494236 
9-494621 

9-495005 
9-495388 
9-495772 
9-496154 
9-4965.^ 
9-496919 

9-497301 
9-497682 
9498064 
9498444 
9.498S25 
9499204 

9-499584 
9-499963 
9-5(X)342 
9-500721 
9  501099 
9-501476 

9-501854 
9-5022.'il 
9-502607 
9-502984 
9.50,3.460 
9  5037S5 

9-504410 
9504485 
9504860 
9*505234 
9"505608 
9505981 

9-506354 
9-506727 
9-507099 
9-507471 
9-307843 
9  508214 

9-568585 
9-50895^ 
9-509326 
9-509696 
9-510065 
9510434 

9-510803 
9511172 
9-511540 
9-511907 
9-512275 
9.512642 


Cosiitc.       Tang. 
9-978206!  9l  11776 
9-978lb5j  9-512206 
9.978124    9-512635 


9-978083 
9-978042 
9.978001 
9-977959 

9-977918 
9-977877 
9-9778A5 
9-977794 
9-977752 
9  977711 

9-977669 
9-977628 
9-977586 
9-977544 
9-977503 
9-977461 

9-977419 
9-977377 
9*977335 
9-977293 
9-977251 
9-977209 

9-977167 
9-977125 
9-977083 
9-977(Ul 
9-976999 
9  97695 

9-976914 
9-976872 
^976830 
9-9767H7 
9-970745 
9-97071H; 

9'976660 
9-976617 
9*976574 
9-976532 
9976489 
9-976U6 

9-976404 
9-976361 
9-976318 
9-976275 
9-976232 
9*9764^5 

9-976i4C 
.9-976ia> 
9-97t5f»60 
9-976017 
9-975974 
9-975930 

9-97588; 
9.975844 
9.975800 
9.975757 
9-975714 
9975670 


9-513064 
9-513493 
9-513921 
9514349 

9-514777' 
9-3)52lH 
9-515631 
9-516057 
9-516484 
9-51091O 


lO-4^2065 

10-4822o9 

10-481814 

-5 1 861  Ol  10-481390 


9-520305 
9-520728 
9-521 151 
9-521573 
9-521995 

9-522417 
9-522838 
9-5232.59  10" 
9-523680  104; 
9-524100 
9  524520 

9-524940 
9-525360 


Cotang. 
10-488i^t 
10-487794 
10-487365 
1048G936 
10486507 
10-486079 
10485651 

10-485223 
10-4847U6 
10-484'56*l 
10-483943 
10-4.S^i516 
10483090 


9-517335 

9-517761 

9-518186 

9. 

9.5l9034|  10-480966 

9^519458  10-480542 

g-5l9982  10-480118 
10-479695 
10479272 
10478849 
10-47^427 
10478005 


10-477583 
10-477162 
476741 
6320 
10475900 
10-475480 

10-475060 
10-474641 


Sine.  1  Cosine.  | 

9-512642 

9-975670 

9-5l.^iOl» 

9-975627 

9-513375 

9-975583 

9-51S74J 

9-975539 

9-514107 

9-975496 

9-514472 

9-975452 

9-514837 

9-975408 

9  515202 

9-975365 

9-515566 

9-975321 

9-515930 

9-975277 

9-516294 

9-975233 

9-516057 

9.975189 

9-517020 

9  975140 

9-517382 

9-975101 

9-517745 

9-975057 

9-518107 

9-975013 

9.518408 

9-974969 

9.518829 

9-974925 

9  519190 

9-974880 

9-519551 

9-974836 

9-519911 

9.974792 

9-.520271 

9-974748 

9-520631 

9-974703 

9-520990 

9.974659 

9-521349 

9  974614 

9.521707 

9.974570 

9.522066 

9974525 

9.522424 

9.974481 

9.522781 

9974436 

9.5231.38 

9-974391 

9  523495 

9  974S47 

9-523852 

9-974302 

9-524206 

9-974257 

ijine. 


9-.^6972 


9-53738210-462618 
9-537792  10-462208 


9-538202 
9  538611 
9-539020 
9  539429 

9-5398S7 
9.540245 
9.540653 
9.541061 
9.541468 
9.541875 

9-542281 
9-542688 
9-543094 
9-543499 
9-543905 
9544310 

9-544715 
9-545119 
9-545524 
9-545928 
9-546331 
9-546735 


CoUr.g. 
10463028 


10.461798 
10.461389 
ia460980  55 
10460571     ■ 


54 


i 


10  460163 
10-459755  6! 
10.459347  51 
10.458939  50 
).45853249 


10. 
10-458125 

10*457719 
10-457312 
10-456906 
10-456501 
104o6095 
10455690 

10-455285 

10-454881 

10-454476 

1045407238 

10453669137 

10  453265  36 

35 

.S4 

33 

10-451655  32 

10-451253 

10450851 


9-547^38  10-452862 
9-54754d  10452460 
9-547943 104^0057 
9-548345 
9-548747 
D 549149 

9-549550 
9-549951 


10r45045029 
10450049128 


--  n   I 


Digitized  by  Google 


LOG.  SINES,  TANGENTS,  &i. 


21  Peg. 


Sine,     (  Cyin^ 

9'5d4i052'  9-972986 
9-534399  9-97^2940 
9  534745  9-972894 
9-535092  9-972848 
9^354381  9-972802 
9.535783  9-972755 
9-536129  9-972709 


7 
8 

9 
10 
11 
12 

13 
14 
15 
16 
17 
18 

19 

20 
81 
22 

23 
24 

25 
26 
27 
28 
29 
90 


S3 

34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 

45 
46 
47 
48 

49 
50 
51 


9-536474  9-972663  9-563811  10-436189 
9^36818  9-972617  9564202 10-435798 
9-537163  9-972570  9-56459310-435407 
9-537507  9-972524  9-564983  10-435017 
9.537851  9-972^^78  9^565373  10-434627 
9  538194  9-972431    9-56576310-434237 

9*538538  9-972385  9-566153  l04."i3S47 

9-538880  9-972338  9-566542  10  ^k^.Ur.S 

9-539223  9-972291  9-566932  10.43.^)08 

9.539565  9.972245  9-50732O  1043268( » 

9.539907  9.972198  9-567709  10432201 

9-540249  9-972151  9-568098  10431902 

9-540590  1W72105 
9*540931  9-972058 
9*541272  9-972011 
9-541613  9-971964 
9-541953  94171917 
95428981  9971870 

9*971823  9-57080910-429191 

^9X1776  9-571195  10-428805 

9-971789  9-571581  10-428410 

9-971682  9-57196710*428033 
9-971635 
9971588 


9.54«63S 
9-542971 
9.545S10 
9.543649 
9.543987 
9-544325 

9  544663 
9-^45000 
9-546338 
9545674 
9.5460U 
9-546347 

9-546683 
9-547019 
9-547354 
9-547689 
9-548024 
9-548359 

9-548693 
9-549027 
9-549360 
9-549693 
9550026 
9*550359 

9-550692 
9-551024 
9-551356 


52  9-551687 

53  9-552018 
54|  9-552349 

9-^'52680 
56  9-553010 
9-553341 
9-553670 
59:  9.554000 
60*.  9-554^ 

Coane. 


9-5(>ll)66l0  4389;i4 
9-561459  10-438541 
9-5618J1  10-438149 
9-562244  10-437756 
9  562636  10-437364 
9-563028  10-436972 
9-563419  10  436581 


9-971540 
9971493 
9971446 
9-971398 
9-971351 
9971303 

9-971256 
9-971208 
9-971161 
9-971113 
9-971066 
9-971018 

9-970970 
9-970922 
9-970874 
9-970827 
9970770 
9  970731 


9-568486  10-431514 
9-568873  10-431127 
9.569261  10-450739 
9.569648  10-430352 
9J570035  10429065 
9.570422  10-429578 


9-573123 
9-573507 
9-573892 
9-574276 
9*574660 
9-575044 

9-575427 
9.575810 
9-576193 
9-576576 
9  576959 
9^577341 

9-577723 
9  578104 
9-578486 
9-578867 
9-579248 
9-579629 


9-580009  10-419991 
9-58038910419611 
9-58076V  10419231 
9-58114910418851 


*9'970G83 
9.9?ll635 
9-970586 

9-970538  _._ , 

is  970490  9  581528  10418472 

9-970442  9-581907  10418093 

9-§70394  9-582286  10-417714 

9-970345  9-582665  10-417335 

9-970297  9-58304410-416956 

9-970249  9-58342210-416578 

9-970200  9-58380010-416200 

9970158  9-584177 10-415823 

Sine.  Cotao. 


t'otang. 


9-572352  10427648 
9572738 


10427262 

10426877 
10426493 
10426108 
10425724 
10425340 
10424956 

10424573 
10424190 
10423807 
10423424 
10423041 
10422659 

10-42227; 
10-421  •96 
10-421514 
10-421133 
10-420752 
10420371 


Tang. 


Sine. 

^5543291 
9-554658 
9-554987 
9-555315 
9555643 
9-555971 
9  556299 

9-556626 
9-556953 
9-557280 
9557606 
9'5S79S2 
9-558258 

9-558583 
9-558909 
9-559234 
0-559558 
9-559883 
9-560207 

9-560531 
9-560855 
9561178 
9-561501 
9-561824 
9-502146 

9-5C'2iCS 
9-562790 
9-563112 
9-5634.U 
9-563755 
9-564075 

9-564396 
9  564716 
9-565036 
9-565356 
9-565676 
9  565995 

9-566314 
9-566632 
9-566951 
9-567269 
9-567587 
9567904 

9-568222 
9-568539 
9-568856 
9-569172 
9-569488 
9569804 

9-570120 
9-570435 
9-570751 
9  571066 
9.571380 
9-571695 

9-573009 
9-572323 
9-572636 
9-572950 
9<573263 
9573575 

Coane. 


Cosine. 

9-970152 

9-970103 

9-970C)55 

9-9700O6 

9-969957 

9-969909 

9-969860 

9-969811 
0-969762 
9-969714 
9-969665 
9-969616 
9-969567 

9-969518 
9-969469 
9-969420 
9-969370 
9-969321 
9-969272 

9-969823 
9HM59173 
9*969124 

9-969075 
9.069()^ii 
9*968070 

9*968926 
9-068877 
9-968827 
9-968777 
9-968728 
9968678 

9-968628 
9-968578 
9-968528 
9-968479 
9.968429 
9-968379 

9-968329 
9968278 
9968228 
9968178 
9.968128 
9*968078 

9*968027 
9-96797? 
9967927 
9*967876 
9.967826 
9.967775 

9.967725 
9.967674 
9.967624 
9.967573 
9.967522 
9.967471 

9-967421 
9-967370 
9-967319 
9.967268 
9.967217 
9*967166 


Sine. 


TangT 


9-58417: 
9-584555 


Cotmik. 


9-58493210-415068  58 


9585309 
9.585686 
9.586062 
9-586439 


10-41582360 
10-415445  59 


10-414691  57 
]0-4l43l4<56 
1041393S;5S 
10-41356154 


9-586815  10-413185153 
9-587190  10^1128 1 0'5S 


9-587566 10*412434 


9-587941 
9*588316 
9*588691 


9-589066 

9-589440 10-41056OJ46 

9-5898M 

9-590m 

9-590562 

9-590935 


9-591308 
9  591681 
9-592054 
9.592426 
9592790 
9  593171 

9-593542 
9-593914 
9-594285 
9-504656 
9-595027 
9  595398 


9*595768  10-404232|20 
9-596138 


9-600194 
9-600562 
9*600929 
9-601296 
9.601663 
9'602a29 

9-60839$ 
9*602761 


CoUn. 


10412059 

H)-4116&4|49 

10411309 


10-410934 


10*410186 
10-409812 
10-409438 
10-400065 


10-408602|4l 

iO.408319 

10407946 

1040757- 

10.407^01 

104t)6829 


10406458 
10-406086 
10-405715 
10.405344  3'i 
«04<H073  31 
10404602 .30 


10-40386228 
10-403492  S7 
1040312S2G 
10402753  25 
10402384  24 


9-596508 
9-596878 
9-597247 
9-597616 

9-597985 
9-598354 

9-598722|l0-401278 
9599091 
9.5994591 19400541 
9-599827  10-400173 


10-409015 
10401646 


10*399806 
10-399438 
10-399071 
10-398704114 


10-398337 
10-397971 

10.397605 
10S97239 


9-603127  10.396873 


10.396507 
10.396148 


9-60S49S 
9-603858 
9  604223  10L395777 

9-604588  10395412 
9*604953  10395047 
9-605317  10.394683 
9*605682  10.394318 
9-606046  10393954 
9606410  10-393590 


rgj^ 


frog. 


48 


7 


Digitized  by 


CHO^tT 


LOG.  SINKS,  TANGENTS,  k^ 


■sns; 


g.sPeg. 


leg. 


>      Sine. 

oi  9-573575  • 
11  9-5738WI 
2|  9-574200 

3  9-57451t2, 

4  9'574824 

5  9-575136 


Cosine.  Tang. 

9-9G7166  9606410 

9-9G7U5  9-60677 J 

9-967064'  9-607137 


6  9.575447 


9967013 
9.966961 
9.966910 
9.966859 

9*966808 
9.966756 
9-966705 
9.966653 
9-9666(^2 
9-966550 

9-966499 
9-966447 
9-966395 
9-966.H4 
9-966iJ9iJ 
9  966i>4() 

9-966188 
9-9661.36 
9-966085 
.9-96603.> 
9-965981 
9  965929 

9-965876 
9-965824 
9-965772 
9*965720 
9-965668 
9^65615 

9-965563 
9-965511 
9965458 
9-965406 
9-965353 
9-965301 

9-965248 
9-965195 
9-965143 
9*965090 
9*965037 
9-964984 

9^64931 
9-964879 
9-964826 
9-964773 
9-964720 
9-964666 

9'964613 
9-964560 
9-964507 
9-964454 
9-964^100 
9-964347 

9*964294 
9.964240 
9.964187 
S8|  9-591282  9.964133 
59  9*591580  9.964080 
50  9-591878  9-964026 


7 
8 
9 
10 
II 
12 

13 
U 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 

28 
29 

30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
il 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 

57 


9-575758 
9-576069 
5-576379 
9-576689 
9-576999 
9-577309 

9-577618 
9-577927 
9-578236 
9-578.545 
9-578853 
9-579162 

9-579470 
9-579777 
9-580085 
9-580,592 
9-580699 
9-581005 

9*581312 

9-581618 
9-581924 
9-582229 
9-582535 
9-582840 

9-583145 
9-583449i 
9-583754 
9-584058 
9-584361 
9-584665 

9*584968 
9-585272 
9-585574 
9-585877 
9-586179 
9-586482 

9^86783 
9-587085 
9-587386 
9-587688 
9-587989 
9-588289 

9-588590 

9'588890 
9*589190 
9-589489 
9-589789 
9*590088 

9*590387 
9-590686 
9-590984 


Cosine. 


Sine. 


9-607500 
9-607863 
9-608225 
9-608588 

9-608950 
9-609312 
9-609674 
9-6100i56 
9-610397 
9-610759 

9-61 1 120 
9-61 1480 
9-611841 
9-612201 
9-6,2561 
9-612921 

9-613281 
9-613641 


9-614359 
9-614718 
9-615077 

9-615435 


Cotang.        Sine.        Cosine. 


10-393590 
10-393227 
10-392863l 
10-.392500 
10..302137! 
10-391775; 
10-391 412, 

IO-3lJl05o' 
10-390688 
10-390326 
10-389964; 
10-389603 
10-389241  : 

10-388880. 
10-388520 
lO-388159i 
10-387799 
10-387439 
10-387079 

10-386719 

10-386^559 


9*6140(K>  10-3S60(K) 


10-385641 
10-385282 
10-384923 

10.384565 


9-615793  10.384207 
10.383849 
10.383491 


9-616151 
0-616509 

9-616867  10.385133 
9-617224110.382776 


9-617582UO-382418 


9-617939 
9  618295 
9-618652 
9-619008 
9-619364 


9-6l9720|  10  380280 
10-379924 
10-379568 
iO-379213 


9-620076 
9-6204S2 
9-620787 


9-62114210-378858 


9-621497 


9-621852 
9-622207 
9-622561 
9-622915 
9-62^5269 
9- 


9  623976 
9-624330 
9-624683 
9-625036 
9-62S388 
9-625741 

9-626(»S 
9-6254^5 
9-626797 
9-627149 
9-627501t 
9-627852 


10.382061 
10.381705 
10.381348 
10.380992 
10.380636 


10-378503 


10-378148 
10-377793 
10-377439 
10-377085 
10.376731 
623623  10-376377 


10-376024 
10-375670 
10-375317 
10.3749G4 
10.374612 
10374359 

10.373907 
10.373555 
10.373203 
10.372851 
10.372499 
10372148 


Coup.   Tang. 


9-591878 
9-592176 
9-592473 
9.5927701 
9.5930671 
9.593363^ 
9.593659; 

9-593955 
9-594251 
9-594547 
9-594842 
9-595137 
9-595432 

9-595727 
9-596021 
9-596315 
9-590CO9 
9  5969(»3 
9  597196 

9-597490 
9-597783 
9-598075 
9-59836S 
9.598660 
9.598952 

9-599244 
9-599586 
9  599827 
9-600118 
9-600409 
9600700 

9-600990 
9-601280 
9-601570 
9-601860 
9-602150 
9602439 

9-602728 
9-60.3017 
9-60.5305 
9-603594 
9  603882 
9-604170 

9-604457 
9-604745 
9-605032 
9-605S19 
9-605606 
9  605892 

9606179 
9-606465 
9-606751 
9-607036 
9-607322 
9  607607 

9-607892 
9-608177 
9-608461 
9-608745 
9-609039 
9-609313 

Cosine. 


9-964026 
9-963972 
9-963919 
9-90.5865 
9.963811 
9-903757 
9-963704 

9-963650 
9963596 
9.963542 
9.963488 
9,963434 
9.963379 

9-96332.^ 
9963271 
9-963217 
9-9631G.1 
9-963l5s 
9  963054 

9-962999 
9-962945 
9-96289(1 
9-962836 
9962781 
9-962727 

9-962672 
9-962617 
9-962562 
9-962508 
9-962453 
9-962398 

9-962343 
9-962288 
9-962233 
9-962178 
9-962123 
9-962067 

9-962012 
9-961957 
9-961902 
9-961846 
9-961791 
9-961735 

9-961680 
9-961624 
9-961569 
9-961513 
9-961458 
9*961402 

9-961346 
9-961290 
9-961235 
9-961179 
9961123 
9-961067 

9-961011 
9-960955 
9'960899 
9*960843 
9-960786 
9-960730 


Sine. 


J  ang.  I  Cotang. 


9-62785210-372148 
9-628203;  10-371797 
9-52855410-371446 


9.628905 
9.629255 
9.629606 
9  629956 


10-371095 
10-3707'15 
10-370394 
10-37i>044 


9-630306:10-3C9694 
9.630656  10-369344| 
9-631005  10.308995 
9.631355  10.3f»8645 
9.631704.10.368296 
9.632053  10-367947 

9-632'U)2  10-36759b 

9-632750 

9-033099 

9-03:5447 

9-633795 

9-634143 


634490  10-365510 
10-305162 
10.364815 

635532  10  364468 
10..364121 


9-( 

9-634838 

9635185 

9.1 

9.635879 

9.636226  10.363: 


9-636572 
9-636919 
9-637265 
9-637611 
9-637956 
9638302 


9-638647 

9-638992 

9  639337  10' 

9-639682  10-360318 

9-640027 

9-640371 


9-642777  lO-.-: 

9-6431201 

9-6434631 


9-645174 
9-645516 
9-645857 
9.646199 
9-646540 

9-646881 


9-647562 
9-647903 
9-648243 


10-367250 
10-366901 
10-366553 
10-366205 
10-365857 


10.363428 
10-363081 
10-302735 
10  362389 
10.362044 
10-361698 


10^61355 
10*361008 
'360663 
'360318 
10-359973 
10359629 


10*359284 
•*358940 


9-640716 
9-641060  10- 
9-641404  10*358596 
9-641747  10-358253 
9-642091  10-357909 
9-642434  10*357566 


-.357223 
9-643120|l0.356880 
10-356537 
9-64380610-356194 
9*644148  10.355852 
9-64449U  10>355510 

9-644832  10-355168 


10-354826 
10-354484 
10-354143 
10-353801 
10353^*60 

10-353119 
9-647222  10-352778 
10-351^i38 
10.352097 
10-351757 
9-648583 10<35l4i:al 


CoUn.   Tan}y» J 


67  Peg. 


66  D^. 


Digitized  by 


LOG.  SIXES,  TANGKNTS,  kc. 


U7 


■ili 


48 

40 
30 
51 
Sa 

54 

5'i 
5f. 
5; 
58 
51) 
50 


•.'.tiin'Hs'i 
y.Ninir,-i 
or.  1 04 +7 
y-r,io7eo 

U-GllOi^J 

9.r)itt>i»4 

lM".ll57r. 

9'0r27O'J 

9-ni4r)r,5 

Il0l4'>i4 

y-6i.s2'2.) 

0.61 550'2 
yf,l57Sl 
D'filGOGt* 

1>.61C3;)S 
O-fiKjiiin 

o.''i7i;'j 

•J«il7i>» 
'Ji)17727 
9-<)l.S<H>4. 
9-f/i82^J 

•J.hl.SK.U 
1MU9IK 
y.ijl  9o8t 

o-nii»r.62 
y-oio9.)S 

9t>2(4SS 

9.r.2o7t;.^ 

9r.'210.58 

902131.) 
9-G213S7 
9G21SGJ 
9-G221.C, 
',9-o2240'j 
'9G22GS2 

9G:29r)G 

9G2.5229 

9G2;ir)02 

9  023774 

9.G2i04 

9.G24,3I9 

9-G24591 
9 -024803 
9-0251.3: 
9-025 106 
9-02.1077 
902r.94S 

Cosine. 


Cotang.         Nine. 

9- '. »G<  »7. M t    9  I . . >, . S. ) !  li-'-.v'.  iTTr  I  1K)2.>9  i S 
9-'it ,; M-.74    '^  04H92.5 j  1 0-.i.>  1077  i|  9-0202 1 9 


C.I 


9-9Go.)r»i; 
9-9r.or»<».>| 
9  90.4  48 
9-9t;o^;92 

0-9iV).i35 

9-90n-j79 

9-9r.t  ev 

9-9G01G 

9-90OIO9 

9-90tX>.i2 

9-959095 
9-9599.'S 
9-9508S2 
9  9.S',;8 
9.9.-.O7OS 
9  959711 

9'9.l0ft54 
'>9.19590 
9-9.i9.i3'j 
9-9..94S'.' 
9-9;.9-i2;» 
9  9:.93GS 

9-959310 

9-9592 

9-959195 

90591 3S| 

9-0"i^>«»S;) 

9-9590-23 

9-9iS'jG» 

9'*.>8'. 

9-0:.  885;  I 

9-'J5Sr02 

9-958734 

9-95807 

9-95S019 
9-9:iS50l 
9-'J.S3w.i 
9-958445 

9.95  s.>s: 

9-958.>20 

9-958271 

9  95821 

9-95815 

9.958090 

9.9580.iS 

9957979 

99579^21 

9-057803 

9-957804 

9.957746 

9-95708 

9-957028 

9-05757O 
9-9.57  U I 
9-957452 

9-957335 
9  957270 

Sine. 


10..i.i(»7.>7l    9-02Gi9o 


Co.-'inc.  1*ui 

1m»57270-  IToOSOfo  Ukx^I  J2r''i»^ 

9-95721 7*  9-609(.n>2  K>3.>^)*»9S,:>9 

9  957158;  9  009332  l('-.i.-»t»1S  5S 

0.350398'!  9-02070<»t  9-9:.7099|  9.069001 , U>..xki.'>39 

10.35r<058,l  9027U>(.1  9-0:.7<4o;  9G09991jlO..:..K«Xyj 

9-027301)    9-950981!  9.07O.'52f>! |«M29«}8i ►, 

9  ♦.'27570;  9  9.)092 1 1  9  0700)49  10  329351  j^i 

OOLVS-J.'  0-9.-i0802:  9-070977|10-3-2*>i>2.i!53 


10.3497 » 9 
l(J  349380 


10-.'-,487O3 
IO-.HS..04 
IO-.MS(»'20 
lO..i47088! 
lO-347.)50 


9-6490O2 
9.049942 
9-0.^0281 
9  6500^:0 

9-05(^ 
9-051297 
9-05 1  tK^O 
9  051974 
9.052,312 
9'052O5O 

9.6.52988;  I  O-.Uroi  2 
9.r*53320 1 1'>-3  100741 
9.C5.>00,)  10-.H»').J37 
tt.054<KXt  IOo40oO(» 
9.0.»l.>37  l<>-34500.i 
9  654074  l<Ki45.r20 

10-.>44989 
lO-.vU.o2 
jO-3i4.>10 

lO-.)4.i98<» 

10  .i4,ii»44 
10-34.33M8 


9-655011 

9-055,vi.8 
9-G»5084 
'J.056O2O 
9-G.)0.>a(J 
966069^ 

9-057O28 
9-057304 


!  0.^429; 
Ht-342r»,i«i 
9-05  7609 110..}42.)O 


9-0  J  8034 
9-058,>r.O 
9  058714 

9-059o.>9 
9-059.>73 
9.*..' 9  708 
9-001)^42 
9-0r.o370 
9 0007 10 

9-001 043 
9001377 
9-001710 
9- 002(43 
9-002370 
9  062709 

9-00.  X  42 
9-6r»3375 
9'0037o7 
9-004O.J9 
9-004.i71 
9  004703 

9-005035 

9.005300 

9.005098 

9-000O29 

9.00o30o|lO.3330U»| 

9  OCOOl'l, 1 0  333.309 

10-;>32979i 
10-332048 


o> 341900 
H>..j41081 
10  341VJ90 

HK4O901 
l<>-.i-ii)327 
l<»..Vi0292 
lO.oo905S 
10.330024 
10  339290 

1O-33S057 
1O-.338023; 
lO-3.)8-21H> 
10-,i.^,7957 

10-33702  fi 
10,)37291 

IO-.)3095S 
l(»-330025 
10.33<".293, 
103359011 
10.3.35  029 
•0  335297 

10-3.^1905 
10-.).>40.>4 
10-.33]302 
4O-33.'.07l 


9-007O21 
9-007:352 
9  607082 
9-008013 
9.008343 
9  608673 


10-,3,32318| 
10-.331987I 
10  331657 
K  •-.'3,51327 


Corjin.    * 


Tang. 


00^8  liX», 
l»-02S^78' 
9.O2SO47! 
9-028010 1 
9  0-29185' 

90294  53 
9-020721 
9-rv2*.>989 
9-03U257 
\»-fi3«»524 
9030792 

0-031059 
9.0.>1.320 
9.0 '1 593 


9-0.)08<'3; 
0:'j074i: 
9-950t',84' 
9-0:.0025 
9  050500] 


9-071 3«)0]l<>:i*280<Ji 
907l033|lO-.r2V  V-.jjI 
907190.>!l()-.328O37|5O 
9-07-2291 1 1 0-.>277i  <!' '  41 
9-6720l9|lO  327.381 1 4S 


9-1 


0500 ;  9-072^47  1 0-.^f27<^»5,>  4; 


9-95r,-U7 1  9-07  3274 1 1  (jM20r20 


9-050387 
9-05032: 
9-950208 
9  9502O8 

9-950)4^ 
9-050n8' 
9-9500-J'j 
U.031859:  9.9559«0 


9  07  36(  )2'  I (r  3  20,*.9  ^1 45 
9.07392<J|'  li>320'i7l  |-m 
9-074257  10- 32574.^,4,1 
9o74584!lO3254l0pi 
9074911  10. "J^^fT^ioj^l 
9-075'2'>7i  1  (.K324703  44 
9-075504'  1 0-3e44SO|.39 
9075  S90' 10-324111 


0.07021 7\  lM-.32.r83U* 
9-0705  k'IO.3'2.545; 


9.0.32125    9.0559<'0 
9  032392   9-9558  iO 

9032658   9-955789  9  076809|lO..>'2;31,Sl 

9-0.32923    9  -95  5  720  9  -677 1 94  1 0  3228i  •»'. 

90.i.)l89l  9-9550091  9-0775-2o!l0.3-224SI» 

9-0334541  9-951009!  9-07/846  10-3221,^4 

9-0.S3719!  9-955548'  9.078171  h)32l821» 

9  03.i084|  9-9554881  9  678490  10.3215(U 

9-031249!  9-95542sl  9.fi7882!  It>321ir9 

9.r..J45l4!  9-95.5.i68|  9-679146  I0.32«tf54 

9-034778;  9-9553071  907947J  I(V.^2')521^ 

9-0.>;,<42    9  955247,  9-079795  lU- 320205 

9.0.353OO    9-9551861  9-0801  •20J10.3198SO 

9  0.>557Oi  9-955126  9-680444  llV^Wa 50 

9-035834   9-955065|  9.08O76s!lO-''^l92.S2 

9-ii.>0O97    9-955005  9-08 109 21 1 0-'^^^'-^'^ 

9.0.3030O    9-954044'  9.08l4l6|l 0-3!  8584 

9.03002.il  9-954883!  9.6.8l74i>  I0-' 

9.0.>0880i  9-9548'23'  9.082<ffK3 

9  63714HJ  9  9547621  9-082387 

9  037  4)11  9-954701 1  9-682710 


9-0370731  9-05404O'  9*683033 

9037935J  9-9j4579|  9-08.>.>50 

9038197:  9-954518,  9-083679 

90.38458    9  954457  9  084^)01 

9-03S72o|  9-954.>90  9-684324 

9-0.vS0Sl|  9-9543.35  9-084f>46 

9  0302;2:  9-954274  9-084968 

90.;0.-.03|  9-9.34213  9-08529O 

9030704I  9054152  9-085012 

904/K>24|  9.054<»9o'  9-085934 

9G40284I  9-954029i  9  GSG255 

9-04f».544|  9-953908  9.080577 

9-040804   9-95.590G  9.080898 

9-6410C4I  9-953845  9-087219 

9.041.3241  9-95.3783  9.68754i) 

9.041583!  9.95.3722  9.087801 

9  041842   9-9536G0  9  688182 

Cosine.    '    Sine.  Cotan. 


820' » 
|(>317937 
10-317613 

10-317290 

1U-3I69G7 

1031664^V 

10-.41632 

10-31.5999 

10315676 

lO^J  15354 
10*31 50.31 
10*3147 10 
l<>-3l*>88 
lO-3l406( 
10313745 

10-313423 
10-3I31()2 
10-312781 
10^12+60 
10312139 
103I1818 

Tan; 


65  Ueg. 


64  Dep.^ 


^ 


I.OG.  SINES,  TANGENTS,  U,U 


gf*  I)eg. 


TCk 


^27 


Sine.     ;  Cosine.      Tang.    I  Cotang.  i 
'Wli45i~9^5 3660;  9-688182  UmiSlS' 

9'64tilOl  9'95a59U,  9-68850'2!l0-.}ll498| 

9-642,^60  9  9535S7.  9-6888'23!  10-31 11771 

9-642018  9-953475|  9-689143' 10-3108571 

9-642877  9-953413I  9*689463; 1 0-3l0537| 

9-643135  9-953352-  9-689783  10-310217 

9.643393  9'953290i  9-690103,1 0-3098^7 


Sine. 


Ccwtne. 


f 


9*643650 
9-643908 
9-644165 
9'644423' 
9-6^14680 
9-6«936: 

9-645. 1»3 
9-645460. 
9-645706 
9*645962 
9-6462  is; 
9646474 

9-646729 
9-646984 
9-647240 
9-647494' 
9  647749, 
9-648004: 

9  648258* 
9-648512 
9-648766! 
9-649020 
9-649274 
9-649527 

|31  9-649781 
9-650034 
9-650287 
9-650539 
9-650792 
9-65 1044 

9-651207 
9-651549 
9-65  WOO 
9-65  2*  ^52 
9-652304 
y-652555 

O-652806 

9-65305: 

9-653308 

9-653558 

9-653808 

9-65'l059 

9-654309 
9654558 
9-654808 
9-655058 
9-655307; 
9'655556j 

9-655805! 
9-656054: 
9-656302 
9*656561 
9-C56799 
9*657047' 

Oo«ini 


9:953228 
9-953166I 
9-953104! 
9953042i 
9-952980 
9-952918 

9-952855 
9-952793 
9-952731 
9-952669 
9-932606 
9-9525'Ui 

9-952481 1 
9-95241  ^I 
9-952;i56l 
9-9522941 
9-952231 
9-952168 

9-952106 
9-952043 
9-951980 
9951917 
9-951854 
9-951791 

9-951728  9*698053 
9-951665  9-698369 
9-951602'-  9-6986.S5 
9-951539  9*690001 
9  951476  9-699310 
9-951412  9-699632 


9-600423' 10-309577: 
9-690742' 10-309-25  8' 
9-691062  10-3089381 
9*691381  10-3086l9i 
9-6917U)  10-3U8300! 
9-6920lDjlO-307981, 

Sfi92338' 10-307662. 
9-692656  10-307344i 
9-69'297a  10*307025 
9-693293  10-306707 
9-693612  10-3(16388 
9  693930!l0-306*70; 

9-694248:10-305752 
9*694566il0*:»05434 


9-694883 
9-695201 
9*695518 
9-695836 

9-696153 
9-696470 
9-696787 
9-697103 


56 ; 

571 


9-951349 
9-951286 
9-951222 
9-951159 
9-951096 
9-951032 

9-950968 
9-950905 
9-950841 
9-950778 
9-950714 
9  950650 

9-950586 
9-950522 
9*950485 
9*950394 
9-950330 
9-950266 

9-950202 
9-950138 
9-95(X)74 
9-950010 
9-949945 
9^49881 

Sine. 


10-30511 
10-304799 
10-304482 
10-Jl>4l64 

10-3038.i7' 
10-3O353(.» 
IO-3a3213 

10-30-2897 

9-697420ho-3025SO 
9-697736  10-302264; 

10-301947' 
10-301631 1 
10-301315. 
10-300999! 
10-:5O0684 
10-3003681 

10-3000531 
1(K99737 
lO-2'.»9i22 
10-299107 
10-29S792 
10-298477: 

10-298163 
10.297848 
10-2975.U: 
10.297219- 
10-296905 1 
10-296591 

10-296278: 
10-295964' 
10*295650 
10-295337 
10-295024 
10-294710 

10-294397 
10-294084 
10-293772 
10-293459 
293146 
10292834 


9-699947 
9-700263 
9-700578 
9-700893 
9-701208 
9-701523 

9-70183: 
9-702152 
9-70^66 
9-702781 
9-703095 
9-705409 

9  703722 
9-704036 
9-704350 
9-704663 
9-704976 
9-705290 

9-705603 
9-705916 
9-706228 
9-706541 
9-70685< 
9-707166, 

(/Otan. 


410 


Tanp. 


9-657047} 
9-657295) 
9- 657542- 
9-6ir790! 
9-6^8037} 
9-058284^ 
9-6d853lj 

9658778 
9-6590251 
9-6592711 
9-65951/1 
9-659763 
9-660009 

9-660-255 
9-660501 
9-660746 
9-660991 
9-661236 
9-661481 

9*661726 
9-661970 
9 -6622 14 
9-662 159 
9-662703 
9-662946 

9-663190 

9-663433 

9-6636: 

9-663920 

9*664163 

9-664  4< -6 

9-66-i648 
9-664891 
9*665133 
9-665375 
9-665617 
9-665859 

9'66610f> 

9-6663-12 

9*66658 

9-666824 

9'6670<35 

9-667305 

9-667546 

9-6677 

9-668027 

9-668267 

9-668506 

9-668746 

9-668986 
9-669225 
9-66946-1 
9-669703 
9-969942 
9-670181 

9-670419 
9-670658 
y-670896 
9-671134 
9-67IJ72 
9*671609 
Coftini 


9-949881 
9-949816 
9-94\^752 
9-949688 
9-949623 
9*949558 
9*949494 

9-949429 
9-949364 
■9949300 
9949235 
y-949170 
9-949105 

9-949040 
99^8975 
9-948910 
9-948845 
9-948780 
9-948715 

9-948650 
9-948584 
9-948519 

9-948454 
9-948388 
9  948323 

9-918'2j7 
9-948192 
9-948126 
9-948060 
9-947995 
9-947929 

9-gf47863 
9-947797 
9-947731 
9947665 
9-9476O0 
9  94753. 

9947467 
9-947401 
9*947;«35 
9-947209 
9*947203 
9-947136 

9-947070 
9-947004 
9*946937 
9-946871 
9-9468m 
9  946738 

9-946671 
9946604 
9-946538 
9-946471 
9-946  U)4 
9-946337 


Tang.     Cotang. 
9-7()71 66  |T(Pi92834i60  ^ 


9-707790  10-292210  58 
0-708102  10-291898 
9*708414,10-291586 
9-708726  10-291274 
9-7090371 10-290963 


9-709349110  290651 


9-709660 
9-70997 » 
9-71 0282 
9-710593 
9-7?0<jO4 


10-290340 
1 0-^9* M, 29 
10-289718 
10-28940'/ 
10-289090 


9-711215  10-28S785 
9-711525  10-288475 
9-71  !8.i6' 10-2881 64 
9-7l2l4o'n.-28r854 
9-7l2456|l  0-287544 
9-7127G6  10-287234 


9-713076 
9-713386 
9-713696 
9  714005 
9-714314 
9-714624 


9-7149 

9-71 

9-715551 

9-715860 

9-716168 

9-7164 


10-285067 
242110-284758 
10  284449 
10-284140 
10-283832 
10-283523 


9-716785 
9-717G93 
9-717401 
9-717709 
9-718017 
9-718325 

9-718633 
9718940 
9*7192-18 
9-719555 
y -71986.; 
9-720169 

9-72(H76 
9-72078;^ 
9*721089 
9-721396 
9-721702 
9-722009 


9-7-22315 
9722621 
9-722927 
9*723232 
9-723538 
9 


9  946270   9-72414910-275851 


U>28092i 
10-28r,6l4 
10-'J86304 
10-2859P5 
10-28568(1 
10-285376 


10-283215 
10-282907 
10.282599 
1 0-28229 » 
10  281983 
10-281675 

10-281367 
10-281060 
H>28<»752 
10-280445 
10-280138 
10-.i79831 

10-279524 
10-279217 
10.278911 
10-278604  I 
10  J78'i98 
10-277991 


10-277685 
10-.»77379 
10-277073 
10-276768 
10-276462 
723844110-276156 


9-9^6203    0  724454  10-275546 
"  10-275240 

99^606'.' '  9*7.'50<)5|  10*274935 
9-9460021  9-725370  1 0-27 '  630 
9  945935    9*72567-11 0*2743:  6 

Sine.    '  Cotan     •  ~Tang. 


54 

5t 

52 
51 

50 
49 
48 

47 
46 
45 

43 

42 

41 

40 
39 
.18 
'o7 
36 

35 
34 
33 
52 
31 
30 

29 
28 
27 
26 
25 


63  Dig. 


62  Dei 


L, 


Digitized  by  vSoCTnc 


LUC.  SIXES,   TAXGENTS,  &c. 


'  J     Sine. 

Cosine,  i    'I'ansr.     i 

Coiniif;.  j       Sine.    1  Cosine.    |    TanR.    i  Cotanj?.  I 

1 

0  y-oncciy 

1 

9-725674 

iTv27X326M   y-6S557r  9-941819    9-743752|l0-25624d!6<H 

yy45y.i5 

1   o.r,rist7 

y-iiisshs 

9  725979 

10-274021 

9-085799    9-941749    9-744050!lO-255950i59| 

'2  y  or-jos^  y-n45S«)() 

9-726284 

10-273716 

9-686027 

9  941 679    9-74434U:  10-255652' 58 

3  yortioii 

9-9  457^3 

9-726588 

10-273412 

»•  080254 

9  941609    9-744645ilO-255355  57 

4    y-fi7-25.S8 

o.<U56r.fil 

9-726892 

10-273108 

9-6864S2 

9-941539    9-7449431 10-25 505756 

5  9r.r'27'j:»i  o-oi.s.vjsl 

9-727197 

10-2728aJ 

9-686709 

9-941469'  9-745240  10-254760  53 

C    90r.j(K3'i 

9  945531 

9-727501 

10-272499 

9  686936 

9  9413981  9-745538  10-254462  54 
9-94 1 328    9-745835  10-2541 65 153 

7  or.7.vir)8 

9-0J54<i4 

9-727805 

10-272195 

9-687163 

8    9ti7.>50.i 

9-94'.3y6 

9-728109 

10-271891 

9-687389 

9-9412581  9-746132  10-253868  5'i 

y    9'673741 

9-945328 

9-72K412 

10-271588 

9-687616 

9-941187 

9-746429 

10-253571  51 

10    907.1977 

9  945261 

9-728716 

10-271284 

9-687843 

9-941117 

9-746726 

10  253274|5(: 

U    9'^«7+'-'1.3 

9-945193 

9-729O20 

10-270980 

9-688069 

9-941046 

9-747023 

10-25  2977149 

1-2    9  67  U  is 

9-945125 

9-729323 

10-^70677 

9  688295 

9  9409751  9-747319 

lO-25268l'48 

13    9  674r)Si 

9-945058 

9-729626 

10  270374 

9-68S521 

9-940905    9-747616 

10-252.384  47 

1 4    9  674919 

9-944990 

9-729929 

10-27(M.)71 

9-688747 

9-9408,34 

9-747913 

10-252087  46 

li    9-675155 

9-944922 

9-730233 

10  269767 

9-6S8972 

9  940763 

9-748209 

10  251791  4a 

If)    9-675390 

9  944854 

9-730535 

10-269465 

9-689198 

9-940693 

9-748505 

10-251495+4 

17    9-675  6-2  4 

9-944786 

9-7.>0838 

10-269162 

9-689423 

9-9  i0622 

9-748801 

I0-251199'4.1 

18    9-675859 

9  941718 

9  731141 

10-268159 

9-689648 

9-940551 

9-749097 

10-250903 

4:^ 

19    9-676094 

9-944650 

9  731444 

10-268556 

9-689873 

9-940480 

9-749393 

10-250607 

41 

2(t\  9-676,'>J8 

9  944582 

9731746 

10-268254 

9  6y(X)98 

9-940409 

9-749089 

11-250311 

4(1 

•>i:  9-6765r.'2 

9-944514 

9-732048 

10-267952 

9-69<)323 

9-940338 

9-749985 

10-250015 

39 

2*2'  9-6767«r) 

9-944446 

9-732351 

10-267649 

9-690548 

9-940267 

9-750281 

10-249719 

3J 

23    9-677030 

9-944377 

9  732653 

10-267347 

909O772 

9-940196 

9-750576 

10  249424 

37 

24-.  9  677264 

9-944.309 

9-732955 

10-267045 

9-690996 

9-940125 

9-750872 

10249128 

36 

25    9*677498 

9-944241 

9-733257 

10-266743 

9-691220 

9-940054 

9-751167 

10-248833 

35 

26    9-677731 

9-944172 

9-733558 

10-266442 

96914U 

9-939982 

9-751462 

10-248538 

34 

27    9-677964 

9-944104 

9-733860 

10-266140 

9-691608 

9  939911 

9  751757 

10-24824,3 

3j 

28    9-678197 

9-944/)36 

9-734162 

10-265838 

9-691892 

9-939840 

9-752052 

10-247948 

3'J 

iy    9-678430 

9-943967 

9-73  U63 

10-265537 

9-692115 

9-939768 

9  752.347 

10-247653 

31 

ao    9-678663 

9-943899 

9-734764 

10-265236 

9-692339 

9-939697 

9-753642 

10-247358 

3(1 

31     9-678895 

9-94,3830 

9-735066 

10-264934 

9-692562 

9-939625 

9-752937 

10-247063 

29 

32    9-6 791^28 

9-94^}76l 

9-735367 

10264633 

9-692785 

9-939554 

9  753231 

10-246769 

28 

33   9-679360 

9943693 

9-735668 

10-264,332 

9-693008 

9-939482 

9-753526 

10-246474 

27 

34   9679592 

9-943624 

9-735969 

10-264031 

9693231 

9-939410 

9-753820 

10-246180 

26 

35    9-079824 

9-943555 

9-736269 

10-263731 

9-693453 

9-939339 

9-754115 

10  245885 

25 

36    9-680056 

9  943486 

9-736570 

10-263430 

9-693676 

9-939267 

9*754409 

10-245591 

'24 

37    9*680288 

9  943417 

9-736870 

10-263130 

9-693898 

9-939195 

9-754703 

10-2-V5297 

2.^ 

38    9-680519 

9-943348 

9-737171 

10-262829 

9-694120 

9-939123 

9-754997 

10  245005 

2; 

39    9-680750 

9-943279 

9-737471 

10-262529 

9-694342 

9-939052 

9-755'291 

10-844709 

21 

40    9-680982 

9-94;V2tO 

9-737771 

10-262229 

9-694564 

9-'93S08O 

9-755585 

10-244415 

20 

41    9681213 

9  943141 

9-738071 

10-261929 

9-694786 

9  938908 

9-755878 

10-244122 

19 

42    9-681443 

9  943072 

9-738371 

10-261629 

9«695i)07 

9938836 

9-756172 

10-243828 

U 

43    9-681674 

9-943003 

9-738671 

10-261.329 

9-695229 

9-938763 

9-756465 

10  24,35.35 

17 

44    9-681905 

99429^ 

9-738971 

10-26  lO-JU 

9-695450 

9-938091 

9-756759 

10  24^3241 

16 

\5    9682135 

9042804 

9-739271 

10  260729 

9  695671 

9  938619 

9-757052 

10-242948 

15 

46    9-682365 

9  942795 

9-739570 

10-260430 

9-695892 

9-938547 

9-757345 

10-242655 

14 

47    9-682595 

9-942726 

9-739870 

10-260130 

9-6961 13 

9  938475 

9-757638 

10-242362 

l;3 

48    9  682825 

9-942656 

9-740169 

10-259831 

9-690334 

9  938402 

9-757931 

10-242009 

I'i 

49    9-683055 

9-942587 

9-740468 

10-259532 

9690554 

9-938530 

9-758224 

10-241776 

11 

50    9-683284 

9-942517 

9-740767 

10-259233 

9-696775 

9-938258 

9-758517 

10-241483 

10 

51     9683514 

9-942448 

9-741066 

10-258934 

9  690995 

9-938185 

9  758810 

10-241190 

9 

52    9-683743 

9-942378 

9-741365 

10-258635 

9-097215 

9-938113 

9-759102 

10-240898 

8 

53    9-683972 

904'2,3O8 

9-741664 

10-.'58336 

9-697435 

9-938040 

9-759395 

10-240605 

7 

54    9-684201 

9-94223g 

9-74196-2 

10-258038 

9-097054 

9937907 

9-759687 

10-240313 

6 

55    9  684430 

9-9421 6Q 

9-742261 

10-257739 

9-697874 

9-937895 

9-759979 

10-240021 

5 

56    9-684658 

9-94209S 

9-742559 

10-257441 

9-698094 

9-937822 

9-760272 

10-239728 

4 

57    9-684887 

9-94202S 

9-742858 

10-257142 

9-698313   9937749 

9-760564 

19-259436 

»1 

58    9685115 

9  9tl95g 

9-743150 

10-250844 

9-698532:  9-937676 

9-760856 

10  239144 

i2 

59   9-685343 

9-941889 

9-74^3454 

10-256546 

9-698751    9-937604 

9-761148 

10-238852 

1 

60    9-685571 
""  '"trrwine. 

9  941819 

9  743752 

10-256248 
•    Tan}?. 

9-698970   9-937551 1  9*761439 

10-238561 

C 

"Sine. "" 

Cotan. 

Cos.ne.        Sine.    '    Cotan. 

Tai.R.    1 

1 ""'"^-                               "^'""'-    ----'- 

mm, 

LOG.  SINKS,  TA^OBXTS,  &c 


TSS 


"sTb; 


^a 


Sine. 

9^8970 
9*6991  K9 
2  9699407 
9.6996^26 
9.699844 
9.700062 
9.700280 


8 
9 

10 

u 

12 

13 
14 
15 
16 
17 
18 

19 
90 
21 
22 

23 
24 

25 
26 
27 
28 
29 
90 

SI 
32 
33 
34 
35 


37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 


9.70049S 
9.700716 
9.7a)933 
9.701151 
9.701368 
9.701585 

9701  fi02 
9-709019 
9-702236 
9.702452 
9.702669 
9.7U2885 

9.703101 
9703317 
9-703533 
9.703749 
9.703964 
9.704179 

9-704395 
9-704610 
9-704825 
9-705040 
9*705254 
9-705469 

9  705683 
9-705898 
9-706112 
9-706326 
9.7(»D5,3y 
9.706753 

9-706967 
9-707180 
9-707393 
9-707606 
9-707819 
9*708032 

9-70834; 
9-708458 
9-708670 
9-708882 
9-709094 
9*709306 

9-709518 
9-709730 
9709941 
9.710153 
9.710364 
9.710575 

9-710786 
9-71090; 
9-711908 
9.711419 
9-711629 
9  711639 

Cosine, 


Cosine. 

"9^37531 
9-937458 
9937385 
9-937512 
9-937238 
9.937165 
9.93709^2 

9«937019 
9-93694C 
9-936872 
9-936799 
9-936725 
9'9366&2 

9-936578 
9-936505 
9-936431 
9.936357 
9.936284 
9>936210 

9-936136 
9-936062 
9-935988 
9.935914 
9.935840 
9-935766 

9-935692 
9-935618 
9-935543 
9-935469 
9-935395 
9935320 

9-935246 
9  935171 
9-935097 
9-935022 
9.93494S 
9-934873 

9-934798 
9-934723 
9-9,34649 
9-931574 
9-934499 
9-934424 

9-934549 
9-934274 
9-934190 
9-934123 
9934048 
9  933973 

9-933898 
9-933822 
9933747 
9933671 
9933596 
9.933520 

9-933445 
9-933369 
9933294 
9.9.33217 
9-933141 
9-933066 


9-761430 
9-761731 

9-7«;2^^2J 
9.7o2.il4 
9.7626(.»0 
9-762897 
9-763188 

9*763479 
9-76377U 
9-764061 
9-7643.52 
9-764643 
9'76493d 

^0-765224 
9-765514 
9-765805 
9-7GtJ(i95 
9-760.>85 
9-766675 

9766965 
9-767255 
9-767545 
9-7678o^i 
9-768124 
9-768414 

9-768703 
9-768992 
9-769281 
9-769571 
9-769860 
9-770148 

9-770437 
9-770726 
9-771015 
9-771303 
9-771592 
9-771880 

9.772168 
9.772457 
9.772745 
9.77:3033 
9  773321 
9-773608 

9-773896 
9  774184 
9-774971 
9-774759 
9-7750-16 
0-775333 

9-775621 
9-775008 
9-776195 
9-776482 
9  776769 
9-777055 

9-777342 
9-777628 
9-777915 
9-778^1 
9-778488 
9-778774 


lOe)86Gl 
10-23S'26y 
UHJ:>7y77! 

10-2.^7094 
10-2o7l0o 
10236812 

10-236521 
10-23623() 
10-235930 
10-23564S 
10-235357 
10-235067 

10*234776 
10*234486 
10-234195 
10-233905 
10-233615 
10-233325 

10-233035 
10-232745 
10-232455 
10-232166 
10-231876 
10-231586 

10-231297 
10-231008 
10-2307  I9j 
10-23O429j 


Sine.  *  Cot«n. 


10.2301 40| 
10-229852 

10-229563 
10-220274 
10.228085 
10.228697 
10.2284' )8 
10.228120; 

tO-227852! 
10-227543! 
10-2272551 
10-2269671 
10.220679 
10  226392 

10-2261041 
10-225816 
10-225529 
10-225241 
10-224954 
10-224067 

10-224379 
10-224092! 
10-2238051 
10-223518! 
10-22;}232 
10-222945 

10-222658 
10-222372 
10-222085 
10-221799 
10-221512 
10-221226 


9-71 1 8  J' ' 

9-7l2t«j(» 

07122.' 

9-7r216'J 

9-71LJ; 

y-7rj.s.s9 

9  7iat>98 

9-71. iWS 
9-713517 
9-715726 
9  713935 
9-714144 
9.714352 

9-714561 
9-714769 
9-714978 
9-715186 
9-715894 
9-715602 

9-715809 

9.716017 
9.716224 
9-716432 
9.716639 
9.716846 

9-717053 
9-717259 
9-717466 
9-717673 
9717879 
9-718085 

9-71^291 
9718497 
9.718703 
9.718909 
9-710114 
9  719320 

9-71 1 525 
9*711730 
9-711935 
9-720iy) 
9-720345 
9-720549 

9720754 
9-720958 
9.721162 
9.721366 
9721570 
9-721774 

9-721978 
9-722181 
9-722385 
9  722588 
9.722791 
9-722994 

9-723197 
9-723400 
9-723603 
9-723805 
9-724007 
9  724210 


.  *'  Cotine. 


Cosine. 
9-y,)'^09o 

yo;vjoi4 

0-y.W8.3» 

9-0J2685 
0-0326O9 

9-032533 
0-932457 
9-932380 
9-932304 
9-932228 
9*932151 

9-932075 
9-931998 
9-931921 
9-931845 
9-931768 
9-931691 

9-931614 
9-931537 
9-931460 
9-931383 
9-931306 
g.93l229 

9*931152 
9-931075 
9-930998 
9-930921 
9-930843 
9-930766 

9-930688 
9  930611 
9-930533 
9-930456 
9-930378 
9*930300 

9-930223 
9930145 
9-930067 
9-929989 
9-929911 
9-929833 

9-929755 
9-929677 
9-920599 
9-929521 
9929442 
9-929364 

9.929286 
9.929207 
9.929129 
9.929050 
9.928972 
9-928853 

9-928815 
9-928736 
9-928657 
9-928578 
9.928490 
9-928420 


Sine. 


Tang. 

9-778774 
9-779(.K50 
9-779346 
9-779632 
9-779918 
9.780203 
9^80189 

9-780775 
9-781060 
9-781346 
9-781  C3l 
9.781916 
9.782201 

9.782486 
9.782771 
9.7.S3056 
9.783341 
9.783626 
9.783910 

9*784195 
9.784479 
9-784764 
9-785048 
9-785332 
9785616 

9785900 

9-786184  10. 

9.786468 

9-786752 

9787030 

9.787319 


10-22 1226 
10-220940 
10-220654 
10-220;>6S 
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9SS4572 

9-9230.U 

10-076956 

58 

9-798560 

9-890707 

9-907853 

10-092147 

9-807766 

9-8844/56 

9-92.i300 

10-076700 

59 

9-798716 

9-890605 

9-0081 U 

10-091889 

9-807917 

9.884360 

9-923557 

10-076443 

GO 

9-798872 

9-890503 

9908369 

10091631 

9-808007 

9  884254 

9-923814 

10076186 

Coeine. 

Sine. 

Cotan. 

Tanjf. 

CojincT  ""Sine,     i 

"Cotftn. 

Tung. 

51  Dcg.                                                      .50  Deir. 

• 

Digitized  by 

GOOQ 

le 

.  LOG.  SIXES,  TANGENTS,  lu. 


TSTT 


»eg. 


41  DegT 


8iiie. 

9.808368 
9.8US5I0 
&.SO8009 
♦>.80«SlO 
9-808969 

9  8(i0ny 
9.»Hh>09 
9.8<K»4l'J 

9.800569 

9.809868 

9810017 
9-810167 

9-810310 
9-8l(H6.i 
y-8l()614 
98107G3 

9fi|C)9l2 
9-81  lOGl 
9-811210 
9-811358 
9-811507 
9811655 

9-8ll8(VV 
9-81  I95ij 
9.814100 
9.812248 
9.812396 
9-812544 

9-812692 
9-8I2840 
9-812988 
9-813155 
9-8132iJ3 
9  813430 


9-813578 
9  813725 
^9  9.813872 
K)  9.814019 
il  9.814166 
i2   9  814313 

i3  9-814460 

W  9-814607 

V5  9-614753 

W  9-814900 

i7  9-815046 

48  9-815193 


9-«  15339 
9-815485 
9-815632 
9-815778 
9-815924 
9810069 

9"81R5I5 
9-816361 
9*81 6507 
9-8166.12 
9.816708 
9-816943 
Cosine. 


Cosine. 

9884254 

9.S84li8 
9.8{v4042 
9.8839J6 
9.883829 
9.883723 
9.88J6I 

9-883510 
9-S83-iOi. 
9-8S3^,n)7 
9S83191 
0.883084 
9-882977 

9-882871 
9.8S2764 
9.8S2rM7 
9.S82.''»5U 
9.SS*>443 
9  882.136 

9SS22«9 
9.S82121 
9S820I4 
9  88190; 
9-881799 
9-881(92 

9-881554 
9881477 
9-881369 
94181261 
9881153 
9  881046 

9-880938 
9-88Q830 
9-880722 
9880613 
9-880505 
9  880397 

9-880289 
9-880180 
9-880072 
9-879963 
9-879855 
9-879746 

9-879637 
9-879529 
9-879420 
9-879311 
9-879202 
9-879093 

9-878984 
9-878875 
9  878766 
9*878656 
9»878.>47 
9-87^38 

9*878328 
9-878219 
U-S78109 
9-877999 
9-877890 
9877780 
Sine. 


Cotani^ 

1(>07»»186' 
lO-orJOoO 
10-075673 
10-075417 
1(H>75160 
lO-074l»Oi 
UH)7464}> 

10074^*91 
HM)7il3j 
10.f)7.>S7S 

o.o7.i>i-.r, 

10073110 

10-072853 
HH)725y7 
10072341 
10  0721  ►85 
10-071821* 
10071573 

10-071316 
I(»-071O60 
10070804 
10-070548 
10•07(^i92 
10-070036 

10069780 
10069525 
10-069269 
10-069013 
10-068757 
10H)68501 

10-06824.5 
10-067990 
10-067734 
10-067478 
10-067222 
10-(^6967 

10-066711 
I0O66455 
•033S(K>1 10-066200 
10<)65944 
10-065689 
10-065433 


Tang 

9-923814 

9-92-i07u 

9-924>2 

9-924583 

9-924840 

992509ij 

9925352 

9-925ni/) 
y-925S«)D 
9-92612'^ 
9-926378 
9-0266.  Vj 
9.926S90 

9-927147 
9-927403 
9-y276.>9 
9-927915 
9-928171 
9-928427 

9-928684 
9-928940 
9-929196 
9-929452 

9.929708 
9-929964 

9-930220 
9-9;30475 
9-930731 
9-930987 
9-93?  243 
9-931499 

9-931755 
9  932010 
9.9322f)6 
9-932522 
9-932778 
9-933033 


9-933289 

9-933545 

9' 

9-934056 

9-934311 

9  934567 

9-934822 
9-935078 
9-<l35333 
9-9.35589 
9-935844 
9  936100 

9-936355 
9-9366U 
9-936866 
9-937121 
9-937377 
9-937632 

9*937887 
9938142 
9'938398 
9*938653 
9'93R908 
0'1U1M6.J 


10-065178 
10064922 
10-064667 
10-064411 
10.064156 
10O6S900 

10-063645 
10-06.3389 
10-063134 
10K362879 
10-062623 
10K)62368 

40062113 
10-061858 

10-061602 
10-06134; 
10-061092 
lf>060837 


4'>  \) 


Tang. 


9-823963 
9-824104 
9  824245 
9-824386 
9-«24527 
9-824668 


9-873672 
9-873560 
9-873448 
9-873335 
9-87322; 
9-873110 


Tang. 

9-939163 
9-939418 
9-U397C3 
9.939928 
9^940183 
9.940439 
9.940694 

9-940Q49 
9  94120^> 
9 '?  11459 
9.y417l3 
9.941  %8 
9  942223 

0  942478 
?-ai27.i3 
9-942988 
9-943243 
9  945498 
9-943762 

9-944007 
9-944262 
9-944517 
9-944771 

9-945026 
9  915281 

9945535 

9-945790 

9-940O'i4  10<)53955 

9-946299 

9.946554 

9*94^808 


9-947063 
9-947318 
9-947572 
9-947827 
9948081 
9948335 

9-948590 
9-948844 
9-949099 
9-949353 
9-949608 
9-949862 


9-95!6'V2 
9-951896 
9952150 
9-952405 
9-952659 
9«9529I3 

9-953167 
9-953421 
9-95367 
9-953929 


60 
82  59 
58 
5 
5<1 


CnUttg. 
I0-0«0837 

lo-oecK^ 

10-060827 
10-060072 
hj.059W7 
10059561 
10-059306  54 

10  059051  oo| 

10.058796152 

1005854151 

10.058287.50 

10.058032149 

I0057i77j4fl 

1005752:2'47 
U>.0572fi7j46 
10.057012i45 
10,056757 1 44 
IJ0565a2;43 
10.056248,42 

J0-055993|4l 

10-0557S8|40 

l(>055483-,39 

10-055229 

10^)54974 

I0O54719 


10-054465 
10-054210 


M 
37 

36 

35 

:« 

33 

10-053701^13 

1005344631 

10-05^19^130 

10-052937i29 
l(»-05268228 
10.052428  27 
10-052J73!26 
10-051 9I9|25 
10051665124 

10-0514102.1 
10.0511 56'2ti 
10.050901  }2l 
10.050647  20 
1005039219 
10050138  18 


9-950116 

9-950371 

9-95(>62.-» 

9-950879 

9-951133  10.04886: 

9«95t388 


10O49884 
10-049629 
10KH9375 
10-049121 


16 
15 
14 
13 
10-048612  12 


10-048358 
10K)4«|04 
10^)47850 
10.047595 
10.047*U 
10047087 

10-046833 
10046579 
tO.046325 
10046071 


9-954183|  10.04581. 
9-954437  10-045563 
75otaii.  '■  Tang. 


48  ncg. 


Digitized  by 


Google 


UOG.  SINES,  TANGENTS,  &« 


42  1)ej 


43  Ueg. 


S- 


0 
I 
2 
S 
4 
5 
6 

7 

9 
10 
II 
L2 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 

26 
27 
28 
29 
30 

91 

32 
33 
34 
35 
36 

37 
38 
39 
iO 
41 
(2 

43 

44 

i5 
46 
17 
48 

49 

50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
50 


9-825511 
9-8i25G51 
9-825791 
§•825931 
9-826071 
9.826211 
9.826J51 

9'826491 
9*826631 
9-826770 
9  826910 
9-8^049 
U'827189 

9-827329 
9-827467 

9-82760G 


Cosine. 

9-870960 
^•870846 
9-870732 
9-870618 
9-870504 
9-870390 

9-870276 
9-870161 
9-87lK)47 
9-869933 
9-869818 
9-809704 

9'86958M 

9*8694: 

9*869360 


9*8277451  9869245 
9-82788  li  9*869130 
9-828023J  9-869015 

9*82S16>|  9-868900 
9*828;J0l,  9*808785 
9-828439'  9-868670 
9*828578    9-868555 


9828716 
9-82S855 


9-868440 
9-8683-.U 


9-828993  9-868209 
9-829131  9-868093 
9-829269;  9-807978 
9-829407J  9-867862 
1^829545 1  9-867747 
9-829683  9867631 


9-8^821 
9*829959 
9*830097 
9-830234 
9-830372 
9-830509 

9*830646 
9-830784 
a'830921 
9'8J1058 
9*831195 
9-851332 

9-831469 
9-831600 
9-831742 
9-831879 
9*832015 
9-832152 

9*832288 
9'832425 
9-832561 
9-832697 
9-832833 
9.832969 

9-833105 
9-8332 VI 
9-833377 
9-833512 
9-833648 
9*833783 

Cosine. 


9*867515 
9*867399 
9-867283 
9-867117 
9  867051 
9-866935 

9*866819 
9-866703 
9*866586 
9-866470 
9-866353 
9-860237 

9-866120 
9*866004 
9-865887 
9-865770 
9-865653 
9  865536 

9*865419 
9*865302 
9*865185 
9*865068 
9*864950 
9-864833 

9*864716 
9*864598 
9'80U8l 
9-864363 
9-864245 
9-864127 


Tang.    .  Cotang.  [ 


9-954437  10-045563; 
9*954691  10045309' 
9-954946  10-045054 
9-955200i  10-044800 
9-955454U  0-0445  46 
9-955708  10.044292 
9-955961  10.044039 


oiiie.       Cosine.       Tang.      Cotftig.  t^ 
~9-833783!T864127I  9-969656' 10-030344  \ 


9-956215 
9-950469 
9-956723 
9-956977 
9057231 
9-957485 

9-957739 
9-957993 
9-9.^824; 
9-958500 
9-958754 
9  959008 

9*959262 
9-959516 
9-959/69 
9-960023 
9-960277 


10-039723; 
9-960530  10-039470' 


9-960784 
9-9^1038 
9-961292 
9-961545 
9*961^99 
9-962052 


9*963828 
9-964081 
9-964335 
9-964588 


9-965095 

9965349 
9-965602 
9-965855 
9-966109 
9-966362 
9-960616 

9  966869 
9-967123 
9-967376 
9-967629 


10043785 
10-0*3531 
10-013277; 
10-043023 
10K)42769. 
10012515, 

10-Oi220l' 
10-042007' 
10*041753 
lO-OilSOO 
10041246 
10-010992 

10-0407381 
10-040484! 
10-040231 1 
10-0399771 


10-039216 
10*038962 
10-038708 
10-038455 
10-038201 
10-037948 

10037694 


9*962306 

9*962560  10-037440 

9*962813 

9-963067 

9-963320 

9-963574 


10-037187 
10036933 
lO-0:i6680 
10-036426 


10-036172 
10-035919 
I0i>35665 
10-035412 


9-9&V8421O035158 


10-034905 

10-034651 
10*034398 
10-034145 
1O033S91 
10033638 
10033384 

10033131 
10032877 
10032624 
10-032371 


9-967883 1O0331I7 
9-96813610-031864 


9*968389 
9-968643 
9-968896 
9*969149 
9-969403 
9-96^656 


10*03161 1| 

10031^7 
100311041 
10*030851 1 
IO030597 
10-030344 


Cotan.       Tang. 


9-833919;  9-884010 
9-834054'  9  863892 
9-83-iI89.  9-863774 
9-831325  9-86365G 
9-83i460*  9*863538 
9-S:U595    9-863419 


9  834730 
9-834865 
9-8;Uu99 
9-835134 
9-835209 
y83j403 

9*835538 
9-835672 
9-835807 
9-835941 
9-836075 
9-836209 

9-836343 
9*836477 
9-836611 
9-836745 
9-836878 
9*837012 

9-837146 
9-837279 
9-8317412 
9*837546 
9-837679 
9*837812 

9-837945 
9-838078 
9-838211 
9*838;m 
9-838477 
9-838610 

9*838742 
9-838875 
9-839007 
9*839140 
9;839272 
9-839404 

9*839536 
9-839668 
9-839800 
9-839932 
9-840064 
0-840196 

9-840323 
9-840459 
9-840591 
9-840722 
9840854 
9-840985 

9-841116 
9-841247 
9-841378 
9-841509 
9-841640 
9'84!771 

Cosine. 


9-863301 
9-863183 
9-863064 
9862946 
9-802827 
9-862709 

9-862590 
3-862471 
9-862353 
9*86 J234 
9  802115 
9  861996 

9861877 
9-861758 
9'86lfj38 
9-861519 
9-861400 
9861280 

9*861161 
9*861041 
9*860922 
9'8608Oi 
9  860682 
9*860562 

9*860442 
9*860322 
9*860202 
9860082 
9-859962 
9859842 

9859721 
9-859601 
9*859480 
9*859360 
9-859-239 
9-859119 

9*858998 
9'858877 
9-858756 
9*858635 
9*858514 
9  858393 

9*858272 
9858151 
9*858029 
9-857908 
9*857786 
9-857665 

9*857543 
9*857422 
9-857300 
9  857178 
9857056 
9856934 


47 


Peg. 


Sine. 

46" 


9  y69909;iOa3009l ! 
9-970162  10-029838  i 
9-970416  10O295S4J 
9-97Q669  10-029331  i 
9-970922  10029078  i 
9-97117S  10-028825  i 


9-971429 
9-971682  10 
9-97 19S5 
9-9721 K8 
9-972441 
9-972695 


10-028571 
028318 
10028065 
IO027812 
10-027559  J 
10-027305 


9-972948 
9-973201 


9i;73454  10  026546  ^ 


9  973707 

9-973960|lO 

9-974213 


9-974466 10025534  4 


9-974730 

9  974973  10025027 

9975226 

9-975479 

9-975732 


9*978516 
9*978768 

9-979021 
9-979274 
9-979527 


9*980286 


9*980538 
9-980791 
0*981044 


9*981803 


10027052 
10-026799 


10-026293 

026040 

10*025787 


10-025880  4 
3 
10  024774 
10-024521 
10-024268 


10024015  3 
10-0337633 
1O023S09  3 
S 
10023009  3 


9*975985 

9-976238 

9*976491 

9-976744|l0023256 

9*97^97 

9-977250 1O022750J3 

9-977S08  1000249719 
9*977756 
9-978009 
9-978262  1O0S17S8 


10028244 
10021991  2 


10O21485 
10-021832 

IO020979 
10020786 
IO0W7S 


9-979274  10080786  S 


9-979780  10020820  d 
9-980033 1O0199C7 


10-019714 


10*019468 1 
10*019809 1< 
10018956 
i9*98l29710*O187OS|l' 


9-981550  10  0184501 


1O018197 


9-982056 10017944 
9-982309'tOD17691 
9-98256211 0*017438 
9-98-281 4[100171 86 
9-98306r  10016933 
9-98332010016680 

9-9&'^57s!lO0l6427 
9  983826;  1O016174 
9*98407910*015981 
9-984332<10Q15668 
9-9845  84.10-m  5416 
9-984837J1O015163 

Coum   •   T>n|^ 

P.eg 


U>(*.  SINES,  TANGENTS,  hi 


3 
4 
5 
6 

7 
8 
9 

10 
U 
12 


44  Deg. 


Sine. 

"5^1771 
9-841902 
9*S4£03d 
9-S4216S 
9-842-294 
9-842424 
9-842555 

9-842685 
9-84*2815 
9-842^ 
9843076 
9-843'20G 
9-843330 

9  845466 
9843595 
9-843725 
9-843855 
9-843984 
I8j  9-S441U 

19!  9-844243 
201  9-844372 
21  j  9-844502 
22I  9-844631 

23  9-844760 

24  9*844889 


25 
26 
27 
28 
29 
SO 

31 

32 
33 
34 
35 
36 

37 
38 

39 
40 

41 


44 
45 
46 

47 
4S 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
50 


9:845018 
9-845147 
9-845276 
9-845405 
9845533 
9-845662 

9-845790 
9-845919 
9-846047 
9-S46175 
9846304 
9-846432 

9-846560 
9*846688 
r8468l6 
9-846944 
9-847071 
9-847199 

«. -847327 
9-847454 
9-847582 
9-847709 
9-847836 
9  847964 

9-848091 
9-848218 
9-848345 
9*848472 
9-848599 
9-848726 

9-848852 
9-848979 
9-849106 
9849232 
9-849359 
9-849485 

Coftine. 


9^9^   9^981837 


9-856812   9-98509010-014910 


9-856690    9-985343 
9  856568    9  985596 


9-856446 
9-856323 
9-856201 

9-85607S 
y-855956 
9-855833 
9  855711 
9-855588 
9-855465 

9'855.U2 
9*85521 9 
9855096 
9*854973 
9*854850 
9-854727 

9'854603 
9'85U80 
9*854356 
9*854233 
9*854109 
9*853986 

9*853662 
9*853738 
9-853614 
9^53490 
9-853366 
9-853242 

9-S53118 
9*852994 
9852869 
9*852745 
9*852620 
9  852496 

9-852371 
9-852247 
9-852122 
9-854997 
9-85 187£ 
9-851747 

9-8516-22 
9-851497 
9-8n372 
9851246 
9-851121 
9-860996 

9-850870 
9-850745 
9-850619 
9-850493 
9-850S68 
9-850242 

9-850116 
9-849990 
9-849864 
9-849738 
9-849611 
9-849485 

Sioe. 


9-985848 
9-986101 
9  986354 

9-9»*6607 
9-986860 
9-987112 
9-987365 
9-987618 
9-987871 


9-98812.1 

9-98831 
9-988629 

9-988882{  10-011118 
9-98913410-010866 


a-989387 


989640  10-«10360 


9 

9-989893 
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